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AssTrACT. For a semigroup P; generated by an elliptic operator on a smooth manifold M,
we use straightforward martingale arguments to derive probabilistic formulae for P,(V(f)),
not involving derivatives of f, where V is a vector field on M. For non-symmetric genera-
tors, such formulae correspond to the derivative of the heat kernel in the forward variable.
As an application, these formulae can be used to derive various shift-Harnack inequalities.

INTRODUCTION

For a Banach space E, e € E and a Markov operator P on B,(E), it is known that certain
estimates on P(V,f) are equivalent to corresponding shift-Harnack inequalities. This was
proved by F.-Y. Wang in [18]. For example, for ¢, € (0,1) and 8, € C((6,,0) X E; [0, 00)),
he proved that the derivative-entropy estimate

[P(Ve )| < 6(P(flog )~ (Pf)log Pf) +Be(6, )Pf
holds for any ¢ > J, and positive f € C }1) (E) if and only if the inequality

(Pf)P < (P(fP(re+ ) exp f L g —P=L re)as
- o 1+(p=Ds " \r+r(p-1s’

holds for any p > 1/(1 -7rd,), r € (0,1/9,) and positive f € B,(E). Furthermore, he also
proved that if C > 0 is a constant then the L>-derivative inequality

PV < cPf?

holds for any non-negative f € C ; (E) if and only if the inequality

Pf < P(f(ae+-))+|al/CPf?

holds for any @ € R and non-negative f € B,(E). The objective of this article is to find
probabilistic formulae for Pr(V(f)) from which such estimates can be derived, for the
case in which Pr is the Markov operator associated to a non-degenerate diffusion X; on a
smooth, finite-dimensional manifold M, and V a vector field.
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In Section 1 we suppose that M is a Riemannian manifold and that the generator of X; is
A+Z, for some smooth vector field Z. Any non-degenerate diffusion on a smooth manifold
induces a Riemannian metric with respect to which its generator takes this form. The basic
strategy is then to use the relation V(f) = div(fV)— fdiv V to reduce the problem to finding
a suitable formula for P7(div(fV)). Such a formula was given in [3] for the case Z = 0,
which we extend to the general case with Theorem 1.16. In doing so, we do not make any
assumptions on the derivatives of the curvature tensor, as occurred in [2]. For an adapted
process h, with paths in the Cameron-Martin space LY2([0,T;R), with ig =0 and by = 1
and under certain additional conditions, we obtain the formula

Pr(V(f)(x)
= —E[f(X7r(x)) (div V)(X7(x))]

1 T .
—EE[f(XT(x»(V(XT(x»,//T®T fo ((divZ) (X, (), — ) @;ldB,)}

where O is the Aut(7 M)-valued process defined by the pathwise differential equation

d
=17 (52 -7) 10

with ®¢ = id7,». Here //; denotes the stochastic parallel transport associated to X,(x),
whose antidevelopment to 7, M has martingale part B. In particular, B is a diffusion on
R" generated by the Laplacian; it is a standard Brownian motion sped up by 2, so that
dBidB/ = 26; ;dt. Choosing h, explicitly yields a formula from which estimates then can
be deduced, as described in Subsection 1.5.

The problem of finding a suitable formula for P7(V(f)) is dual to that of finding an
analogous one for V(Pr f). A formula for the latter is called the Bismut formula [1] or the
Bismut-Elworthy-Li formula, on account of [6]. We provide a brief proof of it in Subsec-
tion 1.3, since we would like to compare it to our formula for P7r(V(f)). Our approach to
these formulae is based on martingale arguments; integration by parts is done at the level of
local martingales. Under conditions which assure that the local martingales are true mar-
tingales, the wanted formulae are then obtained by taking expectations. They allow for the
choice of a finite energy process. Depending on the intended type, conditions are imposed
either on the right endpoint, as in the formula for Pr(V(f)), or the left endpoint, as in the
formula for V(Prf). The formula for P7(V(f)) requires non-explosivity; the formula for
V(Prf) does not. From the latter can be deduced Bismut’s formula for the logarithmic
derivative in the backward variable x of the heat kernel pr(x,y) determined by

(Prf)(x) = fM FWpr(x,y)vol(dy), f e Cp(M).

From our formula for P7(V(f)) can be deduced the following formula for the derivative in
the forward variable y:

1 T p.
(Viog pr(x, -))y = —EE[//TG)T f ((divZ)(X,(x))h, — ) ©; ' dBy| X1 (x) = y|.
0
In Section 2 we consider the general case in which M is a smooth manifold and X; a
non-degenerate diffusion solving a Stratonovich equation of the form
dX[ = AO(X[)dt +A(Xt) o dB[.

We denote by TX; the derivative (in probability) of the solution flow. Using a similar
approach to that of Section 1, and a variety of geometric objects naturally associated to the
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equation, we obtain, under certain conditions, the formula

Pr(V(f))
- —ZE[f(XT)Ai<V,Ai>(XT)]
i=1

1 T . .
-3E [ F(Xr) <V(XT), Zr f ;" (((trace VAG)(X)h, — i) AX;) dB, + 2h, A dt) >]
0
with
t
Z, = TX,-TX, f TX; ' (((VAo)" +VAg + trace VAo ) (E) ) ds,
0
AY = ((VAQ" +VA) (T, A)"(A)) + [A0, T (-, A (A,
i=1
where the operators @AO, vAo and T(-,A;) are given ateach x e M and v € T, M by
ViAo = A(X) (dA*(DA())x(v) — (dA*)(v,Ap)),
ViAo = A@®)d (A(-) Ag(+), (),
T, A)x = AX)(dA ) (1, A)).

This formula has the advantage of involving neither parallel transport nor Riemannian
curvature, both typically difficult to calculate in terms of A.

1. INTRINSIC FORMULAE

1.1. Preliminaries. Let M be a complete and connected n-dimensional Riemannian man-
ifold, V the Levi-Civita connection on M and w: O(M) — M the orthonormal frame bun-
dle over M. Let E — M be an associated vector bundle with fibre V and structure group
G = O(n). The induced covariant derivative

V:T(E) > T(T"MQ®E)
determines the so-called connection Laplacian (or rough Laplacian) 0O on I'(E),
Oa = trace Va.

