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Mechanics of interfaces - or free boundary problems (Avner Friedman)
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Interfaces in practical engineering simulations

[ PHASES }




Interfaces in practical engineering simulations

[ CRACKS & CUTS }

Real-time simulation of cutting during brain
surgery

Needle tissue interaction with breathing motion



Interfaces in practical engineering simulations
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Computational mechanics & computational
materials sciences Multiscale/field interface problems

4 COMPETENCES <
g N r )
COUPLED PROBLEMS
DISCRETISATION
discrei: andiont(i)nuum MULTI-SCALE FRACTURE biofilms, liquid crystals,
h aerospace composites, fluid-structure, batteries
approaches polycrystalline materials
\ _/ > \ y
4 ) 4 A
QUALITY & ERROR INTERACTIVITY
CONTROL Reduce
optimise computational costs
computational time by several orders of
given an accuracy level magnitude
\\ _/ Real-time simulation of cutting during brain surgery N\ )
A APPLICATIONS -
( PERSONALISED MEDICINE ) ( ENGINEERING )

Computer-aided Durability &
Sustainability

diagnostics

Computer-aided
surgery
(S

J [Energy] [Aerospace]
/)
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Composite Centre, Limerick
Lisa Cahill, Conor McCarthy




Discretisation ) Fracture over multiple scales ) Coupled
problems
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¢ FEM solution: velocity potential
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Mestr-iree and discrete approaches Adaptive multi-scale methods Biofilm growth
to fracture
C Quality and error control ) ( Interactivity and model order reduction )
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( APPLICATIONS )

C Personalised Medicine ) C Engineering

Computer-aided Computer—qided Duraf)l'/ity_ & ][Energy] [AerOSPGCE
18

surgery diagnostics Sustainability




Motivation: fracture of engineering structures and materials

(
» Limerick: unidirectional composites

. thesis L. Cahill,
, 2014
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Motivation: multiscale fracture of engineering structures and materials

Solder joint durablllty (mlcroelectronlcs) Bosch GmbH
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Motivation: multiscale fracture of engineering structures and materials

Practical early-stage design simulations (interactive)

» Reduce the problem size while controlling the error (in Qol)
when solving very large (multiscale) mechanics problems 21
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ERROR ESTIMATION e
Reality Mathematical model
Truth Refined
(Continuum) (Reference) Coarse
ueV uev

] N Discretization_] | Discretization _]

error error 1 error 2

Weak form

/(V(L-(_Qvu)w‘u-b-u)dszzz a(u,du) = 1(u) := /('E-fdswr/ ou-g,dl,, YoueV
Q o < Q I‘n

Exact expression for the discretization error (residual form).

. . — ~ s o ‘ — !
(1‘('11,.({)'11,) u(u". du) = 1((‘)?1) al u'. Ou ) a(e,du) = R(Ou) where € =u—u"

* By Galerkin orthogonality the error in the coarse space is zero
* We need a richer discrete space, to compute any error



Why error estimation?




Why error estimation?
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Why error estimation?

Step 32 (296055)









Modelling and simulation of materials and structures

physical problem

30



Modelling and simulation of materials and structures

physical problem

mathematical
model
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Modelling and simulation of materials and structures

physical problem

mathematical
model

discretisation
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Modelling and simulation of materials and structures

physical problem

model error
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discretisation error
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Modelling and simulation of materials and structures

physical problem

model error

mathematical
model
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Modelling and simulation of materials and structures

physical problem

mathematical
model

discretisation error total error

discretisation

numerical error

numerical
solution
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Modelling and simulation of materials and structures

validation: are we

physical problem solving the right

mathematical
model

discretisation error total error

numerical error

discretisation

numerical
solution

39



Modelling and simulation of materials and structures

validation: are we

physical problem solving the right

mathematical
model

discretisation error total error

numerical error

discretisation

verification: are we

numerical solving the problem

solution
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Modelling and simulation of materials and structures

validation: are we
solving the right

physical problem

mathematical
model

discretisation error total error

discretisation

numerical error

Can we
solve the
problem fast
enough?

verification: are we

numerical solving the problem

solution
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Modelling and simulation of materials and structures

physical problem

mathematical
model

discretisation

numerical
solution

validation: are we
solving the right

Model reduction
error |

discretisation error total error

numerical error

Can we
solve the
problem fast
enough?

verification: are we
solving the problem

42



Modelling and simulation of materials and structures

validation: are we
physical problem solvntnght

Model reduction

mathematical error |

model

discretisation error - total error
\ n—

Model reduction
error |l

numerical error

Can we
solve the
problem fast
enough?

discretisation

verification: are we

numerical solving the problem

solution
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4 ™
 When the standard finite element method is unable to
efficiently reproduce certain features of the sought solution:

1. Discontinuities - cracks, material interfaces
2. Large gradients - yield lines, shock waves

3. Singularities - notches, cracks, corners
4. Boundary layers - fluid-fluid, fluid-solid

5. Oscillatory behavior - vibrations, impact

 The approximation space can be extended by introducing of an
a priori knowledge about the sought solution, and thereby:

1. Rendering the mesh independent of any phenomena
2. reducing error of the approximation locally and globally
3. improving convergence rates




Classification of discontinuities

Strong discontinuities

 The primal field of the solution is discontinuous, e.g. cracks
lead to strong discontinuities in the displacement field.

i

* The first derivative of the solution is discontinuous, e.g.
discontinuities in the strain field through a material interface.

l//\

Weak discontinuities




Classification of enrichments

( )

Global enrichment

 The enrichment is employed on the global level, over the entire domain.
» Useful for problems that can be considered as globally non-smooth e.g.
high-frequency solutions (Helmholtz equation)

Local enrichment

* This enrichment scheme is adopted locally, over a local subdomain.
e Useful for problems that only involve locally non-smooth phenomena, e.g.
solutions with discontinuities.




Classification of enrichments

~ ™
Extrinsic enrichment

* Associated with additional degrees of freedom and additional shape
functions to augment the standard approximation basis.

1. Extended finite element method (XFEM) - Moés et al. (1999)
2. Generalised finite element method (GFEM) - Strouboulis et al. (2000a)
3. Enriched element free Galerkin - Ventura et al. (2002)
4 hp — clouds (Meshless/Hybrid) - Duarte and Oden (1996)

Intrinsic enrichment

 Not accompanied by additional degrees of freedom. Instead, some
standard functions are replaced with special (problem specific) functions.

1. Enriched moving least squares (Meshless) - Fleming et al. (1997)
2. Enriched weight function (Meshless) - Duflot et al. (2004b)
3. Intrinsic partition of unity methods - Fries, Belytschko (2006)
4. Elements with embedded discontinuities




Singular elements (Barsoum, 1974)

For simulating the crack tip singular field in LEFM

* Asimple way how to introduce a singularity of 1/+/7 in
isoperimetric finite elements is by displacing the mid-side
nodes of two adjacent edges to one quarter of the element
edge length from the node where the singularity is desired.

crack surfaces

\

guarter nodes

regular nodes




Partition of unity finite element method (PUFEM)

Partition of unity (PU)

* Asetof functions ¢; whose sum at any point x inside a domain £ is
equal to unity:

Vx € x: ) ¢r(x) =1

I=1
* Example PU functions are the finite element “hat” functions:

No(x) = el 1 & € |x1, 2]

.' n.‘ . A2 ' - .1‘2—‘1‘]
N\ e

/><\ [ Ny(z) + No(z) = 1 ]




Partition of unity finite element method (PUFEM)

Reproducibility of PU

* Any function p(x) can be reproduced by a product of that
function and the partition of unity functions:

The function can be adjusted if the sum is modified by
introducing parameters q;:

ZOI X)qr = p(x)

Reproducibility of p(x) can be controlled and localised to
arbitrary regions where q; # 0




Partition of unity finite element method (PUFEM)

Formulation of PUFEM (example)
* Find the solution to the following 1D boundary value problem (BVP):

9
d“u
da?

with BC : u(0) =0, u(l) = w,

Vo € [0,1] : +f=0

* |f we define two bilinear forms:

"dw du , :
alw,u) = ——dz (w, f) = wf dz
Jo

Jo dz dz

* The discrete variational problem can be stated as:

find u™ € U" satisfying the BC such that for all w* € W":
a(w”, u") = (w", f)




Partition of unity finite element method (PUFEM)

Formulation of PUFEM (example)
* The approximation/trial function in PUFEM:

standard FE PU enriched

By choosing w = du”*, leads to the discrete system of equations:

a(du”,u") = (6u", f)

AN, d(o,0) ﬂ l
K = -— dx . o
v /,: dr dx dz | r fz' — -\ij.r dzr
J() —_—
N dN,; dN;

K.‘;_-/“ id__’_(l.,~—\_>[l<ss Kse:| {us} N {f‘}

dz

dr dx T I
" d(da) d(o0) j f,‘ - /‘(O,'l.')f_r dx

K / — —= da Jo
v o dx dx




Partition of unity finite element method (PUFEM)

Remarks
* Allows to introduce an arbitrary function ¥(x) in the

approximation space by splitting the approximation into a
standard and enriched parts.

Enrichment can be localised to a small region around the
features of interest — computationally advantageous.

Provides a systematic means of introducing multiple
enrichments.

References:

* Melenk and Babuska (1996)
* Duarte and Oden (1996)

.




The Generalised Finite Element Method (GFEM)

GFEM

Originally associated with global PU enrichment

Shape functions in the enriched part are usually different from
the shape functions in the standard parti.e. ¢;(x) # N;(x)

Introduced numerically generated enrichment functions, e.g. a
solution in the vicinity of a bifurcated crack as enrichment

-
References:

* Melenk (1995)
* Melenk and Babuska (1996)
* Strouboulis et al. (2000)

\_




The Extended Finite Element Method (XFEM)

( )

XFEM

* Associated with local discontinuous PU enrichment e.g.:

a. propagation of cracks
b. evolution of dislocations
c. phase boundaries

« Both GFEM and XFEM are essentially identical in their
application, i.e. extrinsic PU enrichment

k y
(- )
References:
* Belytschko and Black (1999)
* Moés et. al. (1999)
* Dolbow (1999)

\_




GFEM/XFEM

r

Formulation for crack growth:

1
u"(x) = Z Ni(x)u! + Z ;\f_,(x)H(x)a" + Z Nk (x) Zf“(x)b""’

IeENT JEN 7 KeNx a=1
g J U J U J
Y Y Y
standard part discontinuous singular tip
enrichment enrichment

~N

if x above crack

if x below crack

0 ] 0 ]
{fa(r.0),a=1,4} = {\/Fsin 5 VT cos 5 VT sin 5 sin @, \/r cos 5 .s'in()}

7

~\

) O - discont

......

