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APPLICATIONS

PERSONALISED	
  MEDICINE ENGINEERING

Computer-­‐aided	
  
surgery

Durability	
  &	
  
Sustainability Energy AerospaceComputer-­‐aided	
  

diagnos:cs	
  

Computational mechanics & computational 
materials sciences Multiscale/field interface problems

COMPETENCES

MULTI-­‐SCALE	
  FRACTURE	
  
aerospace	
  composites,	
  
polycrystalline	
  materials 

COUPLED	
  PROBLEMS	
  
biofilms,	
  liquid	
  crystals,	
  
fluid-­‐structure,	
  baOeries 

QUALITY	
  &	
  ERROR	
  
CONTROL	
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computaSonal	
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  an	
  accuracy	
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INTERACTIVITY	
  
Reduce	
  

computaSonal	
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  orders	
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DISCRETISATION	
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Composite Centre, Limerick 
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APPLICATIONS

Personalised	
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linear	
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Solder joint durability (microelectronics), Bosch GmbH
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Prac(cal	
  early-­‐stage	
  design	
  simula(ons	
  (interac(ve)

[Allix, Kerfriden, Gosselet 2010]
Discretise

0.125 mm
50 mm

100 plies

courtesy: EADS

‣Reduce the problem size while controlling the error (in QoI) 
when solving very large (multiscale) mechanics problems  

Discretise

Surgical	
  simula(on	
  



M A M  
Institute of Mechanics  
& Advanced MaterialsI

Why	
  enrich	
  approximaSon	
  spaces?	
  

(board	
  discussion)

22



23



Why	
  error	
  es(ma(on?

24



Why	
  error	
  es(ma(on?

25



Why	
  error	
  es(ma(on?

26



Why	
  error	
  es(ma(on?

27



28



29



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

30



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

31



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

32



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

33



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

34



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

35



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

36



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

37



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

38



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

39



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

verification: are we 
solving the problem 

right?

40



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

verification: are we 
solving the problem 

right?

41

Can we 
solve the 

problem fast 
enough? 



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

verification: are we 
solving the problem 

right?

42

Model reduction 
error I 

Can we 
solve the 

problem fast 
enough? 



Modelling	
  and	
  simulaSon	
  of	
  materials	
  and	
  structures

physical problem

mathematical

model

discretisation 

numerical 
solution 

model error

discretisation error

numerical error

total error

validation: are we 
solving the right 

problem?

verification: are we 
solving the problem 

right?

43

Model reduction 
error I

Model reduction 
error II

Can we 
solve the 

problem fast 
enough? 



M A M 
Institute of Mechanics  
& Advanced MaterialsI

44

Part	
  0.	
  Enrichment	
  of	
  the	
  finite	
  element	
  method 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Enrichment

• When	
  the	
  standard	
  finite	
  element	
  method	
  is	
  unable	
  to	
  
efficiently	
  reproduce	
  certain	
  features	
  of	
  the	
  sought	
  soluSon:	
  

1. DisconSnuiSes	
   	
   -­‐	
  	
   cracks,	
  material	
  interfaces	
  
2. Large	
  gradients	
   	
   -­‐	
  	
   yield	
  lines,	
  shock	
  waves	
  
3. SingulariSes	
   	
   -­‐	
  	
   notches,	
  cracks,	
  corners	
  
4. Boundary	
  layers	
   	
   -­‐	
  	
   fluid-­‐fluid,	
  fluid-­‐solid	
  
5. Oscillatory	
  behavior	
   -­‐	
  	
   vibra:ons,	
  impact	
  

• The	
  approximaSon	
  space	
  can	
  be	
  extended	
  by	
  introducing	
  of	
  an	
  
a	
  priori	
  knowledge	
  about	
  the	
  sought	
  soluSon,	
  and	
  thereby:	
  

1. Rendering	
  the	
  mesh	
  independent	
  of	
  any	
  phenomena	
  
2. reducing	
  error	
  of	
  the	
  approximaSon	
  locally	
  and	
  globally	
  
3. improving	
  convergence	
  rates



Strong	
  discon(nui(es	
  

• The	
  primal	
  field	
  of	
  the	
  soluSon	
  is	
  disconSnuous,	
  e.g.	
  cracks	
  
lead	
  to	
  strong	
  disconSnuiSes	
  in	
  the	
  displacement	
  field.	
  

Weak	
  discon(nui(es	
  

• The	
  first	
  derivaSve	
  of	
  the	
  soluSon	
  is	
  disconSnuous,	
  e.g.	
  
disconSnuiSes	
  in	
  the	
  strain	
  field	
  through	
  a	
  material	
  interface.

Classifica(on	
  of	
  discon(nui(es



Global	
  enrichment	
  

• The	
  enrichment	
  is	
  employed	
  on	
  the	
  global	
  level,	
  over	
  the	
  en(re	
  domain.	
  	
  
• Useful	
  for	
  problems	
  that	
  can	
  be	
  considered	
  as	
  globally	
  non-­‐smooth	
  e.g.	
  

high-­‐frequency	
  soluSons	
  (Helmholtz	
  equaSon)	
  

Local	
  enrichment	
  

• This	
  enrichment	
  scheme	
  is	
  adopted	
  locally,	
  over	
  a	
  local	
  subdomain.	
  
• Useful	
  for	
  problems	
  that	
  only	
  involve	
  locally	
  non-­‐smooth	
  phenomena,	
  e.g.	
  

soluSons	
  with	
  disconSnuiSes.	
  

Classifica(on	
  of	
  enrichments



Extrinsic	
  enrichment	
  

• Associated	
  with	
  addiSonal	
  	
  degrees	
  of	
  freedom	
  and	
  addiSonal	
  shape	
  
funcSons	
  to	
  augment	
  the	
  standard	
  approximaSon	
  basis.	
  

1. Extended	
  finite	
  element	
  method	
  (XFEM)	
  	
   -­‐	
  Moës	
  et	
  al.	
  	
   (1999)	
  
2. Generalised	
  finite	
  element	
  method	
  (GFEM)	
  	
   -­‐	
  Strouboulis	
  et	
  al.	
  	
   (2000a)	
  
3. Enriched	
  element	
  free	
  Galerkin	
   	
   -­‐	
  Ventura	
  et	
  al.	
  	
   (2002)	
  	
  	
  
4. 	
  hp	
  –	
  clouds	
  (Meshless/Hybrid)	
   	
   -­‐	
  Duarte	
  and	
  Oden	
  	
  (1996)	
  

Intrinsic	
  enrichment	
  	
  

• Not	
  accompanied	
  by	
  addiSonal	
  degrees	
  of	
  freedom.	
  Instead,	
  some	
  
standard	
  funcSons	
  are	
  replaced	
  with	
  special	
  (problem	
  specific)	
  funcSons.	
  