Note that V2a € [(T*M ® T*M ® E) and (0a), = Z,»Vza(vi, v;) € E; where v; runs through
an orthonormal basis of 7M. For a,b € I'(E) of compact support it is immediate to check
that

(Ela, b>L2(E) = —(Va, Vb)LZ(T*MQ@E)‘
In this sense we have 0 = —V*V. Let H be the horizontal subbundle of the G-invariant
splitting of T O(M) and
h: "'TM = H— TO(M)
the horizontal lift of the G-connection; fibrewise this bundle isomorphism reads as
hy: TegoM = Hy, ue OWM).
In terms of the standard horizontal vector fields Hy,...,H, on O(M),
Hi(u) := hy(ue;), ueOM),

Bochner’s horizontal Laplacian AP, acting on smooth functions on O(M), is given as

n
AT =" HY.
i=1
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To formulate the relation between 0 and AM", it is convenient to write sections a € ['(E) as
equivariant functions F,: O(M) — V via F,(u) = u‘la,,(u) where we read u € O(M) as an
isomorphism u: V =5 E,. Equivariance means that

Fo(ug) =g 'Fu(w), ueO(M), geG=0(n).
Lemma 1.1 (see [9], p. 115). For a e I'(E) and F, the corresponding equivariant function
on O(M), we have
(HiFa)(u) = Fy,,.a(w), ueOM).
Hence
A"'Fy = Foq,

where as above
v v
0:(E)—>TT*MRE) —-T(T"M®T"MQE) i I'(E).

Proof. Fix u € O(M) and choose a curve y in M such that y(0) = 7(u) and ¥ = ue;. Let
t — u(t) be the horizontal lift of y to O(M) such that u(0) = u. Note that it(t) = hyq) (7(2)),
and in particular i(0) = h,(ue;) = H;(u). Hence, denoting the parallel transport along y by
//s = u(e)u(0)~", we get

FVMia(u) = u_l (Vueia)

=y im 115 aye) — ay)
el0 £
~ lim u(e)™ aye) —u(0) ' ay)
€l0 &
i Fo(u(e)) — Fa(u(0))
= lim
el0 &
= (Hi)uFu

= (HiFa)(u). 0

7(u)

Now consider diffusion processes X; on M generated by the operator
ZL=A+Z

where Z € I'(T M) is a smooth vector field. Such diffusions on M may be constructed from
the corresponding horizontal diffusions on O(M) generated by

AT+ Z
where the vector field Z is the horizontal lift of Z to O(M), i.e. Z, = hy(Zp()), u € O(M).

More precisely, we start from the Stratonovich stochastic differential equation on O(M),

(1.1) dU; =Y Hi(U,)odBi+Z(Uydt, Uy=ucOM)

n
i=1

where B; is a Brownian motion on R" sped up by 2, that is dBﬁdB{ = 20;jdt. Then for
X; = n(U,), the following equation holds:

n
(1.2) dX, = Z UieiodB +Z(X,)dt, Xo=x:=nu.
i=1
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The Brownian motion B is the martingale part of the anti-development fU 9 of X, where
denotes the canonical 1-form ¢ on O(M), i.e.

Bu(e) = u ey, e€T,O(M).

In particular, for F € C*(O(M)), resp. f € C*(M), we have

d(FoU,) =Y (H;F)U,)odB+(ZF)(U,)dt

1

n

14

(1.3) = > (H;F)(U)dB+ (A" + Z)(F)(Uy)dr,

n
i—1

14

respectively

n

d(foX)= Y (df)(Use)odBi+(Zf)(X,)dt

i=1

= > ) UsedB}+(B+Z) ()X dr.
i=1

Typically, solutions to (1.2) are defined up to some maximal lifetime {(x) which may be
finite. Then we have, almost surely,

{¢(x) < oo} C{X; > c0as 1T {(x)}

where on the right-hand side, the symbol co denotes the point at infinity in the one-point
compactification of M. It can be shown that the maximal lifetime of solutions to equation
(1.1) and to (1.2) coincide, see e.g. [12].

In case of a non-trivial lifetime the subsequent stochastic equations should be read for

t < (x).

Proposition 1.2. Let //,: Ex, — Ex, be parallel transport in E along X, induced by the
parallel transport on M,

/], = UUy": Txy,M — Tx,M.
Then, for a € T(E), we have

n

(/7" ax)) = D 117 (Vuea) o dBj+ /17 (Vza) (X,

i=1
respectively in It6 form,
n .
(/7 ax)) = " 117 (Vuea)dBi+ /)7 (Da+ Vza) (X, dr.
i=1
More succinctly, the last two equations may be written as
d(/1;7"aX) = /7 Veax,a,

respectively

(/I a(X)) = 17 Vax,a + /7 @a)(X,)d.



6 DERIVATIVE AND DIVERGENCE FORMULAE

Proof. We have //7 a(X;) = UpU; 'a(X;) = UgF,(U,). Itis easily checked that ZF,, = Fy,,,.
Thus, we obtain from equation (1.3)

dF,(U) = ) (HiFa)(U)dB}+(A™ F,+ZF,)(Uy)dt

n
i=1
n

= > (Fvypa) U B} + (Fou + Fy,a) (U dt
i=1

n

U™ (Vu,qa)(X)dB)+ U, (@a+Vza) (X)) dt. o
i=1

Corollary 1.3. Fix T > 0 and let a; € I (E) solve the equation

0
a—ta[ =0a;+Vza, on[0,T]xXM.

Then
I ar (XD, 0<t<TAL),

is a local martingale.

Proof. Indeed we have

m o 0
d(/f  ar— (X)) 2/ (uarf +Vza,+ = ar | (X) di =0,

=0

where = denotes equality modulo differentials of local martingales. O

We are now going to look at operators .#% on I'(E) which differ from 0 by a zero-order
term, in other words,

(1.4) 0-%% =% where #Z € T(EndE).
Thus, by definition, the action %, : E, — E, is linear for each x € M.

Example 1.4. A typical example is E = A?T*M and A?(M) =T(APT*M) with p > 1. The
de Rham-Hodge Laplacian

AP = —(d*d+dd") : AP(M) — AP(M)

then takes the form
APq = oa - Ra

where Z is given by the Weitzenbock decomposition. In the special case p = 1, one obtains
RHa = Ric(aﬁ, -) where Ric: TM®TM — R is the Ricci tensor.

