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Abstract. For every Lie pair (L,A) of algebroids we construct a dg-manifold
structure on the Z-graded manifoldM = L[1]⊕ L/A such that the inclusion
ι : A[1]→M and the projection p :M→ L[1] are morphisms of dg-manifolds.
The vertical tangent bundle T pM then inherits a structure of dg-Lie algebroid
overM. When the Lie pair comes from a matched pair of Lie algebroids, we
show that the inclusion ι induces a quasi-isomorphism that sends the Atiyah
class of this dg-Lie algebroid to the Atiyah class of the Lie pair. We also show
how (Atiyah classes of) Lie pairs and dg-Lie algebroids give rise to (Atiyah
classes of) dDG-algebras.
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1. Introduction

Atiyah classes form a bridge between complex geometry and Lie theory. They
were introduced by Atiyah [1] as the obstruction to the existence of a holomorphic
connection on a complex manifold. Much later, it was shown by Kapranov [13] that
the Atiyah class of a complex manifold X endows the shifted holomorphic tangent
bundle TX [−1] with a Lie algebra structure in the derived category of coherent
sheaves of OX -modules. This structure plays an important role in the construction of
Rozansky–Witten invariants [13, 14], which are parity-shifted analogues of the Chern–
Simons invariants of three-manifolds. In his work on the deformation quantization
of Poisson manifolds [15], Kontsevich provides another deep link between complex
geometry and Lie theory, by relating a Lie algebraic analogue of the Todd class
to the Duflo–Kirillov isomorphism. The above-mentioned works of Kontsevich
and Kapranov sparked a wealth of further investigation, which resulted in vast
generalizations of the notion of Atiyah class [4, 6, 8, 12, 18, 22].

The present paper intends to relate two such generalizations in the context of
differential geometry. The first, due to Chen–Stiénon–Xu [6], is concerned with Lie
pairs (L,A), i.e. inclusions A ⊂ L of Lie algebroids over the same base. The Atiyah
class is then an element α(L,A) in

H1(A,Hom(L/A⊗ L/A,L/A)).

The second, due to Mehta–Stiénon–Xu [18], is concerned with dg-Lie algebroids, i.e.
graded Lie algebroids with a compatible homological vector field. The Atiyah class
of a dg-Lie algebroid A is an element αA in

H1(Γ(Hom(A⊗A,A))).

Our first main result realizes any Lie pair as a dg-Lie algebroid. The homological
vector fields involved are obtained as Fedosov differentials [11, 10]. This result was
independently proved by Stiénon–Xu [23].

Theorem 1.1. Let (L,A) be a Lie pair, φ : L/A→ L a splitting of the canonical
projection, and ∇ a torsion-free L-connection on L/A extending the A-action. Then

M = L[1]⊕ L/A

has a dg-manifold structure such that the inclusion ι : A[1]→M and the projection
p :M→ L[1] are morphisms of dg-manifolds, and the vertical tangent bundle

D = T pM→M

has a dg-Lie algebroid structure overM. Both structures depend on φ and ∇.

A particularly nice family of Lie pairs arises from the so-called matched pairs of
Lie algebroids [19]. Two Lie algebroids A and B over the same base form a matched
pair if their (vector bundle) direct sum L = A⊕B is endowed with a structure of
Lie algebroid in which A and B are Lie subalgebroids. Given a matched pair as
above, we get a Lie pair (L,A) for which L/A ∼= B.

Example 1.2. Let us give here a few examples of matched pairs of Lie algebroids
for which Fedosov-type methods have been used (see the reference for each example
below), and on which we largely draw in the context of this paper.

(1) A = 0, B = TM for a manifold M (Dolgushev [10]).
(2) A = M × g, B = TM for a manifold M with a g-action (Dolgushev [10]).
(3) A = T 0,1X, B = T 1,0X for a complex manifold X (Calaque–Rossi [3]).
(4) A = 0, B = E for any Lie algebroid E (Calaque–Dolgushev–Halbout [2]).
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Our second main result essentially says that, at least for matched pairs, the
definition of Atiyah class for dg-Lie algebroids [18] contains the definition of Atiyah
class for Lie pairs [6].

Theorem 1.3. Let L = A ⊕ B be a matched pair of Lie algebroids, and ∇B a
torsion-free B-connection on B. Let D → M be the dg-Lie algebroid defined in
Theorem 1.1.

Then the pullback by the inclusion ι : A[1]→M yields a quasi-isomorphism
ι∗ : (Γ(Hom(D ⊗D,D)), D)→ (Γ(Λ(A∨)⊗Hom(B ⊗B,B)), dA)

whose induced map in cohomology sends the Atiyah class αD of the dg-Lie algebroid
D to the Atiyah class α(L,A) of the Lie pair (L,A).

Here, D is the dg-module structure on the space of sections of Hom(D⊗D,D)→
M induced from the dg-manifold structure on D, and dA is the Lie algebroid
differential for the Hom(B ⊗B,B)-valued A-cohomology.

In [4, Section 8], Calaque and Van den Bergh introduce dDG-algebras and attach
Atiyah classes to them. We show that Lie pairs and dg-Lie algebroids both naturally
define dDG-algebras through their Chevalley–Eilenberg algebras, and that the
corresponding Atiyah classes in the sense of [4] coincide with those of [6] and [18]1.
In [4, Section 8.4], the authors compute Atiyah classes using jet bundles in the case
of a matched pair A = 0, B = E for a Lie algebroid E and compute the Atiyah
class of E in terms of jet bundles. It would be interesting to extend our Theorem
1.3 to their setting and to extend their results to general Lie pairs.

The paper is structured as follows. In Section 2, we recall standard facts about Lie
algebroids and matched pairs of Lie algebroids, we introduce dg-manifolds and dg-Lie
algebroids, and describe the Atiyah classes we will be concerned with. In Section 3,
we relate Lie pairs, dg-Lie algebroids, and their Atiyah classes to dDG-algebras. In
Section 4, we prove Theorem 1.1. In Section 5, we prove Theorem 1.3.

2. Preliminaries

In the whole paper, K is either the field of real or complex numbers, C∞(M)
denotes the sheaf of smooth K-valued functions on a smooth manifold M , and TKM
denotes the tangent bundle TM tensored with M ×K. The sheaf of smooth sections
of a vector bundle E →M is denoted by Γ(M,E), or Γ(E) when no confusion can
arise. The dual of a vector bundle E is denoted by E∨.

2.1. Lie algebroids and matched pairs. A Lie algebroid (over K) is a K-vector
bundle L→M over a smooth manifold, together with a Lie bracket [·, ·] on the space
Γ(L) of sections of L, and a bundle map ρ : L → TKM —an anchor— satisfying
the Leibniz rule

[l, f l′] = f [l, l′] + ρ(l)(f)l′, ∀l, l′ ∈ Γ(L), f ∈ C∞(M).
A (base-preserving) morphism of Lie algebroids is a bundle map L→ L′ covering

the identity M →M , commuting with the anchors of L and L′, and inducing a Lie
algebra morphism Γ(L)→ Γ(L′) on sections.

For a Lie algebroid L→M and a vector bundle E →M , an L-connection on E
is a K-linear map

∇ : Γ(L)⊗K Γ(E)→ Γ(E) : l ⊗ e 7→ ∇le
such that

∇fle = f∇le, ∇lfe = f∇le+ ρ(l)(f)e,

1In the case of matched pairs and dg-Lie algebroids, this was suggested to us by Damien
Calaque after reading a first version of this manuscript.
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for all l ∈ Γ(L), e ∈ Γ(E), and f ∈ C∞(M). The curvature of ∇ is the bundle map
R∇ : L ∧ L→ End(E) defined on sections by

R∇(l, l′) = ∇l∇l′ −∇l′∇l −∇[l,l′], ∀l, l′ ∈ Γ(L).
The connection is called flat if its curvature vanishes, and E is then called an
L-module.