-4 |Enriched n o

[]- singular
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oL Extended finite element method (XFEM)

uih (x) = E N, (X)u,;+ E N, (X)aijl;[(x) + E Ox (X)biKlI:(}g

. enriched
classical

l.](‘ XdAd b 0ye «—— Heaviside function

if Xbelow

P (7,0) = \/;cos%, \/; sin® s1n /1 sin® cos%

http://www.researcherid.com/rid/A-1858-2009 Institute of Mechanics and Advanced Materials -

Asymptotic fields



http://www.researcherid.com/rid/A-1858-2009
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Selection of enriched nodes

b" ROY®

uih (x) = E N, (X)u,;+ E N, (X)a, H(x)+ E by (X)b P(X)
! / £ 0

nyCN n,; CN¢ ng CN/
enriched
) .
Asymptotic fields
] ] N\ N\
N §

7 B B B Heaviside function
\_ } ‘
/|< /|< ENRICHED NODES

) ] M g
@ MW
Interior
Standard [FEM mesh

Institute of Mechanics and Advanced Materials
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Reduce the mesh burden T

~N

q)ecouple geometry and analysis
e Meshfree methods (Monaghan, 1977, Belytschko, et al. 1994)

* Immersed boundary method (Mittal, et al. 2005)
.

e PU enrichment (Melenk & Babuska, 1996; Belytschko, et al. 1999)

~N

J

qmprove element formulations (use simplex elements)
e Smoothed FEM (Liu, et al. 2006), smoothed XFEM (Bordas,...)
e Polygonal FEM (Alwood, et al. 1969)

\.

(Boundary discretisation
e Boundary element method (Rizzo, 1967 )
* Scaled boundary FEM (Song, et al. 1997)

rCoupIe geometry and analysis: Isogeometric analysis (Hughes,
2005), Isogeometric BEM (Simpson, et al. 2012)

.
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Separate field and boundary discretisation

-

e Immersed boundary method (Mittal, et al. 2005) AVA(AVAVAVAV :\
e Fictitious domain (Glowinski, et al. 1994) KRS | P
e Embedded boundary method (Johansen, et al. 1998) = (. " -
e Virtual boundary method (Saiki, et al. 1996) & ‘. ]
e Cartesian grid method (Ye, et al. 1999, Nadal, 2013) - - - - - VYAV, J
J

v' Easy adaptive refinement + error estimation (Nadal, 2013)
v Flexibility of choosing basis functions
e Accuracy for complicated geometries? BCs on implicit surfaces?

= An accurate and implicitly-defined geometry from arbitrary
parametric surfaces including corners and sharp edges
(Moumnassi, et al. 2011)
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Moumnassi et al, CMAME DOI:10.1016/j.cma.2010.10.002

® Obijectives b
P insert surfaces in a structured mesh ) |
= without meshing the surfaces (boundary, cracks, holes, /

inclusions, etc.)
= directly from the underlying CAD model
= model arbitrary solids, including sharp edges and vertices

» keep as much as possible of the mesh as the CAD model
evolves, i.e. reduce mesh dependence of the implicit
boundary representation

4
» maintain the convergence rates and implementation simplicity of the FEM

Advance by CRP Henri Tudor in 2011
(Moumnassi et al, CMAME DOI: 10.1016/

' ! j.cma.2010.10.002

*  Single Multiple level sets
69

-

seed point(s) -
requires one
single global

Level Set representation of a surface defined by a para
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® Laplace equation on a cube

@® convergence rates

Three-dimensional model problem

T

0.1 3 E
S
i
)
=
©

e ootf 5

Energy error FEM (R=0.75) —+— ]

u error FEM (R=1.83) —*—

0.001 ¢ ergy error XFEM (R=0.75/1.15) —=—7

u - error XFEM (R=1.42/2.09) —<— 1

L | L L L Lo

0.01 0.1

1

Relative Error

0.01 ¢

0.001

LI\{I] error
u error

LM error FEM (R=0.85) —e— ]
u

error FEM (R=1.83) —*—
XFEM (R=0.92/1.44) —eo—7]

XFEM (R=1.42/2.09) —<— ]

0.01

0.1
h

Institute of Mechanics and Advanced Materials
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GRS Pixel/Voxel-based FEA on Cartesian grids (Valencia)

H-adaptive refinement based on error estimation

Geomety- R ,F{*’
based — P,

D ; refinement siiciss N e 1
i ii.iw

}_
|
|
|
|

P an AR N
// *‘ '4: \\ // vd| [N \\
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Institute of Mechanics and Advanced Materials
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Girive Pixel/Voxel-based FEA on Cartesian grids (Valencia)

FEM SPR-C SPR-C-FEM

I . ] xllil\
OQadf 1iniform refinement
Processina time
600 r
—de— T6 ANSYS 11
500 H —=— Q8 ANSYS11 ++/ \++
—#— Q8 DIMM SPR-C / N
@400 | —=— Q8 DIMM SPR '
:
N 4
H1 | 1 M
s as l 1
1000 10000 100000 1000000
dof

Institute of Mechanics and Advanced Materials
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® http://orbilu.uni.lu/handle/10993/17993

® http://orbilu.uni.lu/handle/10993/16606

® http://orbilu.uni.lu/handle/10993/12915

http://www.researcherid.com/rid/A-1858-2009

Institute of Mechanics and Advanced Materials
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Isogeometric analysis

e P, Kagan, A. Fischer, and P. Z. Bar-Yoseph. New B-Spline Finite
Element approach for geometrical design and mechanical
analysis. JINME, 41(3):435-458, 1998.

e F. Cirak, M. Ortiz, and P. Schroder. Subdivision surfaces: a new
paradigm for thin-shell finite-element analysis. INME, 47(12):
2039-2072, 2000.

e Constructive solid analysis: a hierarchical, geometry-based
meshless analysis procedure for integrated design and analysis.
D. Natekar, S. Zhang,and G. Subbarayan. CAD, 36(5): 473--486,
2004.

e T.J.R. Hughes, J.A. Cottrell, and Y. Bazilevs. Isogeometric
analysis: CAD, finite elements, NURBS, exact geometry and mesh
refinement. CMAME, 194(39-41):4135-4195, 2005.

¢J. A. Cottrell, T. J.R. Hughes, and Y. Bazilevs. Isogeometric
Analysis: Toward Integration of CAD and FEA. Wiley, 2009.




Isogeometric analysis

e P, Kagan, A. Fischer, and P. Z. Bar-Yoseph. New B-Spline Finite
Element approach for geometrical design and mechanical
analysis. JINME, 41(3):435-458, 1998.

e F. Cirak, M. Ortiz, and P. Schroder. Subdivision surfaces: a new
paradigm for thin-shell finite-element analysis. INME, 47(12):
2039-2072, 2000.

e Constructive solid analysis: a hierarchical, geometry-based
meshless analysis procedure for integrated design and analysis.
D. Natekar, S. Zhang,and G. Subbarayan. CAD, 36(5): 473--486,
2004.

* T.J.R. Hughes, J.A. Cottrell, and Y. Bazilevs. Isogeometric
analysis: CAD, finite elements, NURBS, exact geometry and
mesh refinement. CMAME, 194(39-41):4135-4195, 2005.

¢J. A. Cottrell, T. J.R. Hughes, and Y. Bazilevs. Isogeometric
Analysis: Toward Integration of CAD and FEA. Wiley, 2009.




Non-uniform rational B-splines

~ ™)
Knot vector
a non-decreasing set of coordinates in the parametric space.

E={§1, E.sza T §n+p+1}

Knot Parametric mesh
I' b H f . - = - = =) £

B-spline basis function My : g 3 4444
4 . )

N (5) — 19 if 6(1 S 6 < fu—}»l

276,018 0. otherwise.

: §—8&a »; Satp+1 — & .
4'\'(1.])(5) = - ]\"a.p—l(g) + . "'\'(z—+-l.p—l(£)~
fn—}-p - Eu ’£a+p+1 - f(z+l

\_ /

Control polygon

NURBS basis function

»"\ru )(f)“"a *‘Vﬂ ,(f)'ll’(,
Ra ) - ! - : ?
A TGS Yy s

Control point




Properties of NURBS
e Partition of Unity

[ iRi,p(EJ)=1 ]

e Non-negative

® p-1 continuous derivatives

e Tensor product property

(" )

SEn)=X 3R, )R, ()8,

i=1 j=1

5w, ©m. 00,00

i=l j=1 Jj=1

. J




NURBS to T-splines

\_

www.tsplines.com

(NURBS geometry) (T-splines geometry)

(" N\ )

NURBS T-splines

e Local knot vector (as Point-

® No watertight geometry based splines)

e No local refinement scheme

e Global topology

\- /L J

Y. Bazilevs, V.M. Calo, J.A. Cottrell, J.A. Evans, T.J.R. Hughes, S. Lipton, M.A. Scott, and T.W.
Sederberg. Isogeometric analysis using T-splines. CMAME, 199(5-8):229-263, 2010.

J



http://www.tsplines.com
http://www.tsplines.com

Isogeometric Analysis with BEM

(

Domain
representation

Boundary C!/ I
representation )
-

\

1. IGABEM with NURBS for 2D elastic problems (Simpson, et al.
CMAME, 2011).

2. IGABEM with T-splines for 3D elastic problems (Scott, et al.
CMAME, 2012).

3. IGABEM with T-splines for 3D acoustic problems (Simpson, et al.
2013 - MAFELAP2013 TH1515).

\_

J

materials.

\_

Difficulties in dealing with nonlinear problems and non-homogeneous

J




IGABEM formulation

4 )
Regularised form of boundary integral equation for 2D linear elasticity

/Tsx[u —u(s)] dl'(x /st (l[‘()]

where x and s are field point and source point respectively, u and
t are displacement and traction around the boundary, T and {J are
fundamental solutions.