Definition 1.5. Fix x € M and let X; be a diffusion to .Z = A + Z, starting at x. Let Q, be
the Aut(E,)-valued process defined by the following linear pathwise differential equation

d .
d_tQ' =-0%),, Qo=idg,,

where
Ry, = /7" 0 %x, 0 |/, € End(E,)
and //, is parallel transport in E along X.
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Proposition 1.6. Ler % = 0— % be as in equation (1.4) and X, be a diffusion to £ =
A+Z, starting at x. Then, for any a € I'(E),

d(Qu/f7 " aX) = > 0ull; (Vue,a) dB)+ i/l (Da+Vza - Za) (X)) dr.
i=1

Proof. Letn, := //t‘la(X,). Then
d(Omny) = (dQ)ny + QO dny
= ~Qu//;\ Ax I ' nidt+ Qrdn,
= —Q//; (Ra) (X)) dt + Qydn,.
The claim thus follows from Proposition 1.2. O

Corollary 1.7. Fix T > 0 and let X,(x) be a diffusion to £ = A+Z, starting at x. Suppose
that a, solves

ot

{ 2a, =@-Z+Vz)a;, on[0,T]|xXM,
aili=0 = a €I'(E).

Then
(1.5) N = Q) ar— (Xi(x), 0<t<TAL(),

is a local martingale, starting at ar(x). In particular, if {(x) = oo and if equation (1.5) is a
true martingale on [0, T], we arrive at the formula

ar(x) =EB[Or//7'aXr(x))], aeT(E).

Proof. Indeed, we have

m - 0
dN, 2 Q)7 @+ V2 - RB)ay_, + 27| X di =0, O

=0
Remark 1.8. Note that
d . .
d_tQt =-0 %), Wwith Qo =idg,,

implies the obvious estimate

!
10l < eXp(— fo @(Xs(x))ds)
where Z(x) = inf {{(Zv,w): vyw € Ey, V|| < 1 and ||w|| < 1}.

1.2. Commutation formulae. In the sequel, we consider the special case E = T*M. Thus
I'(E) is the space of differential 1-forms on M. The results of this section apply to vector
fields as well, by identifying vector fields V € ['(T M) and 1-forms a € I'(T*M) via the
metric:

Ve Vb, @ — a.
Let Z e I'(TM) be a vector field on M. Then the divergence of Z, denoted by divZ €
€ (M), is defined by divZ := trace(v + V,Z). Therefore

(divZ)(x) = Z(Vvix, Vi)
i=1
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for any orthonormal basis {v;}_, for 7M. For compactly supported f we have
ZNragm = —diVZ, ) 1200)-
The adjoint Z* of Z is given by the relation
Z'f=-Zf—-(divZ)f, [feC™(M).
If either f or & is compactly supported, this implies
EZfhypan = . Z° W -
Similarly, for @ € I'(T* M), we let
(diva)(x) = trace(TeM 25 TAM =5 T.M).

Thus divY = divY? and diva = dive®. That is, if § = d* denotes the usual codifferential
then diva = —da. Finally, we define

Ricz(X,Y) := Ric(X,Y)—(VxZY), X,YeT(TM).

Notation 1.9. For the sake of convenience, we read bilinear forms on M, such as Ricy,
likewise as sections of End(7*M) or End(T M), e.g.

Ricz(a) := Ricz(at,-), aeT*M,
Ricz(v) := Ricz(v, )}, veTM.

If there is no risk of confusion, we do not distinguish in notation. In particular, depending
on the context, (Ricy) /, may be a random section of End(7* M) or of End(T M).

Lemma 1.10 (Commutation rules). Let Z € I'(T M).
(1) For the differential d, we have

d(A+Z)=(o-Ricz+Vz)d;
(2) for the codifferential d* = —div, we have
(A+Z")d* =d*(o—-Ric; +V7),
where the formal adjoint of Vz (acting on 1-forms) is V,a = —Vza - (divZ)a.
Proof. Indeed, for any smooth function f we have
dA+2)f=d(-d*df +(df)Z)

= AVdf +Vzdf +(V.Z,Vf)

=(O+Vz2)(df)—Ricz(-,Vf)

= (O —Ricz + Vz)df).
The formula in (2) is then just dual to (1). ]

1.3. A formula for the differential. Now, let X;(x) be a diffusion to A+Z on M, starting
at Xo(x) = x, U; a horizontal lift of X to O(M) and B = U fU 9 the martingale part of the
anti-development of X;(x) to TxM. Let O, be the Aut(7'; M)-valued process defined by

d .
d_th =-0 (RlCZ)//t
with Qg = idT;M, let

Pof(x) = B[ Vs f ()
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be the minimal semigroup generated by A+Z on M, acting on bounded measurable func-
tions f.

Fix T > 0 and let ¢, be an adapted process with paths in the Cameron-Martin space
L'2([0,T]; T, M). By Corollary 1.7

(1.6) Ni:= Qu/l7 @dPrif), 1< T AL(),

is local martingale. Therefore

!
Ni(t) - fo 0s//7 1 @Pr_s f)(E5)ds

is a local martingale. By integration by parts

' ) 1 d .
j(;Qs//El(dPT—sf)(fs)dS—E(PT—tf)(Xt(x))j;<Q§r(fs),d3s>

is also a local martingale and therefore

1 ! ,
(1.7) Qt//t_l(dPT—tf)(ft)_E(PT—rf)(Xt(x))f(; (0 ¢,dBy)

is a local martingale, starting at (dP7 f)({p). Choosing ¢; so that (1.7) is a true martingale
on [0, T] with €y = v and {7 = 0, we obtain the formula

1 T ,
(1.8) (dPTf)(V)=—EE[l{Tq(x)}f(XT(X))fO <Q§r£’s,st>].

For further details, see [14, 15]. Denoting by p:(x,y) the smooth heat kernel associated to
A +Z, since formula (1.8) holds for all smooth functions f of compact support, it implies
Bismut’s formula

1 TAT .
(dlog pr(-,y)«(v) = _EE[L (O s, dBy)| Xr(x) = )’]-

The argument leading to formula (1.8) is based on the fact that the local martingale (1.7) is
a true martingale. Since the condition on ¢, is imposed on the left endpoint, this can always
be achieved, by taking {5 = 0 for s > 7 AT where 7 is the first exit time of some relatively
compact neighbourhood of x. No bounds on the geometry are needed; also explosion in
finite times of the underlying diffusion can be allowed. For the problem of constructing
appropriate finite energy processes {; with the property {5 =0 for s > 7 AT, see [15],
resp. [16, Lemma 4.3].