Any L-connection on E
(1) induces an L-connection on the dual vector bundle E∨ defined by 〈∇lε, e〉 =

ρ(l)(〈ε, e〉)− 〈ε,∇le〉, for all l ∈ Γ(L), ε ∈ Γ(E∨), and e ∈ Γ(E);
(2) extends by derivations to the tensor algebra T (E), the symmetric algebra

S(E), the symmetric algebra on the dual S(E∨), the exterior algebra Λ(E),
etc.;

(3) when seen as a map ∇ : Γ(E) → Γ(Λ1L∨ ⊗ E), extends to an operator
∇ : Γ(Λ•L∨ ⊗ E) → Γ(Λ•+1L∨ ⊗ E) by the formula ∇(ω ⊗ e) = dω ⊗ e+
(−1)nω ∧∇e for all ω ∈ ΛnL∨ and e ∈ Γ(E).2

When E is an L-module with flat connection ∇, the degree 1 operator dE = ∇ on
Γ(Λ•L∨ ⊗E) is a differential: dE ◦ dE = 0. It is called the Lie algebroid differential
inducing the E-valued L-cohomology H•(L,E). When E is the trivial bundleM×K,
the anchor map defines a flat connection whose associated differential dL on Γ(Λ•L∨)
defines the Lie algebroid cohomology with trivial coefficients, H•(L).

A Lie pair [6] is a pair (L,A) where A is a Lie subalgebroid of a Lie algebroid
L over the same base. Given a Lie pair (L,A), the quotient L/A is canonically an
A-module with flat connection ∇Aa l = [a, l]. Here l 7→ l is the projection L→ L/A.
An L-connection ∇ on L/A is said to extend the A-action if ∇al = ∇Aa l for all
a ∈ Γ(A) and l ∈ Γ(L). The torsion of an L-connection ∇ on L/A is the bundle
map T∇ : L ∧ L→ L/A defined on sections by

(1) T∇(l, l′) = ∇ll′ −∇l′ l − [l, l′].

The torsion tensor descends to a tensor T∇ : L/A ∧ L/A → L/A if and only if
the connection extends the A-action. By the usual trick ∇ 7→ ∇− 1

2T
∇, one can

associate a torsion-free connection to any connection.
We will say that a Lie algebroid L is formed from a matched pair (A,B) [19] if L

is the direct sum (as a vector bundle) of two Lie subalgebroids A and B. In that
case, the Lie algebroid structure on L induces an A-module structure ∇A on B and
a B-module structure ∇B on A defined by

∇Aa b = prB [a, b],
∇Bb a = prA[b, a],

for all a ∈ Γ(A) and b ∈ Γ(B). Here, prA,prB denote the canonical projections
from L to A and B, respectively. Torsion-free L-connections ∇L on L/A ∼= B
extending the A-action are in bijection with torsion-free B-connections ∇B on B.
The bijection is defined by ∇L ←→ ∇A +∇B .

2.2. Differential graded manifolds. In this section, we briefly explain the notions
of differential graded manifold and differential graded Lie algebroid that we will
use in this paper. There exist many variants of the notion of dg-manifold. We
follow [18]3, whose definition might differ from others [7, 16, 17, 20, 21, 24] in at
least two respects: the local model for the sheaf of functions on the underlying
Z-graded manifold is C∞(U) ⊗ Ŝ(V ∨), where Ŝ(V ∨) are the formal polynomial

2If ∇e =
∑

i
αi ⊗ ei, then ω ∧∇e means

∑
i
(ω ∧ αi)⊗ ei.

3In addition to [18], we refer to [16] for more details on the constructions presented in this
section.
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functions on a Z-graded vector space V , and V may have a non-trivial degree zero
part. Two advantages of such requirements are the following. First, working with
formal polynomial functions ensures that the stalks are local rings. Secondly, having
degree zero formal variables allows to treat formal functions on a manifold simply
as “functions” on a suitable graded manifold.

A Z-graded manifold M is a pair (M,C∞(M)) composed of a smooth manifold
M and a sheaf C∞(M) of Z-graded, graded-commutative algebras over M such
that there is a finite-dimensional Z-graded K-vector space V such that C∞(M)
is locally isomorphic to C∞(U)⊗ Ŝ(V ∨), U ⊂ M . This means that, around each
point x ∈ M , there exists an open neighborhood U ⊂ M and an isomorphism
C∞(M)|U → C∞(U)⊗ Ŝ(V ∨) of sheaves of graded algebras over U .

Above, a Z-graded vector space V = ⊕i∈ZV i is called finite-dimensional if∑
i∈Z dimV i <∞.
All Z-graded manifolds will be denoted by calligraphic lettersM, N , . . . and the

underlying smooth manifolds, called their body or reduced manifold, will be denoted
byMred, Nred, . . . . So, in the definition above,Mred = M .

An open submanifold of a Z-graded manifold M is an open submanifold U of
Mred together with the restriction of the sheaf C∞(M) to U .

A morphism of Z-graded manifolds M→ N is a pair φ = (f, φ∗) where f is a
smooth mapMred → Nred and φ∗ is a morphism of sheaves of Z-graded algebras
C∞(N )→ f∗C

∞(M).
One can show as in [9, Section 6] that, although it is not apparent, there is a

canonical augmentation map C∞(M)→ C∞(M), hence an inclusion M →M, that
is compatible with all morphisms.

We will mostly consider, as in e.g. [5, Appendix A], graded manifolds coming from
ordinary graded vector bundles. To an ordinary Z-graded vector bundle E = ⊕i∈ZEi
over M , we associate a graded manifold
(2) E = (M,C∞(E))

defined by C∞(E) = Γ(M, Ŝ(E∨)) with augmentation given by evaluation at the
zero section of E. With the obvious map on morphisms, this yields a functor E 7→ E
from the category of graded vector bundles to that of graded manifolds.4

A dg-manifold is a Z-graded manifoldM together with a homological vector field
onM, i.e. a derivation Q of degree 1 of C∞(M) such that Q ◦Q = 0.

A graded vector bundle of rank (k, {ki}i∈Z) over a graded manifold M is a
graded manifold E with a morphism π : E →M and an atlas of local trivializations
{Mi, φi}i∈I with, for each i ∈ I,Mi an open submanifold ofM and φi : π−1(Mi)→
Mi × (Rk × K{ki}) an isomorphism of graded manifolds over a diffeomorphism
φired : (π−1(Mi))red →Mired ×Rk, such that the transition functions are linear in
the Rk ×K{ki} coordinates. Here, K{ki} is the graded vector space ⊕i∈ZKki where
each Kki is in degree i.

It is clear from the definition of graded vector bundle that there is a well-defined
subspace

C∞lin(E) ⊂ C∞(E)
of linear functions on E (i.e. linear in the fibers of E →M).

There is a degree-shift functor acting on the category of graded vector bundles.
First, define K[−i] as the graded vector space with K in degree i and the zero vector
space in all other degrees. Given a graded manifoldM, define the (trivial) graded
vector bundle [i]M overM by [i]M =M× (R×K[i]). So [0]M is the unit for the
monoidal category of graded vector bundles overM with the tensor product. The

4In this language, the local model (U,C∞(U)⊗ Ŝ(V ∨)) in the definition of graded manifold is
the graded manifold corresponding to the trivial vector bundle U × V over U .
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i-th shift functor [i] on the category of graded vector bundles overM sends E to
E [i] = E ⊗ [i]M.

There is a canonical isomorphism φj : C∞lin(E)→ C∞lin(E [j]) of degree j of C∞(M)-
modules defined by φj(ε) = εχj , where χj ∈ C∞lin([j]M) is the linear coordinate on
K[j] with value 1 at 1.

For any graded vector bundle E , Γi(E) = Γi(M, E) denotes the space of degree i
sections, i.e. of (degree-preserving) morphisms of graded manifolds σ :M→ E [i]
that are sections of the shifted projection π[i] : E [i]→M.

As explained e.g. in [16, Remark 2.3], consistent choices of isomorphisms K[i]⊗
K[j] → K[i + j] can be made. There result C∞(M)-linear shift maps Γj(E) →
Γj−k(E [k]) : σ 7→ σk defined by the commutative diagrams

M σk //

σ
$$

E [k][j − k]

'
��
E [j]

.