1. Enriched	
  moving	
  least	
  squares	
  (Meshless)	
   -­‐	
  Fleming	
  et	
  al.	
  	
   (1997)	
  
2. Enriched	
  weight	
  funcSon	
  (Meshless)	
   	
   -­‐	
  Duflot	
  et	
  al.	
   (2004b)	
  
3. Intrinsic	
  parSSon	
  of	
  unity	
  methods	
   	
  	
   -­‐	
  Fries,	
  Belytschko	
   (2006)	
  
4. Elements	
  with	
  embedded	
  disconSnuiSes	
   	
   	
  

Classifica(on	
  of	
  enrichments



Singular	
  elements	
  (Barsoum,	
  1974)

	
  

regular	
  nodesquarter	
  nodes

crack	
  surfaces



	
  

Par((on	
  of	
  unity	
  finite	
  element	
  method	
  (PUFEM)



	
  

Par((on	
  of	
  unity	
  finite	
  element	
  method	
  (PUFEM)



	
  

Par((on	
  of	
  unity	
  finite	
  element	
  method	
  (PUFEM)



	
  

standard	
  FE PU	
  enriched

Par((on	
  of	
  unity	
  finite	
  element	
  method	
  (PUFEM)



Par((on	
  of	
  unity	
  finite	
  element	
  method	
  (PUFEM)



The	
  Generalised	
  Finite	
  Element	
  Method	
  (GFEM)

References:	
  

• Melenk	
  	
   	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   (1995)	
  
• Melenk	
  and	
  Babuška	
  	
  	
   (1996)	
  
• Strouboulis	
  et	
  al.	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   (2000)

	
  



The	
  Extended	
  Finite	
  Element	
  Method	
  (XFEM)

References:	
  

• Belytschko	
  and	
  Black	
   (1999)	
  
• Moës	
  et.	
  al.	
   	
  	
   (1999)	
  
• Dolbow	
   	
  	
  	
  	
  	
  	
  	
  	
  	
   (1999)

XFEM	
  

• Associated	
  with	
  local	
  disconSnuous	
  PU	
  enrichment	
  e.g.:	
  

a. propagaSon	
  of	
  cracks	
  
b. evoluSon	
  of	
  dislocaSons	
  
c. phase	
  boundaries	
  

• Both	
  GFEM	
  and	
  XFEM	
  are	
  essenSally	
  idenScal	
  in	
  their	
  
applicaSon,	
  i.e.	
  extrinsic	
  PU	
  enrichment



GFEM/XFEM

Formula(on	
  for	
  crack	
  growth:

singular	
  Sp	
  
enrichment

disconSnuous	
  
enrichment

standard	
  part

Enriched nodes 
     - discontinuous 
     - singular
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Part	
  I.	
  Streamlining	
  the	
  CAD-­‐analysis	
  transiSon  
Coupling,	
  or	
  decoupling? 
 

1



1

Decouple	
  geometry	
  and	
  analysis	
  
•	
  Meshfree	
  methods	
  (Monaghan,	
  1977,	
  Belytschko,	
  et	
  al.	
  	
  1994)	
  	
  
•	
  PU	
  enrichment	
  (Melenk	
  &	
  Babuška,	
  1996;	
  Belytschko,	
  et	
  al.	
  1999)	
  
•	
  Immersed	
  boundary	
  method	
  (MiOal,	
  et	
  al.	
  2005)

Improve	
  element	
  formula(ons	
  (use	
  simplex	
  elements)	
  
•	
  Smoothed	
  FEM	
  (Liu,	
  et	
  al.	
  2006),	
  smoothed	
  XFEM	
  (Bordas,...)	
  
•	
  Polygonal	
  FEM	
  (Alwood,	
  et	
  al.	
  1969)

Boundary	
  discre(sa(on	
  
•	
  Boundary	
  element	
  method	
  (Rizzo,	
  1967	
  )	
  
•	
  Scaled	
  boundary	
  FEM	
  (Song,	
  et	
  al.	
  1997)

Couple	
  geometry	
  and	
  analysis:	
  Isogeometric	
  analysis	
  (Hughes,	
  
2005),	
  Isogeometric	
  BEM	
  (Simpson,	
  et	
  al.	
  2012)	
  

Reduce	
  the	
  mesh	
  burden
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Part	
  I.a.	
  	
  Decoupling	
  CAD	
  and	
  Analysis.  
 

1



Implicit	
  boundary	
  method

• Immersed	
  boundary	
  method	
  (MiOal,	
  et	
  al.	
  2005)	
  
• FicSSous	
  domain	
  (Glowinski,	
  et	
  al.	
  1994)	
  
• Embedded	
  boundary	
  method	
  (Johansen,	
  et	
  al.	
  1998)	
  
• Virtual	
  boundary	
  method	
  (Saiki,	
  et	
  al.	
  1996)	
  
• Cartesian	
  grid	
  method	
  (Ye,	
  et	
  al.	
  1999,	
  Nadal,	
  2013)	
  

Separate	
  field	
  and	
  boundary	
  discreSsaSon	
  

✓ Easy	
  adapSve	
  refinement	
  +	
  error	
  esSmaSon	
  (Nadal,	
  2013)	
  
✓ Flexibility	
  of	
  choosing	
  basis	
  funcSons	
  
• Accuracy	
  for	
  complicated	
  geometries?	
  BCs	
  on	
  implicit	
  surfaces?	
  
➡ An	
  accurate	
  and	
  implicitly-­‐defined	
  geometry	
  from	
  arbitrary	
  

parametric	
  surfaces	
  including	
  corners	
  and	
  sharp	
  edges	
  
(Moumnassi,	
  et	
  al.	
  2011)

5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

Figure 5.28 – Champs de contraintes (a) et de déplacements (b).

Figure 5.29 – Approximation géométrique d’une microstructure contenant des inclusions
en forme de tore indépendamment de la taille du maillage ÉF.
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5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

(c)

Figure 5.27 – Approximation géométrique d’une microstructure contenant des inclusions
lenticulaires. (a) maillage grossier de l’approximation ÉF. (b) raffinement par un sous-
maillage gradué (SMG) de niveau (n = 7) à l’intérieur de chaque élément de frontière EB.
(c) approximation de la géométrie indépendamment de la taille h du maillage.
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5.2. Analyse de convergence en maillage non-conforme aux frontières courbes

(a) (b)

Figure 5.28 – Champs de contraintes (a) et de déplacements (b).

Figure 5.29 – Approximation géométrique d’une microstructure contenant des inclusions
en forme de tore indépendamment de la taille du maillage ÉF.
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marching method  

seed point(s) - 
requires one 
single global 
search

Level Set representation of a surface defined by a parametric function

• Objectives 
‣ insert surfaces in a structured mesh  

- without meshing the surfaces (boundary, cracks, holes,  
inclusions, etc.) 

