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Abstract

In the framework of cooperative game theory, the concept of generalized value,
which is an extension of that of value, has been recently proposed to measure the
overall influence of coalitions in games. Axiomatizations of two classes of generalized
values, namely probabilistic generalized values and generalized semivalues, which ex-
tend probabilistic values and semivalues, respectively, are first proposed. The axioms
we utilize are based on natural extensions of axioms involved in the axiomatizations
of values. In the second half of the paper, special instances of generalized semivalues
are also axiomatized.

Key words: Cooperative games, values (power indices), generalized values.

1 Introduction

It is well known that the notion of value (see e.g. [2, 5, 9, 17, 18]) has been introduced to
measure the individual power of each player in a cooperative game. In some sense, this
individual power can be regarded as the influence the player has in the game.

It is natural to extend this notion of power to coalitions of players. For example, suppose
two or three players join together to form a partnership in a game. It is then much more
relevant to measure the power or the strength of such a coalition in the game rather than
the power of each of these players. This is exactly the role played by the generalized values,



which have been recently introduced by Marichal [12] to measure the overall influence of
every coalition in a game. More precisely, the concept of generalized value stems from
the investigation of the influence of variables on Boolean and pseudo-Boolean functions
[4, 10, 12], which was motivated by the problem of searching for robust voting schemes in
game theory [3].

Let v : 2Y — R be a cooperative game on a finite set of players N. For a coalition
S C N, the main generalized values introduced in [12] are defined as

(n—s—1t)t

v = 5 G AT US) —T),
By(v,5) = Y 2n1_s W(T U S) — o(T)],

TCN\S

where n = |[N|, s = |S], and t = |T'|. As we can see, these expressions can be interpreted
as weighted means of the marginal contributions v(7"U S) — v(T") of coalition S to outer
coalitions " C N\ S. As they clearly coincide with Shapley and Banzhaf values on singletons
(i.e., when S = {i}), we will naturally call them the Shapley and Banzhaf generalized values,
respectively.

In this paper we introduce and axiomatize two families of generalized values, namely the
broad class of probabilistic generalized values and the narrower subclass of generalized semi-
values obtained by additionally imposing the symmetry axiom. Probabilistic generalized
values can be seen as extensions of probabilistic values studied by Weber [18]. Generalized
semivalues are extensions of semivalues, which were axiomatized by Dubey et al. [5]. We
show that this latter subclass encompasses the Shapley and Banzhaf generalized values,
but also the game itself and its dual. We also axiomatize these particular instances of
generalized semivalues.

Besides the classical axiom of linearity, the axioms involved in the characterizations we
present can be regarded as natural generalizations of those used in the axiomatizations of
values. T'wo of the most important axioms in the proposed characterizations of probabilistic
generalized values and generalized semivalues are the dummy coalition axiom, which is a
natural extension of the dummy player axiom [18, §3|, and the positivity axiom, which
generalizes the one for values [11, §4] (called monotonicity in [18, §4]). The notion of
partnership (see e.g. [11]) is also at the root of some of the axioms we additionally impose
to characterize the Shapley and Banzhaf generalized values.

In addition to these characterization results we provide a representation theorem for
generalized semivalues, extending that of semivalues by Dubey et al. [5]. We also provide a
compact formula linking any generalized semivalue with the well-known Owen multilinear
extension of a game [15].

This paper is organized as follows. In Section 2 we recall some basic definitions and
results we use in this paper. In Section 3 we introduce the class of probabilistic generalized
values and that of generalized semivalues. In the last section we present our characterization
results. Probabilistic generalized values and generalized semivalues are first axiomatized.
Then, we yield representation theorems for generalized semivalues. Finally, the Shapley
and Banzhaf generalized values as well as three other instances of generalized semivalues
are characterized by imposing additional axioms.

In order to avoid a heavy notation, we adopt that used in [8]. Thus, we will often omit
braces for singletons, e.g., by writing v(i), U \ ¢ instead of v({i}), U \ {i}. Similarly, for



pairs, we will write ij instead of {7, j}. Furthermore, cardinalities of subsets S, T, ..., will
often be denoted by the corresponding lower case letters s, t, ..., otherwise by the standard
notation |S|, |T],...

2 Preliminary definitions

We consider an infinite set U, the universe of players. As usual, a game on U is a set
function v : 2¥ — R such that v(&) = 0, which assigns to each coalition S C U its worth
v(9).

In this section we recall some concepts and results we will use throughout.

2.1 Carriers

A set N C U is said to be a carrier (or support) of a game v when v(S) = v(N N S) for all
S C U. Thus, a game v with carrier N C U is completely defined by the knowledge of the
coefficients {v(S)}scy and the players outside N have no influence on the game since they
do not contribute to any coalition.

In this paper, we restrict our attention to finite games, that is, games that possess finite
carriers. We denote by G the set of finite games on U and by GV the set of games with
finite carrier N C U.

2.2 Dividends and Mobius transform

Let us recall an equivalent representation of a game. Any game v € GV can be uniquely
expressed in terms of its dividends {m(v, S)}scn (see e.g. [9]) by
o(T) = > m(v,S), VT C N.
scr
In combinatorics, the set function m(v, - ) : 2V — R is called the Mébius transform [16] of
v and is given by
m(v,S) =Y (=1)""(T), VS CU.

TCS

2.3 Unanimity games

Let us now recall two important simple games of G .

The unanimity game for T'C N, T # &, is defined as the game uy such that, for all
S C N, ur(S) :=1if and only if S O T and 0 otherwise. It is easy to check that T is a
carrier of uy and that its M&bius transform is given, for all S C N, by m(ur, S) = 1 if and
only if S =T and 0 otherwise.