Discretise the geometry and solution field using NURBS

/ na \
X = Z NA(€§)Ba = Na(¢§)B,

u = Z Na(§)ug = Na(§)ua

ng

t =Y Np(tp = Np&)ts
\ B=1 /




-

(

|Isogeometric analysis with BEM é-_
N

Approximate the unknown fields with the same basis functions
NURBS, T-splines ... ) as that used to generate the CAD model

-

e Exact geometry.
eHigh order continuity.
e hpk-refinement

-




IGABEM formulation

[ N

In Parametric space
( p
/rT(S(C)-X(f))[N.»a(f)u‘-\ — Na(Qua)J(€)dE
= [[UGs(0).x(€) Nt ()T
! y
Integration in parent element
g Ne  n41 )
{Z | T(s(¢), x(£))[Na(§) — N,.x(C)]-/(f)-i"(£)<l£} u
e=1""
N. -1 o )
= {Z » U(S(C)-X(f)):‘\’n(f)-/(f)-/"(f)dE}tn
\ e=] y
Matrix equation [ Hu— Gt

b y,




Special techniques for IGABEM

¢ : : : .
Collocation point (Greville abscissae)

a4 + a+. + ... a-p
Ca = Sat1 F Sa+2 + Saty a=1,2,....n—1

D

Boundary condition
Collocate on the prescribed boundary

Integration
High order Gauss integration




Nuclear reactor
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Stress analysis without meshing: isogeometric boundary-element method
ICE Proceeding, 2013, H Lian, RN Simpson, SPA Bordas
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http://scholar.google.co.uk/citations?view_op=view_citation&hl=en&user=xhdGcjkAAAAJ&citation_for_view=xhdGcjkAAAAJ:ufrVoPGSRksC

Propeller: NURBS would require several patches - single patch T-splines

\

Displacement Magnitude

23.9811
600

400
200

QO

von Mises stress

Sde+06 .
1.00e+06 von hsf::'sos:ess
1.000+06
1.00e+05 | coonoe
} 1.00e+04 ' 1.000s04
' 1.00e+03 ' 1.000+03
100.
100.

Isogeometric boundary element analysis using unstructured T-splines

MA Scott, RN Simpson, JA Evans, S Lipton, SPA Bordas, TIR Hughes, TW Sederberg
\ CMAME, 2013.
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IGABEM sensitivity analysis formulation

Governing equations in parametric space, which can be viewed as material
coordinate system

Jt(x(£))J(£)dg

[ Tls(0).x(€) () — u(s(@)] (e = | Vs
Differentiate the equation w.r.t. design variables (implicit differentiation)
4 )
/ (Tmd +TJm)(u—u)dE + / (TJ)(u,;, —u’
JI I’
= /(U.,,,J + UJ p)td€ + /(U.l)t,,nd{
\_ r JT J

Discretise the derivatives of displacement and traction using NURBS basis

Finall
9 y

na \
A
u,, = E \ am N ;({)u m

Jgn = Z \Y tl,}" — j\rn(f)tlfn

H,,u+ Hu,, = G,,t + Gt,,




Pressure cylinder problem

analytical
18- X% O |IGABEM 1

von Mises stress sensitivities
L}

o mp o m s 4

Design variable is outer circle radius b




Infinite plate with a hole

4 0r v v v - -
exact traction k j analytical
i \ | © |GABEM
| 8
S "
% | E=10° i
(&
8! v=03
g i
'3’
x |
,
: &
R }f.
o
1 4
a A
4 -3 25 1
X

Design variable is radius R




3D Lamé problem

Displacement Emror
003422

0.003
. ’ 0.002

-0.001

0

-~ Displacement Sensitivity Error
t = exact 013089298
0.012

~0.008

-0.004

A
0

Design parameter: b

~ )




Fillet

Minimise the area without

= 3
Design curve is ED. \
ty =) 45 4 t=100
D T
<0

violating von Mises stress 4

=

criterion.
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>Fatigue Fracture Failure of Structure

eInitiation: micro defects

*Loading : cyclic stress state

(temperature, corrosion)

>Numerical methods for crack growth

*VVolume methods:

FEM, XFEM/GFEM, Meshfree

*Boundary methods: BEM

oo Assumed origing
Bordas & Moran, 2006 - e aheos of crack n

XFEM+LEVEL SET /= 00 =%
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Fatigue cracking of nozzle sleeve
http://met-tech.com/

Initial location
s et of the quarter
SS9  Ppennycrack

s Refined region
(il Element size 0.5mm
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A Coarser region
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Motivation 3/18

> Challenges in volume-based methods P N
e Remeshing (FEM) '\ )41
] . L 4
Local mesh refinement ‘ N o IGA
> See,
Efficiency & Accuracy alcl//atio,,
XFEM

adaptive refinement

N IGABEM
~ Direct CAD used



Weighted residual method, collocation

Linear elasticity problem:
Z(u)=V-(CV°u)=1f, inQ

u=1u, onl),
t=(CV°u)-n=t, onl;

Approximation of u:
u' =+ Z N;(x)u’
I=1
Weighted residual form:
/(v . (CV*u) - f) - vdQ + / (t—t)-vd' =0
J

. I.f

k

Collocation method: v(z) =) v'd(s;,2)

[=)
sifting property: /“ 9(z)d(s,z)d2 = g(s)
Galerkin method (variational principle): v(z) = Z N, (z)v'!

/(Vv : CV%u —f - v)dQ + / t-vdl' =0
JQ

. I‘(



Kelvin fundamental solution

Navier equation: pV2u+ (p+A)V(V-u) =f

Kelvin solution: assuming a unit concentrated force applied on
a point s in the infinite domainf(z) = ed(s,z) , we seeku(z)
and t(z) for any point z

* * — . . .
u; = Uz’jej t; = Tije;

for 3D problems, the expressions are:

1 .
J.:(s.2) = 3 — i T
Uii(s,z) 6l = 1/)1'[(; 4v)o;; + 1]
1 or I _ ‘
’T,J(b L) = —87'((1 — 1/) [(‘)” ((l — ...)I/)(),'J' -+ :;'I'.,'I'_J') — (l — 21/)(IIJ'I'.,' — II,"I'_‘,')]



Boundary integral equations (BIEs) and IGABEM crack modeling

*Displacement BIE ¢i;(s)u;(s) + 7['_'1}_,(8-X)*11(X)<|1’(X) = /I Uij(s, x)t;(x)dl'(x)

*Traction BIE cii(s)t;(s) + 7( Si;i(s, x)u;(x)dl'(x) = 7[ Ki;(s,x)t;(x)dI'(x)
Jr Jr

*NURBS approximation
ui(€) = Y Rap(&)d]
A=1

displacement BIE for s’

I st
- [~ nt 8
o A
/,'(f) — Z R:“-P(g)(li traction BIE for s
1=1
*Collocation: Greville Abscissae
¥o—o t = 4 © + >——o ,
§it1 + ... + Gitp ’ 1 ’
{8 — T o collocation point 3 >
p .: = ¢lement boundary >
> : b
- 9 ? b
y

l’ >

- _ + Discontinous Lagrange
L NURBS(B-Spline) ’ § Branse
i + p=2 &
! p:2 § >
- 4 4
4 b ; "



Treatment of crack tip singularity

*Partition of unity enrichment (2D)

¢=r
[e AN JeAN
h—bﬁ' * p a
D - + o=
\ Crack tip enrichment
—o— ' O P ——
. - OOt Uniform mesh
H—‘ﬁ s
o Original collocation point Crack tip mesh refinement
* Addtional collocation point
] 0
n P
x 2 a0

*Consecutive knot insertion at crack tip (2D) or
along crack front (3D)



Edge crack 11/18

Crack tip refinement VS enrichment

107;
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Crack opening displacement Error in displacement L2 norm

NURBS VS Lagrange: convergence in SIFs, no crack tip treatment
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Inclined centre crack (SGBEM, Lagrange BEM, IGABEM)

ottt Kp = oy/ma(cos?B + AsinB)
L \; a K1 = ov/ma(l — \)cosBsinf3
- . L . —71/6, o=1, A=0.5
o ) - *IGABEM(r) :Uniform mesh (refined tip element)

- | l ] | — <LBEM: discontinuous Lagrange BEM
*SGBEM: symmetric Galerkin BEM, Sutrahar&Paulino (2004)

m: number of elements in uniform mesh along the crack surface

Ky /Ky K1 /K5j Fack

m | SGBEM | LBEM [ IGABEM | IGABEM(r) m | SGBEM | LBEM | IG \Bh’.\l IGABEM(r)
3 1 09913 | 1.00451 | 1.00082 1.00120 3| 1.0075 | 1.00104 | 1.00647 1.00146

1.0002 1.00333 1.00769 1.00105 i 10004 1.00129 1.00656 1.00129
5 1.0001 1.00268 1.00633 1.00090 5 1.0010 1.00158 1.00607 1.00113
6 1.0002 1.00230 1.00539 100080 6O 1.0009 1.00160 1.00550 1.00102
I 1.0003 1.00206 1.00474 1.00074 7 1.0014 1.00153 1.00500 1.00096
X 1.0003 1.00190 1.00426 1.00070 [ 1.0005 1.00143 1.00458 1.00091
9 [ 1.0003 | L.OO177 | 1.00389 1.00066 9 | 0.9997 | 1.00134 [ 1.00424 1.00087
10 | 1.0003 | 1.00167 | 1.00359 1.00064 10 | L0009 | L.0OI26 | 1.00396 1.00085
11 [ 1.0003 | L.OO159 | 1.00336 1.00062 11 ] 0992 | 1.00119 | 1.00373 1.00083
12 1.0003 1.00152 1.00316 1.00060 12 1.0013 1.00112 1.00353 1.00081
14 | 1.0003 | 1.00142 | 1.00285 1.00058 14 | 1.0004 | 1.00102 | 1.00322 1.00079




Arc crack (M integral, J integral)

L o — oyra_t
L>>a 1 + sin“(/3/2)
& T . sin(3/2)
% L K = ovma ‘
- . 1 T+ sin?(8/2)
- L . c=1, p=x/4

*Uniform mesh + refined tip element

Splitting parameter in J integral: 7spie = 0.03R,;,0.04R,;,0.05R,;,0.06R,;,0.07R,;
m: number of elements in uniform mesh along the crack surface

]\' I / ]\'}“.nu‘t I\'II /1\'(1“}'(1(#

m | M integral | Ji integral | M integral | .J;. integral
10 1.00045 (0.99972 0.97506 1.00309
14 1.00014 (0.99979 .98621 1.00248
17 1.00011 0.99982 0.98642 1.00217
2() 1.00009 0.99985 0.98657 1.00195
23 1.00002 0.99987 0.99407 1.O0176
26 1.00002 ().99959 0.99413 1.00163




Crack growth from rivet holes

25m
0 r=564m 0]
P
1 2in. =

25,
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(a) XFEM by Mées et al (1999)
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(b) IGABEM
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Crack growth through rivet holes
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Penny-shaped crack under remote tension

IO-’ L4 T L4 T T T
06 -~~-0»--0--0~--0'--0~0-~-0~-0~-0~-0~-0--0-~-0-~-0~-0-~-0~-0~0-~-0~-J
K
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—  Anahytical
O Mintegral
g 4
o
g o
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€
2
_]N
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-3 L N . 8 (rad)
10 23 24 NS
10 10 10 ) .
Degrees of freedom stress intensity factors for penny crack

Lo norm error of COD for penny-shaped crack with p = 7/6



emor error
0.2' 0.2
0.16 '0 16
§0.12 0.2
' 0.08 ' 0.08
i n
; l 04 IO 04
. : s 0.000258 0.0079
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(¢) original SST, ngp_s=18, er, =1.467716e-1 (d) improved SST, ngp_s=18, er,=3.844282¢-2

Figure 5: Error in crack opening displacement for penny crack



Penny crack under remote tension (embeded crack)

o.siffOf 05:”0(
0.4 0.4
0.3 0.3
: lo2 Y02
. , \‘\ ,"’ Jo Jo
’ ) ‘ ) ’ 0.00607 0.00178
u : . .: (a) original SST, ngp_s=30, ez,=8.138911e-1 (b) improved SST, ngp_s=30, ez, =1.755681¢e-2
\ { O.S;NOF 0.5:"0[
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Io,] lO.I
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(c) original SST, ngp _s=18, ¢z ,=7.110011e-1 (d) improved SST, ngp_s=18, ep,=1.755679%-002
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NURBS-represented crack growth algorithm

*Fatigue fracture: Paris law

da m

= C(AK)
i \m Au"m-" A, max Al\"i‘ .