- directly from the underlying CAD model 
- model arbitrary solids, including sharp edges and vertices 
‣ keep as much as possible of the mesh as the CAD model  

evolves, i.e. reduce mesh dependence of the implicit  
boundary representation 
‣ maintain the convergence rates and implementation simplicity of the FEM

• In order to reproduce the geometry accurately, significant mesh refinement is typi-

cally needed;

• Because the whole boundary is defined using one single function, it is not straight-

forward to locate and separate different regions on ∂Ωh for attribution of appropriate

boundary conditions;

• To efficiently approximate a curved domain, one generates a discrete approxima-

tion of the scalar distance field φ by evaluating the function on a sufficiently fine

mesh, or by adaptive schemes like octree techniques to capture details of the domain

boundary ∂Ωh. However, linear interpolation of the mesh values to approximate the

boundary is insufficient for higher order analysis.

Figure 3: Approximation of an object with convex and concave boundaries with the

same background mesh, resulting from Boolean combinations of half-spaces defined using

analytically defined level set functions (8-planes and 3-cylinders). (a) The object is con-

structed by a single level set resultant from Boolean operations (one scalar distance value

is stored at each node). (b) shows the approximation by our new approach that preserves

sharp features (eleven scalar distance values are stored at each node).

In the following section, we present a new approach to represent arbitrary regions

using level set functions, which alleviates the pitfalls of the “single-level-set-description”.

11

Single Multiple level sets

Advance by CRP Henri Tudor in 2011 
(Moumnassi et al, CMAME DOI: 10.1016/
j.cma.2010.10.002
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(a) (b) (c)

Figure 12: (a) Conversion of four parametric functions into zero level sets. (b) Polygonal

meshes extraction for the cutting method. (c) Approximated domain with sharp features.

it.

To obtain an accurate geometry description for domains with curved boundaries, we

present in the following section two different techniques: degenerated and graded sub-

meshes which we shall name DSM and GSM, respectively.

5.4.1. Mesh refinement with degenerated sub-mesh (DSM)

We use the parametric information to generate the desired number of cut edges on the

surface inside a boundary element EB which are tangent to this parametric surface (see

Figure 13). These cut edges are created by the corresponding zero level sets such that they

are generated by a succession of analytically known level set planes p (x) = (x− x0) · n

that pass through the point x0 on the surface and defined by the normal n at this point.

Then we apply the cutting method to each boundary element EB by using these zero

level sets to create the sub-elements E∆. The next step is the classification of the sub-

elements into the interior boundary IB and exterior boundary OB to define the part of

the approximate domain Ωh on the boundary B and the part of its boundary Γh (see

Figure 14).

5.4.2. Mesh refinement with graded sub-mesh (GSM)

The marching algorithm (cf. Section 4.3) benefit of a natural strategy to locate the

narrow band from the all elements mesh, in which only the selected elements (i.e. ωi)

need to be used for refinement if desired. This is an attractive strategy to restrict local

mesh refinement to boundary elements EB. This strategy will be used locally in EB and
27

Figure 17: A three-dimensional graded sub-mesh refinement of level (n = 6) inside a

boundary element EB.

1. Subdividing EB based on a linear (as in [23, 54]) or higher order (as in [40, 41])

description of the boundary.

2. Without subdividing EB as proposed in Ventura [55] using equivalent poly-

nomials. It is also possible to use the approach of Natarajan et al.[24, 25]

based on the Schwarz Christoffel (SC) mapping of the interior/exterior polyg-

onal areas to the unit disk. Another alternative is strain smoothing where

domain integration is transformed into boundary integration as in [26]. The

advantage of the latter is that it has the potential to be amenable to three

dimensional cases, whereas the SC mapping technique remains restricted to

two-dimensional problems. To use the SC mapping in 3D, the interior and

outer parts of a boundary element could be integrated using strain smoothing

and the SC mapping subsequently used to integrate along the boundary of the

interior and exterior subregions. Since each of those boundaries is composed

of the union of polygons, the SC mapping (or any other method to integrate

numerically on polygons) can be used to compute the integral on each poly-

gon. Note that strain smoothing modifies the variational principle so that the

resulting stiffness matrix is usually not as stiff as that of the original finite

32
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(a) (b)

Figure 29: Finite element solution of 3D Laplace model problem using implicit computa-

tional domain. (a) implicit representation of the domain with sharp features, (b) illustrate

the cut view of the solution uh.

XFEM representation. These comparisons are shown in Figure 31. As can be seen,

the analysis with conforming and non-conforming mesh yield nearly the same accuracy

and convergence rates in the approximated energy and Lagrange multipliers. As to the

enforcement of the Dirichlet boundary conditions, the accuracy and convergence rate are

governed by the choice of the Lagrange multiplier space L ∗

h . It is interesting to note that

all these numerical results for the case of non-conforming mesh are superior to the standard

mixed method (naive approach), which yields oscillations of the Lagrange multipliers on

the boundary.

8. Conclusions

We presented and validated a general method to carry out finite element analysis on

arbitrary implicitly defined domains obtained from parametric surfaces. The input to the

algorithm is the parametric description of the boundary of the object which is converted

automatically and efficiently into implicit level set representations. The computational

domain is then obtained by Boolean operations on those level set functions. A special

adaptive numerical integration technique which uses the parametric description to increase
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Figure 30: Convergence study results for the mixed formulation on unstructured tetra-

hedral mesh: (a) analysis with a conforming mesh and FEM, (b) analysis with a non-

conforming mesh and XFEM using the reduced Lagrange multiplier space.
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Figure 31: Comparison study between analysis with conforming mesh (Figure 30a) and

non-conforming mesh (Figure 30b).

the geometrical faithfulness (thus decrease mesh dependence) was proposed. We showed

that the resulting algorithm is adequate to describe objects with sharp features such as

edges and corners.

The above paradigm required several contributions:
52
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  and	
  source	
  point	
  respecSvely,	
  	
  	
  	
  	
  	
  and	
  
	
  	
  	
  	
  	
  are	
  displacement	
  and	
  tracSon	
  around	
  the	
  boundary,	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  are	
  	
  
fundamental	
  	
  soluSons.

IGABEM formulation

Regularised	
  form	
  of	
  boundary	
  integral	
  equaSon	
  for	
  2D	
  linear	
  elasScity

 DiscreSse	
  the	
  geometry	
  and	
  soluSon	
  field	
  using	
  NURBS

IGABEM	
  formulaSon



3

Isogeometric	
  analysis	
  with	
  BEM

Approximate	
   the	
  unknown	
  fields	
  with	
   the	
   same	
  basis	
   	
   	
   funcSons	
  
(	
  NURBS,	
  T-­‐splines	
  …	
  )	
  as	
  that	
  used	
  to	
  generate	
  the	
  CAD	
  model	
  

direct	
  calcula(on

meshing

calcula(on

stress analysis•Exact	
  geometry.	
  
