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Abstract

In the context of multicriteria decision making whose aggregation process is based
on the Choquet integral, bi-capacities can be regarded as a natural extension of
capacities when the underlying evaluation scale is bipolar. The notion of entropy,
recently generalized to capacities to measure their uniformity, is now extended to
bi-capacities. We show that the resulting entropy measure has a very natural in-
terpretation in terms of the Choquet integral and satisfies many natural properties
that one would expect from an entropy measure.
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1 Introduction

The well-known Shannon entropy [2—4] is a fundamental concept in probability
theory and related fields. In a general non-probabilistic setting, it is merely
a measure of the uniformity (evenness) of a discrete probability distribution.
In a probabilistic context, it can be naturally interpreted as a measure of
unpredictability or information [5].

By relaxing the additivity property of probability measures, requiring only
that they be monotone, one obtains capacities [6], also known as fuzzy mea-
sures [7], for which an extension of the Shannon entropy was proposed by
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Marichal [8-10]. The resulting entropy measure was recently characterized as
a measure of uniformity of a capacity in [11]. In the context of multicriteria
decision making based on Choquet integrals, it was further given a natural
interpretation which gave rise to a maximum entropy like principle in that
framework [11,12].

The concept of capacity can be further generalized. In the context of multicri-
teria decision making, bi-capacities have been recently introduced by Grabisch
and Labreuche [13-15] to model in a flexible way the preferences of a decision
maker when the underlying evaluation scale is bipolar [16]. Since a bi-capacity
can be regarded as a generalization of a capacity, the following natural ques-
tion arises : how could one appraise the ‘uniformity’ or ‘uncertainty’ associated
with a bi-capacity in the spirit of the Shannon entropy?

In this paper, we propose an extension of the Shannon entropy to bi-capacities
that has a natural interpretation in the framework of multicriteria decision
making whose aggregation process is based on Choquet integrals. To introduce
that extended entropy measure, we shall consider a set N := {1,...,n} of
criteria and a set A of alternatives described according to these criteria, i.e.,
real-valued functions on N. Then, given an alternative x € A, for any ¢ € N,
x; := xz(1) is regarded as the evaluation of x with respect to criterion i. The
evaluations are further considered to be commensurate and to lie either on a
unipolar or on a bipolar scale. Compared to a unipolar scale, a bipolar scale
is characterized by the additional presence of a neutral value (usually 0) such
that values above this neutral reference point are considered to be good by the
decision maker, and values below it are considered to be bad [16]. As in [13,14],
for simplicity reasons, we shall assume that the scale used for all evaluations
is [0, 1] if the scale is unipolar, and [—1, 1] with 0 as neutral value, if the scale
is bipolar.

This paper is organized as follows. The second section is devoted to a pre-
sentation of the notions of capacity, bi-capacity, and Choquet integral in the
framework of aggregation. The third section presents the existing extension of
the Shannon entropy to capacities and recalls its main properties. In the last
section, we propose a generalization of the Shannon entropy to bi-capacities.
We also give an interpretation of it in the context of multicriteria decision
making based on Choquet integrals and we study its main properties.

In order to avoid a heavy notation, we will omit braces for singletons and
pairs, e.g., by writing v(i), N \ ij instead of v({i}), N \ {ij}. Furthermore,
cardinalities of subsets S, T, ..., will be denoted by the corresponding lower
case letters s,t,...



2 Capacities, bi-capacities, and Choquet integral
2.1 Capacities and bi-capacities

In the context of aggregation, capacities [6], also called fuzzy measures 7], can
be regarded as generalizations of weighting vectors involved in the calculation
of weighted arithmetic means [17].

Let P(N) denote the power set of N.
Definition 1 A function p: P(N) — [0,1] is a capacity on N if it satisfies :

(i) p(0) =0, u(N) =1,
(i1) for any S,T C N, S CT = u(S) < u(T).

A capacity g on N is said to be additive if u(SUT) = p(S) + u(T) for all
disjoint subsets S,T C N. It is said to be cardinality-based if, for any T'C N,
w1(T') depends only on its cardinality ¢. There is only one capacity on N, denote
it by p*, that is both additive and cardinality-based. It is called the uniform
capacity on N and it is defined by

The dual (or conjugate) of a capacity p on N is a capacity i on N defined by
i(A) = u(N) — p(N\ A), for all A C N. An element k € N is said to be null
for a capacity pon N if u(T Uk) = p(T), for all T C N \ k.