A ( (AI fq) ( (A[\ IINII) - A(l (Anmll

eq eq

Algorithm 1 Crack front updating algorithm
Data: old crack front curve C(£); sample points M;; new positions of sample points M

S l ] J l ! I '
Result: new crack front curve that passes through all .\l}'

t =0,

tol l.e —4;

'J() — \I}ID‘I"'

while ||e,| > fol do
t=t+1:

l “N
UUN N 3 2.j=0 fu €jt—-1s
Piy =Py +myy;

. . 1 N-1,
€1 Cit—-1— N / ovk=0 I{ fL"L! 14

end




Numerical example of horizontal penny crack growth (first 10 steps)
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(¢) IGABEM, m =5

Exact
X-FEMWFMM
\
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21 0 0 008 01 015
x
(b) XFEM/FMM, m = 2.1, Sukumar et al
2003
107
g — me2.1
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crack growth step
Relative error of the crack front for in each crack growth step by IGABEM
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Numerical example of inclined elliptical crack growth (first 10 steps)

(c) Step 10

Fatigue crack growth simulation of an elliptical crack



U3
0.0052-

=0.004

0.002

0
-0.00117-



Modeling techniques for surface breaking cracks

AN = . . .
N o || «Surface discontinuity
T A I > X_.‘ : o g : o« .
e | isintroduced
(a b) ()

‘Trimmed NURBS

technique
! N4
(a) (b)
*Crack - trimming
curve
*Phantom node method | . .| . N
o , P o Z 11 I
u(x) = ZR,(x)d,- X€ES, . _l'f--; J['—

N
u (x) = ZRL(X)d&- X €S, \#) (b)
k



Example of surface breaking cracks: edge crack under uniform tension

= 0002

-0.00515| -

normalized SIF

E =1.0e3, v=03
top face:

t =t:=0,¢t, =1
bottom face:

b, =t, =0.t, = —1

T/a =2
W/a=3
}l’,i"(j = 3.5
31
~— IGABEM
| Mi & Aliabadi
Raju & Newman
29}t S
F— o—O O— A — G
28 | _ ea
- : '\.;‘
2.7 ‘
261
25
24
23
2.2
2.1 - ‘ A
i v 0.2 03 04 05

W

Relative error in K;/\/ma
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Input from Rhino,
ProE, UG,...

CAD model
(trimmed NURBS)

)

trimmed multiple
patches & T-Splines

> Analysis-suitable
Splines

!—\

Difficulties in 3D application

>How far we are to non-trivial 3D work pieces

trimmed surface

- (Stress anaIysis)

crack evolutlon Cracture analysD
description
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Motivation: multiscale fracture of engineering structures and materials

Practical early-stage design simulations (interactive)

100 p,liés

......

Surglcal 5|mulat|on

“f: # %

» Reduce the problem size while controlling the error (in Qol) when
solving very large (multiscale) mechanics problems 129




Summary (1/2)

Finite element a priori error analysis
Rough solutions -> increasing polynomial order has no effect
-> enrichment of the basis enables to capture the exact solution
-> generalized reproducing condition
Interfaces
Lower scales -> higher discontinuities -> interfaces
Model interfaces by separating or linking geometry and approximation
Implicit boundaries, PUFEM, XFEM, meshfree...

IGA or Geometry-Induced ApproximatioNs (GIAN)

130



Summary (2/2)

Multiscale approaches to fracture
Enrichment (PUFEM, GFEM, XFEM...)
Concurrent
Information-passing/semi-concurrent
Semi-concurrent methods fail in softening (RVE???)

Hybrid methods enable to post-peak simulations

131



Today and fomorrow

Algebraic model order reduction
Quasi-continuum method for dissipative systems

Bridging the homogenisation-model order reduction
gap

Linearisation of multi-scale problems

Model order reduction to reduce FEA2 problems

132
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Bivsoy Motivation (2/2) - similar problems occur in aerospace el
/ [ LUXEMBOURG

Advanced early-stage design simulations

P Large gradients
» Explicit mesostructure description

P  Large number of parametric studies, e.g. load cases
P Account for the variability of the material

) Models and discretisations must be reduced

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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eyl
——— Ways to reduce the models

(ARDYD

Homogenisation (FE”2, etc.) - Hierarchical
Concurrent and hybrid (bridging domain, ARLEQUIN, etc.)
Enrichment (PUFEM, XFEM, GFEM)

Model reduction (algebraic)

erc bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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Part 1l.1. Reduction methods based on homogenisation
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Localisation

Detinition of an RVE

1°>> 17> 19

Coupling of macroscopic and microscopic levels

The volume averaging theorem is postulated for:
1) Strain tensor:

1 / ¥
€€ u’ ®sndl’
2(x°)| Joq(xe)
. 11 0 ,c . 1
2) Virtual work (Hill-Mandel condition): oC : 5t — . tf . sul dar
[2(x)] Joa(xe)
3) Stress tensor:

. 1

o = t/ @ x/ dr
|©2(x°)] /ag(xc)

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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—2="  Hierarchical multi-scale approaches (FE"2) IIIII,|||
Ch\f RDW[Q UNIVERSITE DU
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Macro-level Micro-level

Advantages and abilities: Drawbacks:
The macroscopic constitutive law 1s not : :

: In softening regime:
required :

. : : : . Lack of scale separation
Non-linear material behaviour can be simulated
: ) . : . Macroscale mesh dependence

Microscale behaviour of material is monitored
at each load step

erc bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu Reaﬂ'cut
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load

displacement
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load

O

displacement
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A limit point

load

displacement

Details in Phil. Magazine, 2015, Akbari, Kerfriden, Bordas

erc bordasS@cardiff.ac.uk

stephane.bordas@alum.northwestern.edu
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FE?

linear elastic

[ -

linear elastic
T~/ /

\N/ /

/

/

/
/
DNS
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(mm)






The distribution of strain-gradient sensitivity Ly ||VVu®||e

0 0.002 0.0 0.008 0.01

Time S_tep: 3 8 15
a 8-

28 58 78
‘4-* yf A

110 120 160






Energy, (J)

1.5

Wext
05 | \/\W\/\M\/\A/\’\/\/\A/\—N\/\/V\AM\N;
D = Wext - ‘/Vint
| I I/Vint
00 20 40 60 80 100
8 15

time steps
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] .

C' = sin(0.01 )

(V1)

100

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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! : siné(O.'Ol x)

1000

100 100
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! : siné(O.'Ol x)

05

-0.5

1000

100

Very rich approximations!

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu RealTcut
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Data compression: get the nose with the POD! i
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Ne=1
50 100 150’ 200 250 30I0 350 00 450 500
Wi, y:) = Y Chlx:) Ch(yi)
i=1
(CL, Cl)icin.g = argmin ¥ Y (u(wy, y;) — (i, y5))”
Ti Yy

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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Got the nose
(rectangle,
approximation of
order 2 is
enough)

ne=1 Nec=2

i 1 L il 24 i
50 100 150 200 250 300 350 400 450 500

xwyz ZCZ xz Cz (yl)

(Cxu C )1,6[1 ne] — argmln Z Z x’w yj (:U’b yj))2

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu 153
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Got the nose
(rectangle,
approximation of
order 2 is
enough)

ne=1 Nec=2

nverges
slowly locally
(idem fracture)

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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a posteriori model order reduction. Idea: search for the solution as a linear
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combination of a set of pre-calculated representative solutions
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| ' ng loads (1) Solve FINE for n_S parameters (EXPENSIVE!)
l | 2 §: ( §1 §2 §ns )
g1 (2) Singular value decomposition
= ““ ns
5 | s-uzyT-Ymuryt
777 - ’—’4 k=1
Up

ng solutions, sorted by relevance

where (Ek)ke[[l n df) decreasing order
(3) Trufreation
Initial f i
e Reduced basis: family of representative solutions
EInt @+ EExt =0
o
Family of |
(4) Galerkin orthogonality /representatlve solutions
Ca
T c*
A YT
T ' T N Solution .
9 Fint (E a) + E Fext -0 Coefficients
Approximation of the
solution in a space of 05
small dimension (nc)
( Ul U2 an )
bordasS@cardiff.ac.uk, st

e

hane.bordas@alum.northwestern.edu
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C‘“’ RDT[Q UNIVERSITE DU

LUXEMBOURG

Reduced Ritz basis

This solution is not in
the snapshot !

0.1

0.09 [

0.08

0.07 1

0.06 I

oosl H e ® P Kerfriden, P. Gosselet, S. Adhikari, and S.

Bordas. Bridging proper orthogonal
decomposition methods and augmented
Newton-Krylov algorithms: an adaptive model
order reduction for highly nonlinear mechanical

0.04

Error
Maximum damage /20

0.03

0.02

0.01 1 problems. Computer Methods in Applied
l Mechanics and Engineering, 200(5-8):850-866,
0 Il Il
0o 5 10 15 20 25 30 35 40 45 50 2011
Time step

bordasS@cardiff.ac.uk
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o
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Initial crack

ASARARARRRARARRRRARARANY
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Compute particular
realisations (snapshots)

§ = 15°, 10" (last) time step

10 solutions
SASASSSAASNANASNS

0 = 45°,

10 solutions
NNNSSSSSSNNSANNS

Iy

LA

POD

Reduced basis

Solution at arbitrary angle using the reduced model

0 = 30°, 10" tune step

£

R
LS
-
0

SRS SSERNSAANSS

Solution to the
full, unreduced,
moxlel

'

Solution of the ROM

UNIVERSITE DU
LUXEMBOURG

The POD solution is not
able to reproduce the
solution in the cracked
area

Due to lack of correlation
introduced by crack
growth

Leads to a local projection
error

; —
erc - du RealTcut
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Highly correlated solution fields

22
‘G
® 3
e
®s
o
£
&
*® g
e
e
&
8.
Or'! '
;&2\

-4
8
|
'‘®
0'.
e K
*{*
’0
¥ e
i3
&

| First realisation Second realisation

0 5 10 15 20 0 S 10 15 20

Localisation of fracture, uncorrelated

m) Direct numerical simulation: efficient preconditioner? m) Reduced order modelling?

m) Adaptive coupling?