Imposing in (1.7) however the conditions £ = 0 and {7 = v would lead to a formula for

E|Qr//7 (df)x; o))

not involving derivatives of f, which clearly requires strong assumptions. If the local
martingale (1.6) is a true martingale, we get the formula

(dPrf),(v) =E|Qr//7"(df)xr o).

For such a formula to hold, obviously X;(x) needs to be non-explosive.
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1.4. A formula for the codifferential. Recall that, according to Lemma 1.10, we have
(1.9) (A+Z+divZ)div =div(O+Vz —Ric’, +divZ).
For a bounded 1-form a suppose a; satisfies
(1.10) ia,:(mvz—RiciZmivz)a,
dt
with @, = @, where divZ acts fibrewise as a multiplication operator, and that 0, is the

Aut(TxM)-valued process which solves

d
70 = ~(Ric!, ~divZ),, 0,

with @9 = idr,». Here Ric”, is the adjoint to Ric_z acting as endomorphism of 7 M, see
Notation 1.9.

Remark 1.11. We have O, = O if we set % := Ric*, —divZ € End(T*M) and define Q,
via Definition 1.5.

Proposition 1.12. Fix T > 0. Let X;(x) be a diffusion to A+ Z on M, starting at x.
(i) Then
1
(diva,_)(X/(x)) exp(ﬁ (din)(XS(x))ds)

is a local martingale, starting at div a.
(ii) Suppose h, is an adapted process with paths in L'>([0,T1;R). Then

!
(1.11) divaT_tht+%aT_t(//t®,f (hs—(diVZ)(Xs(x))hs)(»g;l//S—lst)
0

is a local martingale, starting at div aho.

Proof. (i) Taking into account the commutation rule (1.9) and the evolution equation (1.10)
of a;, we get

atdiVa't = divatal
(1.12) =div(0+Vz—-Ric’ , +divZ)a,
=(A+Z+divZ)diva;.

The claim then follows from It6’s formula.
(ii) To verify the second item, set

!
A; = exp(f (diVZ)(XS(x))ds)
0

and define ¢; := A,‘lh,. Using the fact that a;._ (//,®,) is a local martingale, indeed

d(ar_(/00) = Y (Vueer_)(//;0:)dB]
i=1
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we obtain
(divay_ )X ()AL dt
n

(VUte,- aT—t) (Utei) Atét dt
i=1

n
- Z (//f_l VU,eiaT—[) (Uoe) At dt
=1

n
= Z (VUteiaT—z) (//tG)t@;] UOei) Atgt dt
i=1

n
= 2D (Vo) U1 ©)dB], Al aB,)

i=1
1 ro
m zar(a“(//[(a, fo A,07! dBS))
where = denotes equality modulo the differential of a local martingale. By part (i)

ne 1= (divay_)(Xi(x)A;

is a local martingale and therefore so is

!
n,f,—f nydts.
0

A,f, = ht —(divZ)(X:(x)) h;

the result follows by substitution. O

Since

Remark 1.13. a) Let D" be an exhausting sequence of M by relatively compact open
domains. Following the discussion of [3, Appendix B] and [8, Section III.1] it is standard to
show that there is a strongly continuous semigroup P} on compactly supported 1-forms a
on D" generated by L := 0+ Vz~—Ric’, +divZ with Dirichlet boundary conditions. In
probabilistic terms, &} (x) := (P{a)(x) is easily identified as

() = B 1jy<rnoy (//,0))]

where 7"(x) is the first exit time of X;(x) from D", when started at x € D". As n — oo, the
semigroup o) converges to

(1.13) (%) = B[ Dy<z a(/1,0))].

In particular, @, solves equation (1.10) on M.

b) Formula (1.13) shows that ; is bounded in case « is bounded. Choosing the process i
in (1.11) in such a way that sy = 1 but i, = 0 for # > 7 AT where 7 is the first exit time of
X;(x) of some relatively compact neighbourhood of x, we arrive at the formula

1 T
(1.14) (divarxx):—EE[I{Tq(x)}a(//T@T fo (hs—(divzxxs(x))hs)@;W/;lst)].

Note that the local formula (1.14) doesn’t require assumptions, either on the geometry of
M or on the drift vector field Z. Indeed, with an appropriate choice of % it is always possible
to make (1.11) a true martingale.
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Lemma 1.14. Suppose Ricz is bounded below, that Ric + (V,Z2)*, divZ and diva are
bounded with h; bounded and

172

T .
( f |hs|2ds) eLl*e
0

for some € > 0. Then the local martingale (1.11) is a true martingale.

Proof. Since Ricy is bounded below, X; is non-explosive, by [17, Corollary 2.1.2]. In this
case we have a; = E[a(//,0,)]. From equation (1.12) we see that

u(t,x) := (diva,)(x)
solves the heat equation
(1.15) Ou=A+Z+divZu

with initial condition u(0,-) = dive. By means of equation (1.14), combined with the
bound on divZ and the other assumptions, we see that dive, is a bounded solution to
(1.15), which implies

!
(1.16) diva, = E[(diva)(X,)exp (f (din)(XS)ds)]
0

for all # > 0. Note that our assumptions control the norms of ©, and ®;!. Combined with
the assumptions on /4 this proves that (1.11) is indeed a true martingale. O

Remark 1.15. Equation (1.16) shows that div commutes with the semigroup P;l)a =
on 1-forms:

div PV = PV (diva)
where

Plf:= E[f(xoexp( fo p(Xs>ds)}

denotes the Feynman-Kac semigroup on functions to A +Z with scalar potential p.

Using the identification of differential forms and vector fields via the metric, we obtain
the following result.