As mentioned in the introduction, the concept of capacity can be further gener-
alized. In the context of aggregation, bi-capacities arise as a natural extension
of capacities when the underlying evaluation scale is bipolar [13].

Let Q(N) := {(A, B) € P(N) x P(N) | An B = 0}.
Definition 2 A function v : Q(N) — R is a bi-capacity on N if it satisfies :

(i) v(0,0) =0, v(N,0) =1, v(D,N) = —1,
(ii)) A C B implies v(A,-) <v(B,-) and v(-, A) > v(-, B).

Furthermore, a bi-capacity v is said to be :

e of the Cumulative Prospect Theory (CPT) type [13,14,18] if there exist two
capacities p1, 2 such that

U(A7 B) = Nl(A) - M2(B)7 V<A7 B) < Q(N>



When o = py (resp. pe = fi1), the bi-capacity is further said to be sym-
metric (resp. asymmetric).
e additive if it is of the CPT type with py, uo additive, i.e., for any (A, B) €

Q(N)
v(A,B) =Y (i) = D pali).
i€A i€B
Note that an additive bi-capacity with pu; = puo is both symmetric and
asymmetric since fi; = 7.

As we continue, to indicate that a CPT type bi-capacity v is constructed from
two capacities ji1, p12, we shall denote it by v, ,,.

We shall further say that a bi-capacity v on N is difference cardinality-based
if, for any (A, B) € Q(N), v(A, B) depends on the difference of cardinalities
a —b.

It is easy to verify that there is only one bi-capacity on N that is both additive
and difference cardinality-based. We shall call it the uniform bi-capacity and
denote it by v*. It is defined by
. a—b
(4, B)= "= v(4,B)e Q).

n

Finally, we say that an element k € N is null for a bi-capacity v on N if

v(AUEk,B) =v(A,B) =v(A,BUk), V(A,B) € Q(N \ k).

2.2 Capacities and maximal chains

Before recalling the definition of the Choquet integral w.r.t. a capacity, we
introduce some definitions [11].

A mazimal chain m of the lattice (P(NV), C) is an ordered collection of n + 1
nested distinct subsets denoted

m= (& C{i} CH{inio} G- S {in, . in} = N).

Denote by My the set of maximal chains of (P(N), C) and by Iy the set of
permutations on N. We can readily see that the sets My and Ily are equipol-
lent. Indeed, to each permutation o € Il corresponds a unique maximal chain

m? € My defined by

m? = (@ C{o(n)} S {o(n—1),0(n)} & - C{o(1),...,0(n)} = N).

- —=



Now, given a capacity p on N, with each permutation o € Iy can be associ-
ated a discrete probability distribution p# on N defined by

(i) = u({o(),...,om)}) —p({o(i+1),...,0(n)}),  VieN.

Equivalently, with the maximal chain m? € My is associated the probability
distribution pf,- := p¥ .

2.3 The Choquet integral w.r.t. a capacity

When evaluations are considered to lie on a unipolar scale, the importance of
the subsets of (interacting) criteria can be modelled by a capacity. A suitable
aggregation operator that generalizes the weighted arithmetic mean is then
the Choquet integral [19,20].

Definition 3 The Choquet integral of a function x : N — RT, represented by
the vector (x1,...,x,), w.r.t. the capacity p on N is defined by

n

Culx) = ph(i) T4), (1)

=1

where o is a permutation on N such that Toq) < -+ < To().

An intuitive presentation of the Choquet integral can be found in [21]. Note
also that an axiomatic characterization of the Choquet integral as an aggre-
gation operator was proposed by Marichal in [17].

As one can see from the previous definition, the Choquet integral is defined
for positive integrands only. For real integrand functions, two extensions of
the Choquet integral exist [22,23,16]. For any z : N — R, let us denote by z™
and x~ the positive and the negative parts of x, respectively defined by

r" :=max(z,0) and =z~ :=max(—=x,0).
The first generalization of the Choquet integral is known as the symmetric
Choquet integral, also called the Sipos integral [24]. Tt is defined, for any ca-
pacity p on N, by

Su(z) == Cu(a™) — Cu(z7), Vo € R".

The second generalization, which coincides with the usual definition of the
Choquet integral for real integrands, is known as the asymmetric Choquet
integral and is defined by

Cu(x) == Cu(z™) — Cu(a™), vV € R".



The following result follows from [16, Egs. (11) and (12)].