There is a non-degenerate C∞(M)-bilinear pairing

〈·, ·〉 : Γ(E)× C∞lin(E)→ C∞(M)

defined by 〈σ, ε〉 = σ∗ ◦ φ|σ|(ε). For a section σ ∈ Γ(E), the contraction operator iσ
is defined as the only degree |σ| − 1 derivation of C∞(E [1]) vanishing on C∞(M)
and satisfying iσε = 〈σ1, ε〉 for all ε ∈ C∞lin(E [1]).

A (degree k) vector field on a graded manifoldM is by definition a (degree k)
derivation of C∞(M). A linear vector field on a graded vector bundle E →M is a
vector field on E which preserves the subspace C∞lin(E) of linear functions. There is a
correspondence between vector fields onM and sections of the tangent bundle TM
[16, Proposition 3.6]. Linear vector fields of degree k on E correspond to sections of
T [k]E → E which are bundle maps

E //

��

T [k]E

��
M // T [k]M

.

Linear vector fields can be shifted: any linear vector field X of degree k on E yields
a linear vector field Xj of degree k on E [j] defined on linear functions by

Xj = φj ◦X ◦ φ−1
j .

A dg-vector bundle is a graded vector bundle π : E →M with a linear homological
vector field QE on E . This induces a homological vector field QM onM such that
QE and QM are π-related. This also induces a degree 1 operator QΓ(E) on Γ(E)
which is C∞(M)-linear and defined by

(3)
〈
QΓ(E)σ, ε

〉
= QM 〈σ, ε〉 − (−1)|σ| 〈σ,QEε〉

for all σ ∈ Γ(E) and ε ∈ C∞lin(E). Using shift maps, the last equation can also be
read as

(4) iQΓ(E)σ = [(QE)1, iσ].

Since we will mostly consider that case, let us give an explicit form for the space
of sections of graded vector bundles of the kind E ⊕ F → E, for two ordinary graded
vector bundles E,F over the same base.
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Lemma 2.1. Let E,F →M be two ordinary graded vector bundles. Then E ⊕ F
is a graded vector bundle over E and we have an isomorphism

Γ(E,E ⊕ F ) ∼= Γ(Ŝ(E∨)⊗ F )

of graded C∞(E)-modules, where Γ(Ŝ(E∨)⊗ F ) is graded by the total degree (i.e.,
the sum of the total degree in Ŝ(E∨) and the degree in F ).

Proof. The degree shift functor [k] applied to the graded vector bundle E ⊕ F → E

yields simply E ⊕ F [k] → E. The space of functions on E ⊕ F [k] is Γ(Ŝ((E ⊕
F [k])∨) ∼= Γ(Ŝ(E∨)⊗̂Ŝ(F∨[−k])).

To each section σ =
∑
i pi ⊗ fi of total degree k of Ŝ(E∨) ⊗ F corresponds a

section σ = (id, σ∗) of degree k of the graded vector bundle E ⊕ F → E. The
latter section is the graded algebra morphism from C∞(E ⊕ F [k]) to C∞(E) that
is uniquely determined by the requirements σ∗(1 ⊗ 1) = 1, σ∗(ε ⊗ 1) = ε and
σ∗(1⊗ φ) =

∑
i φ̃(fi)pi, for all ε ∈ Γ(E∨) and φ ∈ Γ(F∨[−k]). Here, φ̃ denotes the

element in Γ(F∨) corresponding to φ.
Conversely, any degree k section σ = (id, σ∗) of E ⊕ F , when restricted to linear

functions of the form 1⊗ φ ∈ Γ(Ŝ(E∨)⊗̂Ŝ(F∨[−k])) with φ ∈ Γ(F∨[−k]), yields a
degree zero C∞(M)-linear map Γ(F∨[−k])→ Γ(Ŝ(E∨)), hence a degree k section
σ of Ŝ(E∨)⊗ F∨.

It is easily checked that these assignments are inverse of each other and satisfy
all the required properties. �

A graded Lie algebroid is a graded vector bundle A → M with a degree zero
bundle map ρ : A → TM (the anchor) and a degree zero Lie bracket [·, ·] on Γ(A)
satisfying the Leibniz rule

[X, fY ] = ρ(X)(f)Y + (−1)|X||f |f [X,Y ]
for all X,Y ∈ Γ(A) and f ∈ C∞(M).

As in the non-graded case, a graded Lie algebroid structure on a graded vector
bundle A → M induces [16, Theorem 4.6] a (quadratic in the fiber coordinates)
homological vector field dA on A[1]. Locally, this vector field takes the form

dA = λαρiα
∂

∂xi
− (−1)|λα|(|λβ |+1) 1

2λ
αλβCγαβ

∂

∂λγ
.

Here, xi is a set of local coordinates on M, Xα is a frame of local sections of A
with degree |Xα|, λα are the degree-shifted fiber coordinates dual to Xα (with
|λα| = −|Xα|+ 1), ρiα are the local functions defined by ρ(Xα) = ρiα

∂
∂xi , and C

γ
αβ

are the structure functions defined by [Xα, Xβ ] = CγαβXγ .
A dg-Lie algebroid is a dg-vector bundle A → M which is also a graded Lie

algebroid such that the linear homological vector field QA and the Lie algebroid
differential dA satisfy [(QA)1, dA] = 0.

Example 2.2. (1) Any Lie algebroid A trivially defines a dg-Lie algebroid A
with QA = 0 .

(2) Given a graded Lie algebroid A overM, T [1]A is a dg-Lie algebroid over
T [1]M (see [16, Section 5.2]).

(3) Given a dg-manifold M with homological vector field Q, TM is dg-Lie
algebroid overM such that the associated degree 1 operator QΓ(TM) is LQ,
the Lie derivative with respect to Q.

Lemma 2.3 ([18, Lemma 1.7]). LetM be a dg-manifold with homological vector
field Q and let D be an integrable distribution in TM. If D is preserved by the Lie
derivative LQ, then D is a dg-Lie algebroid.
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For a graded Lie algebroid L → M and a graded vector bundle E → M, an
L-connection on E is a graded K-linear map

∇ : Γ(L)⊗K Γ(E)→ Γ(E) : l ⊗ e 7→ ∇le
such that

∇fle = f∇le, ∇lfe = (−1)|l||f |f∇le+ ρ(l)(f)e,
for all l ∈ Γ(L), e ∈ Γ(E), and f ∈ C∞(M).

2.3. Atiyah classes. In this section, we introduce the two notions of Atiyah class
that we intend to relate in Section 5 in the case of matched pairs of Lie algebroids.
The first is the Atiyah class of an A-module relative to a Lie pair [6] and the second
is the Atiyah class of a dg-vector bundle relative to a dg-Lie algebroid [18].

2.3.1. Lie pairs. Let (L,A) be a Lie pair, and E an A-module. Let ∇ be any
L-connection on E extending the A-action, i.e. such that ∇ae coincides with the
A-action a · e for all a ∈ Γ(A) and e ∈ Γ(E). Let R∇ : L ∧ L → EndE be the
curvature of ∇, and define a map At∇ : A→ Hom(L/A⊗ E,E) by
(5) At∇(a)(l, e) = R∇(a, l)e
for all a ∈ Γ(A), l ∈ Γ(L), and e ∈ Γ(E).

Proposition 2.4 ([6]). (1) The map At∇ is well-defined and is a 1-cocycle for
the A-cohomology with values in the A-module Hom(L/A⊗ E,E).

(2) The cohomology class α(L,A),E of At∇ in H1(A,Hom(L/A⊗ E,E)) is in-
dependent of the choice of the connection ∇ extending the A-action. It is
called the Atiyah class of the A-module E relative to the Lie pair (L,A).

Definition 2.5. The Atiyah class α(L,A) of a Lie pair (L,A) is α(L,A),L/A.