Following Dubey et al. [5, §1], for any T C N, we also consider the game i € GV,
defined for all S C N, by 47(S) :=1if and only if S 2 T" and 0 otherwise.

2.4 Permuted games

Following Shapley [17, §2], given a game v € G and a permutation 7 on U (i.e., a one-to-
one mapping from U onto itself), we denote by v the game defined by

m[n(S)] == v(9), VS CU,
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where 7(S) := {n(i) | i € S}. Note that 7(N) is a carrier of 7o.

2.5 Restricted and reduced games

Given a game v € GV and a coalition A C N, the restriction of v to A [8] is a game of G4
defined by
vA(9) = v(S), VS CA

This is equivalent to considering for v only coalitions containing players of A.
Given a coalition B C N\ A, the restriction of v to A in the presence of B [8] is a game
of G4 defined by
vi5(S) =v(SUB) —v(B), VSCA.

This is equivalent to considering for v only coalitions containing coalition B and some
players of A.

Given a game v € GV and a coalition ' C N, T # @, the reduced game with respect
to T' [8, 14], denoted vy, is a game of GN\IVUIT where [T] indicates a single hypothetical
player, which is the representative (or macro player) of the players in 7T". It is defined by

forall SC N\T.

2.6 Dummy coalitions and partnerships

A coalition S C U is said to be dummy in a game v € GV if v(T'US) = v(T) + v(S) for
all T C U\ S. In other words, the marginal contribution of a dummy coalition S to any
coalition T" not containing elements of S is simply its worth v(S5).

A coalition S C U in a game v € GV is said to be null if it is a dummy coalition in v
such that v(S) = 0.

A dummy (resp. null) player is a dummy (resp. null) one-membered coalition.

A coalition P C U, P # @, is said to be a partnership [11, §4] in a game v € GV if
v(SUT) =o(T) for all S & P and all T C U \ P. In other words, as long as all the
members of a partnership P are not all in coalition, the presence of some of them only
leaves unchanged the worth of any coalition not containing elements of P. In particular
v(S)=0foral S & P.

Notice that, thus defined, a partnership behaves like a single hypothetical player, that
is, the game v and its reduced version v(p; can be considered as equivalent.

Now, a dummy partnership is simply a partnership P C U that is dummy. Thus, a
dummy partnership can be regarded as a single hypothetical dummy player. It is easy to
verify that any coalition P C U is a dummy partnership in the corresponding unanimity
game up.

3 The concept of generalized value

We now introduce the concepts of probabilistic generalized value and generalized semivalue
and present five instances of them. Probabilistic values and semivalues are first recalled.



3.1 Probabilistic values and semivalues

As mentioned in the introduction, generalized values can be seen as extensions of values.
In turn, a value can be seen as a function ¢ : G x U — R that assigns to every player ¢ € U
in a game v € G his/her prospect ¢(v,7) from playing the game. The exact form of a value
depends on the axioms that are imposed on it. For instance, the well-known Shapley value
can be defined as the sole value that satisfies the linearity, dummy player, symmetry, and
efficiency axioms [18, Theorem 15].

Given a game v € GV, the Shapley value of a player i € N is given by

bsn(v,1) = 3 1(”;1>_ [w(T Ud) — o(T)].

TN\
If i ¢ N, we set ¢gp(v,1) := 0; see also [17, Lemma 1].

Another frequently encountered value is the Banzhaf value [2, 6]. The Banzhaf value of
a player i € N in a game v € GV is defined by

¢p(v,1) = Z 2n1_1 [W(T'Ui) —o(T))].

TCN\i

Here also, if i € N, we set ¢p(v,i) := 0.

The Shapley and Banzhaf values are instances of probabilistic values [18] and, more
precisely, of semivalues [5].

A probabilistic value ¢, of a player i € N in a game v € GV is a value of the form

Sp(v,i) = D prp(N) [u(T Vi) —u(T)],

TCN\i

where the family of coefficients {p%(N)}rca; forms a probability distribution on 2V \e,
Again, if i ¢ N, we naturally set ¢,(v,7) := 0.

Thus defined, ¢,(v,4) can be interpreted as the mathematical expectation on 2V\¢ of the
marginal contribution v(7T"U i) — v(T) of player i to a coalition 7" C N \ i with respect to
the probability distribution {p’(N)}rca.

A semivalue is a probabilistic value such that, additionally, for all i € N, the coefficients
plr(N) (T € N\ i) depend only on the cardinalities of the coalitions i, T, and N, i.e., there
exist n nonnegative real numbers {p:(n)}—o,.. n—1 fulfilling

.....

n—1 n—1
> < y >pt(n) =1
=0
such that, for any ¢ € N and any T'C N \ ¢, we have ph.(N) = py(n).

3.2 Probabilistic generalized values and generalized semivalues

By analogy with the works of Dubey et al. [5] and Weber [18] on values, we can define the
class of probabilistic generalized values and the subclass of generalized semivalues.
A probabilistic generalized value of a coalition S C N in a game v € GV is of the form

®y(v,8) = > pr(N) (T US) —v(T)],

TCN\S



where, for any S C N, the family of coefficients {p7(N)}rcn s forms a probability distri-
bution on 2M\9. If § & N, we naturally set ®,(v, S) := ®,(v, SN N).

A generalized semivalue is a probabilistic generalized value such that, additionally, for
any S C N, the coefficients p3(N) (T' C N \ S) depend only on the cardinalities of the
coalitions S, T', and N, i.e., for any s € {0,...,n}, there exists a family of nonnegative real
numbers {pf(n)}—o.. n_s fulfilling

.....