Proposition 4 For any capacity pn on N and any x € R", we have

n

Culx) =Y ph(0) 240, (2)

1=1

and . .
Sul@) =3P 2wy + D PhE) T, (3)
i=1 i=r+1
where o is a permutation on N such that T,0) < -+ < Zp) < 0 < Zoryr) <

S xa(n)'

As discussed in [16], in the context of aggregation, the symmetric Choquet
integral can be regarded as a first mean to deal with evaluations defined on
a bipolar scale, whereas using the asymmetric Choquet integral in such a
framework amounts to ignoring the neutral level of the scale.

2.4  The Choquet integral w.r.t. a bi-capacity

In a bipolar context, when bi-capacities are used to model the importance of
the subsets of criteria, Grabisch and Labreuche [14] proposed the following
natural extension of the Choquet integral, which, as we shall see, encompasses
the symmetric and asymmetric Choquet integrals.

Definition 5 The Choquet integral of a function x : N — R, represented by
the vector (z1,...,x,), w.r.t. the bi-capacity v on N is defined by

C\() = Cir , (Ja]).

where Viy is a game on N (i.e., a set function on N vanishing at the empty
set) defined by

v (C) :=v(CNNT,CNN7), VC C N,
and Nt :={i € N|z; >0}, N := N\ NT.

As shown in [14], an equivalent expression of C,(z) is :

Co(@) = D don+ (@) |70, (4)
iEN
where ¢ is a permutation on N so that |z,)| < -+ < |24 | and

Gon (i) = vis ({0G),....om)}) = vie ({o(i+1),...,0(n)}),  VieN.



From the monotonicity conditions of bi-capacities, it is easy to see that, for
any ¢ € N, 2,0 and g2 v+ (i) have the same sign. It follows that Eq. (4) can
be equivalently rewritten as

Co(x) = > lgo n+ ()| 200) (5)

iEN
or
Colx) = D> aon+D oy — D @on+ (1) Top).
iEN 1EN
o(i)eNT o(i)eN—

The Choquet integral w.r.t. a bi-capacity generalizes the symmetric and asym-
metric Choquet integral. Indeed, as shown in [14, Proposition 1], for any sym-
metric bi-capacity v, , on N, we have

Cy, () = S,(x), Vz € R",

Vp,p

and, for any asymmetric bi-capacity v, ; on IV, we have

Co, (1) = Cu(m), Vx € R". (6)

3 Entropy of a capacity
3.1 The concept of probabilistic entropy

The fundamental concept of entropy of a probability distribution was initially
proposed by Shannon [25,4]. The Shannon entropy of a probability distribution
p defined on the set N :={1,...,n} is given by

Hs(p) = Z;Vh[p(i)],

where

0, if =0,

The quantity Hg(p) is always non negative and it is zero if and only if p is
a Dirac mass (decisivity property). As a function of p, Hg is strictly concave.
Furthermore, it reaches its maximum value (which is Inn) if and only if p is
uniform (mazimality property).

ha) im {—:L’ln:v, if 2> 0,

In a general non probabilistic setting, it is merely a measure of the uniformity
(evenness) of p. In a probabilistic context, when p is associated with an n-
state discrete stochastic system, it is naturally interpreted as a measure of



its unpredictability and thus reflects the uncertainty associated with a future
state of the system.

Note that many generalizations of the Shannon entropy were proposed in the
literature. For an overview, see e.g. [26].

3.2 FExtension of the Shannon entropy to capacities

The Shannon entropy has been extended to capacities by Marichal [8,9] (see
also [10]), who proposed the following definition.

Definition 6 The extension of the Shannon entropy to a capacity g on N is

defined by
Hy(p) = Y 7s(n) hlu(SUd) — pu(S)],
ieN SCN\i
where L
vs(n) :Zm_SnTl)'S' Vs €{0,1,...,n—1}.

Regarded as a uniformity measure, H); has been recently axiomatized by
means of three axioms [11] : the symmetry property, a boundary condition for
which Hj; reduces to the Shannon entropy, and a generalized version of the
well-known recursivity property [2,3,27].