2.3.2. dg-Lie algebroids. Let (A, QA) be a dg-Lie algebroid and (E , QE) a dg-vector
bundle over the same base. Let ∇ be an A-connection on E . Define a map
At∇ : A⊗ E → E by
(6) At∇(a, e) = QΓ(E)(∇ae)−∇QΓ(A)(a)e− (−1)|a|∇aQΓ(E)(e)

for all a ∈ Γ(A) and e ∈ Γ(E).

Proposition 2.6 ([18]). (1) At∇ can be regarded as a degree 1 section of
Hom(A⊗ E , E).

(2) At∇ is a cocycle: Q(At∇) = 0 for Q = QΓ(Hom(A⊗E,E)).
(3) The cohomology class αA,E of At∇ in H1(Γ(Hom(A⊗E , E)), Q) is indepen-

dent of the choice of the connection ∇. It is called the Atiyah class of the
dg-vector bundle E relative to the dg-Lie algebroid A.

Definition 2.7. The Atiyah class αA of a dg-Lie algebroid A is αA,A.

3. Relation to dDG-algebras

In this section, we show how the notions of Atiyah class for Lie pairs and for
dg-Lie-algebroids (see Section 2.3) relate to the Atiyah class of dDG-algebras of [4,
Section 8]. For completeness, we recall from op. cit. the definitions of dDG-algebras,
dDG-modules and the corresponding “curvatures”, or Atiyah cocycles.

A (bigraded) DG-algebra on a manifold M is a bigraded sheaf of algebras a on M
equipped with a derivation d̄a of bidegree (1, 0) such that d̄2

a = 0. A dDG-algebra on
M is a bigraded sheaf of DG-algebras a on M as above, equipped with a derivation
da of bidegree (0, 1) such that d̄ada + dad̄a = 0.

If a is a DG-algebra, then a DG-a-module is a bigraded sheaf of a-modules m
equipped with an additive map d̄m : m→ m of bidegree (1, 0) such that d̄2

m = 0 and
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d̄m(αm) = d̄a(α)m+ (−1)|α|αd̄m(m) for all homogeneous sections α of a and m of
m.

Finally, for a dDG-algebra A, a connection on a DG-a-module m is an additive
map dm : m→ m of bidegree (0, 1) such that dm(αm) = da(α)m+ (−1)|α|αdm(m).
The corresponding curvature on the module m is defined as Rm = −(dmd̄m + d̄mdm).

The shift functors of bidegree (1, 0) and (0, 1) are denoted by −[1] and −(1),
respectively.

3.1. Lie pairs. Let (L,A) be a Lie pair and let j : L/A→ L be a splitting of the
short exact sequence of vector bundles

0→ A→ L→ L/A→ 0.
Denote by B the image of j. The Chevalley–Eilenberg algebra a = C(L) ∼=
C(A)⊗ C(B) is bigraded and, since A is a subalgebroid, the degree 1 differential
dL decomposes as a sum

dL = d1,0
a + d0,1

a + d−1,2
a

of three derivations of bidegree (1, 0), (0, 1), and (−1, 2), respectively. Moreover,
we have (d1,0

a )2 = 0 and d1,0
a d0,1

a + d0,1
a d1,0

a = 0. Hence, (C(L), d1,0
a , d0,1

a ) is a
dDG-algebra.

Let (E,∇A) be an A-module. Consider m = a⊗ Γ(E) with its left a-action. The
A-module structure on C(B) ⊗ E gives a differential d1,0

m (of bidegree (1, 0)) on
m ∼= C(A)⊗ C(B)⊗ Γ(E) which satisfies

d1,0
m (am) = d1,0

a (a)m+ (−1)|a|ad1,0
m (m)

for all a ∈ a and m ∈ m. So m is a DG-module over a.
Let ∇ be an L-connection on E extending the A-action. It extends as a degree 1

endomorphism d∇ of m which splits as a sum d∇ = d1,0
m + d0,1

m + d−1,2
m of endomor-

phisms of bidegree (1, 0), (0, 1), and (−1, 2), respectively. Here, as ∇ extends the
A-action, d1,0

m is the differential defined in the foregoing paragraph. Moreover, d0,1
m

satisfies
d0,1
m (am) = d0,1

a (a)m+ (−1)|a|ad0,1
m (m)

i.e. it is a connection on the DG-a-module m.
The “curvature” of the connection d0,1

m is defined in [4, Lemma 8.2.4] as the
DG-a-module map Rm : m→ m(1)[1] expressed by

Rm = −(d0,1
m d1,0

m + d1,0
m d0,1

m ).

It is a cocycle for the differential [d1,0
m , · ] on Hom•,•(m,m), and it is a coboundary

if and only if there exists a connection with vanishing curvature (i.e. commuting
with d1,0

m ). Moreover, its class αm ∈ H1(Hom•,1(m,m), [d1,0
m , · ]) is independent of

the chosen connection d0,1
m (in our context, such connections always exist since we

work over rings of smooth functions).
Since E is an A-module, End(E) is also an A-module. Consider the DG-a-module

isomorphism
µ : a⊗ Γ(End(E))→ Hom•,•(m,m)

defined by µ(x)|Γ(E) = x for all x ∈ a⊗ Γ(End(E)). The Atiyah cocycle At∇ of E
is an element in a1,1 ⊗ Γ(End(E)). We now show that its image by µ is Rm.

Proposition 3.1. The curvature of m is the only DG-a-module map from m to
m(1)[1] satisfying

iaibRm(e) = At∇(a)(b, e)
for a ∈ Γ(A), b ∈ Γ(B), e ∈ Γ(E). Consequently, µ sends α(L,A),E to αm in
cohomology.
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Proof. Let a ∈ Γ(A), b ∈ Γ(B), e ∈ Γ(E). Recall that the Atiyah cocycle is

At∇(a)(b, e) = R∇(a, b)e = ibiad
2
∇e.

Using d∇ = d1,0
m + d0,1

m + d−1,2
m and (d1,0

m )2 = 0, we get

ibiad
2
∇e = iaibRm(e).

�

3.2. dg-Lie algebroids. LetM be a dg-manifold and A →M a dg-Lie algebroid.
Recall that by definition A is equipped with a homological vector field dA on

A[1] and a linear homological vector field QA on A such that [dA, (QA)1] = 0.
Consider the polynomial functions a = Γ(S(A[1]∨)) ⊂ C∞(A[1]) on A[1]. There

is a grading on a induced by the one on functions on A[1]. This grading comes
from a bigrading determined by the manifold degree of the dg-manifold A and the
polynomial degree of the bundle S(A[1]∨). By construction, (QA)1 is of bidegree
(1, 0) while dA is of bidegree (0, 1). Hence (a, (QA)1, dA) is a dDG-algebra.

Let E → M be a dg-vector bundle and set m = a ⊗ Γ(E). The latter is an
a-module and has a bigrading inherited from the one of A and by declaring Γ(E) to
lie in degrees (•, 0). Moreover, m has a differential Qm of bidegree (1, 0) defined by

Qm = (QA)1 ⊗ 1 + 1⊗QΓ(E),

where QΓ(E) is defined in (3). Hence, m is a DG-module over a.
Let ∇ be an A-connection on E and denote by dA,E its extension to A-forms.

Since for all a ∈ a and m ∈ m,

dA,E(am) = dA(a)m+ (−1)|a|adA,E(m),

dA,E defines a connection on the DG-a-module m.
The curvature of the DG-a-module m is

Rm = −[Qm, dA,E ].

Recall from (6) the Atiyah cocycle At∇ of the dg-vector bundle E relative to the
dg-Lie algebroid A.

As in the previous section, there is a DG-a-module isomorphism

µ : a⊗ Γ(End(E))→ Hom•,•(m,m)

defined by µ(x)|Γ(E) = x for all x ∈ a⊗ Γ(End(E)). The Atiyah cocycle At∇ of E is
an element of degree (1, 1) in a⊗ Γ(End(E)). We now show that its image by µ is
Rm.