(" it =1,
t=0
such that, for any S € N and any 7' C N \ S, we have p3.(N) = pi(n).

As instances of generalized semivalues, we obviously have the Shapley and Banzhaf
generalized values, already mentioned in the introduction. Recall that, for a game v € GV
and a coalition S C N, they are respectively defined as

il S)lwu §) — (7)),

Pan(:8) = 2 e
Pp(v,S) = > ! [v(TUS)—o(T))].

n—s
TCN\S 2

These indices are extensions of the Shapley and Banzhaf values in the sense that ®gp,(v, i) =
osn(v,i) and ®p(v,i) = ¢pp(v,i) for all i € U and all v € G.

Another relevant generalized semivalue, which extends the Shapley value, is given by
the formula

~1
s n
P8 = 3 (1) wrus) - )
This generalized value will be called the chaining generalized value, by analogy with the
concept of chaining interaction index [13], which is another probabilistic linear expression
constructed with the same coefficients as in formula (1). We will yield an axiomatization
of it in the next section.
Besides the Shapley, Banzhaf, and chaining generalized values, the mappings

Dy 2 (v,9) —v(S) and Py : (v,5) — v*(S),

where v* € GV is the dual of v € GV, defined by v*(S) = v(N) — v(N \ S), are also
generalized semivalues. The coefficients of ®;,:(v,S) are defined by pf(n) = 1 if t = 0
and 0 otherwise, while the coefficients of ®.,;(v,S) are defined by pi(n) = 1ift =n —s
and 0 otherwise. These indices will be called internal and external generalized values,
respectively. This terminology will be justified in Section 4.5.

3.3 Interpretation of probabilistic generalized values

Similarly to probabilistic values, an interpretation of probabilistic generalized values can
be easily given.

Consider a game v € GV and suppose that any coalition S C N joins an outer coalition
T C N\ S picked at random with probability p3.(N). Then the generalized value ®,(v, S)
can be immediately thought of as the mathematical expectation of the marginal contribution
[v(T'US) —ov(T)] of S to the coalition T. Depending on the given randomization scheme,
this generalized value takes a well defined form. For example,

6



e if the coalition S is equally likely to join any coalition 7" C N \ S, its probability to
join is pf(N) = 5= and we get ®p(v, S);

e if the coalition S is equally likely to join any coalition 7" C N \ S of size t (0 <
t <n —s) and that all coalitions of size t are equally likely, its probability to join is

pP(N) = — ("*S)_l and we get Py (v, S).

n—s+1 t

Such an interpretation of ®,(v, S), which naturally extends that of values (see e.g. [18]),
is in full accordance with the idea of a generalized power index. The power of any coalition
S in v should not be solely determined by its worth v(.S), but also by all v(S UT') such
that 77C N\ S. Indeed, the worth v(S) may be very low, suggesting that S has a rather
weak power, while v(S UT) may be much larger than v(.S) for many coalitions T'C N\ S,
suggesting that S actually has a great power.

As expected, we have ®,(v, @) = 0 trivially, which means that the the empty coalition
has no power.

4 Axiomatic characterizations

In this final section, we provide our axiomatization and representation results. We first
axiomatize the classes of probabilistic generalized values and generalized semivalues and we
yield representation theorems for the latter class. Then, by means of additional axioms, we
characterize the Shapley, Banzhaf, chaining, internal, and external generalized values.

In the rest of the paper, a generalized value is regarded as a function ® : G x 2V — R
such that, for any v € G and any S C U, ®(v,S) reflects the power of coalition S in the
game v.

4.1 Characterizations of probabilistic generalized values and gen-
eralized semivalues

We shall now axiomatize the class of probabilistic generalized values and that of generalized
semivalues. The proofs, mainly inspired from Weber [18], are given in Appendix A. The
following axioms are first considered:

e Carrier aziom (C) : For any finite N C U, n > 1, and any v € GV, we have
®(v,S5) = P(v,SNN) forall SCU.

e Linearity aziom (L) : ® is a linear function with respect to its first argument.
o Additivity aziom (A): ® is an additive function with respect to its first argument.
e Positivity axiom (P) : For any monotone v € G, we have ®(v,S) > 0 for all S C U.

e First dummy coalition axiom (DC’):1f S C U is a dummy coalition in a game v € G,

then ®(v,S) = v(9).

e Symmetry axiom (S): For any permutation 7 on U, and any v € G, we have ®(v, 5) =
O (v, 7(S)) for all S C U.



These axioms are very natural and have straightforward interpretations. Axiom (C)
means that the players outside the carrier should not contribute to the power of any coali-
tion. Axiom (L) (resp. (A)) indicates that generalized values should be decomposable
linearly (resp. additively) whenever games are decomposable linearly (resp. additively).
Axiom (P), used for one-membered coalitions by Weber [18, §4] to characterize probabilis-
tic values, states that, since in a monotone game the marginal contributions of any coalition
are necessarily nonnegative, its generalized value should be nonnegative, too. Axiom (DC’),
which is a generalization of the classical dummy axiom [18, §3], states that a dummy coali-
tion has a generalized value equal to its worth. Finally, axiom (S) indicates that the names
of the players play no role in determining the generalized values.

We first present an immediate description of linear generalized values.

Proposition 4.1. A function ® : G x 2V — R satisfies aziom (L) if and only if, for
any finite set N C U, n > 1, and any S C N, there exists a family of real constants
{a5(N)}rcn such that, for any v € GV, we have

(v, 8) = > af(N)(T).

TCN

The following result, less trivial, shows that adding axiom (DC’) makes the marginal
contributions [v(T'US) — v(T')] appear in the expression of ®(v,.S).