A fundamental property of Hj; is that it can be rewritten in terms of the
maximal chains of the (P(N), C) [11]. For any capacity x on N, we have

1
Halp) == 3 Hs(ph), ™)
* meEMpn
or equivalently,
1
Hy(p) = 3 Hs(ph). 5)
©ooelly

The quantity Hjys(u) can therefore simply be seen as an average over My of
the uniformity values of the probability distributions p# calculated by means
of the Shannon entropy. In other words, Hj;(¢) can be interpreted as a measure
of the average regularity of the monotonicity of p over all maximal chains
m e M N-

As shown in [11], in the context of aggregation by a Choquet integral w.r.t. a
capacity p on N, Hy(u) can also be interpreted as a measure of the average
value over all x € [0,1]" of the degree to which the arguments x1,...,z,
contribute to the calculation of the aggregated value C),(z).



To see this, define the sets
Oy :i={z € [0,1]" [ 2o0) < -+ S wom} (0 €1l),

which cover the hypercube [0, 1]". For a fixed x € [0, 1]", there exists o € Iy
such that x € O, and hence

Cuu(@) = > pi(i) 2.

1EN

The permutation o corresponds to the maximal chain m?, along which the
Choquet integral boils down to a weighted arithmetic mean whose weights are
defined by the probability distribution p#. In that case, Hg(p") measures the
degree to which the arguments x,...,z, contribute! to the calculation of
the aggregated value C),(z).

Starting from Eq. (8) and using the fact that [, ., dz = 1/n! the entropy
Hp(p) can be rewritten as

Hu(n)= Y [

o€elly x

Hs(ph)do = | Hs(ph,)da,
€0, [0,1]"

where o, is a permutation of IIx such that z € O, . We thus observe that
H ) (p) measures the average value over all x € [0, 1]™ of the degree to which
the arguments zy, . .., z, contribute to the calculation of C),(z).

To stress on the fact that Hj, is an average of Shannon entropies, we shall
equivalently denote it by Hg as we go on.

It has also been shown that Hg satisfies many properties that one would
intuitively require from an entropy measure [11,9]. The most important ones
are :

(1) Boundary property for additive measures. For any additive capac-
ity p on N, we have
Hs(p) = Hs(p),
where p is the probability distribution on N defined by p(i) = p(i) for all
1€ N.
(2) Boundary property for cardinality-based measures. For any car-
dinality-based capacity p on N, we have

Hgs(p) = Hs(p"),

1 Should Hg(ph) be close to Inn, the distribution ps will be approximately uniform
and all the partial evaluations z1,...,x, will be involved almost equally in the
calculation of C),(z), which will be close to the arithmetic mean of the z;’s. On the
contrary, should Hg(ph) be close to zero, only one ph (i) will be very close to one
and C,,(z) will be very close to the corresponding partial evaluation.



where p is the probability distribution on N defined by p* := p# for all
o€ HN-

(3) Symmetry. For any capacity 4 on N and any permutation w € Iy, we
have

Hs(pom) = Hs().
(4) Expansibility. Let u be a capacity on N. If k € N is a null element for
1 then
Hs(p) = Hs(p-r),
where p_j denotes the restriction of pu to N\ k.
(5) Decisivity. For any capacity p on N,

FS(M) > 07

with equality if and only if p is a binary-valued capacity, that is, such
that p(T) € {0,1} for all T C N.
(6) Maximality. For any capacity u on N, we have

HS([L) < In n,

with equality if and only if x4 is the uniform capacity p* on N.

(7) Increasing monotonicity toward p*. Let u be a capacity on N such
that u # p* and, for any A € [0,1], define the capacity uy on N as
= i+ A" — p). Then for any 0 < A; < Ay < 1 we have

Hg(pn) < Hs(prs)-

(8) Strict concavity. For any two capacities py, pio on N and any A € |0, 1],
we have

Hs(A iy + (1= X) p2) > ANHs(p) + (1 = A) Hs(pa)-

4 Entropy of a bi-capacity

As discussed earlier, bi-capacities can be regarded as a natural generalization
of capacities when the underlying evaluation scale is bipolar. It seems then
natural to investigate the possibility of extending the Shannon entropy to
bi-capacities, as was already done for capacities.

In the context of aggregation by the Choquet integral w.r.t. a capacity u, we
have seen in the previous section that one of the fundamental characteristics
of Hg(u) is that it can be interpreted as a measure of the average degree to
which the arguments of a profile contribute to the calculation of the aggregated
value.