•High	
  order	
  conSnuity.	
  
•hpk-­‐refinement



IGABEM formulation

In	
  Parametric	
  space	
  

IntegraSon	
  in	
  parent	
  element	
  

Matrix	
  equaSon

IGABEM	
  formulaSon



Colloca(on	
  point	
  (Greville	
  abscissae)	
  

Boundary	
  condi(on	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Collocate	
  on	
  the	
  prescribed	
  boundary	
  

Integra(on	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  High	
  order	
  Gauss	
  integraSon

Special techniques for IGABEMSpecial	
  techniques	
  for	
  IGABEM



Nuclear reactorNuclear	
  reactor

L2

DOFs
4500

IGABEM

quadratic BEM



DamDam

Stress	
  analysis	
  without	
  meshing:	
  isogeometric	
  boundary-­‐element	
  method	
  
ICE	
  Proceeding,	
  2013,	
  H	
  Lian,	
  RN	
  Simpson,	
  SPA	
  Bordas	
  

http://scholar.google.co.uk/citations?view_op=view_citation&hl=en&user=xhdGcjkAAAAJ&citation_for_view=xhdGcjkAAAAJ:ufrVoPGSRksC


PropellerPropeller:	
  NURBS	
  would	
  require	
  several	
  patches	
  -­‐	
  single	
  patch	
  T-­‐splines

Isogeometric	
  boundary	
  element	
  analysis	
  using	
  unstructured	
  T-­‐splines	
  
MA	
  ScoO,	
  RN	
  Simpson,	
  JA	
  Evans,	
  S	
  Lipton,	
  SPA	
  Bordas,	
  TJR	
  Hughes,	
  TW	
  Sederberg	
  
CMAME,	
  2013.	
  

http://scholar.google.co.uk/citations?view_op=view_citation&hl=en&user=xhdGcjkAAAAJ&citation_for_view=xhdGcjkAAAAJ:WF5omc3nYNoC
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Part	
  I.b.1	
  Shape	
  op(misa(on	
  directly	
  from	
  
CAD	
  

 
 

Stéphane	
  P.A.	
  Bordas,	
  Pierre	
  Kerfriden,	
  Elena	
  Atroshchenko,	
  Xuan	
  Peng,	
  Haojie	
  Lian	
  

 
 

90



	
  Governing	
  equaSons	
  in	
  parametric	
  space,	
  which	
  can	
  be	
  viewed	
  as	
  material	
  
coordinate	
  system	
  

	
  DifferenSate	
  the	
  equaSon	
  w.r.t.	
  design	
  variables	
  (implicit	
  differenSaSon)	
  

	
  DiscreSse	
  the	
  derivaSves	
  of	
  displacement	
  and	
  tracSon	
  using	
  NURBS	
  basis	
  	
  

	
  	
  Finally

IGABEM sensitivity analysisIGABEM	
  sensiSvity	
  analysis	
  formulaSon



Pressure cylinder problem

Design	
  variable	
  is	
  outer	
  circle	
  radius	
  b

Pressure	
  cylinder	
  problem



Infinite plate with a hole

Design	
  variable	
  is	
  radius	
  R

Infinite	
  plate	
  with	
  a	
  hole



Example 3:      3D Lamé problem

Design	
  parameter:	
  	
  b

3D	
  Lamé	
  problem



Fillet

Design	
  curve	
  is	
  ED.	
  

Minimise	
  the	
  area	
  without	
  	
  

viola(ng	
  von	
  Mises	
  stress	
  	
  

criterion.

Fillet
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Shape	
  optimisation	
  directly	
  from	
  CAD

• IGA	
  

• BEM	
  

• T-­‐splines	
  

• Control	
  points	
  and	
  weights	
  as	
  design	
  variables	
  

• Maximize	
  stiffness,	
  minimise	
  volume

96
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Shape	
  optimisation	
  directly	
  from	
  CAD

97
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  burden
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Part	
  I.b.2	
  Isogeometric	
  Boundary	
  Element	
  
Method	
  for	
  Damage	
  Tolerance	
  Assessment	
  

directly	
  from	
  CAD 

 
 

1



102

2/18

http://met-tech.com/
Fatigue cracking of nozzle sleeve

➢Fatigue	
  Fracture	
  Failure	
  of	
  Structure	
  
•Initiation:	
  micro	
  defects 

•Loading	
  :	
  cyclic	
  	
  stress	
  state	
  
(temperature,	
  	
  corrosion)
➢Numerical	
  methods	
  for	
  crack	
  growth

•Volume	
  	
  methods:	
   
	
  	
  FEM,	
  XFEM/GFEM,	
  Meshfree 
•Boundary	
  methods:	
  	
  	
  BEM	
  

Bordas & Moran, 2006

XFEM+LEVEL SET
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Motivation

➢Challenges	
  in	
  volume-­‐based	
  methods

3/18

Efficiency &	
  Accuracy

XFEM 

adaptive	
  refinement

IGABEM 

Direct	
  CAD	
  used

crack

crack

direct	
  calculation 

calculation
stress analysis

mesh● Remeshing	
  (FEM) 

● Local	
  mesh	
  refinement IGA



Weighted	
  residual	
  method,	
  collocation

Linear	
  elasticity	
  problem:	
  

Approximation	
  of	
  	
  	
  	
  	
  :	
  

Weighted	
  residual	
  form:

Collocation	
  method:

sifting	
  property:	
  	
  

Galerkin	
  method	
  (variational	
  principle):



Kelvin	
  fundamental	
  solution

Navier	
  equation:	
  

Kelvin	
  solution:	
  	
  assuming	
  a	
  unit	
  concentrated	
  force	
  applied	
  on	
  
a	
  point	
  	
  	
  	
  	
  	
  in	
  the	
  infinite	
  domain	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  we	
  seek	
  	
  
and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  for	
  any	
  point	
  

for	
  3D	
  problems,	
  the	
  expressions	
  are:
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Boundary	
  integral	
  equations	
  (BIEs)	
  and	
  IGABEM	
  crack	
  modeling

NURBS(B-­‐Spline) 
p=2

Discontinous	
  Lagrange 
p=2

•Collocation:	
  Greville	
  Abscissae

•Displacement	
  BIE

•Traction	
  BIE

•NURBS	
  approximation
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Treatment	
  of	
  crack	
  tip	
  singularity	
  

•Partition	
  of	
  unity	
  enrichment	
  (2D)

•Consecutive	
  knot	
  insertion	
  at	
  crack	
  tip	
  (2D)	
  or	
  
along	
  	
  crack	
  front	
  (3D)
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Edge	
  crack	
   11/18
Crack	
  tip	
  refinement	
  VS	
  enrichment

Crack	
  opening	
  displacement Error	
  in	
  displacement	
  L2	
  norm

NURBS	
  VS	
  Lagrange:	
  convergence	
  in	
  SIFs,	
  no	
  crack	
  tip	
  treatment
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Inclined	
  centre	
  crack	
  (SGBEM,	
  Lagrange	
  	