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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THE RETURN OF THE MONKEY!
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What can we do to address this lack of separation of

scales/reducibility?
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P. Kerfriden, P. Gosselet, S. Adhikari, and S. Bordas. Bridging proper orthogonal decomposition
methods and augmented Newton-Krylov algorithms: an adaptive model order reduction for highly
nonlinear mechanical problems. Computer Methods in Applied Mechanics and Engineering, 200(5-
8):850-866, 2011.

P. Kerfriden, J.C. Passieux, and S. Bordas. Local/global model order reduction strategy for the
simulation of quasi-brittle fracture. International Journal for Numerical Methods in Engineering,
89(2):154-179, 2011.

P. Kerfriden, K.M. Schmidt, T. Rabezuk, and Bordas S.P.A. Statistical extraction of process
zones and representative subspaces in fracture of random composites. Accepted for publication in
International Journal for Multiscale Computational Engineering. arXiv:1203.2487v2, 2012.

http://www.ncbi.nlm.nih.qgov/pomc/articles/PMC3672853
http://orbilu.uni.lu/bitstream/10993/12454/2/presentationUSNCCI

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu RealTcut
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Snapshot POD (snapshot space is spanned by the 10}
ensemble of solutions at all time steps) POD order 1
8
6
‘ &9 £
10+ “Exact” solution ] ® '? P :. -'0. 'o‘“‘ Q 0
8t . e & '.'.'.“QQ.O. ~
x ) «
0 S Y e, .’, ’:c' adh -
6
‘ R -9
T w - — LG o
. % mxe @ 0y, ’ueo
e & ' .' = ‘ . “ 10}
@ t
o 8
2
6!
" POD order 3
4
LALX B
6 N L R .30 0 & & '
v Q'Q o? B & ".‘OQ
0 5 10 15 20 " ‘ ""'r' .'o 0“ Q
-4
0 5 0 15 20
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Original Domain

Domain Partitioning

r(8)
'\_1

------------------------

0 e e s e
XU D DO

_!' - -



mailto:email@cardiff.ac.uk

CARDIFF i
S Reduced DDM-POD .y

PRI SLO z
UFY L UNIVERSITE DU

C\I ‘{l)"[Q LUXEMBOURG

Partitioned reduced basis

Compute particular realisations .
4 Decompose the structure into

subdomains
» Perform a reduction in the highly

(cost intensive) using domain
decomposition (snapshots)

10" (last) timestep

é correlated region

, S P Couple the reduced to the non-
reduced region by a primal Schur
’ complement

=L

§ 0 = 30° é_‘ (=>

\ . - l l

approximated by
APl )
\‘

Locally non correlated:
no reduction

165
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“leave one out cross-validation” (LOOCV)
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Reduced subspaces are independent and we assume a snapshot is a
priori available

4 (1) Dimension of the local space for each subdomain?
. SRR ‘ }-!'J 4 (2) Is a given subdomain is reducible?
e
9
: ® (1) and (2) will be treated by cross-validation (e.g. W. J. Krzanowski.
LA o g o 9 g o g o
'I : T Cross-validation in principal component analysis. Biometrics, 43(3):
T 575-584, 1987.)
0 > ..
10" ¢ g r—— Training set: snapshot

| 0 subdomain 4 »  Validation set: set of additional finescale solutions
s 10 \ ‘ X subdomain 2 P Independent training/validation avoids overfitting
‘g WS 3 e »  Cross validation emulates independence. Error calculated using
= 10‘2[ 3 G - - the local reduced basis obtained by a snapshot POD transform of

[ ) A\ < > £ S, W .\ - . . .
- : B o—e—o all the available snapshot solutions except the one corresponding
o 10-3r A B to the value of the summation variable.
Q 4 -~ . ) ) )

i = G—8-p-—a
_S ‘: \ X B—8-a-9—8e—-8 c_z“’ NOTE: If the snapshot is not assumed a priori then
@ 10 f P Assess whether the snapshot contains sufficient information, and
e : Na o generate additional, suitable, data if required
(?,, 10 '5’! A .- > Most analysis (mostly by statisticians) assume the snapshot is known a
é’ ; TTA—A o priori. Recent review: Hervé Abdi and Lynne J. Williams. Principal
(&) 10_6' e component analysis. Wiley Interdisciplinary Reviews: Computational

{ o Statistics, 2(4):433{459, 2010.

107! : - ; '
0 5 10 15 20
NvAAr Af tHlhAa DNN frAanafAarimaa
- - . ":: ‘(P)JM’T - ~':r|.|ﬂ'
L L Uy(tn, p) —L Cg Ui(tn.p) ) Gy,
P*t.€ =1
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subdomain 6
subdomain 4
subdomain 2
subdomain 7

Cross-validation error estimate

0 5 10 15
Order of the POD transforms



mailto:email@cardiff.ac.uk

CARDIFF i
——=" Performance: load angle 40 | 27 - 121 nodes [[1R[

PRIFYSGOL

< = UNIVERSITE DU
(A RDY® LUXEMBOURG

® Relative error

a ! ex ! 2
)~ [UPP(t, p1) — U™ (tn. 1)l
1/“PP.(II)(H3PP)2 = tnETT

e 2
Z ”Q x(’n-/’)”‘z

th€TH
40° 27°
107 107
) —w— Partitioned POD + SA —w— Partitioned POD + SA
=@ Partitioned POD el Partitionesd POD
=© = Full Scale Inexact =0 = [ull Scale Inexact
10°°
5 z
T v -3
4 210 ¢
5 z
4 =l =
-~ - ~°
\
\
= . . . S , 10-4 . . -
N 0 20 40 60 80 100 0 20 40 60 80 100
rumtime runtime

(a) Relative error for the different models using 121 nodes (a) Relative error for the different models using 121 no
per subdomain per subdomain
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® Relative error

Z ”gupp(tn-/l) — U (tn, /l)llg

app, () (y7appy 2 _ tn€T"
TS > U (b )13

th€THh
o o
40 _ 27
10 ¢ - 1074,
—"—T;"rtmu“} {gg + SA titioned POD + SA |
== Lartitione —&— Partitioned POD
=8 = Full Scale Inexact =@ = Full Scale Inecact
107¢
- B
2 £
g ; 107’
2 £
[
~107% b\
.
Y
Y
Y
.
A
~
A k4
. lC 2 i - i 3
107* A . N . © 0 50 100 150 200
"0 50 100 150 200 250 runtime

runtime

(b) Relative error for the different models using 256 nodes
(b) Relative error for the different models using 256 nodes  per subdomain

per subdomain
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® Relative error

Performance: load angle 40 | 27 - 441 nodes

Z ”gupp(tn-/l) — U (tn, /l)llg

1APP: (1) (UHPP) 2 — on €T

e 2
Z ”Q x(’n-/’)”‘z

tn€TH

107"
~— Partitioned POD + SA
== Purtitioned POD
=0 = ull Scale Inexact
107°
z
]
4
2
4 .
107”° e
-~
~
-~
~
-~
-~
-~
-~
®
1074 ) ) ) .
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runtime

(¢) Relative error for the different models using 441 nodes
per subdomain

27°

107%,

relative error
b
o

107"

“
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—a— Partitioned POD + SA
=8 Partitioned POD
=@ = ull Scale lnexact

50
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100
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runtime

(¢) Relative error for the different models using 441 nodes
per subdomain

170



mailto:email@cardiff.ac.uk

CARDIFF i
——=" Performance: load angle 40 | 27 - 961 nodes [[1R[

PRIFYSGOL

~ o= UNIVERSITE DU
(\‘.\‘l R LUXEMBOURG

® Relative error

> UPP (., ) — U™t 1)l
1/“PP.(11)(HHPP)2 _ tn€T"

e 2
> U (tn )l

tn€TH

40° 10 27°

[N
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(d) Relative error for the different models using 961 nodes (d) Relative error for the different models using 961
per subdomain per subdomain

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu



mailto:email@cardiff.ac.uk

Conclusion

eDual boundary integral equations combined with isogeometric
analysis are used to model fracture (2D & 3D) and crack growth
(2D)

ePartition of unity enrichment (2D) and graded mesh refinement
(2D & 3D) are used to improve accuracy near the crack tip or crack
front

eStable quadrature scheme is proposed for singular integration in
3D. This makes the method non-sensitive to mesh distortion

eDifferent ways to extract stress intensity factors based on the
framework of IGABEM

eSurface breaking crack can be modeled via phantom node
method with help of trimmed NURBS technique
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® Dual boundary integral equations combined with isogeometric
analysis are used to model fracture (2D & 3D) and crack growth
(2D)

® Partition of unity enrichment (2D) and graded mesh refinement (2D
& 3D) are used to improve accuracy near the crack tip or crack front

® Stable quadrature scheme is proposed for singular integration in
3D. This makes the method non-sensitive to mesh distortion

® Different ways to extract stress intensity factors based on the
framework of IGABEM

= Questions
® Geometry-independent field approximation (GIFT)
® |ndependent displacement and traction approximations
® [ndependent geometry and field approximations
® Contact (BETI)
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Discontinuities modeling

fPUM enriched methods

Mesh conforming methods

200000000000 00 D8
”’%'*:‘TL’F% ‘““HT 1 'TL“;HIL —
SESEEN0NEEE0800 e
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e IGA: link to CAD and
accurate stress fields

e XFEM: no remeshing
L\

-

e IGA: link to CAD and
accurate stress fields

e Apps: delamination
-




PUM enriched methods (XIGA)

. N
h . \
u’(x) = E Rr(x)us + g Rj(x)®P(x)ay
IeS JeSe
NURBS basis functions enrichment functions
- N

1. E. De Luycker, D. J. Benson, T. Belytschko, Y. Bazilevs, and M. C. Hsu. X-FEM
|2n0|sogeometr|c analysis for linear fracture mechanics. IJINME, 87(6):541-565,
11.

2. S.S. Ghorashi, N. Valizadeh, and S. Mohammadi. Extended isogeometric
analysis for simulation of stationary and propagating cracks. IJNME, 89(9):
1069-1101, 2012.

3. D.J. Benson, Y. Bazilevs, E. De Lchker, M.-C. Hsu, M. Scott, T. J. R. Hughes,
and T. Belytschko. A generalized finite element formulation for arbitrary basis
functions: From isogeometric analysis to XFEM. IJNME, 83(6):765-785, 2010.