10



Let us now focus on the Choquet integral w.r.t. a bi-capacity v on N and see
how we could measure the same behavior. To do so, consider an alternative
x: N — [-1,1], denote by N* C N the subset of criteria for which x > 0,
and let N~ := N\ N*. Then, from Eq. (5), we see that the Choquet integral
of x w.rt. v is simply a weighted sum of z,(1),...,Zs(n), Where each z,(; is
weighted by |g; y+(4)|. From the boundary conditions that define a bi-capacity,
it is easy to verify that these weights sum up to one if N* € {(), N}. However,
this is not true in general if N* € P(N) \ {0, N}.

For any bi-capacity v on N and any Nt C N, let Py n+ be the probability
distribution on N defined by

‘qg,NJr ()]
> jeN IqZ;,N+ ()]

Do+ (1) = , Vi € N. (9)

The Choquet integral of x w.r.t. v can then be rewritten as

Cu(w) = (X phvs (D30 ) % (3 las )] ). (10)

iEN 1EN

As we could have expected, the degree of contribution of the evaluations
x1,...,2, in the calculation of C,(z) depends on the evenness of the dis-
tribution pY y+.

A straightforward way to measure the uniformity of py .+ consists in comput-
ing Hg(py x+). Should Hs(p} y+) be close to Inn, the distribution p} ., will
be approximately uniform and all the evaluations x4, ..., z, will be involved
almost equally in the calculation of C,(z). On the contrary, should Hs(p} y+)
be close to zero, only one py v (i) will be very close to one and C,(x) will
be almost proportional to the corresponding partial evaluation as can be seen
from Eq. (10).

From the above remarks, it seems natural to adopt the following definition.

Definition 7 The extension of the Shannon entropy to a bi-capacity v on N
1s defined by

s(e)i= 5 3 = 3 Hslobe) (1)

N+CN """ selly

As in the case of capacities, the extended Shannon entropy Hgs(v) is nothing
else than an average of the uniformity values of the probability distributions
po n+ calculated by means of Hg. Interestingly enough, the definition given in
Eq. (11) is in complete accordance with the vision of Q(N) recently adopted
by Grabisch and Labreuche in [28,29]. Indeed, the probability distributions
{P y+lo € TIy, N* C N} can be regarded as obtained along the maximal

11



o (2,1)

© (0,1)

(0(0)

Fig. 1. (Q(N), Q) with n = 2.
chains of the inf-semilattice (Q(NN), C) where C denotes the product order :

(A,A)C(B,B') <= ACBand A C B

The inf-semilattice (Q(N),C) is represented in Figure 1 for n = 2. More
details can be found in [28,29].

In the context of aggregation by the Choquet integral w.r.t. a bi-capacity v
on N, let us now show, more formally, that Hg(v) is a measure of the average
value over all x € [—1,1]" of the degree to which the arguments x1,...,z,
contribute to the calculation of the aggregated value C,(z).

To do so, define the sets

Opn+ i={z€[-1,1]" |z, €[0,1]Vie N",x; € [-1,0[ Vi€ N,
<

and |z, < |zom)|}, (NTCN, o €lly),

which cover the hypercube [—1, 1]". For a fixed z € [—1, 1], there exist N* C
N and o € Iy such that x € O, y+ and, as we can see from Eq. (10), C,(z)

is proportional to Y ey Py, (1) o).

Starting from Eq. (11) and using the fact that [, o dz = 1/n!, the entropy

Hg(v) can be rewritten as

ﬁs 2’” Z Z /re(’) Hs(pg, ) do

N+CNO'€HN
1
= H d
= /H s(p!, i) de,

where Nf C N and o, € Ily are defined such that » € O, y+

We thus observe that Hg(v) measures the average value over all z € [—1,1]"

12



of the degree to which the arguments z1, ..., z, contribute to the calculation
of C,(z). In probabilistic terms, it corresponds to the expectation over all z €
[—1,1]", with uniform distribution, of the degree of contribution of arguments
Z1,...,%, in the calculation of C,(z).

5 Properties of ﬁg

The entropy ﬁs satisfies many properties that one would expect from an
entropy measure. These properties are stated and proved hereafter.

5.1 Boundary conditions

We first present two lemmas giving the form of the probability distributions
Py n+ for CPT type bi-capacities.

For any subset S C N and any capacity u on N, we denote by ™ and p“?
the set functions on P(N) defined respectively by p"*(T) := (T N S) and
po3(T) == (T U S) for all T C N.