  BEM,	
  IGABEM)

•IGABEM(r)	
  :Uniform	
  mesh	
  (refined	
  tip	
  element) 
•LBEM:	
  discontinuous	
  Lagrange	
  BEM 

•SGBEM:	
  symmetric	
  Galerkin	
  BEM,	
  Sutrahar&Paulino	
  (2004)

m:	
  number	
  of	
  elements	
  in	
  uniform	
  mesh	
  along	
  the	
  crack	
  surface

12/18
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Arc	
  crack	
  (M	
  integral,	
  J	
  integral)

•Uniform	
  mesh	
  +	
  refined	
  tip	
  element 
•Splitting	
  parameter	
  in	
  J	
  integral:

13/18

m:	
  number	
  of	
  elements	
  in	
  uniform	
  mesh	
  along	
  the	
  crack	
  surface
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Crack	
  growth	
  from	
  rivet	
  holes

•12	
  elements	
  for	
  each	
  circle 

•3	
  elements	
  for	
  initial	
  cracks	
  with	
  tip	
  refinement

14/18
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Crack	
  growth	
  through	
  rivet	
  holes 15/18
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114

Penny-­‐shaped	
  crack	
  under	
  remote	
  tension



115

Penny	
  crack	
  under	
  remote	
  tesion	
  (embeded	
  crack)
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Penny	
  crack	
  under	
  remote	
  tension	
  (embeded	
  crack)



117



118

NURBS-­‐represented	
  crack	
  growth	
  algorithm

•Fatigue	
  fracture:	
  Paris	
  law



119

Numerical	
  example	
  of	
  horizontal	
  penny	
  crack	
  growth	
  (first	
  10	
  steps)



120
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Numerical	
  example	
  of	
  inclined	
  elliptical	
  crack	
  growth	
  (first	
  10	
  steps)



122
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Modeling	
  techniques	
  for	
  surface	
  breaking	
  cracks

•Surface	
  discontinuity	
  
is	
  introduced

•Crack	
  	
  	
  à   trimming	
  
curve

•Trimmed	
  NURBS	
  
technique

•Phantom	
  node	
  method



124

Example	
  of	
  surface	
  breaking	
  cracks:	
  edge	
  crack	
  under	
  uniform	
  tension



• PUBLICATIONS 

• http://www.itn-insist.com/fileadmin/publications/2014/peng2.pdf 

• http://www.itn-insist.com/fileadmin/publications/2014/Peng1.pdf 

• https://orbilu.uni.lu/bitstream/10993/17098/1/dual_igabem5-space.pdf 

• https://publications.uni.lu/bitstream/10993/17100/1/dual_igabem5space.pdf 

• http://orbilu.uni.lu/bitstream/10993/22289/1/igabem3d_01doubleSpace.pdf 

• https://orbilu.uni.lu/handle/10993/26421 

• https://publications.uni.lu/handle/10993/21017 

• https://publications.uni.lu/bitstream/10993/17099/1/abstract_acomen.pdf 

• http://legato-team.eu/category/projects/mesh-burden/ 

• http://orbilu.uni.lu/handle/10993/17091

125

http://www.itn-insist.com/fileadmin/publications/2014/Peng1.pdf
https://orbilu.uni.lu/bitstream/10993/17098/1/dual_igabem5-space.pdf
https://publications.uni.lu/bitstream/10993/17100/1/dual_igabem5space.pdf
http://orbilu.uni.lu/bitstream/10993/22289/1/igabem3d_01doubleSpace.pdf
https://orbilu.uni.lu/handle/10993/26421
https://publications.uni.lu/handle/10993/21017
https://publications.uni.lu/bitstream/10993/17099/1/abstract_acomen.pdf
http://legato-team.eu/category/projects/mesh-burden/
http://orbilu.uni.lu/handle/10993/17091
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Difficulties	
  in	
  3D	
  application

crack trimmed	
  surface

CAD	
  model 
(trimmed	
  NURBS)	
  

Analysis-­‐suitable	
  
Splines

➢How	
  far	
  we	
  are	
  to	
  non-­‐trivial	
  3D	
  work	
  pieces

crack	
  evolution	
  
description

Stress	
  analysis

fracture	
  analysis

trimmed	
  multiple	
  
patches	
  &	
  T-­‐Splines

Input	
  from	
  Rhino,	
  
ProE,	
  UG,…
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Part	
  II.	
  Reducing	
  model	
  complexity 

 
 

1



Mo(va(on:	
  mulSscale	
  fracture	
  of	
  engineering	
  structures	
  and	
  materials

129

Prac(cal	
  early-­‐stage	
  design	
  simula(ons	
  (interac(ve)

[Allix, Kerfriden, Gosselet 2010]
Discretise

0.125 mm
50 mm

100 plies

courtesy: EADS

‣Reduce the problem size while controlling the error (in QoI) when 
solving very large (multiscale) mechanics problems  

Discretise

Surgical	
  simula(on	
  



Finite	
  element	
  a	
  priori	
  error	
  analysis	
  

Rough	
  soluSons	
  -­‐>	
  increasing	
  polynomial	
  order	
  has	
  no	
  effect	
  

-­‐>	
  enrichment	
  of	
  the	
  basis	
  enables	
  to	
  capture	
  the	
  exact	
  soluSon	
  

-­‐>	
  generalized	
  reproducing	
  condi.on	
  	
  

Interfaces	
  	
  

Lower	
  scales	
  -­‐>	
  higher	
  disconSnuiSes	
  -­‐>	
  interfaces	
  

Model	
  interfaces	
  by	
  separa(ng	
  or	
  linking	
  geometry	
  and	
  approximaSon	
  

Implicit	
  boundaries,	
  PUFEM,	
  XFEM,	
  meshfree…	
  

IGA	
  or	
  Geometry-­‐Induced	
  ApproximaSoNs	
  (GIAN)	
  

130

Summary (1/2)



Mul(scale	
  approaches	
  to	
  fracture	
  

Enrichment	
  (PUFEM,	
  GFEM,	
  XFEM…)	
  

Concurrent	
  

InformaSon-­‐passing/semi-­‐concurrent	
  	
  

Semi-­‐concurrent	
  methods	
  fail	
  in	
  souening	
  (RVE???)	
  