Theorem 1.16. Let M be a Riemannian manifold and Z a smooth vector field on M. Let
X = X(x) be a diffusion to A+Z on M, starting at Xo(x) = x, which is assumed to be non-
explosive. Let T >0 and h be an adapted process with paths in L"*([0,T];R) such that
ho =0 and hy = 1, and such that (1.11) is a true martingale. Then for all bounded smooth
vector fields V on M,

1 T .
E[(divvxxT(x))]=—§E[(V<Xr(x>),//T®T fo ((divzxxt(x))ht—ht)e;ldB,)]

where O is the Aut(TM)-valued process defined by the following pathwise differential
equation:

d . . .

d—t®l = -Ric;, ©,— (V,Z)//tG, + (divZ2)0;,

with ®¢y = ideM-
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Corollary 1.17. Suppose f is a bounded smooth function and that V is a bounded smooth
vector field with divV bounded. Then, under the assumptions of Theorem 1.16, by using
the relation div(fV)=Vf+ fdivV, we get

Pr(V(N)(x) = ~E[f X7 (0) (div V)(X7 ()]
1 T .
—EE[f(xr(x»(wxfu)),//T@T fo ((iv2) X0y~ ) @;1d3,>]

where the right-hand side does not contain any derivatives of f.

Corollary 1.18. Under the assumptions of Theorem 1.16 we have

1 T .
(Vlogpr(x,-), = ‘zE[//T®T fo ((div2) (X (0))hy — hy) ©; ' dBy| X1 (x) = y]
with ® given as above.

Proof. By Theorem 1.16, for all smooth, compactly supported vector fields V we have
Pr(divV)(x)

1 T .
= f <V(y),E[//T®T f ((diVZ)(Xz(x))hz—ht)®;1dBr|XT(x):}’DPT(X,)’)VOI(CI)’)’
2Jm 0

but on the other hand

Pr(divV)(x) = fM (div V)() pr(x.) vol(dy)
=~ | tprtx., voyvoliay

== fM (dlog pr(x,-)), V(y) pr(x,y) vol(dy)

so the result follows. O

1.5. Shift-Harnack Inequalities. Suppose Ric; is bounded below, that Ric +(V,Z)* and
divZ are bounded and that the following formula holds, for all # > 0, all f € Cé(M ) and all
bounded vector fields V with divV bounded (see Corollary 1.17):

PUV(P)(x) = ~ELFX,0x) (div V)(X(0)]
1 . 1
- 3E [f(XAx))(V(Xf(x)), 11,0, fo |@iva et -|e; ‘d&)].

Fix T > 0. Then, by Jensen’s inquality (see [13, Lemma 6.45]), there exist ¢,C{(T) > 0
such that

C1(T)
ot

=1 a1(6,,V)

A1.17) PVl < 5(Pz(f10gf)—szIOngf)+(|diV Ve +dc+ IVIZO)Prf

for all 6 > 0, ¢ € (0,T] and positive f € C})(M). Alternatively, by the Cauchy-Schwarz
inequality, there exists Co(T) > 0 such that

Co(T)
Vi

= (1Y)

2
(1.18) IPV()IP < (I div V] + IVloo) P.f?
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forall 1€ (0,7T] and f € C ;(M). These estimates can be used to derive shift-Harnack in-
equalities, as shown by F.-Y. Wang for the case of a Markov operator on a Banach space
(see [18, Proposition 2.3]). In particular, suppose {Fs: s € [0,1]} is a C! family of diffeo-
morphisms of M with Fy = idy,. For each s € [0, 1] define a vector field V; on M by

Vs = (DFy) ' Fy
and assume V; and div V; are uniformly bounded. Note %( foFy)=Vy(foF,). Fixing

p > 1 and setting B(s) = 1 +(p — 1)s, as in the first part of [18, Proposition 2.3], we deduce
from inequality (1.17) that

d 5 PIB(s) P (B
R log(P,(fﬁ( )o Fs)) > ( )

I —, aVS
OV oM

for all s € [0, 1], which when integrated gives the shift-Harnack inequality
1 /
P (B
P f)Y <(P(fPoF — —,1,V|d
(Pof) < (Py(f7 o 1))exp( fO ﬁ(s)al( S ) s)

for each t € [0,T] and positive f € C ;(M). Alternatively, from inequality (1.18) and fol-
lowing the calculation in the second part of [18, Proposition 2.3], we deduce

12
\Puf?

for each ¢ € [0, T] and positive f € C }}(M ). The shift | could be given by the exponential
of a well-behaved vector field; the shifts considered in [18] are of the form x — x+ v, for
some v belonging to the Banach space.

1
P,f< P,(f0F1)+(f a(t, Vs)ds)
0

2. ExtrINsiCc FORMULAE

Suppose now that M is an n-dimensional smooth manifold. Suppose A is a smooth

vector field and
A: MXR" > TM, (x,e)— A(x)e,

a smooth bundle map over M. This means A(-)e is a vector field on M for each e € R™, and
A(x): R™ — T M is linear for each x e M

For an R™-valued Brownian motion B;, sped up by 2 so that d[B, B]; = 2idgrndt, de-
fined on a filtered probability space (Q,.%,P; (%), ), satisfying the usual completeness
conditions, consider the Stratonovich stochastic differential equation

2.1) dX, =Ao(X;)dt+ A(X;)odB;.
Given an orthonormal basis {ei}:."l of R™ set A;(+) := A(+)e; and B;' := (B, e;). Then the

previous equation can be equivalently written

m
dX, = Ao(X))dt+ » Ai(X,)odB!.

i=1
There is a partial flow X;(-), £(-) associated to (2.1) (see [10] for details) such that for
each x € M the process X;(x), 0 <t < {(x) is the maximal strong solution to (2.1) with
starting point Xo(x) = x, defined up to the explosion time {(x); moreover using the notation
Xi(x,w) = X;(x)(w) and {(x, w) = {(x)(w), if

M(w)={xeM:t<{(x,w)}

then there exists Qg C Q of full measure such that for all w € Qg:

i) My(w) is open in M for each 7 > 0, i.e. {(-,w) is lower semicontinuous on M;
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il) X;(-,w) : My(w) — M is a diffeomorphism onto an open subset of M;
iii) The map s — X,(-,w) is continuous from [0, ] into C*(M;(w), M) with its C*-
topology, for each ¢ > 0.