Lemma 8 For any CPT type bi-capacity v,, ., on N, any N* C N, and any
o € Ily, we have

NNt NN~
Upy,pg (Z) — pgl (Z) + ng (Z)

Vi e N.
P+ pr(NT) + pa(N-)

Proof. Let v, ,, be a bi-capacity of the CPT type on N. Then, for any
Nt C N, any o € Ily, and any ¢« € N, we have, after some algebra,

lgutz ()] = ™ () + o™ ()] = i () + ().
We further immediately obtain that

S a2 ()] = p(NT) + pa(N 7).
JEN

Lemma 9 For any asymmetric bi-capacity v, ; on N, any N* C N, and any

13



o € Iy, we have

P (i) = ™ (o (@), o)) — ™ ({o(i+ 1), 0(n)})
+ 1N {o(1),. .., o)) = N {o(1),...,0(i —1)}),  VieN.

Proof. For any asymmetric bi-capacity v, ; on N, any N* C N, we immedi-
ately have that pu(N*) 4+ a(N™) = p(N) = 1.
The rest of the proof follows from the immediate identity

AN (1) = p(N) = pN(N\T) VT CN. O

We now give the form of ﬁg for asymmetric bi-capacities.

Proposition 5.1 For any asymmetric bi-capacity v, ; on N, we have

Proof. Let v,; be an asymmetric bi-capacity on N and let N* C N. Let
MA" denote the subset of My formed by the maximal chains of (P(N), C)
containing N*. From Lemma 9, we see that the n! probability distributions
pg‘fj\’,ﬂ, o € Ily, are defined along the maximal chains of M%+. Now, among
the n! maximal chains of My, it is easy to verify that there are n!(n —n™)!
chains containing N*. It follows that

> st = (1) X s,

oelly
where the probability distributions p# are defined as in Subsection 2.2.

We can then write

n!\nt
= + +
" 0 |]ifv+\inN+ GM%
from which, using the fact that
N+
N+*CN
IN+|=n+

14



and using Eq. (7), we obtain

o) = 30 3 (1) 2 Hlwh) = Hst. O

mG/\/lN

Note that the above property is in full accordance with Eq. (6) and the ex-
pression of the asymmetric Choquet integral given in Eq. (2), which coincides
with the original definition of the Choquet integral given in Eq. (1).

The following proposition gives the form of ﬁs for additive bi-capacities.

Proposition 5.2 For any additive bi-capacity vy, ., on N, we have

ﬁs(“m,uz = Z Z mN ()"‘,U )

" Nrenien LN+ pa(NT)

Proof. Let v,, ,, be an additive bi-capacity on N. Then, using Lemma 8, for
any Nt C N, any o € Illy, and any ¢ € N, we immediately have

Tt 4 R (1)

oN* pr(N*) + Mz(N )

and hence the result. O

We end this subsection by a natural result giving the form of Hyg for additive
asymmetric/symmetric bi-capacities.

Proposition 5.3 For any additive asymmetric/symmetric bi-capacity v, , on
N, we have

ﬁs(vmu) = Hs(p),
where p is the probability distribution on N defined by p(i) := u(i) for all
1€ N.

Proof. The result follows from Proposition 5.2, or equivalently from Prop-
erty 5.1 and the properties of Hg. O

5.2 Symmetry

Proposition 5.4 For any bi-capacity v on N and any permutation © on N,
we have

Hg(vom) = Hg(v).

15



Proof. Let v be a bi-capacity on N, let N™ C N, and let 0,7 € Ily. It is
very easy to check that g0+

VOTT

qfroam( N+)» which implies PN+ = pzo(m( N+Y-

Therefore,
— 1 1
Hg(vom) = on > = Y Hs(Phoonin+))-

NtcN TV selly
Setting 0’ :=moo and S := 7T(N+), we obtain

Z Z HS pU’S

" SN nl, el y

which completes the proof. O
5.3 Expansibility

Proposition 5.5 Let v be a bi-capacity on N. If k € N is a null element for
v, then B o
Hs(v) = Hg(vg),

where v_y, denotes the restriction of v to N \ k.

Proof. Let v be a bi-capacity on N and let k € N be a null element for v.
Since Hg satisfies the symmetry property, we can assume w.l.o.g. that k = 1.