Hybrid	
  methods	
  enable	
  to	
  post-­‐peak	
  simulaSons

131

Summary (2/2)



Algebraic	
  model	
  order	
  reduc(on	
  

Quasi-­‐con(nuum	
  method	
  for	
  dissipa(ve	
  systems	
  

Bridging	
  the	
  homogenisa(on-­‐model	
  order	
  reduc(on	
  
gap	
  

Linearisa(on	
  of	
  mul(-­‐scale	
  problems	
  

Model	
  order	
  reduc(on	
  to	
  reduce	
  FE^2	
  problems

132

Today and tomorrow
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Motivation (2/2) - similar problems occur in aerospace

133

Advanced early-stage design simulations

[Allix, Kerfriden, Gosselet 2010]

Discretise

0.125 mm
50 mm

100 plies

courtesy: EADS

‣ Large	
  number	
  of	
  parametric	
  studies,	
  e.g.	
  load	
  cases	
  
‣ Account	
  for	
  the	
  variability	
  of	
  the	
  material

‣ Large	
  gradients	
  
‣ Explicit	
  mesostructure	
  descripSon

➡ Models and discretisations must be reduced

mailto:email@cardiff.ac.uk
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Ways to reduce the models

• HomogenisaSon	
  (FE^2,	
  etc.)	
  -­‐	
  Hierarchical	
  	
  

• Concurrent	
  and	
  hybrid	
  (bridging	
  domain,	
  ARLEQUIN,	
  etc.)	
  

• Enrichment	
  (PUFEM,	
  XFEM,	
  GFEM)	
  

• Model	
  reducSon	
  (algebraic)

134
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Part II.1. Reduction methods based on homogenisation

135
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Coupling of macroscopic and microscopic levels 
The volume averaging theorem is postulated for: 
  1) Strain tensor: 
  
  2) Virtual work  (Hill-Mandel condition): 
 
  3) Stress tensor: 

Definition of  an RVE 

mailto:email@cardiff.ac.uk
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Hierarchical multi-scale approaches (FE^2)

137

In softening regime: 
•  Lack of scale separation 
•  Macroscale mesh dependence 

The macroscopic constitutive law is not 
required 
Non-linear material behaviour can be simulated 
Microscale behaviour of material is monitored 
at each load step 
 
 

Advantages and abilities: Drawbacks: 

mailto:email@cardiff.ac.uk
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Details in Phil. Magazine, 2015, Akbari, Kerfriden, Bordas

mailto:email@cardiff.ac.uk
















Part II.2. Reduction methods based on algebraic 
reduction

148
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Illustration of the method of separated representation

149
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Illustration of the method of separated representation

150

C

1 = sin(0.01x)

C

2 = (x� 500)3

↵1 = e�0.02 t

↵2
= cos(

p
t)
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Illustration of the method of separated representation

151

+

=

C

1 = sin(0.01x)

C

2 = (x� 500)3

↵1 = e�0.02 t

↵2
= cos(

p
t)

C1↵1 + C2↵2

Very rich approximations!
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Data compression: get the nose with the POD!

152

50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

nc = 1 
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Data compression: get the nose with the POD!
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order 2 is 
enough)
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Data compression: get the nose with the POD!
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a posteriori model order reduction. Idea: search for the solution as a linear 
combination of a set of pre-calculated representative solutions 
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C =
�
U1 U2 ... UnC

�

(1)	
  Solve	
  FINE	
  for	
  n_S	
  parameters	
  (EXPENSIVE!)	
  

S =
�
S1 S2 ... SnS

�

(3)	
  TruncaSon	
  

Solution
Coefficients

Family of  
representative solutions

Approximation of the 
solution in a space of 
small dimension (nc)

F
Int

(U) + F
Ext

= 0

Initial set of equations

(4)	
  Galerkin	
  orthogonality	
  

S = U⌃VT =
nSX

k=1

⌃k Uk VkT

(⌃k)k2J1 nSKwhere                           in decreasing order

nS solutions, sorted by relevance

(2)	
  Singular	
  value	
  decomposiSon	
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• P.	
  Kerfriden,	
  P.	
  Gosselet,	
  S.	
  Adhikari,	
  and	
  S.	
  
Bordas.	
  Bridging	
  proper	
  orthogonal	
  
decomposi.on	
  methods	
  and	
  augmented	
  
Newton-­‐Krylov	
  algorithms:	
  an	
  adap.ve	
  model	
  
order	
  reduc.on	
  for	
  highly	
  nonlinear	
  mechanical	
  
problems.	
  Computer	
  Methods	
  in	
  Applied	
  
Mechanics	
  and	
  Engineering,	
  200(5-­‐8):850-­‐866,	
  
2011.
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Limitations: case of highly non-linear fracture mechanics pbs
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This solution is not in 
the snapshot !
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Application to a parametric fracture problem

157
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Application to a parametric fracture problem

158

‣ The	
  POD	
  soluSon	
  is	
  not	
  
able	
  to	
  reproduce	
  the	
  
soluSon	
  in	
  the	
  cracked	
  
area	
  
‣ Due	
  to	
  lack	
  of	
  correlaSon	
  

introduced	
  by	
  crack	
  
growth	
  
‣ Leads	
  to	
  a	
  local	
  projecSon	
  

error
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Parametric / stochastic multiscale fracture mechanics

159

➡ Reduced order modelling?➡ Direct numerical simulation: efficient preconditioner?

➡ Adaptive coupling?

First realisation Second realisation

Highly correlated solution fields

Localisation of fracture, uncorrelated
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THE RETURN OF THE MONKEY! 
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What can we do to address this lack of separation of 
scales/reducibility? 

161



bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu RealTcut

How we got to this point...

162

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3672853/ 
http://orbilu.uni.lu/bitstream/10993/12454/2/presentationUSNCCM.pdf 

mailto:email@cardiff.ac.uk
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3672853/
http://orbilu.uni.lu/bitstream/10993/12454/2/presentationUSNCCM.pdf
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Data compression: fracture

163

POD order 1

POD order 3

“Exact” solution

Snapshot POD (snapshot space is spanned by the 
ensemble of solutions at all time steps)
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Partitioned POD/DDM

164

mailto:email@cardiff.ac.uk


bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu RealTcut

Reduced DDM-POD

165

‣ Decompose	
  the	
  structure	
  into	
  
subdomains	
  
‣ Perform	
  a	
  reducSon	
  in	
  the	
  highly	
  

correlated	
  region	
  
‣ Couple	
  the	
  reduced	
  to	
  the	
  non-­‐

reduced	
  region	
  by	
  a	
  primal	
  Schur	
  
complement
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Order of the POD transforms
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Choice of the reduced subdomains: local error estimation by 
“leave one out cross-validation” (LOOCV)

• Reduced	
  subspaces	
  are	
  independent	
  and	
  we	
  assume	
  a	
  snapshot	
  is	
  a	
  
priori	
  available	
  
‣ (1)	
  Dimension	
  of	
  the	
  local	
  space	
  for	
  each	
  subdomain?	
  
‣ (2)	
  Is	
  a	
  given	
  subdomain	
  is	
  reducible?	
  

• (1)	
  and	
  (2)	
  will	
  be	
  treated	
  by	
  cross-­‐validaSon	
  (e.g.	
  W.	
  J.	
  Krzanowski.	
  