4. A. Tambat and G. Subbarayan. Isogeometric enriched field approximations.
CMAME, 245-246:1 - 21, 2012.
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Delamination analysis with cohesive elements (standard approach)

e t N
4 continuum clement
S
Y, g 4
N .-\-2 x
- crack path
T, ; B ’7.7n s
70 l.—’(.z
I interface element
4 ) §
e No link to CAD L @
e Long preprocessing .
@ Refined meshes . a8

/ ou-bdQ)+ | du-tdly = / de : o(u)dQ) + Ofu] - t°(Jul)dly
Q T Q
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Isogeometric cohesive elements

-

1 1
o9f \ . 99f\
¢ \quadratic basis\
06 0sf
05 \\ osf \
0.4 \ 0.4 \
03 0.3
02 ; 02
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isogeometric approach to cohesive zone modeling. IJN

2011.

2. V.P. Nguyen, P. Kerfriden, S. Bordas. Isogeometric cohesive elements for two

(1. C. V. Verhoosel, M. A. Scott, R. de Borst, and T. J. R. Hughes. An

and three dimensional composite delamination analysis, 2013, Arxiv.

E, 87(15):336—-360,
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Isogeometric cohesive elements: advantages

f( ~ )

® Direct link to CAD

® Exact geometry

e Fast/straightforward generation
of interface elements

e Accurate stress field

e Computationally cheaper
- y,

-

e 2D Mixed mode bending test (MMB)
e 2 x 70 quartic-linear B-spline elements
® Run time on a laptop 4GBi7: 6 s

e Energy arc-length control
- y,

V. P. Nguyen and H. Nguyen-Xuan. High-order B-splines based finite elements for
delamination analysis of laminated composites. Composite Structures, 102:261-275, 2013




Isogeometric cohesive elements: 2D example

4 )
U
-« I 30 v y , y
25
[0/90/0/90/...] s
= 20
=
© 15
X 10
A
- 5 no initial crack
small initial crack
X 0 ‘ ) large initial crack
S 0O 02 04 06 08 1 12 14
7 /7 Y displacement u [mm]

e Exact geometry by NURBS + direct link to CAD

e It is straightforward to vary
(1) the number of plies and
(2) # of interface elements:
e Suitable for parameter studies/design
e Solver: energy-based arc-length method (Gutierrez, 2007)
- /)




reaction [N]

30

25

20

15

10

| | ' I | |

ii— [0/90/0/90/..]

no initial crack
small !n!t!al crack
large initial crack 1

1 '

0.2

04 06 0.8 1 12 14
displacement u [mm]




Isogeometric cohesive elements: 2D example

reaction [N]

| hup./ fwww. fromtiersin, org/people) e
NguyenPhyu/94150/video

0 02 04 06 0.8 1 T2 1.4
displacement u [mm]




Isogeometric cohesive elements: 3D example with shells

4 )

e Rotation free B-splines shell elements (Kiendl et al. CMAME)
e Two shells, one for each lamina
e Bivariate B-splines cohesive interface elements in between

- Y




Isogeometric cohesive elements: 3D examples

4 )

(" N\

® cohesive elements for 3D
meshes the same as 2D
® |arge deformations




Isogeometric cohesive elements

4 )

4 )

® singly curved thick-wall laminates
e geometry/displacements: NURBS
e trivariate NURBS from NURBS surface(*)

® cohesive surface interface elements

\_ J

damage
05,

0.25 0.75

0 |
(*)V. P. Nguyen, P. Kerfriden, S.P.A. Bordas, and T. Rabczuk. An integrated design-analysis
framework for three dimensional composite panels. Computer Aided Design, 2013. submitte)c.




Non-matching interface elements for delamination and contact

187



Non-matching interface elements for delamination and contact

-V .o™=Db" on Q™ —~V o™ =b™ on Q™
u” =ua" on IV u” =a™" on I}
a.m . nm — Em on F:n O'm . nm — Em on F:n
u' = u? on I, —ol-n'=06%?-n =t on T,

o n =—-0c°-n° on I, t = t([u], ¢) on T\, 188



Non-matching interface elements for delamination and contact

K

1 >

A
(a) intrinsic TSL (b) extrinsic TSL

-V .o™=Db" on Q™ —~V o™ =b™ on Q™
u” =ua" on IV u” =a™" on I}
a.m . nm — Em on F:n O'm . nm — Em on F:n
u' = u? on I, —ol-n'=0%.n%= on I,

o n =—-0c°-n° on I, t = t([u], ¢) on T\, 189



S™ = {u™(x)[u™(x) € H'(Q™),u™ = a™ on I'™}
V™ = {w"(x)|lw"(x) € H'(Q™),w™ =0 on '™}
Find (u!,u?) € ' x S$? such that

é /Q (e(w™)To™dQ+(1-) [— /1 .IIW]Tn{a}dl‘— /. .{a(w)}TnTﬁu]]dl‘—l- /l . alwn'l‘uundr]

2 2
+B / [w]Tt([u])dr =) / (w™)TEmdl+) / (w™)Tb™dQ for all (w!,w?) € V! x V?
I m=1"Y1¢" m=1"v 2"

[u] =u'—v? {o}=70"+(1-17)o’






2D uniaxial tension test

—conforming
© non-conforming

% 005 01 015 0.2
u [mm]
(a) conforming mesh (b) nonconforming mesh (c) load-displacement
0!/!/

3.200e-01

-
0.320

B 0.320
0.320
3.200e-01

(a) matching mesh (b) non-matching mesh 192



3D uniaxial tension

UIYZ 100e-01 UIY2 100e-01
0.1575 0.1575
0.105 } 0.105
0.0525 0.0525
I 0.000e+00 I 0.000e+00
(a) matching mesh (b) non-matching mesh
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2D peeling test

P,AT

-1 [ 2 9.
O%, E2 =1 x 10” N/m ol
7

E — 8 2 . 6 —e-malching interface

¢ El _— 1 x 10 N/m f 5. — NON-matching Nterface
v=03 )
- 4 >
1

m ol _ ‘ ‘ _
" 4| 0 0.02 0.04 0.06 0.08 0.1

A [m])

Figure 12: Peeling test: problem configuration.

Y.
e,
bowe.
boos

I = 2

(a) matching mesh (b) non-matching mesh 194



2D peeling test

Tyy Tyy
- 2.129¢+02 - 2.129¢+02
94.1 94.1
24.7 24.7
-143. -143.
2.622¢+02 2.623e+02
(a) matching mesh (b) non-matching mesh
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2D peeling test

—
o

9} 1

’ \

di o
el 12.157e+02
Z 4 '
= 96.38

4.

3 -23

2.

1 e | 142

gty |
% 002 004 006 008 0.1 -2.616e+02
A [m]
(a) load-displacement (b) stress contour

Figure 17: Peeling test: substrate discretised by three-node triangular elements whereas
layer is meshed by Q4 elements. Note that there is a slight difference with the P — A
curves in Fig. 14 as displacement increments that are ten times larger were used.
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2D peeling test F(D) curves

0.2 0.4 0.6 0.8 1 o 02 04 06 08 1
x/L x/L
(a) normal cohesive traction (b) tangential cohesive traction

Figure 18: Peeling test: local response of the proposed interface element (solid lines) vs.
standard interface element (circles) for different imposed displacements A.
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2D peeling test - role of integration

10 10
9 9+
8 8
7 7!
6 6
£ 5/ £ 5.
o a
4 4
3 ——matching-Gauss 3
2 —non-matching-Gauss B
+ matching-NC |
1 non-matching-NC 1 Gauss
O« i A : i ) 0! . A A . ,
0 0.02 0.04 0.06 0.08 01 0 0.02 0.04 0.06 0.08 01
A [m] A [m]
(a) (b)

Figure 19: Peeling test: P — A curves obtained with matching and non-matching FE
meshes with Gausss and Newton-Cotes (NC) quadrature rules. Increasing the number of
NC integration points shift the P — A curves to the Gauss-based curve (right).
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3D peeling test

O s
l 1.197e+03

593

I-n

593
-11

OII
. 1.197e403

——maiching merface

02 —non-maching Q4 515 615
0.1 l I
% 0.02 0.04 0.06 0.08 0.1 -1.219e+03 -1.219e+03
A [m)
(a) load-displacement (b) matching mesh (¢) non-matching

Figure 20: Three dimensional peeling test: P — A curves and stress distribution.

199



Fibre-reinforced composite - debonding
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Non-matching interfaces
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3 781e+00
1.8

0.14

2.1
-4.069e+00

Fibre- debondlng

(a) matching mesh

10
5
0 —non-matching
- - matching
-5
10 . - :
0 0.05 0.1 0.15 0.2 0.25

x [mm]

(a) normal stress

3 781e+00
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-0.33

2.4
-4.433e+00

(b) non-matching mesh

—non-matching
—matching

005 01 015 02 025

X [mm]

(b) tangential stress



Conclusions

Incompatible/non-matching elements

Small strain interfacial fracture

- No need for conforming meshes along the interface
- non-matching interface

= no high-dummy stiffness

- fewer elements (up to twice as fast)

- Newton-Cotes integration leads to premature failure
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Third medium contact formulation, Wriggers

A finite element method for contact using a third medium P. Wriggers - J. Schroder - A.
Schwarz Comput Mech (2013) 52:837-847
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Gap function
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Future work: model selection (continuum, plate, beam, shell?)