The solution processes X = X(x) to (2.1) are diffusions on M with generator

m
& :=AO+ZA,.2
i=1

We will assume that the equation is non-degenerate, which is to say that A(x) : R —» T .M
is surjective for all x € M. Then A induces a Riemannian metric on M, the quotient metric,
with respect to which

A" = (AWheraws) ™
and whose inner product (-, -) on a tangent space T, M is given by
w,u) = (A(x)" v, A(x)" u)gm.
2.1. A formula for the differential. Denote by
Pif(x) := B[ g f X (1))

the minimal semigroup associated to equation (2.1), acting on bounded measurable func-
tions f. In terms of any linear connection V on T M, a solution 7X,(x) to the derivative
equation

dVTX,(x) = ?TX,(X)AO dt+ Z ﬁTX,(x)Ai o dB;'
i=1

with TXo(x) = idr,a is the derivative (in probability) at x of the solution flow to (2.1). Our
objective will be to find a formula for P7(V(f)) in terms of TX;. Before doing so, let us
briefly derive the corresponding formula for (dPr)(v). As in Subsection 1.3, let ; be an
adapted process with paths in L*([0,T];Ty,M). By It0’s formula and the Weitzenbock
formula (see [4, Theorem 2.4.2])

N; = (dPr- )T Xi(x))
is local martingale. Therefore
Ni() - fo l(dPT—sf WTX(x)(L)ds
is a local martingale. By integration by parts
fo t(dPT—sf WT X (x)(Ls))ds — %(Pr—zf )(Xi(x)) fo t<TXs(X)(i’s),A(Xs(X))st>
is also a local martingale and therefore
(2.2) (dPr—f )(TXI(X)ft)_%(PT—tf )(Xi(x) fo t<TXs(X)5’s,A(Xs(X))st>

is a local martingale, starting at (dP7 f)(£p). Choosing ¢, so that (2.2) is a true martingale
with €y = v and ¢7 = 0, we obtain the formula

1 T .
(2.3) (dPTf)(V)Z_EE[]{T<{(x)}f(XT(x)) fo (TXs(x)ls, A(Xs(x))dBy) |-
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This formula is well-known; it is the one given by [14, Theorem 2.4]. Formula (1.8) can
be obtained from it by filtering. Furthermore, it as always possible to choose such ¢;, as in
Subsection 1.3. Now denote by p,(x,y) the smooth heat kernel associated to (2.1) such that

Pf(x) = fM FOIPx,y)vol(dy)

where vol(dy) denotes integration with respect to the induced Riemannian volume measure.
Since formula (2.3) holds for all smooth functions f of compact support, we deduce from
it the Bismut formula

1 TAT .
(dlog pr(-,y)x(v) = _EE[L (TXs(0), AXs(x)) dB3))| X (x) = y|,

the original version of which was given in [1] for compact manifolds. The version stated
here is [14, Corollary 2.5], the non-local version having been earlier given in [6].

2.2. Induced linear connections. There are a number of linear connections naturally as-
sociated to the map A. Firstly, there is the Levi-Civita connection V for the induced metric.
Secondly, there is the Le Jan-Watanabe connection, which is given by the push forward
under A of the flat connection on R”. Its covariant derivative V is defined by

(2.4) VU = A()d (A U()), (v)

for a vector field U and v € TyM. Like the Levi-Civita connection, it is adapted to the
induced metric. In fact, all metric connections on 7'M arise in this way. In addition to the
properties of V summarized below, further details of it can be found in [4, 5, 7]. It has
the property that if e € ker A(x)* then V,A, =0 for all v € T, M, where by A, we mean the
section x > A(x)e. It therefore satisfies the Le Jan-Watanabe property

Va,Ai =0.

s

I
—_

l
To any linear connection V on TM one can associate an adjoint connection V’ by
V.U=V,U-Tw,U)

for v a vector and U a smooth vector field, where 7 denotes the torsion tensor of V. The
adjoint of the Le Jan-Watanabe connection will be denoted by V. It therefore satisfies

V,U=V,U-TH,U)

or equivalently ﬁvU = @VU —T(v,U), where T and T denote the torsion tensors of V and
V, respectively; these antisymmetric tensors satisfy 7' = —7". By [4, Proposition 2.2.3] the
torsion can be written in terms of A by

(2.5) T(v,u), = A(X)(dA") (v, )

where dA* denotes the exterior derivative of the R”-valued 1-form A* : TM — R™. The
adjoint connection can therefore be written in terms of A by

V,U = A@) (d(A*()U()), (v) = (dA") (v, U)).

Besides torsion, we will also encounter several expressions involving curvature, including

m
Mazgﬁ@mmi
i=1
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where R denotes the curvature tensor of V. In particular, [4, Lemma 2.4.3] states for a
smooth 1-form ¢ that

m

(2.6) Z La,Ly;¢ = trace @2¢ - ¢(Rvic)
i=1

where L denotes Lie differentiation.

2.3. Induced differential operators. With respect to the metric induced by A, we set
6 :=d*. For a 1-form ¢, the codifferential ¢ satisfies

2.7) 5 == Vab(A)
i=1

but this relation does not hold with V replaced by V. Nonetheless, for the divergence of a
smooth vector field U we do have

(2.8) divU = Y (VAU A}y = im,U,Ai) = trace VU
i=1 i=1

by the adaptedness of V.
I:emmzl 2.1. Ifor any smooth vector field U, 1-form ¢ and linear connection ¥V with adjoint
V'U=V,U-T(-,U) we have

(U +divD)og = -5(Vy, +(V'U)*) ¢
Proof. As alinear connection, V satisfies

Ly¢=Vyd+¢(V'U).
Since d commutes with Lie differentiation, we thus have
dUf = Lydf =Vydf +df(V'U) = Vydf + (V' U)df.
By duality this implies
Usp=6(Vy+(V'U)")¢

and therefore

(U +divU)s¢ = -5(Vp, +(V'U)") b
since U* = -U —divU. O

With respect to the induced metric, the formal adjoint Vi, of the differential operator
Vu acting on 1-forms is given by
Vy =-Vy—-divU.
More generally, we have the following lemma.
Lemma 2.2. For any smooth vector field U and metric connection V' with adjoint V we

have

Vi =-Vy—divU.
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Proof. Denoting by u, the Riemannian volume density, the divergence of a vector field U
satisfies Ly, = (div U)u, and thus for compactly supported 1-forms ¢, we have

Ly W) = (Vi Wdptg + (b, Vg + (div U)o, g
= (Vo + (@, Vo +(@(T' (U, ), ¥)ug
+ (60T (U, ))) pg + (div U, )

from which the result follows, since 7” is antisymmetric and fMLU((¢,¢)pg) =0, by
Stokes’ theorem.