Proposition 3.2. The curvature of m is the only DG-a-module map from m to
m(1)[1] satisfying

(7) iXRm(e) = (−1)|X|At∇(X, e)

for all X ∈ Γ(A) and e ∈ Γ(E). Consequently, µ sends αA,E to αm in cohomology.

Proof. Using formula (4), we get

iX [Qm, dA,E ](e) = iXQm∇e+ iX∇QΓ(E)e

= (−1)|X|−1(QmiX∇e− iQΓ(A)X∇e) +∇XQΓ(E)e

= (−1)|X|−1QΓ(E)∇Xe− (−1)|X|−1∇QΓ(A)Xe+∇XQΓ(E)e

= −(−1)|X|At∇(X, e).

�
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4. dg-Lie algebroids from Lie pairs

In this section, we prove our first main result, Theorem 1.1. The techniques
used in this section and the next one closely follow Dolgushev’s paper [10] and the
subsequent works [2], [3, Section 10].

4.1. Setup. Let (L,A) be a Lie pair, and let φ : L/A → L be a splitting of the
short exact sequence of vector bundles

0→ A→ L→ L/A→ 0.

Denote by B the image of φ in L.
The inclusion i : A → L induces an inclusion of graded vector bundles A[1] →

L[1]→ L[1]⊕ L/A, where the second map is the inclusion as the first component.
Applying the functor (2) from graded vector bundles to graded manifolds, we get
an inclusion of graded manifolds

ι : A[1]→ L[1]⊕ L/A

over the identity from M to M .
Using the splitting φ, we may identify L[1]⊕ L/A with A[1]⊕B[1]⊕B. Hence,

we have a projection of graded manifolds

π : A[1]⊕B[1]⊕B → A[1]

over the identity from M to M .
Let us define

M = A[1]⊕B[1]⊕B, A = A[1].

So we have
π :M� A : ι.

Let us pick a system of local coordinates

(8) x1, . . . , xn, α1, . . . , αt, β1, . . . , βs, b1, . . . , bs

on M, where the xi are coordinates on M , the αi (respectively, bi) are linear
coordinates on the fibers of A[1] (respectively, B), and the βi are the bi seen as
coordinates on B[1] (so they have degree 1). Let us denote by λi, i = 1, . . . , s+ t,
the coordinates β1, . . . , βs, α1, . . . , αt collectively.

The Euler vector field generating the homotheties of the vector bundle B induces
a degree 1 vector field δ on B[1]⊕B and hence onM. It reads

δ = id⊗ βi ⊗ ∂

∂bi

or, more explicitly,

δ(α⊗ β ⊗ b) = (−1)|α|+|β|α⊗ (β ∧ βi)⊗ ∂

∂bi
b,

for homogeneous elements α ∈ Γ(Λ(A∨)), β ∈ Γ(Λ(B∨)), b ∈ Γ(Ŝ(B∨)). An easy
check shows that δ is defined globally and that

δ ◦ δ = 0.

As in [11, 10, 2], there is a homotopy κ : C∞(M) → C∞(M) vanishing on
Γ(Λ(A∨) ⊗ Λ0B∨ ⊗ Ŝ(B∨)) and sending, for each q ≥ 1 and r ≥ 0, Γ(Λ•A∨ ⊗
ΛqB∨ ⊗ SrB∨) to Γ(Λ•A∨ ⊗ Λq−1B∨ ⊗ Sr+1B∨) by

κ = 1
q + r

id⊗ i ∂

∂βi
⊗ bi



12 PANAGIOTIS BATAKIDIS AND YANNICK VOGLAIRE

or, more explicitly,

κ(α⊗ β ⊗ b) = 1
q + r

(−1)|α|α⊗ i ∂

∂βi
β ⊗ bib,

for homogeneous elements α ∈ Γ(Λ(A∨)), β ∈ Γ(ΛqB∨), b ∈ Γ(SrB∨).

Remark 4.1. To shorten the notation, let us write for any vector bundle F on M

Ω•(F ) = Γ(Λ•L∨ ⊗ F ),
Ω•,•(F ) = Γ(Λ•A∨ ⊗ Λ•B∨ ⊗ F ),

and

B = Ŝ(B∨)⊗Hom(B ⊗B,B),

B≥i = Ŝ≥i(B∨)⊗Hom(B ⊗B,B),
Bi = Si(B∨)⊗Hom(B ⊗B,B).

So, for example, depending on the context we will use the following notation for the
space of functions onM,

C∞(M) = Γ(Λ(L∨)⊗ Ŝ(B∨)) = Ω•(Ŝ(B∨)),

this space being isomorphic to the space

Γ(Λ(A∨)⊗ Λ(B∨)⊗ Ŝ(B∨)) = Ω•,•(Ŝ(B∨)). 4

We now extend the definitions of δ and κ to some vector bundles over M.
Specifically, consider the graded vector bundle

(9) D = L[1]⊕B ⊕B →M = L[1]⊕B,

whose sections are Γ(D) = Γ(Λ(L∨) ⊗ Ŝ(B∨) ⊗ B). We consider it as the kernel
of the differential of the projection of graded manifolds L[1]⊕B → L[1], hence as
an integrable subbundle of TM and can thus see its sections as derivations of the
algebra of functions onM: elementary (local) sections Y = λ⊗ b⊗ ∂

∂bi ∈ Γ(D) act
on elementary functions f = λ′ ⊗ b′ ∈ C∞(M) by

Y (f) = λ ∧ λ′ ⊗ b ∂
∂bi

b′.

The operator δ then extends to Γ(D) by the Lie derivative,

δ(Y ) = [δ, Y ] = δ ◦ Y − (−1)|Y |Y ◦ δ.

We consider a second bundle obtained from D, the bundle Hom(D⊗D,D) of graded
vector bundle homomorphisms from D ⊗D to D, whose sections are

Γ(Hom(D ⊗D,D)) = Ω•(B) = Γ(Λ(L∨)⊗ Ŝ(B∨)⊗Hom(B ⊗B,B)).

If φ ∈ Γ(Hom(D ⊗D,D)), we define

δ(φ) = δ ◦ φ− (−1)|φ|φ ◦ (δ ⊗ 1 + 1⊗ δ).

Since Γ(D) is generated by Γ(B) as a C∞(M)-module, we may extend κ to Γ(D)
by

κ(Y ) = κ(f i) ∂

∂bi

for any local section Y = f i ∂∂bi of D, with f i local functions on M. This is
independent of the chosen local basis since κ vanishes on C∞(M) ⊂ C∞(M).
Similarly, κ is extended to Γ(Hom(D⊗D,D)). Note that δ could have been defined
in the same way, as it commutes with Γ(B) ⊂ Γ(D).
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4.2. Contracting homotopy. Let F be one of the following three vector bundles
over M ,

(10) F = M ×K, F = B, F = Hom(B ⊗B,B).

We have graded vector bundles

FM = A[1]⊕B[1]⊕B ⊕ F

overM (with sections C∞(M), Γ(D), and Γ(Hom(D ⊗D,D)), respectively) and

FA = A[1]⊕ F

over A such that FM ∼= π∗FA.
Consider the space Γ(ΛpA∨⊗F ) of degree p sections of FA as a positive complex

concentrated in degree zero with zero differential. Consider the space Ωp,•(Ŝ(B∨)⊗F )
of sections of FM with A-form degree p as a positive complex graded by the B-form
degree with δ as differential. The pullback ι∗ is a morphism between these two
complexes

Ωp,0(Ŝ(B∨)⊗ F ) δ //

ι∗

��

Ωp,1(Ŝ(B∨)⊗ F ) δ //

ι∗

��

· · ·

Γ(ΛpA∨ ⊗ F ) 0 //

π∗

OO

0 0 // · · ·
and we have the following lemma.

Lemma 4.2. The map κ, together with π∗ : Γ(ΛpA∨ ⊗ F )→ Ωp,0(Ŝ(B∨)⊗ F ), is
a contracting homotopy of (Γ(M, FM), δ) over (Γ(A, FA), 0), i.e. we have

(1) κ ◦ κ = 0,
(2) ι∗ ◦ π∗ = id,
(3) δ ◦ κ+ κ ◦ δ = id− π∗ ◦ ι∗ (homotopy formula).