Proposition 4.2. A function ® : G x 2V — R satisfies axioms (L) and (DC’) if and only
if, for any finite set N C U, n>1, and any S C N, there exists a family of real constants
{pF(N)}rcwms, satisfying Srcps PE(N) =1, such that, for any v € GV, we have

O(v,5) = > pr(N)[(TUS) —v(T)).

TCN\S

Now, by using axiom (P), we can easily characterize the classes of probabilistic general-
ized values and generalized semivalues. It is noteworthy that, under this axiom, axiom (L)
can be weakened into (A), as the following lemma shows.

Lemma 4.1. If ® : G x 2V — R satisfies azioms (A) and (P) then it also satisfies aziom

(L).

The axiomatizations of probabilistic generalized values and generalized semivalues can
then be formulated as follows. Axiom (C) has been added only to define generalized values
for coalitions not included in the carrier.

Theorem 4.1. A function ® : G x 2V — R satisfies azioms (C), (A), (DC’), and (P) if
and only if, for any finite set N C U, n > 1, and any S C N, there exists a family of
nonnegative constants {p7.(N)}rcns, satisfying ZTgN\Spﬁ(N) = 1, such that, for any

v € GV, we have
O(v,5) = Y pr(N)p(TUS)—o(T)),
TCN\S
and for any S € N and any v € G, we have ®(v, S) = ®(v, SN N).

Theorem 4.2. A function ® : G x 2V — R satisfies axioms (C), (A), (DC’), (P), and (S)
if and only if, for any finite set N C U, n > 1, and any S C N, there exists a family of



P(v,S) = Z\ pi(n) [u(T'US) —v(T)],
TCN\S

and for any S € N and any v € GV, we have ®(v,S) = ®(v, SN N).

v € GV, we have

4.2 Representation theorems for generalized semivalues

We now present a generalization of the representation theorem given by Dubey et al. [5,
Theorem 1(a)] for semivalues. The proof, given in Appendix B, is mainly based on the
so-called power moment problem on [0, 1], also known as the Hausdorff’s moment problem
(see e.g. [1, Chapter 2, §6.4]).

Theorem 4.3. If ®, is a generalized semivalue given in the form of Theorem 4.2, then,
for any finite set N C U, n > 1, and any s € {1,...,n}, there exists a uniquely determined
cumulative density function (CDF) Fg on [0, 1] such that

pi(n) = /01 2'(1 — )" tdF,(z), vt € {0,...,n— s}, (2)

where the integral is to be understood in the sense of Riemann-Stieltjes.

Thus, with each generalized semivalue @, is associated a unique denumerable family of
CDFs F :={F;| s > 1} and we will write &z := ®,. Note that, for s = 0, the coefficients
pi(n) in Theorem 4.2 are undetermined and hence they can be defined also from Eq. (2).

Remark. 1t is easy to see that the CDFs corresponding to the Shapley, Banzhaf, and
chaining generalized values as well as for the internal and external generalized values are
given in the following table, where, for any E C [0, 1], 1z denotes the characteristic function
of F.

(I)Sh <I>B (Dch q)int (I)ext
| Fy(z) = x Lo | 2° Loy | Loy 1oy

The following result will be useful as we go on.

Proposition 4.3. For any finite N C U, n > 1, and any S C N, any generalized semivalue
can be rewritten in terms of the Mobius transform as

Dy(v,8) = D qips(n)m(v,T), Yo eGP, (3)

TCN
TNS#2
where, for all T C N, with T NS # @,
n—s—|T\S|
s n—s—|T\SN\
Gir\s)(n) = > ( 1 )pk+|T\S|<n)'

k=0



By combining Theorem 4.3 and Proposition 4.3, it is easy to see that, for any finite
N CcU,n >1, we have

1
Pr(v,5)= > {/ 2T\ dFs(x)] m(v, T), Voe GV VS CN, (4)
TCN
TNS#2
which shows that the coefficients qu\Sl(n) of Proposition 4.3 do not depend on n. More
precisely, we have

dir\s)(n) = dips) = Pimg (s + [T\ S))
for all S, T C N, with T NS # @.

The coefficients dip\s| for the particular generalized values introduced thus far are given
in the following table.

(I)Sh (I)B (I)ch q)int (I)ext
L 1 1 s LTSS |
Gir\s) = T\ S|+1 21T\S] |SUT] 0, else

Remark. Eq. (3) shows that any generalized semivalue @, is a weighted sum over 7' C N,
with TN S # &, of the dividends m(v,T). In this sum, each coefficient djr\s| represents
the extent to which m(v,T) contributes in the computation of ®,. For example, for the
chaining and Banzhaf interaction indices, these coefficients are respectively given by

s |51 1 2]

SUT] ISuyg) M gme = psume)

which shows that m(v,T) is weighted by the contribution of S as a subset of S U T, where
we reason on the elements in the first case and on the subsets in the second case. Similarly,
for the Shapley and Banzhaf interaction indices, the coefficients are respectively given by

1 |[5]] 1 |215]]
= and =
T\ S|+1 |[S]U(T\S)] 2IT\S| |2[SIU(T\5) |’

again showing that m(v,T') is weighted by the contribution of S in S UT except that, this
time, S is regarded as a single representative [S].