The map A also induces a differential operator §, mapping 1-forms to functions by

m

3(/) = Z ta,La¢.

i=1
Since La;¢ = ta,d¢ +d(14,¢), the generator £ can be expressed in terms of 5 by
(2.9) & =L, —(5d +dJ).

Clearly 6% = 0, so to find an analogue of the second commutation rule in Lemma 1.10 for
5 and . it suffices to calculate the Lie derivative of & in the direction Ag. This is the main
objective of the remainder of this section. Note that & need not agree with the codifferential
8. For any smooth vector field U and linear connection V with adjoint V/ we have

(2.10) Ly =y¢)+¢(V'U)

and therefore
m

2.11) 8¢ = - Z(VA@(A) Z¢<VAA)— Z(VA¢>(A)

or alternatively

(2.12) o¢ =

Ms

(Va,0)(A) - Zas(w A = Z(VA $)(A)

1l
—_

i

by the Le Jan-Watanabe property and the fact that 7(4;,A;) = 0. Applying (2.10) to the
Levi-Civita connection gives

= D (Vad)A) = Y $(Va,A)
i=1 i=1
and so by (2.7) we have
(2.13) 5 = 66— ¢(Z VAl.A,-]
i=1

which expresses the difference of the operators § and 6.
Lemma 2.3. For any smooth vector field U and 1-form ¢ we have

(U +trace@U>5¢ = 5(@(] —(VU)* +trace@U)¢ +p(UY)
where the vector field U2 is defined by

A ; ((VU) +VU) (V4,40 - ;[U, Va Al
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Proof. By Lemmas 2.1 and 2.2 we have
(U +divU)ép = 6(Vy +divU — (VU) ).
By (2.13) we have
(U +divU)é¢ = (U +div U)s¢ + (div U)p(V 4, A;)
+(Vud)(Va,A)+(VyVa,A)

and
§(Vy +divU—(VU)")¢ =8(Vy +divU - (VU)") ¢+ (Vuh)(Va,A)
+((divU = (VU)*)¢) (VA
Rearranging, the result follows by equation (2.8). O

Note that the vector field Aé appears to depend on the Levi-Civita connection via the
sum of the vector fields V4, A;. It is clear that all other objects appearing in the definition
of Ag‘ can be calculated explicitly in terms of A and Ag, by formula (2.4). The following
lemma, combined with formula (2.5), shows that the sum of the vector fields V4,A; can
also be expressed directly in terms of A.

Lemma 2.4. We have
m m
D IVadi == T, AN A)
i=1 i=1
where T denotes the torsion of the Le Jan-Watanabe connection.

Proof. Suppressing the summation over i, the Le Jan-Watanabe property implies

VaAi = Va,Ai— K(AL A = —K(AiL A))

where K denotes the contorsion tensor of V. The contorsion tensor measures the extent to
which a metric connections fails to be the Levi-Civita connection, vanishing if the connec-
tion is torsion free. It is discussed in [9] and [11]. The components of K satisfy K ijj = T"jij,
which is to say

KA A) = (T4 A,
where b and §f are the musical isomorphisms associated to the induced metric. This implies
(K(A;,A), U) = (T(U,A),A))
for all smooth vector fields U, and therefore
K(Ai,A) = T(-,A)"(A)
as required. O

Consequently

M=

(2.14) AY = > (VA" +VA) (T, A)"(A)) + A0, T (-, A)" (AD].

14

1l
—_
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2.4. Commutation formula. We have, in summary, the following commutation rule, ex-
tending formula (1.9).

Proposition 2.5. For any smooth 1-form ¢ we have
(.,? + trace @Ao) 3(;5 = S(trace V2 + ﬁAo —Ric— (ﬁAo)* + trace @Ao) o+ ¢)(A‘3)
where the vector field Ag is given by (2.14).

Proof. The claim follows from Lemmas 2.3 and 2.4 and the relations (2.6) and (2.9). O

Finally, note that for a smooth function f, the codifferential ¢ satisfies

df.¢) = f6(¢)=6(f9).
We will need an analogous formula for 6, as given by the following lemma.
Lemma 2.6. For any smooth function f we have
(df.¢) = f6()-5(f9).
Proof. Suppressing notationally the summation over i, we have
S(f) = —ta,La,(f$)
= —ta, (1, d(f9) + d(ta, f9))
= 4, (ta,(df NG+ fdp)+ B(ANAS + Fd(P(A)))
= —tata, (df A §) = (AN (A) + [o(¢)
=—(df.0)+ f5(®)
since u4;t4,(df A¢) = 0. O

Now we are in a position to deduce formulae for the induced differential operator in
terms of the derivative flow TX;.

2.5. A formula for the induced differential operator. We must now assume equation
(2.1) is complete, which is to say {(x) = oo, almost surely. For a bounded smooth 1-form «
suppose a; satisfies

dra; = (trace V2 + @Ao —Ric—(VAo)* +trace VAg)a,

with @, =@ and that Z,(x) : TyM — Tx,xM solves the covariant Itd equation

dVE,(x) = ~ (Ric+ (VAg)" +trace VA ) (E(x))dt + ) Vz,nA;idB]

m
i=1

along the paths of X,(x) with wo =idr y. Fixing T > 0, by 1t6’s formula we have

d(ay_(E0) = > Vaar (E(0)dB+Vayap (E(0)dr+ 0oy (E ()

i=1

(2.15) +trace V2o, (B(x)) dt + ay_ (d" E/(x))

= > ((Vaar_ ) +ar (VA)E()dB].
i=1
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It follows that a,_,(E/(x)) is a local martingale, starting at @.. Furthermore, according to
equation (26) in [5], for the derivative process T X;(x) we have

d"TX,(x) = —Ric(TX;(x))dt + Vi Ao dt + Z Vrx,0AidB:
i=1

and therefore, by the variation of constants formula, we have
!
Ei(x) = TX,(x) - TX/(x) f TX,(0)™" ((VAo)" + VA + trace VA)(E,(x))) ds.
0

Thus it is possible to calculate Z;(x) without using the parallel transport implicit in the
original equation. Moreover, if the vector field Ay vanishes then =,(x) is given precisely by
the derivative process T X;(x).