Cross-­‐validaSon	
  in	
  principal	
  component	
  analysis.	
  Biometrics,	
  43(3):
575-­‐584,	
  1987.)	
  
‣ Training	
  set:	
  snapshot	
  
‣ Valida(on	
  set:	
  set	
  of	
  addiSonal	
  finescale	
  soluSons	
  
‣ Independent	
  training/validaSon	
  avoids	
  overfi�ng	
  	
  
‣ Cross	
  validaSon	
  emulates	
  independence.	
  Error	
  calculated	
  using	
  

the	
  local	
  reduced	
  basis	
  obtained	
  by	
  a	
  snapshot	
  POD	
  transform	
  of	
  
all	
  the	
  available	
  snapshot	
  soluSons	
  except	
  the	
  one	
  corresponding	
  
to	
  the	
  value	
  of	
  the	
  summaSon	
  variable.	
  

• NOTE:	
  If	
  the	
  snapshot	
  is	
  not	
  assumed	
  a	
  priori	
  then	
  
‣ Assess	
  whether	
  the	
  snapshot	
  contains	
  sufficient	
  informaSon,	
  and	
  

generate	
  addiSonal,	
  suitable,	
  data	
  if	
  required	
  
‣ Most	
  analysis	
  (mostly	
  by	
  staSsScians)	
  assume	
  the	
  snapshot	
  is	
  known	
  a	
  

priori.	
  Recent	
  review:	
  Hervé	
  Abdi	
  and	
  Lynne	
  J.	
  Williams.	
  Principal	
  
component	
  analysis.	
  Wiley	
  Interdisciplinary	
  Reviews:	
  ComputaSonal	
  
StaSsScs,	
  2(4):433{459,	
  2010.
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Order of the POD transforms
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Performance: load angle 40 | 27 - 121 nodes

• RelaSve	
  error

168

40o 27o
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Performance: load angle 40 | 27 - 256 nodes

169

40o 27o

• RelaSve	
  error
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Performance: load angle 40 | 27 - 441 nodes

• RelaSve	
  error

170

40o 27o
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Performance: load angle 40 | 27 - 961 nodes
• RelaSve	
  error

171

40o 27o

• RelaSve	
  error
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Conclusion

●Dual	
  boundary	
  integral	
  equations	
  combined	
  with	
  isogeometric	
  
analysis	
  are	
  used	
  to	
  model	
  fracture	
  (2D	
  &	
  3D)	
  and	
  crack	
  growth	
  
(2D) 

●Partition	
  of	
  unity	
  enrichment	
  (2D)	
  and	
  graded	
  mesh	
  refinement	
  
(2D	
  &	
  3D)	
  are	
  used	
  to	
  improve	
  accuracy	
  near	
  the	
  crack	
  tip	
  or	
  crack	
  
front 

●Stable	
  quadrature	
  scheme	
  is	
  proposed	
  for	
  singular	
  integration	
  in	
  
3D.	
  This	
  makes	
  the	
  method	
  non-­‐sensitive	
  to	
  mesh	
  distortion 

●Different	
  ways	
  to	
  extract	
  stress	
  intensity	
  factors	
  based	
  on	
  the	
  
framework	
  of	
  IGABEM 

●Surface	
  breaking	
  crack	
  can	
  be	
  modeled	
  via	
  phantom	
  node	
  
method	
  with	
  help	
  of	
  trimmed	
  NURBS	
  technique 
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Conclusions

• Dual boundary integral equations combined with isogeometric 
analysis are used to model fracture (2D & 3D) and crack growth 
(2D) 

• Partition of unity enrichment (2D) and graded mesh refinement (2D 
& 3D) are used to improve accuracy near the crack tip or crack front 

• Stable quadrature scheme is proposed for singular integration in 
3D. This makes the method non-sensitive to mesh distortion 

• Different ways to extract stress intensity factors based on the 
framework of IGABEM   

➡ Questions  

• Geometry-independent field approximation (GIFT) 

• Independent displacement and traction approximations 

• Independent geometry and field approximations 

• Contact (BETI) 

• BEM Acceleration 
173
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Part	
  II.	
  Some	
  recent	
  advances	
  in	
  enriched	
  FEM 

 
 

1
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& Advanced MaterialsI

175

Handling	
  discon(nui(es	
  in	
  isogeometric	
  
formula(ons 

with	
  Nguyen	
  Vinh	
  Phu,	
  Marie	
  Curie	
  Fellow 

 
  1



PUM	
  enriched	
  methods	
  

Discon(nui(es	
  modeling	
  

• IGA:	
  link	
  to	
  CAD	
  and	
  
accurate	
  stress	
  fields	
  

•XFEM:	
  no	
  remeshing
176

Mesh	
  conforming	
  methods	
  

• IGA:	
  link	
  to	
  CAD	
  and	
  
accurate	
  stress	
  fields	
  

•Apps:	
  delaminaSon



PUM	
  enriched	
  methods	
  (XIGA)	
  

1. E.	
  De	
  Luycker,	
  D.	
  J.	
  Benson,	
  T.	
  Belytschko,	
  Y.	
  Bazilevs,	
  and	
  M.	
  C.	
  Hsu.	
  X-­‐FEM	
  
in	
  isogeometric	
  analysis	
  for	
  linear	
  fracture	
  mechanics.	
  IJNME,	
  87(6):541–565,	
  
2011.	
  	
  

2. S.	
  S.	
  Ghorashi,	
  N.	
  Valizadeh,	
  and	
  S.	
  Mohammadi.	
  Extended	
  isogeometric	
  
analysis	
  for	
  simulaSon	
  of	
  staSonary	
  and	
  propagaSng	
  cracks.	
  IJNME,	
  89(9):
1069–1101,	
  2012.	
  	
  

3. D.	
  J.	
  Benson,	
  Y.	
  Bazilevs,	
  E.	
  De	
  Luycker,	
  M.-­‐C.	
  Hsu,	
  M.	
  ScoO,	
  T.	
  J.	
  R.	
  Hughes,	
  
and	
  T.	
  Belytschko.	
  A	
  generalized	
  finite	
  element	
  formulaSon	
  for	
  arbitrary	
  basis	
  
funcSons:	
  From	
  isogeometric	
  analysis	
  to	
  XFEM.	
  IJNME,	
  83(6):765–785,	
  2010.	
  	