( Model selection

® Model with shells

e |dentify “hot spots” - dual
® Couple with continuum

® Coarse-grain
\_

( eNitsche coupling - NURBS-NURBS

U
>
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load
/2 concurrent
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Double-interpolation finite element method (DFEM)

4 ] ]
> The construction of DFEM in 1D r o J
- -
T
{ Discretization J |::> Support domain of FEM
’ Sn, 113 :ng, nﬁ/
€1 €2 €3 €4 (3

P I J Q
[ The first stage of J o T
\Y

L
interpolation: traditional FE

Support domain of DFEM
u(x) = Ny(xp)u' + Ny(zp)u’ \

Provide U, Uz at
The second stage of
/ each node

interpolation: reproducing
from previous result

u(z) = ¢ ,::1;:)'1.1,1 +Yr(z)a’, + oy(x)u’ + vy(z)u’

0 are Hermitian basis functions

<




Double-interpolation finite element method (DFEM)

-

» Calculation of average nodal derivatives

For node /, the
support elements
are: es, €3

£r

Support domain of FEM

\Nl 1).2 n3 ny 1)5 .
Sm f
€1 €2 : 25
P I J .
|=_=2 G element 2, we use linear
" . .
Support domain of DFEM Lagrange |nterp0|at|0n:
N\ | ear\
Weight function of €2: uZ(xr) = Ng,(: 11)?1 + N

~

T;— 31.' (‘/I; I )ul

B meas(es r)

-
_)1 ) + meas(e 31/)\

Element length

Vd()[

\_




Double-interpolation finite element method (DFEM)

The afxcan be further rewritten as: ~ P
=1 ;L AT€2 ) reo , AT€3 ATE3 T
u’,;l? - [ Wea 1 *\ P.x “)(’-2.1‘, [.x + Wes. 1 *\ l.x wi’-.’i,l "\ J, 2 ] u

o
u

\ = Np,(x I)u.P + Nya(x HDul + N 1o(T ,)u" /

Substituting ﬂlx and ﬂ{,; into the second stage of interpolation \

leads to:
. P [ J Q
u"(z) = Z N (z)u" — e m—
— - xr
Support domain of DFEM

Ni(z) = ¢1(x)Np (1) + 1(@)Npo(xr) + ¢s(x)Ni(2g) + s (2) Npo(2)

\_ /
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Double-interpolation finite element method (DFEM)

4 N
Same procedure for 2D triangular elements

First stage of interpolation (traditional FEM):
u(x) = Ly(x)u’ 4+ Ly(x)u’ 4+ Lg(x)u®™

Second stage of interpolation :
u(x) =¢r(x)u! + ¢ (x)a, + or(x)al +
ds(x)a’ + P (x)ul, + (X, +
b1 ()T + e ()T + oy (x) "
¢Ia wla PrI, ¢J7 wJa PJ, ¢K7 va YK are the baSiS funCﬁonS
with regard to L;(x), L;(x), Lx(x)




Double-interpolation finite element method (DFEM)

Calculation of Nodal derivatives: e & Support nodes of DFEM

e Support nodes of FEM

Ny . (x;) = Z We, N7 (X1) ///

ei €N

NL,y(xl) = Z wei‘,NZ';y(Xl) / /:i/
ei 1EA] ! | /'f E

/]
iV

" J K
) .
ssnsenee A ;o support domain of node /
----- A ;: support domain of node J
> = s+ A\ support domain of node K




Double-interpolation finite element method (DFEM)

Calculation of weights:

® @ Support nodes of DFEM
e Support nodes of FEM The weight of triangle i in support

/// // domain of 7 is:

We,; 1 =
/ AK

--------- A;: support domain of node [/

----- A ;: support domain of node J

= v===s A\ support domain of node K



Double-interpolation finite element method (DFEM)

The basis functions are given as (node I):

or(x) =L; + L?LJ + L%L‘I\" — L,L'j), - LIL‘?{
. 5 1 : 1
.l;'f,'l(x) = —CyJ (LAL; -+ §L1L.]L1\'> -1 CK (L;L] + §L1L,]L1\'>

2 1 9 1
pr(x) =by (LKLi + §L1LJLK) — bi (LiLJ + §L1LJLK>

r ) I

Lr,Lj, Lk are functions w.rt X

1
Li(x)= E((Ll +brx + cry) 2
‘ ar = TjYxk — TKYJ \
br = ys — Yk

Area of triangle _ _
L\ g C] = Tk XL J ) T




Double-interpolation finite element method (DFEM)

Shape functions

Support damam nr}’ﬁ?,.\l

D

Sm)l” ok d(n}mﬂl n““[,..rFi‘]L\[

(a) Interior of the 2D domain (b) 3D plot

Nplx
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Support domain of FEM
(¢) Boundary of the 2D domain (d) 3D plot




The enriched DFEM for crack simulation

DFEM shape function
/// 7

\
Z N’ u' + Z ‘i'_/(X)H(x)a'l + Z 1\71\ an blm

leAN JEN; Ke Nk a=1

{fa(r,0),a =1,4} = {\/;sing, \/;cosg, ﬁsin%sin@, \/;cosgsinf)}

rag

® Crack tip enriched node (d) XFEM
e Heaviside enriched node

(b) XDFEM



Numerical example of 1D bar

4 . .l
Problem definition:
2
d“u
FA=— + f=0
dx?
u’x:O =0 y
n n9 ns Ty Ny ne
Q — L =T
1 €9 €3 €y €5
10’
107 b
E 10"
'?, 107
I~
10" [ @ DFEMED), m=—15
=@ = FEM(HI), m=-1.0
= DFEM(L2), s==2.5
| L€ = FEMAY, w20 ‘ ,
¢ 10° 10° 10° 10° 10

DOFs

Displacement(L2) and energy(H1) norm

4 : :
Analytical solutions:

u(z) = fL” (% B é (%)2)

o(x)

T EA
% A (1‘%)

~

_JL
E: Young’s Modulus
A: Area of cross section
L:Length

o<k = DFEM
|| = =O= = FEM

Relative error of stress

I 1 A A L I
0 0.1 0.2 03 04 05 06

Relative error of stress distribution




Numerical example of Cantilever beam

Py
6ET

ur(x,y) =

e FEN((T3), m=—1.13
e DFEM, me~] .68
e FENL(QA), =1 15

—
o
"
T

Relative error in displacement norm
S
.L 1
-
-l

A Db A Al A PR A A A A
10 : ~
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Numerical example of Cantilever beam

" Mode-l crack results:
a) explicit crack (FEM);
b) only Heaviside enrichment;

c) full enrichment
\_ J

Y 10°

. e FEM. me=0 42
~ 107 F il N DFEM =0 56
= v+ s XFEM(mo tip enr.), m==0.52
= vo@ s XDFEM(mo tip eng ), =0 52 | 1 -
- = 4 = FEM, m=-049 g
S = @ = DFEM. m==0.52 =
E L >
w -1 o0
FW0} G
- 5
S € 10’
= =
% 5
5 107} >
4 = = . FEM, me=-025
= S @ XDFEM. m=—026
= & v+ o+ XFEM(zo tp enr.), m=—0.30
= ol o« XDFEM(mo tip enr ), me=0.3]

- @ = FEM, m=—028
. || = ® =DFEM, me-0130
10': " " " ....1, " " ““‘ :0‘-‘ r r ol A A A Adod A
10 10 10° ’ 10°
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Numerical example of crack propagation

-

crack )/

i t
d | crack increment | number of propagation
case 1 | 5 | 1.5 0.052 67
case 2 | 6 | 1.0 0.060 69
case 3 | 6 | 2.5 0.048 97




Numerical example of crack propagation

Experiment - == XFEM e XDFEM

/7

O O

O
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1385640
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S07TE«D0
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(¢) XFEM, the 94th step (d) XDFEM, the 94th step



Conclusions

(" )

v'Superconvergence in elasticity problems
v'Higher accuracy than XFEM in fracture problems
v’ Consistent with XFEM in terms of crack evolution

v'Smooth nodal stress without post-processing
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Stable generalized FEM

1>roblem: In XFEM/GFEM, the enrichment function is not correctly h

reproduced in the elements that have enriched and non-enriched
nodes (blending).

Enriched node

Interface




Stable generalized FEM

goluﬁon: Corrected-XFEM by Fries (2008). Corrected XFEM,
substitutes f(x) by R(x)f(x), where R(x) is the ramp function. A
continuous function whose value is 1 in the enriched elements, O in

the non-enriched elements and it varies continuously between 0 and
1.

Ramp function

O e S O O—0 O

' Non-enriched nodes

1 Enriched nodes

~
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Stable generalized FEM

- ) ™
More solutions

*Suppressing blending elements by coupling enriched and standard
regions. Laborde et al. (2005) Gracie et al(2008)

*Hierarchical shape functions in blending elements. Chessa et al
(2003) Tarancon et al. (2009)

*Assumed strain blending elements. Chessa et al. (2003) Gracie et al.

\_
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Stable generalized FEM

(’-\nother solution: Stable GFEM by Babuska and Banerjee (2012).

~

In SGFEM, the enrichment function f(x) is substituted by the
following function f(x)-ZN.(x)f(x,). It is to say f minus its nodal
interpolation.

In the case that f(x)=|p(x)|, where ¢ is the level set of the interface

we are trying to represent, we obtain the function introduced by

Moés in 2003.
\_




Stable generalized FEM

- ) : ) N
Problem: The stiffness matrix of GFEM/XFEM could be ill-
conditioned. This is usually the case when the interface is very close
to a node.
~ N
e|ll-conditioning reduces the accuracy when direct solvers are used
(due to round-off errors).
o |n iterative solvers, more iterations are required to bring the error
> /)
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Stable generalized FEM

golution: A preconditioner. Menk and Bordas (2011) proposed a )
preconditioner for GFEM/XFEM.

Krem . reM  Kx FEM
-1 K=[ ]

Krem. x Kx x

(23 _ _
I ; Pepm 0

Standard Enriched P—= 0 Py 0

DOFs DOFs |
4 N
*Very robust to interfaces passing close to nodes.
°Can be parallelized.
:Not very easy to implement. Tuning is needed. )
. /




Stable generalized FEM

|:K FEM.FEM

Krem. x

KreMm FEM
KreMm. x
0

Prem

P= 0 Py 0

Kx FEM
Ky x

Kx FEM
Ky x
B

v,

0

0
B'
0

SN

Krem. x

0

Kremrem Kxrem 0

I
0

Standard
DOFs

_Cl_l

0

%asic idea The domain is divided onlv for the enriched DOFs.

7

Enriched
DOFs

0
c;'

~




Stable generalized FEM

~

. )
Another solution

*SGFEM, if 2 assumptions hold, a stiffness matrix with condition a
number similar to FEM is generated

*Node clustering
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Stable Generalised FEM

. . . .. . . N
One 1-D bimaterial bar. The exact solution is in the finite domain
1 4:10’
I I I - 35
——— S1d. XFEM
3 & CXFEM
é O SXFEM
3 25
g ,
3
I 845
. Interface 3
B 3 1
I 2 E 3 4 0.5
- 0 B < - 4
107 10" 10~ 107" 10~ 107 107
Distance fromnode £ 2, ¢
\_ Y,




Stable Generalised FEM

(. . .
Circular inclusion
l(—%)i%»":ﬁ_)-]/ D<r<a
ur(r) = i 2
(r - "I—) P+ =, a<r<hb,
ug(r) = 0,
| 10-'
i 3
£
Iy E 107}
- &
o
\ g 104
E
3
. ]
g 10 —e— Std. XFEM (m=1.06)
2 7" - © - Corr. XFEM (m=2.20)
] —&— Stable XFEM (m=2.13)
10~
107 107 10
log(dofs)
\_ J
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Stable Generalised FEM

~

Infinite plate with crack in tension. Displacements prescribed along
:
we(r.0) = 2(\1/:-—-_’1) I;I \/F('()sg (2 W — cos> g) é
2(1 +l/)]\[ 5 0 310"
U, (r,0) = \/.snl - ( 2v — cos” _—) -
\/"—' 2 § @ Std. XFEM-FA (m=1.95)
: |
g ,o”
40' 3
' ' ' g ' ' _ 10 log(numb:roﬂ dots) '?
S 107
g
¢
210" o7 —8— Std. XFEM-Topo (mw0.97)
2 —&— CXFEM-Topo (m=0.89)
§ - @ = SXFEM-Topo (m«0.81)
g
10° 107
\ ' ' ' Yoo ' ' log(number oldol'a)"’ )
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Stable Generalised FEM

( . . )
Edge crack in tension
) [/ a
[\[ = F (ﬁ) ag\Ta .
. 36
I(ﬁ) 1.12 H..'l(ﬁ‘)-lil.’n.ﬁ) ) '_‘,ﬁ) 3 'ﬁ) Eu
A i i i A i gu
[} gu
332
21
% 2 ® m % 120
(Mbﬂo'doh)"
; ™
- - -~ 18
16
5.
£
]
g 1
H =1 3"
< - E“‘ — 4. XFEM (met.1)
04 - = = SXFEM (me0 98)
' 02
\J v v \J Y \J -0 -85 -9 bw:::‘.“-:mr"-n 7 65




Stable Generalised FEM

~

QVork in progress
Development of 3D examples
*Spherical inclusion

*Several spherical inclusions

*Cracks in 3D




Stable generalized FEM

4 )

All those examples were implemented within Diffpack. Diffpack is a
commercial software library used for the development numerical
software, with main emphasis on numerical solutions of partial
differential equations. It was developed in C++ following the object
oriented paradigm.