Proposition 2.7. Suppose h; is an adapted process with paths in LV*([0, T1;R). Then

!
Say_hy— f hyay_ (AY)ds
(2.16) 0

+%aT_t(E,(x) fo (hs—(trace@Ao)(XS(x))hs)Es(x)lA(XS(x))dBS)

is a local martingale, starting at SaTho, where the vector field Aé is given by (2.14).

Proof. Set
A, :=exp (f (trace VAg)(X,(x)) ds)
0

and define ¢, := A7'h,. By equation (2.15), integration by parts and formula (2.11), we
have, suppressing the summation over i, that

1.
d (aT—t(Ef(x)E \[0‘ Al B (x)” : A(X(x)) st))

1/, ~ . . . .
2 (Vaar) - +ar (VANE)dB) (AldE )™ A (X,(x)dB])
(2.17) ) y .
= (Vaar_DAi+ar_(VaAd)Ad,dt

= (ﬁAiaT_t)AiAlfl dt
= —Bay )AL dt

where = denotes equality modulo the differential of a local martingale. By Proposition 2.5
and Itd’s formula we have

d(Aday )2 AbSday_ di+ AL +trace VAg)da,_ dt = Ay (AD)dt

which implies
t
ny :=A,30T_t—f ASaT_s(Aé)ds
0

is a local martingale, starting at SaT. This implies

d(nlf,) £ nlf, dt
!

= (bay_ )AL dt -1, f Asay_ (AY)dsdt.
0



22 DERIVATIVE AND DIVERGENCE FORMULAE

Substituting the definition of #; into the left-hand side and performing integration by parts
to the second term on the right-hand side implies

(2.18) Say_h— fo t(SaT_S)Astds— fo IhsaT_s(Aé)ds
is another local martingale. Since
b= A7 (hy— (trace VAQ)(X,(x)hy),
substituting formula (2.17) into the second term in (2.18) completes the proof. O
Theorem 2.8. Suppose h; is any adapted process with paths in LY*([0,00);R) such that

ho =0 and hr = 1 and that « is a bounded smooth 1-form. Suppose (2.1) is complete and
that the local martingales a;_ () and (2.16) are true martingales. Then

. 1 T . .
Pr(da) = EE[Q(ET f ;! (((trace VAQ)Xo)hy — ) A(X,) dB, + 21, A dt))] .
0
Proof. By (2.15) we have

T
ar_(E) = a(Er) - f ((Vaar_) - +ar_(V.A))(E)dB]

T T
E[ f aT,(EthtEt‘lAg‘)dt] :E[a(ET f h,E,‘lAg‘dt)}
0 0

since @,_,(E;) is assumed to be a martingale. The result now follows from Proposition 2.7,
by taking expectations. O

and therefore

In analogue to Lemma 1.14, an integrability assumption on % plus suitable bounds on
VA, trace VAo, A} and e and on the moments of TX,; and TX;' would be sufficient to
guarantee that a,_(E,) and (2.16) are true martingales.

Corollary 2.9. Suppose f is a bounded smooth function. Suppose V is a bounded smooth
vector field with 3 | AV, A;) bounded. Then, under the assumptions of Theorem 2.8 with
a = be, we have

Pr(V(f))
=— Z E[f(Xr)AV,A(XT)]
i=1

1 T . .
3B [ F(Xr) <V(XT), =r f 2, (((race VAQ)(Xo)h, — ) A(X,) dB, + 2h, A d) >]
0
with

!
=, =TX,-TX, f TX;! ((vAO)* +VAq +trace @Ao)(as)ds,
0

Ad = Z ((VAQ)" +VA0) (T(-, A (A)) +[A0. T(-, Ai) (4],
i=1
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where the operators VAo, VAg and T(-,A;) are given at each x € M and v € T M by
VAo = A() (d(A"()A0(+)), (v) = (dAT)x(v, Ag))
ViAo = A (A() Ag(+)), (),
T(v,Ai)x = AQX)(A) (v, A)).
Proof. This follows from Theorem 2.8. In particular, Lemma 2.6 implies
V(f) = f8(V") =6(f V)
while formula (2.12), the Le Jan-Watanabe property and the adaptedness of V imply
m m
BV == (Va VA = = > AV, A). o
i=1 i=1

Note that if (2.1) is a gradient system then . = A+ Aj and Ag vanishes and
m
D AVA) =divV,
i=1

In this case, since trace @Ao =divAg, Corollary 2.9 yields the unfiltered version of Corol-
lary 1.17.

Corollary 2.10. Under the assumptions of Corollary 2.9 we have
(dlog pr(x, ), ()

=—(v. > T LAY A)D))
i=1

2

for allv € TyM where the various terms appearing in the right-hand side can be calculated
as in Corollary 2.9.

+ l(v, E [ET f ' =, (((race VAQ)(X,)h, — ) A(X;) dB, + 2h, A dt)
0

Xr(x) = y} )

Proof. Since Corollary 2.9 holds for all smooth functions f and vector fields V of compact
support, and since by Lemma 2.6

FEV)=8(F V") = V(f) = f6(V") = S(f V"),
the result follows from equation (2.13), Lemma 2.4 and Corollary 2.9. O

Example 2.11. Consider the special case M = R". Denote by gr(x,y) the smooth density
of Xr(x) with respect to the standard n-dimensional Lebesgue measure. Recall that p7(x,y)
denotes the density with respect to the induced Riemannian measure. It follows that

ar(x.y) = pr(x,y)p'*()
where p(y) denotes the absolute value of the determinant of the matrix
{<A*6i’A*6j>Rm (Y)}ijl
in which {9;}!_ | denotes the standard basis of vector fields on R". Consequently
(dloggr(x, ), (v) = (dlog pr(x, ), (v) +(dlogp'*(-)),(v)

with the first term on the right-hand side given, in terms of the induced metric, by Corollary
2.10.
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