Now, let N C U finite, n > 1, and v € G¥. Consider the so-called Owen multilinear
extension g : [0,1]" — R of v [15], namely

g(z) == > o) []z [[(1 - =), Vo e[0,1]"

TCN €T igT
and, for any S C N, let 059 denote its S-slack, i.e., the difference
osg(x) == g(lgz_g) — g(0sx_g), Vr € R,

where, for any z,y € R, 2 = x5y_g denotes the n-dimensional vector defined by z; = z, if
1 €5, and z; =y, else.
It can be proved [12, §3] (see Owen [15] for the case s = 1) that
1
sn(v,5) = [ osg(a)dz,  VSCN, (5)
0

10



which means that the Shapley generalized value related to .S can be obtained by integrating
the S-slack of g along the main diagonal of the unit hypercube.
By combining Eq. (4) and the formula

osg(z) = > MIm(v, T), Vo € R,
TCN
TNS#2

(see [12, §3]), we can immediately extend formula (5) to any generalized semivalue. The
result can be stated as follows.

Theorem 4.4. Let N C U finite, n > 1, and v € G. For any generalized semivalue ®x,
associated with the family of CDFs F = {Fs | s > 1}, we have

Br(v, S) = /01 osg(z)dFy(z) VS CN,

where g : [0,1]" — R is the multilinear extension of v.

We shall now proceed with the characterizations of the Shapley, Banzhaf, and chaining
generalized values as well as the internal and external generalized values, which all are
instances of generalized semivalues.

4.3 Characterizations of the Shapley and Banzhaf generalized
values

The following axioms are first additionally considered:

e Recursivity axiom (R) : For any finite N C U, n > 1, and any disjoint coalitions
S, T C N in a game v € GV,

(v, SUT) = BT, 8) + d(v]3°, 7).

e Second dummy coalition axiom (DC”): For any finite N C U, n > 1,if T C Nisa
dummy coalition in a game v € GV then

(v, SUT) = (™ 8)+&(v,T), VSCN\T.

e Reduced partnership consistency axiom (RPC) : For any finite N C U, n > 1, if
P C N is a partnership in a game v € GV then

®(v, P) = O(vip), [P)).

Axiom (R) means that when a coalition " C N joins a coalition S C N\ T, the resulting
power equals the power of S in the absence of T" plus the power of T in the presence of S.
If, in addition, the joining coalition 7" is dummy then axiom (DC”) says that the power of
T is not influenced by the presence of S.

Now, recall that a partnership P can be considered as behaving like a single hypothetical
player. Axiom (RPC) identifies the power of this partnership with that of its representative
[P] in the corresponding reduced game vjpy.

We now prove that, for any generalized semivalue ®,, the three axioms above are equiv-
alent. Moreover, in this case, ®, is completely determined by its corresponding value on
singletons. The proof of this result is given in Appendix C.

11



Lemma 4.2. Let ®, be a generalized semivalue given in the form of Theorem 4.2. Then
the following assertions are equivalent:

i) @, satisfies aziom (R).
ii) @, satisfies aziom (DC”).
iii) @, satisfies axiom (RPC).
i) For anyn > 1, any s € {1,...,n}, and any t € {0,...,n — s}, we have
pi(n) =pi(n—s+1).

Actually, it is easy to see that, under conditions of Lemma 4.2, the identity ®,(v,S) =
®,(vig), [S]) also holds for any generalized semivalue ®,, any finite N C U, n > 1, any
coalition S C N, and any v € GV.

Lemma 4.2 enables us to characterize Shapley and Banzhaf generalized values from
axiomatizations of Shapley and Banzhaf values. For this purpose, we consider the following
two axioms:

e Efficiency (E) : For any N C U finite, n > 1, and any v € G, we have

> ®(v,i) = v(N).

ieN
o 2-efficiency (2-E) : For any N C U finite, n > 2, and any v € GV, we have
P(v, 1) + P(v, 5) = ®(vyy), [i7]), Vij C N.

Axiom (E), initially considered by Shapley [17], is dedicated to values and ensures that
the players of N in a game v € GV share the total amount v(N) among them in terms
of their respective values. Axiom (2-E), initially considered by Nowak [14], expresses the
fact that the sum of the values of two players should be equal to the value of these players
considered as twins in the corresponding reduced game.

The following lemmas can be immediately deduced from [18, Theorem 15] and [8, The-
orem 2].

Lemma 4.3. If ®, is a generalized semivalue additionally satisfying aziom (E), then, for
anyv € G and any i € U, ®,(v,1) is the Shapley value of i in the game v.

Lemma 4.4. If ®, is a generalized semivalue additionally satisfying axiom (2-E), then, for
any v € G and any i € U, ®,(v,1i) is the Banzhaf value of i in the game v.

We are now ready to state characterizations of the Shapley and Banzhaf generalized
values. They immediately follow from Lemmas 4.2, 4.3, and 4.4.

Theorem 4.5. The Shapley generalized value is the only generalized semivalue additionally
satisfying axioms (R or DC” or RPC) and (E). As a consequence, the Shapley generalized
value is the only generalized value satisfying azioms (C), (A), (DC"), (P), (S), (R or DC”
or RPC), and (E).

Theorem 4.6. The Banzhaf generalized value is the only generalized semivalue additionally
satisfying azioms (R or DC” or RPC) and (2-E). As a consequence, the Banzhaf interaction
index is the only generalized value satisfying axioms (C), (A), (DC’), (P), (S), (R or DC”
or RPC), and (2-E).
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4.4 Characterizations of the Banzhaf and chaining generalized
values by means of the partnership-allocation axiom

We consider the following additional axiom :

e Partnership-allocation axiom (PA): For any N C U finite, n > 1, and any partnership
P C N in v € GV, there exists aip| € R such that

(v, P) = ayp| (v, 1), Vie P. (6)

Let N C U finite, n > 1, ®, be a generalized semivalue, P C N be a partnership in
a game v € GV, and i be a member of P. Axiom (PA) is based on the following intuitive
reasoning.