Proof. Straightforward computations. �

Corollary 4.3. For all p ∈ N, the map

ι∗ : (Ωp,•(Ŝ(B∨)⊗ F ), δ)→ (Γ(ΛpA∨ ⊗ F ), 0)

is a quasi-isomorphism, i.e.
(1) Hq

(
Ωp,•(Ŝ(B∨)⊗ F ), δ

)
= 0 for q > 0, and

(2) H0
(

Ωp,•(Ŝ(B∨)⊗ F ), δ
)
' Γ(ΛpA∨ ⊗ F ).

4.3. Connections. As some of the forthcoming computations are most easily carried
out in coordinates, let us give here coordinate expressions for connections and their
associated tensors.

We defined linear coordinates bi on the fibers of B in (8), which we can see as
local constant sections of B∨. Let us write bi = ∂

∂bi , λ
i for the coordinates αi and

βi collectively, and li for a dual basis.
The Christoffel symbols of an L-connection ∇ on B are defined by

∇(bj) = λiΓkijbk.

The operator extending ∇ to B-valued L-forms reads

∇ = dL + Γ = λiρji
∂

∂xj
− 1

2λ
iλjCkij

∂

∂λk
+ λiΓkijbk

∂

∂bj
,

where ρji are the components of the anchor map, and Ckij are the structure functions
of L.
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The torsion tensor (1) is
T (li, lj) = T kijbk

which yields
T kij = Γkij − Γkji − Ckij

for i, j, k B-indices, and
T kij = Γkij − Ckij

for i an A-index, and j, k B-indices.
The curvature tensor is

R(li, lj)bk = Rlijkbl,

or R = 1
2λ

iλjRlijkbl
∂
∂bk

, which yields

Rlijk = ρ(λi)(Γljk)− ρ(λj)(Γlik) + ΓlimΓmjk − ΓljmΓmik − Cmij Γlmk.

An easy computation shows that

∇2 = R.

The Atiyah cocycle At∇ of ∇ is the restriction of R to li ∈ A and lj ∈ B, see (5).
The dual L-connection on B∨ has Christoffel symbols −Γkij ,

∇(bk) = −λiΓkijbj .

Its torsion and curvature tensors T∨ and R∨ have coordinates −T kij and −Rlijk. So,
for the record, we note

R∨ = −1
2λ

iλjRlijkb
k ∂

∂bl
.

The extension of ∇ to Ŝ(B∨)-valued L-forms, i.e. to C∞(M), reads

(11) ∇ = λiρji
∂

∂xj
− 1

2λ
iλjCkij

∂

∂λk
− λiΓkijbj

∂

∂bk

and has again curvature −Rlijk. The derivation ∇ of C∞(M) satisfies

(12) ∇2 = R∨.

Lemma 4.4. Let ∇ be a torsion-free L-connection on B. Then
(1) R(a, b)b′ = R(a, b′)b for a ∈ Γ(A), b, b′ ∈ Γ(B).

Moreover, its extension ∇ to Ŝ(B∨) satisfies
(2) ∇ ◦ δ + δ ◦ ∇ = 0;
(3) ∇(R∨) = 0 (first Bianchi identity);
(4) δ(R∨) = δ ◦R∨ +R∨ ◦ δ = 0 (second Bianchi identity).

Proof. The first item is a direct computation. The second item also follows from
a direct computation using the coordinate expressions above. The third item is
the usual first Bianchi identity. The last item follows from the second one and the
identity ∇2 = R∨. �

4.4. Fedosov differential. In this section, we build the homological vector field
on the graded manifold M as a Fedosov differential, and use it to put a dg-Lie
algebroid structure on the graded vector bundle D defined in (9).

All spaces of sections that contain tensor products with sections of Ŝ(B∨) are
naturally graded by the polynomial degree of the tensor product. We will call it the
b-degree. By construction, κ raises the b-degree by one.

The next lemma, or its idea, is key to many of the proofs here and in all previous
papers using Fedosov techniques, starting with [11].
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Lemma 4.5 (The Fedosov trick). Let D = −δ+D≥0 be a derivation of Γ(Λ(L∨)⊗
Ŝ(B∨)) with D≥0 not decreasing the b-degree. Let s be a section of Λ(L∨)⊗Ŝ(B∨)⊗F
with F one of the bundles in (10).

If D(s) = 0, κ(s) = 0, and ι∗(s) = 0, then s = 0.

Proof. The equation D(s) = 0 reads
−δ(s) +D≥0(s) = 0.

Applying κ, and using the assumptions κ(s) = 0, ι∗(s) = 0, and the homotopy
formula, one gets

s = κ(D≥0(s)).
By iteration, this implies s = 0 since κ raises the b-degree and D≥0 does not decrease
it. �

Theorem 4.6. Let ∇L be a torsion-free L-connection on B extending the A-action.
There is a unique vector field

X =
∑
k≥2

Xk

with Xk ∈ Γ(Λ1L∨ ⊗ Sk(B∨)⊗B) satisfying the equation κ(X) = 0 and such that
the derivation D : Γ(Λ•L∨ ⊗ Ŝ(B∨))→ Γ(Λ•+1L∨ ⊗ Ŝ(B∨)) defined by

D = ∇L − δ +X

satisfies D2 = 0. This solution is such that X2 = κ(R∨).

Proof. Let X =
∑
k≥2Xk be a vector field with Xk ∈ Γ(Λ1L∨ ⊗ Sk(B∨)⊗B) and

such that κ(X) = 0. By definition, we have ι∗(X) = 0.
The operator D = ∇L − δ+X squares to zero if and only if ∇L +X satisfies the

Maurer–Cartan equation for −δ, which is equivalent to C = 0, with

C = R∨ +∇L(X)− δ(X) + 1
2 [X,X].

Here, we used the fact that δ(∇L) = 0 and the identity (∇L)2 = R∨ (see Lemma 4.4).
Assume that C = 0. Applying κ to C = 0 and using κ(X) = 0, ι∗(X) = 0 and

the homotopy formula (Lemma 4.2 (3)), we get the equation

X = κ

(
R∨ +∇L(X) + 1

2 [X,X]
)

which has a unique solution in Γ(Λ1L∨⊗Ŝ≥2(B∨)⊗B). Indeed, by definition the map
κ raises the b-degree so, starting with the termX2 = κ(R∨) ∈ Γ(Λ1L∨⊗S2(B∨)⊗B),
one may then determine the higher order terms by iteration.

With this solution X, let us show that C = 0. By definition of X, we have
κ(C) = 0. Moreover, for b-degree reasons, we have ι∗(C) = 0. Finally, using items
two and three of Lemma 4.4 and the graded Jacobi identity, we compute that

D(C) = ∇L(C)− δ(C) + [X,C] = 0.
Lemma 4.5 then implies that C = 0. �

Proposition 4.7. The vector field D turns M into a dg-manifold such that the
inclusion ι : A[1] → M and the projection p : M → L[1] are morphisms of dg-
manifolds.

Proof. Theorem 4.6 shows that D turns M into a dg-manifold. Since A and L
are Lie algebroids, A[1] and L[1] also have a structure of dg-manifold with the Lie
algebroid differential as homological vector field.

Let us show that
ι∗ : (Γ(Λ(L∨)⊗ Ŝ(B∨)), D)→ (Γ(Λ(A∨)), dA)
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is a morphism of complexes. This will imply that ι = (idM , ι∗) is a morphism of dg-
manifolds. Since ι∗ is a morphism of algebras, we only need to check the property on
generators. In local coordinates (8), we have D(1⊗ bk) = −λiΓkijbj − βk plus terms
of b-degree greater than or equal to two. Hence (ι∗ ◦D)(1⊗ bk) = 0 = dA(ι∗(1⊗ bk)).
Then we haveD(λk⊗1) = − 1

2λ
iλjCkij . Since A is a subalgebroid of L and ι∗(αi) = αi,

ι∗(βi) = 0, we have (ι∗ ◦D)(λk ⊗ 1) = dA(ι∗(λi)). Finally, for f ∈ C∞(M), we have
D(f ⊗ 1) = λiρji

∂
∂j (f)⊗ 1 so (ι∗ ◦D)(f ⊗ 1) = dA(f).