The library is mostly oriented to the implementation of the finite
element method, however it has tools for other methods, such as
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Stable generalized FEM

~N

CI. Babuska, U. Banerjee, Stable Generalized Finite Element Method (SGFEM),
Computer Methods in Applied Mechanics and Engineering, Volumes 201-204, 1
January 2012, Pages 91-111, ISSN 0045-7825, 10.1016/j.cma.20

*Fries, T.-P. (2008), A corrected XFEM approximation without problems in blending
elements. Int. J. Numer. Meth. Engng., 75: 503-532.

*Gracie, R., Wang, H. and Belytschko, T. (2008), Blending in the extended finite
element method by discontinuous Galerkin and assumed strain methods. Int. J.
Numer. Meth. Engng., 74: 1645-1669.

eLaborde, P.,, Pommier, J., Renard, Y. and Salatin, M. (2005), High-order extended
finite element method for cracked domains. Int. J. Numer. Meth. Engng., 64: 354—
381.

*Chessa, J., Wang, H. and Belytschko, T. (2003), On the construction of blending
elements for local partition of unity enriched finite elements. Int. J. Numer. Meth.
Engng., 57: 1015-1038.

*Tarancon, J. E., Vercher, A., Giner, E. and Fuenmayor, F. J. (2009), Enhanced
blending elements for XFEM applied to linear elastic fracture mechanics. IJNME,
77: 126-148. y
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Numerical Modeling of
SOl Wafer Splitting




Physical process

4 N\ ( )
Manufacturing process: SmartCut™ T -
* H*ionization of a thin surface of Si , y o
_
* Bonding to a handle-wafer (stiffener) -
l Ry

* High temperature thermal annealing

Tl and boad %o

« Nucleation and growth of cavities filled with H, L

re-use

* Pressure driven micro crack growth

* Coalescence and post-split fracture roughness




Objectives

-

Determine:
* micro crack nucleation points and direction

* multiple crack paths until coalescence

time to complete fracture

final surface roughness




Model m

4 A
Modeling cavities by zero thickness surfaces
e discontinuities in the displacement field
Linear elastic fracture mechanics (LEFM)

* infinite stress at crack tip, i.e. singularity
\ y,

( )

Cohesive interface with
variation in surface energy

fracture criterion at the
discontinuity tip

statistically distributed discontinuity subjected ]
discontinuities to H, pressure ) J




XFEM formulation

4 )
Approximation function:
u'(x) = ) Ni(x)u’ + Ny(x)H(x)a’ + )  Ng(x Z fao(x)bH
IeENT JEN; KeNk a=1
|\ J \U J J
Y Y Y
standard part discontinuous singular tip
enrichment enrichment )
\ ( { 1 if x above crack )
H(x) -
—1 if x below crack
f [
Gf,.(r.(i).n = 1,4} = {\/l—sm - \/l—(()\— \/_sm - sm() \/—(()s— smHD
=)
~
-
Enriched nodes - ‘
O- “Heaviside” ' — P
- "crack tip” L )




XFEM formulation

Hixy)

H) +1 1if xabove crack
xX) =
k —1 if x below crack

J

B(r,e):{\/;cos% \/;sin% \/;sinﬂsin% x/;sinecos%D

o

T\ T

uJ

/LJ




Discretization: XFEM

-

N
Extended Finite Element Method (XFEM)
* Introduced by Ted Belytschko (1999) for elastic problems
- y,
e p
( L Fracture of “XFEM” using XFEM
y







Example #1

4 )
Vertical extension of a plate with 300 cracks

( Post-split roughness J

40
30

20

-40 V ymean

! | | | o
100 200 300 400 500 600 700 800 900

\‘7 Position, X 44}




Example #2

4 ™)
Mechanical splitting of a wafer sample

e Post-split roughness as a function of micro crack distribution

w00
damaged zone
(studied area)

500~

—

|
-200 1800 -3000 500 0 00 1000 1500 2000




Example #2

-

Mechanical splitting of a wafer sample
« Discretisation (x1mlin. DOF, h,= 150 nm)

400

(

Fracture control parameters
- initial cracked length: p. ={10,30,50,70} (%)

- damage thickness: 7, ={100,300,500} (nm) |

o

1000

00

w0



Example #2

4 \\
Fracture ro( Roughness vs. Percentage cracked
) (mechanical splitting)
* (Case exc 0.8 : , ' : . ; ,
* tdmg =100 (nm)
1+ 0.7F x tdmg = 300 (nm) |-
. -
5. 05 E . } tdmg = 500 (nm)
g 0 & 06 ™ + + B
o o i
a o
-0.5 F pr 4
- c 0.5} t g -
-1} o +
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50 ! 04F X X il
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! e . x
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! e
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e |
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a
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Summary

-

LEFM model
* Assuming mechanical interactions dominate during micro crack
growth

Crack growth
e crack tip with max SIF in direction of max hoop stress

Discretization
e XFEM for efficient multiple fracture modeling
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P Reduce the problem size while controlling error in solving

very large multiscale mechanics problems
Courtecuisse et al. PBMB 2011

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu
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ERC Starting Grant - RealTcut - 2012-2016

Interactive simulation of cutting in soft tissue

Reachu récision requise

e .
........

.
........
e

complexité des calculs

Real-time/interactivity for non-linear problems involving topological
changes

~ discretization

,,
=X el
ul

» reduce the problem size but preserve relevant mechanical
information, control the error




Approach

r . : )
Concrete objective: compute the response of organs during surgica
procedures (including cuts) in real time (50-500 solutions per second)

s )
Two schools of .thought First implicit, interactive method
» constant time

for cutting with contact
) accuracy often controlled
visually only

» model reduction or “learning”

) scarce development for
biomedical problems

B no results available for
cutting

[Courtecuisse et al., MICCAI, 2013]
Collaboration INRIA

Proposed approach: maximize accuracy \_ )
for given computational time. Error control

2

\_ 25




Four main difficulties

Complex geometries from
_medical images
L4 ':. A\ SR

Region of interest (Rol)

Error control

® interactivity

e space-time discretization?
e optimize use of compute
resources

260

Topological changes & contact

r.

Advanced

L discretization




calculs offline calculs online: interactivité

génération solutions tri POD _
particuliéres pre-operatoire A A , '
ocal (FE) / '\ représentation
|‘. [1]
: ~10"6 ~1013

0(10) fonctions
snapshots snapshots

/ “mapping

/ espace

_ réduit de
calcul champs asvmptotiaues Patient petite
EEEEEEEE NN

| o : / . .

=== ‘-...... NG apprOX|mat|0n
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A semi-implicit method for real-time
deformation, topological changes, and
contact of soft tissues

Paper ID : 269




s a fine line between
‘wrong and visionary.

The Big Bang Theo - Thelpire _1& \ )mn n
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.~ GEOMETRICALMODEL ~ DISCRETISATION

Verificatio

vvvvv

N

MATERIAL MODELS
Phenomenological
Elasticity/Plasticity
Crack growth law (Paris...)
Fracture energy
Maximum tensile strength
Multi-scale
Debonding, Fibre pull-out
Fibre breakage, interface fracture,
grains, dislocations, MD,
quantum...

\
\
A

Validation & para identification

CONVENTIONAL APPROACH



Scales of
interest

Crack
growth
rate

Inspection
interval

-

Mission?

T

@
y
‘AI\F/IODEL
U
| 7}(
\ >

a REAL SYSTEM

-

DIGITAL TWIN OF THE SYSTEM \

GEOMETRICAL  DISCRETISATION

LEARN MATERIAL
MODELS

which scales?

what models?
what parameters?
what scale transition?
what data is missing?

Strain

Structural
Health

Cracks



Scales++

VISION

Machine
Models 1, [P(X) Learning

a-priori
knowledge

automatic
model selection

)

General approach
No predefined model T

upscaling
techniques

data& |
measurements £




“““‘@. = Digital Twins...

Characterisation Monitoring [ Multiscal el [ Quantitati )
' , ultiscale models are 3 uantitative
unreliable predictions ?

v @
Fracture/lack of scale
Learn better models / .
separation
/ ~ e ~ Ve \

Measure — msjp An?c:\és; i‘al;zam = |mproved model
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270

@® Experience every event that its flying twin experiences

® Will revolutionise certification, fleet management and support (mirrors life
of the “as-built” state)

® Will decrease weight
® o reliance on statistical distribution of material properties
® o reliance on heuristic design methods
® J|ess reliance on physical testing (environment?)

® no assumed similitude between testing and operational conditions

~___—






.~ GEOMETRICALMODEL ~ DISCRETISATION

Verificatio

vvvvv

N

MATERIAL MODELS
Phenomenological
Elasticity/Plasticity
Crack growth law (Paris...)
Fracture energy
Maximum tensile strength
Multi-scale
Debonding,Fibre pull-out
Fibre breakage, interface fracture,
grains, dislocations, MD,
quantum...

\
\
A

Validation & para identification

CONVENTIONAL APPROACH






When the material model is not known, this conventional
approach is inadequate

Deep-brain stimulation

Courtesy Alexandre Bilger, PhD thesis, Inria, 2014 274



4 IMAGE/MODEL ~ DISCRETISATION

Verificatio

© MATERIAL MODELS

Phenomenological
Neo-Hookean, Ogden, ...
Multi-scale
cutting, fracture,

?7?7?

Patient specific ???

\\\ ‘

Validation & para identification
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Global single scale Data-aware
model selection mechanics
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