1. We know that ®,(v, P) is a weighted arithmetic mean of the marginal contributions
v(I'UP)—o(T) (T'C N\ P) and it is easy to verify that ®,(v,7) is a weighted sum
of these same marginal contributions. In other words, both ®,(v, P) and ®,(v, ) can
be considered as measuring the value in the game v of the hypothetical macro player
corresponding to P.

2. Let a be a real number such that ®,(v, P) = a ®,(v, 7). Notice that this equality still
holds if 7 is replaced with any other player j € P, since all players in a partnership
play symmetric roles. Hence, the coefficient @ depends only on v and P and can then
be seen as determining the way ®,(v, P) is calculated from the value of any of the
players of the partnership, quantity that contains all the “relevant information” as
discussed in Point 1.

3. It could then be required that the way the value of P is determined from the value
of any player of the partnership does not depend on the underlying game. Therefore,
it depends only on |P|, which justifies axiom (PA).

For generalized semivalues @, the expression of a|p| in Eq. (6) can be easily obtained.
We simply have
1 :Oé|p|(I)p(UP,i), Vie P,
since coalition P is always a dummy partnership in the unanimity game up.
We now show that, under axiom (PA), any generalized semivalue @, is completely
determined by its corresponding value on singletons. The proof is given in Appendix D.

Lemma 4.5. Let @, be a generalized semivalue given in the form of Proposition 4.3. Then,
®,, satisfies axiom (PA) if and only if

G i =q—, Vt>s>1.

We can now state another characterization of the Banzhaf generalized value and a
characterization of the chaining generalized value. These characterizations immediately
follow from Lemmas 4.3, 4.4, and 4.5.

Theorem 4.7. The Banzhaf generalized value is the only generalized semivalue additionally
satisfying axioms (PA) and (2-E). As a consequence, the Banzhaf generalized value is the
only generalized value satisfying azioms (C), (A), (DC’), (P), (S), (PA), and (2-E).

Theorem 4.8. The chaining generalized value is the only generalized semivalue additionally
satisfying axioms (PA) and (E). As a consequence, the chaining interaction index is the only

generalized value satisfying azioms (C), (A), (DC’), (P), (S), (PA), and (E).
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4.5 Characterizations of the internal and external generalized
values

Finally, we consider two last axioms in order to characterize the internal and external
generalized values (i.e., the game itself and its dual) :

e Internal generalized value axiom (IGV) : For any S C U, s > 1, and any v € G, we
have ®(v, S) = ®(v?, 9).

e External generalized value axiom (EGV) : For any N C U finite, n > 1, any S C N,
s > 1, and any v € GV, we have ®(v, S) = CID(USN\S, S).

Axiom (IGV) simply states that the generalized value of a coalition S in a game v should
be independent of players that are outside S. At the opposite, axiom (EGV) states the
generalized value of a coalition S in a game v should be measured in the presence of all
outside players.

We can then state the following two characterizations. They are immediate since, for
any probabilistic generalized value ®,, we have ®,(v®,S) = v(S) and (Dp(vﬁN\S, S) =v*(9).

Theorem 4.9. The internal generalized value is the only generalized semivalue addition-
ally satisfying axiom (IGV). As a consequence, the internal generalized value is the only

generalized value satisfying axzioms (C), (A), (DC’), (P), and (IGV).

Theorem 4.10. The external generalized value is the only generalized semivalue addition-
ally satisfying aziom (EGV). As a consequence, the external generalized value is the only

generalized value satisfying axzioms (C), (A), (DC’), (P), and (EGV).

5 Conclusion

Axiomatic characterizations of the broad class of probabilistic generalized values and of
the narrower subclass of generalized semivalues have been proposed. The presented char-
acterizations are mainly based on a natural generalization of the dummy player axiom,
namely the dummy coalition axiom. Then, by further imposing classical axioms such as
efficiency, 2-efficiency, as well as some other natural axioms, we have characterized the
Shapley, Banzhaf, and chaining generalized values.

In a companion paper [7] we provide axiomatizations of probabilistic and cardinal-
probabilistic interaction indices, that is, probabilistic linear indices measuring the interac-
tion phenomena among players [8]. Although the approach is formally similar, the axioms
proposed in [7] are more focused on the concept of partnership and dummy partnership.

A Proofs of results from Section 4.1

Proof of Proposition 4.2
(Sufficiency) Trivial.
(Necessity) The proof is inspired from that of Weber [18, Theorem 2| for values.
Consider a finite set N C U, n > 1. The result holds trivially when S = N since N is
dummy in any v € GV.
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Let S C N. From Proposition 4.1, for any v € GV, we have

= > Y aru(N)o(TUL). (7)

TCN\S LCS

Let us prove that
Y afu (N)=0, VT CN\S, T+#2. (8)

LCS

This is true when 7" = N \ S. Indeed, since S is dummy in up\g, we have

> ainsun(N) = ®(uns, S) = uns(S) = 0.
LCS

Now, assume the result holds for |T'| > k+1, with 1 < k <n—s—1, and show it still holds
for |T'| = k. Considering K C N \ S, with |K| =k > 1, we have, since S is dummy in ug,

0=ug(S) =P(ug,S) = Z Zo@?UL(N

TCN\S LCS
TOK

= Z Z O‘?’uL(-]\U + Z a?(uL(N>

TCN\S LCS LCS
TOK

= Z O‘f(uL (N

LCS

by induction hypothesis and axiom (DC’).
Now, it follows from Egs. (7) and (8) that

®(v, 9) Z Z aTUL o(T'U L) —v(T)]

TCN\S LCS

for all v € GV. Clearly, we can now assume that S # @.
Coalition S being dummy in ug, we immediately have that > 7ca g a3 s(N) =1 from
axiom (DC’). It follows that, for any w € GV in which S is a dummy coalition, we have

> 2 azu(N)[w(T U L) — w(T)] = 0.