Similar calculations show that p is also a morphism of dg-manifolds. �

The next lemma also follows from the fact that the projection p is a morphism of
dg-manifolds.

Lemma 4.8. Let D be the graded vector bundle defined in (9). Then Γ(D) is stable
under the Lie derivative LD.

Proof. For a section Y ∈ Γ(D), the Lie derivative LDY is the bracket [D,Y ] of
derivations of C∞(M). Since D = ∇L−δ+X and since δ and X can be regarded as
sections of D, we only need to check that [∇L, Y ] ∈ Γ(D). Consider the coordinate
expression (11) of ∇L. The last term is in Γ(D). The first two do not contain
variables from Ŝ(B∨), and the vector fields ∂

∂xi ,
∂
∂λj , and

∂
∂bk

commute. So the
second claim is proved. �

Proof of Theorem 1.1. 5 The first statement is the content of Proposition 4.7. The
second statement follows directly from Lemma 4.8 and Lemma 2.3. �

Since it is a dg-Lie algebroid, D has an Atiyah class αD, i.e. the Atiyah class of
the dg-vector bundle D with respect to the dg-Lie algebroid D (see Section 2.3.2).
The Atiyah cocycle At∇ associated to any choice of D-connection ∇ on D is a
section

At∇ ∈ Γ(M,Hom(D ⊗D,D)).
The operator LD on Γ(D) extends to Γ(Hom(D ⊗D,D)), and we simply write D(·)
for this operator. The goal of the next section is to show that the pullback by the
inclusion ι : A →M defines a quasi-isomorphism

ι∗ : (Γ(Hom(D ⊗D,D)), D)→ (Γ(Λ(A∨)⊗Hom(B ⊗B,B)), dA)

sending, in cohomology, the Atiyah class αD to the Atiyah class α(L,A).

5. Quasi-isomorphisms

In this section, we prove our second main result, Theorem 1.3. For Sections 5.1
and 5.2, we adapt the techniques of [3, Section 10], in which they treat the case of
the matched pair T 1,0X ⊕ T 0,1X for X a complex manifold.

5.1. Matched pairs. Keeping the setting of Section 4, assume now that L comes
from a matched pair (A,B). In this case, the splitting L/A→ L is canonical.

Since A and B are both Lie subalgebroids, the degree 1 operator ∇L : Ω•(B)→
Ω•+1(B) splits into two parts

∇L = d∇A + d∇B

of degree (1, 0) and (0, 1), respectively. The operator d∇A coincides with dA on
Ω•,0(B) and squares to zero, (d∇A )2 = 0.

Similarly, we can write
X = XA +XB

5Let us recall that this theorem was independently found by Stiénon–Xu [23].
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with

XA ∈ Γ(Λ1A∨ ⊗ Ŝ≥2(B∨)⊗B),

XB ∈ Γ(Λ1B∨ ⊗ Ŝ≥2(B∨)⊗B).

With these decompositions, we have

D = DA +DB

with, for all p, q ≥ 0,

DA : Ωp,q(B)→ Ωp+1,q(B), DA = d∇A + [XA, ·],

and

DB : Ωp,q(B)→ Ωp,q+1(B), DB = d∇B − δ + [XB , ·].

Checking the degrees of the image of D2, it is immediate that D2 = 0 implies

(13) (DA)2 = 0, DA ◦DB +DB ◦DA = 0, (DB)2 = 0.

5.2. Fedosov resolution. The goal of this section is to prove that there is a
resolution

0→ Γ(Λ•A∨⊗Hom(B⊗B,B)) η◦µ◦π∗−−−−−→ Ω•,0(B) DB−−→ Ω•,1(B) DB−−→ Ω•,2(B) DB−−→ · · ·

of the complex

(14) (Γ(Λ•A∨ ⊗Hom(B ⊗B,B)), dA)

by the complexes
(Ω•,q(B), d∇A), q ≥ 0.

This will imply that the inclusion ι : A →M induces a quasi-isomorphism between
the total complex (Ω•(B), D) and the complex (14) computing the Hom(B ⊗B,B)-
valued A-cohomology.

Remark 5.1. In the case of a general Lie pair, the operator D splits into three
parts D1,0, D0,1, and D−1,2 of bidegree (1, 0), (0, 1), and (−1, 2), respectively.
We still have (D1,0)2 = 0 but the square of D0,1 no longer vanishes. Hence
(Ω•,•(B), D1,0, D0,1) is no longer a bicomplex and we cannot apply the spectral
sequence argument of Proposition 5.3 to build the quasi-isomorphism alluded to in
the foregoing paragraph. 4

Since we will use the projection π∗ ◦ ι∗ many times, let us set

(15) σ = π∗ ◦ ι∗.

Lemma 5.2. The map

(16) ι∗ : (Ω•(B), D)→ (Γ(Λ•A∨ ⊗Hom(B ⊗B,B)), dA)

is a morphism of complexes.

Proof. Since DB raises the B-form degree, we have ι∗ ◦DB = 0, so it is enough to
prove

ι∗ ◦DA = dA ◦ ι∗.
Since [XA, ·] raises the b-degree, we get

ι∗ ◦DA = ι∗ ◦ (d∇A + [XA, ·]) = dA ◦ ι∗. �

The next few results will be devoted to building an explicit quasi-inverse to the
map ι∗ in (16).
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Proposition 5.3. The inclusion map η from Ω•,0(B) ∩ ker(DB) to Ω•(B) induces
an isomorphism
(17) H•(Ω•,0(B) ∩ ker(DB), DA)→ H• (Ω•(B), D) .

Proof. Consider the double complex
C•,• = (Ω•,•(B), DA, DB).

The right-hand side of (17) is the cohomology of the total complex C• = (Ω•(B), D).
We first want to compute the DB-cohomology of C•,•.
Let a be an element of Ω•,q(B) for q > 0 such that DB(a) = 0. We will show

that the equation a = DB(b) has an explicit solution b. Since κ raises the b-degree,
solving the recursive equation
(18) b = κ(−a+ d∇B(b) + [XB , b])
yields a unique element b ∈ Ω•,q−1(B). Applying δ to (18) and using the homotopy
formula gives

DB(b)− a = κδ(−a+ d∇B(b) + [XB , b]).
Writing h = DB(b)− a ∈ Ω•,q(B), we see that DB(h) = 0, κ(h) = 0, and ι∗(h) = 0.
Lemma 4.5 then shows that h = 0.

We just proved that the DB-cohomology of C•,• is
H•(C•,•, DB) = H0(C•,•, DB) = Ω•,0(B) ∩ ker(DB).

Let us now consider the spectral sequence associated to the total complex C•
and the filtration F kCn =

⊕
p+q=n,p≥k C

p,q. We have Ep,q0
∼= Cp,q with D0 = DB .

Since the DB-cohomology of C•,• is concentrated in degree 0, the spectral sequence
stabilizes at the second page, and the cohomology of the total complex C• is

H•(C•, D) = H•(H0(C•,•, DB), DA) = H•(Ω•,0(B) ∩ ker(DB), DA). �

Proposition 5.4. The formula
(19) µ(a) = a+ κ((DB + δ)(µ(a)))
defines an isomorphism of graded vector spaces

µ : Ω•,0(B) ∩ ker(δ)→ Ω•,0(B) ∩ ker(DB).

Proof. Let a ∈ Ω•,0(B) ∩ ker(δ). We need to show first that the recursion relation
(19) actually defines a unique element µ(a) and then that

DB(µ(a)) = 0.
As before, observe that κ raises the b-degree and the operatorDB+δ = d∇B+[XB , ·]

preserves it. Consequently, equation (19) has for each a a unique solution µ(a) such
that
(20) σ(µ(a)) = a.