We then have

Hs(v) = o= S~ 5 [Hshne) + HsWhneor)]

n!
N+CN\1 "V oelly

Since 1 is a null element, it is easy to verify that py v = p) y+;. Hence, we
have

Hs) =50 > 0 3 2Hs(phye)

N+cn\1 TV seTiy
Furthermore,

> Hs(pyne)= > D hpon+(@)] = > D hlpyn+(9)]

oelly c€lly ieN c€lly €N

o(i)#£1
=> > 2 hlpo ()]

JEN o€lly ieN\j
o(j)=1

However, we can write

2 2 hlene@l = > > k(D= > Hs(prn+)

o€lly ieN\j WGHN\l leN\1 WEHN\l
a(§)=1
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Finally,

As)= oy X =3 X Hsll)

N+cN\1 T jeN m€llyy,
1 —
= on—1 Z Z HS 7rNJr = HS<U*1>' u

N+CN\1 (n—1)! m€ll

5.4 Decisivity

Proposition 5.6 For any bi-capacity v on N, we have

Hg(v) > 0.
Moreover, ﬁg(ﬂ) = 0 if and only, for any x € [—1,1]", there exists X €]0, 2]
and i € N such that C,(z) = Az;.

Proof. From the decisivity property satisfied by the Shannon entropy, we
have that, for any probability distribution p on N, Hg(p) > 0 with equality if
and only if p is a Dirac measure.

It follows that, for any given bi-capacity v on N, we have ﬁg(@) > 0, with
equality if and only if, for any N* C N and any o € Ily, Po n+ 1s a Dirac
measure.

We can then write the following equivalences

VYNT C N,Vo € Ily, Po.n+ is a Dirac measure,
& VYN'T C N, Vo elly,3i € N such that g y+ (i) # 0,
& Vo e [-1,1]",INT C N,o € Ily, and i € N such that

Cv(x) = ’qZ,N+(i)‘ Lo (i)
& Vz e [-1,1]",3X €]0,2] and i € N such that C,(x) = A\z;,

since for any N* C N, and any o € Iy, |g) y+(i)] €[0,2], foralli € N. O
5.5 Maximality

Proposition 5.7 For any bi-capacity v on N, we have
Hg(v) < Inn,

with equality if and only if v is the uniform bi-capacity v* on N.
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Proof. From the maximality property satisfied by the Shannon entropy, we
have that, for any probability distribution p on N, Hg(p) < Inn, with equality
if and only if p is uniform.

It follows that, given a bi-capacity v on N, we have ﬁg(v) < Inn, with equality
if and only if, for any N* C N and any o € Iy, Py n+ 1s uniform.

It is easy to see that if v = v* then pg v+ is uniform and hence Hs(v) = Inn.

Let us now show that if ﬁs(v) = Inn, that is, if p) . is uniform for any
Nt C N and any o € Iy, then necessarily v = v*, that is, for any N*™ C N
and any o € Ily,

: 1 :
el =, VieN,

To do so, consider first the case where N € {(), N}. From the normalization
condition v(N, Q) = 1 = —v((), N), it easy to verify that, for any o € Iy,

> lapn+ () = 1.

jEN
It follows that, if, for any o € Ily, py y+ is uniform, then,
v (s 1 :
|qa,N+<Z)’ = Vi € N, Vo € Ily.
This implies that,

o(i,0) = = = —v(0,i), VieN. (12)

1
n

Consider now the case where Nt € P(N) \ {0, N}. From Eq. (12), we have
that, for any o € Ily,
¢ ()] = =
n) =—.
qa’,NJr n

Since, for any o € Iy, pJ y+ is uniform, we obtain that

. 1 .
el =2, VieN.

5.6 Increasing monotonicity toward v*

Proposition 5.8 Let v be a bi-capacity on N such that v # v* and, for any
A € [0,1], define the bi-capacity vy on N as vy := v+ A\(v* —v). Then for any

18



0< A <Ay <1 we have

ﬁs(v)\l) < HS(U>\2).

Proof. We proceed mainly as in [9]. Let A €]0, 1] and let us prove that

d =
aHs(U)\) > 0.

Let N* C N and let o € Ily. Since vy = Av* + (1 — Ao, for any i € N, we
have

|75+ ()] = [N g y+ () + (1= A) g v+ (0)]
= Algg v+ (@] + (1 = Mgz v+ (D],

since ¢” v+ (1) and ¢¥ -+ (i) have the same sign. It follows that

A v :
@2 ()] = =+ (1= X)lal 0]
Consequently,

o 2+ (L= Nlap v+ (3)]

N ~. VieN.
pU,N+( ) \ 4+ (1 — )\) ZjEN \qf,’,]w(J)l

Let us now compute

I3 Hs W) = 3 Johp. )]