TCN\S LSS

By choosing an appropriate such game w, we can easily prove that the coefficients a3, (N)
of this latter equation all are zero. Just fix 7* C N\ S and L* C S and consider any game
w € GV fulfilling the conditions

g

) (T) +w(S), VT C N\ S,
w(TUL) = w(T), NYTCN\S, VLCS, L+#L",
) (T) VT CN\S, T#T*,

) (T

= w

~

# )-
Consequently, for any v € GV, we have

Z pT [w(T'US) —v(T)],

TCN\S

g
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where p$(N) := ag s(N) and Srcp s pi(N) = 1. -

Proof of Lemma 4.1

We only need to show that, for any v € G, any A € R, and any S C U, we have
O (\v, S) = A®(v,S). Since the family of unanimity games {ur}rcy, 4o is a basis of G, it
suffices to prove the equality when v is an arbitrary unanimity game.

Let S, T C U, with T # @, and let A\ € R. Consider sequences r; and s of rational
numbers converging to A and such that sy < A < 7 for all k. By (A), we have ®(ryur, S) =
re®(ur, S) and ®(sgur, S) = sp®(up, S) for all k.

Now, by (P) the following real sequences

O((ry — Mur,S) and  P((\ — sg)ur, S)

are clearly nonnegative. On the other hand, by (A), the first one converges to [ :=
AP (ur, S) — ®(Aug, S) and the second one converges to —I. It follows that [ = 0, which
completes the proof. O

Proof of Theorem 4.1

(Sufficiency) Trivial.

(Necessity) The proof is similar to that of Weber [18, Theorem 4].

By lemma 4.1, ® fulfills axiom (L) and Proposition 4.2 applies. Consider a finite set
NcU,n>1let SCN,S# o, and fix T* C N\ S. The simple game 47+ is monotone
and we have ®(iip«, S) = pJ.(N). From axiom (P), this coefficient is nonnegative.

When S = &, the coefficients can be chosen arbitrarily, and hence nonnegative.

Finally, axiom (C) enables us to define ® for coalitions S ¢ N. O

Proof of Theorem /.2

(Sufficiency) Trivial.

(Necessity) The proof is similar to that of Weber [18, Theorem 10].

We first observe that Theorem 4.1 applies. Hence, consider a finite set N C U, n > 1,
and a subset S C N. Again, we can assume that S # @.

Consider 77,75 € N \ S and a permutation 7 on N such that 7(77) = T, while leaving
S fixed. Then, using axiom (S) and the games iy, , ir, € GV, we can write

P (N) = (i, §) = (i, 7(S)) = ®(ur,, §) = pi, (N).

Next, consider nonempty sets S1, .5 C N of the same cardinality, a set 7' C N\ (S1U.S3),
and a permutation 7 on N such that 7(S;) = S, while leaving T invariant. Then, using
axiom (S) and the game i € GV, we have 7y = Gr and

pr (N) = ®(ir, S1) = (i, 7(81)) = ®(ir, S2) = pr*(N).

Finally, consider a nonempty finite set S C U, a finite set T C U \ S, two finite sets
N1, Ny C U such that n; =ny > 1 and Ny N Ny O SUT, and a permutation 7 on U such
that m(Ny) = Ny leaving S and T invariant. Then,

pr(Ni) = @(ap*, §) = ®(maz, 7(S)) = (ar?, S) = pr(No).

It follows that, for any finite N C U, n > 1, and any S C N, the coefficients p3(N)
(T C N\ S) depend only on the cardinalities of the coalitions S, T', and N. Equivalently,
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for any integers n > 1 and s € {0,...,n}, there exists a family of nonnegative real numbers
{pi(n) }i=0,... .n—s fulfilling

n—s n—s
> (" Jpitm =1,
t=0
such that, for any finite N € U, n > 1, any S C N, and any 7" C N \ S, we have

pr(N) = pi(n).
Finally, axiom (C) enables us to define ® for coalitions S ¢ N. [

B Proofs of results from Section 4.2

Proof of Theorem 4.3
We proceed nearly as in [5, Theorem 1(a)].
Let N C U finite, with n > 1, let T C N, and consider the simple game @y € GV.
We know from Theorem 4.2 that, for each K C N, k > 1, there exists a family of

.....

Cp(v, K) = > pi(n) [v(LUK)—v(L)).

LCN\K

Let S C N\ T, s> 1. For the game ur, it is easy to verify that

Oy (tr, S) = pi(n). (9)

Let : € U\ N. N being a carrier of 4y, N Ui is also a carrier of @y in which 7 is a null
player. We know that, for each K C N Ui, k > 1, there exists a family of nonnegative
numbers {pf(n + 1) }i—o.... nt1_x such that, for any v € GV,

.....

Cp(v, K) = > pi(n+1)[p(LUK)—v(L).

LC(NUi)\K
For the game 77 seen as an element of GNY and the coalition S, it is easy to verify that
®y(ar, ) = pi(n+1) +piya(n+1).
From Eq. (9), it follows that the coefficients p;(n) obey the recurrence relation

pi(n) = pi(n+1) +pi(n+1).

Setting of := pj(s + () for all [ € N, we can prove by induction that

i) = o S (T e (10

1
— (_1)n757tvnfsftas

n—s’

foralln > 1,all s € {1,...,n}, and all t € {0,...,n— s}, where V¥ denotes the kth iterate
of the standard backward difference operator V.