Let us show that DB(µ(a)) = 0. Notice that κ vanishes on the image of µ. Using
the definition of µ and the homotopy formula one has that

κ(DB(µ(a))) = κ ((DB + δ)(µ(a)))− κδ(µ(a))
= µ(a)− a+ δκ(µ(a))− µ(a) + σ(µ(a))
= 0.

We have DB(DB(µ(a))) = 0 and DB(µ(a)) ∈ Ω•,1(B) ⊂ ker(ι∗). It follows from
Lemma 4.5 that DB(µ(a)) = 0.

Let us show that µ is an isomorphism. Since µ has left-inverse σ (see (20)), it is
injective. To prove that µ is surjective, observe that for b ∈ Ω•,0(B) ∩ ker(DB) one
has σ(µ(σ(b))) = σ(b). But then b = µ(σ(b)) by Lemma 4.5. �
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Proposition 5.5. The map µ is an isomorphism of complexes

µ : (Ω•,0(B) ∩ ker(δ), d∇A )→ (Ω•,0(B) ∩ ker(DB), DA).

Proof. Let a ∈ Ω•,0(B) ∩ ker(δ). We will show that DA(µ(a)) = µ(d∇A(a)) by
applying Lemma 4.5 to their difference.

For B-form degree reasons, κ vanishes on both elements. By definition of µ,
DB ◦ µ = 0 so DB(µ(d∇A (a))) = 0. By (13),

DB(DA(µ(a))) = −DA(DB(µ(a))) = 0.

Furthermore, since [XA, · ] raises the b-degree, we have

σ(DA(µ(a))) = σ ◦ sgn
(
d∇A (µ(a)) + [XA, µ(a)]

)
= σ(d∇A (µ((a)))

= σ
(
d∇A (a) + d∇A (k(DB + δ)(µ(a)))

)
= σ(d∇A (a)) = d∇A (a) = σ(µ(d∇A (a))).

So Lemma 4.5 gives DA(µ(a)) = µ(d∇A (a)). �

Proposition 5.6. The map (16) is a quasi-isomorphism.

Proof. Consider the map η ◦µ ◦ π∗ (see Propositions 5.3 and 5.5). On the one hand,
it is a right-inverse of ι∗. Indeed, applying ι∗ on the left and π∗ on the right of (20)
yields ι∗ ◦ (η ◦ µ ◦ π∗) = id. On the other hand, we have seen in Propositions 5.3
and 5.5 that η and µ are quasi-isomorphisms, and by definition of π and d∇A , π∗
is an isomorphism of complexes onto the domain of µ. As a result, ι∗ is also a
quasi-isomorphism, with quasi-inverse η ◦ µ ◦ π∗. �

5.3. Atiyah classes. We begin with a short lemma about D-connections on D.

Lemma 5.7. Let ∇ be a D-connection on D. Then there exists a unique S ∈
Γ(Hom(ι∗D ⊗ ι∗D, ι∗D)) ∼= Γ(Λ(A∨)⊗Hom(B ⊗B,B)) such that

ι∗(∇XY ) = S(ι∗X, ι∗Y )

for all X,Y ∈ Γ(D) of b-degree zero.

Proof. There is an explicit D-connection ∇0 on D defined on constant sections

(21) ∂i := 1⊗ 1⊗ 1⊗ ∂

∂bi
∈ Γ(Λ(A∨)⊗ Λ(B∨)⊗ Ŝ(B∨)⊗B)

by
∇0
∂i∂j = 0

and extended by linearity and the Leibniz rule. It is easy to check that ∇0 is
well-defined and satisfies ι∗(∇0

XY ) = 0 for all sections X,Y ∈ Γ(D) of b-degree zero.
Now any D-connection on D is of the form ∇ = ∇0 +T for some T ∈ Γ(Hom(D⊗

D,D)). The result follows with S = ι∗(T ). �

We can now turn to the proof of our second main theorem.

Proof of Theorem 1.3. The fact that ι∗ is a quasi-isomorphism was proved in Propo-
sition 5.6.

Let us now prove the statement about the Atiyah class. Recall that ι is the
inclusion of A in M and that the bundle A[1]⊕B → A[1] is isomorphic to the
pullback bundle of D →M by ι. Hence, we have pullback maps

ι∗ : Γ(D)→ Γ(Λ(A∨)⊗B)

and
ι∗ : Γ(Hom(D ⊗D,D))→ Γ(Λ(A∨)⊗Hom(B ⊗B,B)).
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For all X,Y ∈ Γ(D), there is a commuting square

Γ(Hom(D ⊗D,D))
evX,Y //

ι∗

��

Γ(D)

ι∗

��
Γ(Λ(A∨)⊗Hom(B ⊗B,B)) evι∗(X),ι∗(Y )

// Γ(Λ(A∨)⊗B)

where ev denotes the evaluation.
Let ∇ be a D-connection on D. Recall the definitions of the Atiyah cocycles from

(5) and (6). We are going to check that

(22) ι∗(At∇(X,Y )) = At∇
L

(ι∗X, ι∗Y ) + dA(S)(ι∗X, ι∗Y ),

for all X,Y ∈ Γ(D) and for some S ∈ Γ(Hom(ι∗D ⊗ ι∗D, ι∗D)). This will imply
that ι∗(αD) = α(L,A) in cohomology.

Since the Atiyah cocycle is C∞(M)-linear, we may restrict to constant sections
(21). On such elements, we have

At∇(∂i, ∂j) = D∇∂i∂j −∇D∂i∂j −∇∂iD∂j .

Recall that D = ∇L− δ+ [X, ·]. We will now consider the contribution of each term
of D separately.

Since δ lowers the b-degree, δ(∂i) = 0. Moreover, since δ raises the B-form degree,
δ(∇∂i∂j) is of B-form degree at least one (actually, one), so ι∗ vanishes on it. Hence,
the terms involving δ in ι∗(At∇(∂i, ∂j)) vanish.

Consider now the terms involving ∇L. Recall that ∇L = d∇A + d∇B . Since ∇ is
linear in the first argument and d∇B raises the B-form degree by one, we obviously
have

ι∗(d∇B(∇∂i∂j)) = 0 and ι∗(∇d∇
B

(∂i)∂j) = 0.

The term ι∗(∇∂id∇B(∂j)) vanishes for the same reason using the Leibniz identity

∇X(fY ) = X(f)Y + (−1)|f ||X|f∇XY

where X,Y ∈ Γ(D) and f ∈ C∞(M), and the fact that sections of D only act on
the Ŝ(B∨) part of f (remember that D is a subalgebroid of TM, so its anchor map
is the inclusion). As a result, we get

ι∗
(
∇L∇∂i∂j −∇∇L∂i∂j −∇∂i∇

L∂j

)
= ι∗

(
d∇A∇∂i∂j −∇d∇A∂i∂j −∇∂id

∇
A∂j

)
= dA(S)(ι∗∂i, ι∗∂j)

for some S given by Lemma 5.7.
Let us finally turn to the elements involving X. Recall that X =

∑
k≥2Xk with

Xk ∈ Ω•,•(Bk). Consequently, since ι∗ vanishes on elements with non-zero b-degree,
we have

ι∗([X,∇∂i∂j ]) = 0 and ι∗(∇[X,∂i]∂j) = 0.
Now notice that [X, ∂j ] is equal to [X2, ∂j ] plus terms of b-degree greater than 2
that vanish under ι∗. We may decompose X2 as

X2,A +X2,B ∈ Ω1,0(B2)⊕ Ω0,1(B2)

and notice that ι∗(∇∂i [X2,B , ∂j ]) vanishes for B-form degree reasons. Recall from
Theorem 4.6 that X2 = κ(R∨). So X2,A takes the explicit form

X2,A = 1
2R

l
kijα

k ⊗ 1⊗ bibj ⊗ ∂

∂bl
.
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Hence, using Lemma 4.4 (1), we get

ι∗(∇∂i [X, ∂j ]) = −Rlkijαk ⊗
∂

∂bl
= −At∇

L

(∂i, ∂j).

Putting everything together, we have obtained (22). �
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