For any ¢ € N, we have

d v ) d , . . .
ah[pgfjw (4)] = apng+ (i) x [-1— lnpo?N+ (4],
with . ) .
d ., N —|q37N+(Z)| + =2 jen |Q§7N+(J)|
apg,]\ﬁ (1) = :

N2
()‘ +(1-=2) djeN \q;m(])l)
Since Y ;en %pﬁf]\ﬁ (1) = 0, we obtain
d Y d N . V) .
JHSQDU,N“') == Z ﬁpg,]\ﬁ-(z) X lnpo'7N+(Z)

1EN

= i (2 g 1),

€N
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d ()

Hence, 73 Hs(p, y+) has the same sign as

5 (- ) = = 3 late G)) x 1 (54 (0= Wl ) (13)

ieN jEN

Let
" . v ) 1 v . )
do v+ (1) = |go v+ ()] = — Yo lagn+ (i), VieN.

jEN

Now, for any i € N, if d} (i) > 0 (vesp < 0), then, clearly,

v . 1 v .
o n+ (D) > =D g+ (4)] (resp. <),
N ien

and hence

i (24 (1= Wl @) > 0 (2 4+ (0= )0 3 1 ()] (resp. <),
(14)

Eq. (13) can then be rewritten as

: A v
> A I (54 (1= Mg )]
1€EN
dv o (D)>0

: A v
- Y @@ (S =N 0l),
ieEN
dv . ()<0

which, using Eq. (14), is strictly greater than

s (A Ly
> A (S (=N Y e ()]
iEN n N jen
dv 4 (D)>0
O (I
D IO CERCEPVED SV}

ieN
dv | (6)<0

=i (24 (122 S g () 3 o )

JEN iEN

JEN

=0
:O’

which implies that %H s(pn+) > 0, and therefore the desired result. O
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Table 1
Partial evaluations of four students. The marks are given of a [0, 20] bipolar scale
with 10 as neutral level.

Studkent M S E | Student M S E
a 14 16 7 c 9 16 7
b 14 15 8 d 9 15 8

6 On the practical use of ﬁs

To illustrate the potential usefulness of the defined entropy in practical appli-
cations, we consider the following simple example taken from [30].

The dean of a scientific faculty aims at evaluating his students from their
marks in Mathematics (M), Statistics (S), and English (E). Among others, he
adopts the following rules of reasoning :

e [f a student is good in M, then E is more important than S.
e [f a student is bad in M, then S is more important than E.

Considering the four students whose partial evaluations are given in Table 1,
his preferences are then naturally b = a > ¢ > d. As shown in [30], the
preferences of the dean cannot be modeled by a Choquet integral w.r.t. a
capacity. However, they can be modelled by a Choquet integral w.r.t. a bi-
capacity v on {M, S, E} whose coefficients have to satisfy :
v(MS,0) —v(MS, L) > v(S,0) and  v(S,L) > 0.

Assume now that based on additional preferential information, the dean hes-
itates between two Choquet integral models grounded respectively on two
bi-capacities v, and vy on {M, S, E}, both of course satisfying the previous
inequalities, and such that Hg(vy)/Inn = 0.523 and Hg(ve)/Inn = 0.892.
From the previous section, in such a case, we know that C,, will exploit more
its arguments on average than C,, which may be a sensible argument in favor
of the aggregation model C,,.

More generally, extending the approaches adopted in [17,12,11,31], the entropy

Hg could be used in the framework of a maximum entropy like principle to
determine, if it exists, the “least specific” bi-capacity compatible with the
preferences of the decision maker, the expression “least specific” refering to a
bi-capacity such that the corresponding Choquet integral is the closest to the
simple arithmetic mean in the sense of Hg.
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7 Conclusion

An extension of the Shannon entropy to bi-capacities has been proposed. In
the framework of aggregation by the Choquet integral w.r.t. a bi-capacity, the
main characteristic of this generalized entropy is that it can be interpreted as
a measure of the average value of the degree to which the partial evaluations
contribute in the calculation of the aggregated value. It can therefore be used,
in combination with other behavioral indices, to better understand the aggre-
gation process. In that respect, the generalized entropy, Hg, arises as a natural
generalization of Marichal’s extension of the Shannon entropy to capacities,
Hg, which has the same interpretation in the context of | aggregation by the
Choquet integral w.r.t. a capacity. Interestingly enough, H g satisfies most of
the properties satisfied by Hg. Notice however, that certain properties, such
as the decisivity property, have a slightly weaker form in the case of Hg.
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