Clearly, the sequence (a)),,>0 is nonnegative and o = pf(s) = 1. Moreover, we have
(—=1)*V*as, > 0 for all kK < m. Then, according to Hausdorff’s moment problem (see e.g.
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[1, Theorem 2.6.4]), we know that of,aj,... are the moments of a uniquely determined
CDF F; on [0, 1], that is, we have

1
ozfn:/ ™ dFy(x), V'm > 0.
0

Therefore, for each t € {0,...,n — s}, we have, by Eq. (10),

it = [ o3 ("7 Yoy

1

' (1 — z)" " tdF,(z),

I
S—

which completes the proof. ]

Proof of Proposition 4.3
Let N C U finite, n > 1, let S C N and let v € GV. Then, by using the linear expression
of the game in terms of its dividends, we have successively

‘Pp(v,S) = Z pt TUS)_U( )]
TCN\S
= Y pin) Y m(vK)
TEN\S it
= > mwK) > pin)
KCN TCN\S
KNS#D TOK\S

and the second sum reads

g (n ;j |_K|}\(Q‘S|>Pf(n) - ”_S_Z”(\‘ﬂ < t|K \ S|>pt+|K\S( ),

t=|K\S| =0

which is sufficient. O

C Proofs of results from Section 4.3

Proof of Lemma 4.2

i) = ii) Let N C U finite, n > 1 and let v € GV. Consider a dummy coalition K C N
and any coalition S C N\ K. For any T C N \ K, we have v(T U K) — v(T) = v(K) and
hence ®,(v)g”, K) = v(K) = ®,(v, K).

ii) = iv) Let N C U finite, n > 1 and let v € GV. Consider a dummy coalition K C N
and any nonempty coalition S C N \ K. Then we have ®,(v, K) = v(K) and

O,(0,SUK) = > pt(n) (T US) —o(T)]+v(K),
TCN\(SUK)

o, (0", 8) = Y pin—k) (T US) —o(T)).
TCN\(SUK)

It follows from axiom (DC”) that

oo () = pi(n— k)T US) —u(T)] =0.

TCN\(SUK)
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Now, fix 7% C N\ (SUK) and consider a game in which K is a dummy coalition and whose
restriction on N \ K is Gp+. Then, considering this game in the previous equality yields

pi(n) = pj(n — k) (11)

for al m > 1, all s € {1,...,n}, all £ € {0,...,n} such that s + k < n, and all ¢t €
{0,...,n — s — k}. Finally, for any s € {1,...,n}, setting s := 1 and k := ¢ — 1 in
Eq. (11), we get
pi(n—s +1)=pi(n—k) = p; (n).
iv) = i) Let N C U finite, n > 1. For any disjoint coalitions S,7 C N in a game
v € GV, we have

B0, SUT) = 3 g p(KUSUT) - o(K)),
KCN\(SuT)

o, (v, 9) = z\(: pi(n — 1) (K US) —v(K)],
KCN\(SuT)

O(0}°,T) = Y phln—s)p(KUSUT) = v(KUS).
KCN\(SUT)

But we have
s+t

Pt (n) = pp(n—t) = pi(n—s) = pp(n —s —t +1)
and hence @, satisfies axiom (R).
iii) = 1) Let N C U finite, n > 1, and let S C N be a nonempty partnership in
v € GN. The function ®, being a generalized semivalue, we can write

¢,(v,8) = > pi(n)[p(TUS)—v(T)]. (12)
TCN\S
Furthermore, we have
@, (vys), [S]) = > p(n—s+1Dp(TUS) —v(T)).

TC((N\S)U[SDA[S]

Since @, also satisfies axiom (RPC), we obtain

S [pi(n) = pl(n— s+ D](T U S) = o(T)] = 0. (13)
TCN\S

Now, it is easy to verify that, for each 7' C N\ S, S is a partnership in the unanimity game
urys and that upys(KUS) —upus(K) =0for K ¢ T and 1 for K C N\ S, K D T. Thus,
using the family of games {uryus}rcns (starting with uy) in Eq. (13), we obtain that

pin) =pi(n—s+1), Vte{0,...,n— s}

iv) = i) Starting from Eq. (12) and the fact that pj(n) = pj(n — s + 1) for all
t € {0,...,n — s}, we immediately obtain that ®, satisfies (RPC). O
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D Proofs of results from Section 4.4

Proof of Lemma 4.5
(Necessity) Let N C U finite, n > 1,1et S C N, s > 1, and let T' D S. Clearly, S is a
partnership in the game uy. Then, since @, satisfies axiom (PA), we have

<I>p(uT, S)<I>p(uS, Z) = q)p(UT,i), ViesS.
Let 2 € S. On the one hand, we have

q)P(uT7 S)q)p(u57 Z) = qf—s Q;—la
from the result given in Section 2.3 on the Mobius transform of a unanimity game. On the
other hand,
P (uTv ) — qt 1

which implies the necessity.
(Sufficiency) Let N C U finite, n > 1,let S C N, s > 1, and let v € GY be a game in
which S is a partnership. Let i € S, T >4, and K =T\ S. Then,

ZZ tlr v(RUL).

RCK LCTNS

If T 2 S, then, for all L CTNS, v(RUL) =v(R), since S is a partnership in v. It follows

that
m(v,T)= > (-1)"v(R) Y (-1)'=0.

RCK LCTNS

Hence, m(v, L) = 0 for all L 5 i such that L 2 S. Then, using Proposition 4.3 and the
results given in Section 2.3, we have

D, (v,S) Ppy(us, 1) Z q;_m(v,T) Z qll_lm(uS,L)

D8 LDS
- Z Qtsfsqiflm(va T)
T2S
= Z qtl—lm(v?T)
T2S
= d,(v,1),
and thus the sufficiency. N
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