  

4. A.	
  Tambat	
  and	
  G.	
  Subbarayan.	
  Isogeometric	
  enriched	
  field	
  approximaSons.	
  
CMAME,	
  245–246:1	
  –	
  21,	
  2012.	
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NURBS	
  basis	
  funcSons enrichment	
  funcSons



Delamina(on	
  analysis	
  with	
  cohesive	
  elements	
  (standard	
  approach)

Z

⌦
�u · bd⌦+

Z

�t

�u · t̄d�t =

Z

⌦
�✏ : �(u)d⌦+

Z

�d

�JuK · tc([[u]])d�d

• No link to CAD
• Long preprocessing
• Refined meshes 



Isogeometric	
  cohesive	
  elements

1. C.	
  V.	
  Verhoosel,	
  M.	
  A.	
  ScoO,	
  R.	
  de	
  Borst,	
  and	
  T.	
  J.	
  R.	
  Hughes.	
  An	
  
isogeometric	
  approach	
  to	
  cohesive	
  zone	
  modeling.	
  IJNME,	
  87(15):336–360,	
  
2011.	
  	
  

2. V.P.	
  Nguyen,	
  P.	
  Kerfriden,	
  S.	
  Bordas.	
  Isogeometric	
  cohesive	
  elements	
  for	
  two	
  
and	
  three	
  dimensional	
  composite	
  delaminaSon	
  analysis,	
  2013,	
  Arxiv.

Knot	
  inser(on

quadratic basis



Isogeometric	
  cohesive	
  elements:	
  advantages

•	
  Direct	
  link	
  to	
  CAD	
  
•	
  Exact	
  geometry	
  
•	
  Fast/straigh�orward	
  generaSon	
    
	
  	
  	
  	
  of	
  interface	
  elements	
  
•	
  Accurate	
  stress	
  field	
  
•	
  ComputaSonally	
  cheaper

•	
  2D	
  Mixed	
  mode	
  bending	
  test	
  (MMB)	
  	
  
•	
  2	
  x	
  70	
  quarSc-­‐linear	
  B-­‐spline	
  elements	
  
•	
  Run	
  Sme	
  on	
  a	
  laptop	
  4GBi7:	
  6	
  s	
  
•	
  Energy	
  arc-­‐length	
  control	
  

V.	
  P.	
  Nguyen	
  and	
  H.	
  Nguyen-­‐Xuan.	
  High-­‐order	
  B-­‐splines	
  based	
  finite	
  elements	
  for	
  
delaminaSon	
  	
  analysis	
  of	
  laminated	
  composites.	
  	
  Composite	
  Structures,	
  102:261–275,	
  2013.	
  



Isogeometric	
  cohesive	
  elements:	
  2D	
  example

•Exact	
  geometry	
  by	
  NURBS	
  +	
  direct	
  link	
  to	
  CAD	
  
• It	
  is	
  straigh�orward	
  to	
  vary	
  
	
  	
  	
  	
  (1)	
  the	
  number	
  of	
  plies	
  and	
  
	
  	
  	
  	
  (2)	
  #	
  of	
  interface	
  elements:	
  
•	
  Suitable	
  for	
  parameter	
  studies/design	
  	
  
•	
  Solver:	
  energy-­‐based	
  arc-­‐length	
  method	
  (GuSerrez,	
  2007)	
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Isogeometric	
  cohesive	
  elements:	
  2D	
  example

183



Isogeometric	
  cohesive	
  elements:	
  3D	
  example	
  with	
  shells

•RotaSon	
  free	
  B-­‐splines	
  shell	
  elements	
  (Kiendl	
  et	
  al.	
  CMAME)	
  
•	
  Two	
  shells,	
  one	
  for	
  each	
  lamina	
  
•	
  Bivariate	
  B-­‐splines	
  cohesive	
  interface	
  elements	
  in	
  between	
  



Isogeometric	
  cohesive	
  elements:	
  3D	
  examples

•	
  cohesive	
  elements	
  for	
  3D	
  
meshes	
  the	
  same	
  as	
  2D	
  
•	
  large	
  deformaSons	
  



Isogeometric	
  cohesive	
  elements

•	
  singly	
  curved	
  thick-­‐wall	
  laminates	
  
•	
  geometry/displacements:	
  NURBS	
  
•	
  trivariate	
  NURBS	
  from	
  NURBS	
  surface(*)	
  
•	
  cohesive	
  surface	
  interface	
  elements

(*)V. P. Nguyen, P. Kerfriden, S.P.A. Bordas, and T. Rabczuk. An integrated design-analysis 
framework for three dimensional composite panels. Computer Aided Design, 2013. submitted.



Non-­‐matching	
  interface	
  elements	
  for	
  delaminaSon	
  and	
  contact

187



Non-­‐matching	
  interface	
  elements	
  for	
  delaminaSon	
  and	
  contact
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Non-­‐matching	
  interface	
  elements	
  for	
  delaminaSon	
  and	
  contact

189



Weak	
  form

190



191

The interface elements are of zero thickness.



2D	
  uniaxial	
  tension	
  test

192



3D	
  uniaxial	
  tension

193



2D	
  peeling	
  test

194



2D	
  peeling	
  test

195



2D	
  peeling	
  test

196



2D	
  peeling	
  test	
  F(D)	
  curves

197



2D	
  peeling	
  test	
  -­‐	
  role	
  of	
  integraSon

198



3D	
  peeling	
  test

199



Fibre-­‐reinforced	
  composite	
  -­‐	
  debonding

200



Non-­‐matching	
  interfaces

201



Fibre-­‐debonding	
  

202



Conclusions

‣ IncompaSble/non-­‐matching	
  elements	
  
‣ Small	
  strain	
  interfacial	
  fracture	
  
-­‐ No	
  need	
  for	
  conforming	
  meshes	
  along	
  the	
  interface	
  
-­‐ non-­‐matching	
  interface	
  
-­‐ no	
  high-­‐dummy	
  sSffness	
  
-­‐ fewer	
  elements	
  (up	
  to	
  twice	
  as	
  fast)	
  
-­‐ Newton-­‐Cotes	
  integraSon	
  leads	
  to	
  premature	
  failure

203



Third	
  medium	
  contact	
  formulaSon,	
  Wriggers

A	
  finite	
  element	
  method	
  for	
  contact	
  using	
  a	
  third	
  medium	
  P.	
  Wriggers	
  ·∙	
  J.	
  Schröder	
  ·∙	
  A.	
  
Schwarz	
  Comput	
  Mech	
  (2013)	
  52:837–847	
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Gap	
  funcSon

205
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•Nitsche	
  coupling	
  -­‐	
  NURBS-­‐NURBS

Future	
  work:	
  model	
  selecSon	
  (conSnuum,	
  plate,	
  beam,	
  shell?)

207

Model	
  selec(on	
  	
  
•	
  Model	
  with	
  shells	
  
•	
  IdenSfy	
  “hot	
  spots”	
  -­‐	
  dual	
  	
  
•	
  Couple	
  with	
  conSnuum	
  	
  
•	
  Coarse-­‐grain	
  

le
ve

l 0
 

gl
ob

al
le

ve
l 1

 
lo

ca
l 

RVE

load

thesis A. Akbari 
thesis O. Goury 
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Extended	
  finite	
  element	
  method	
  with	
  smooth	
  
nodal	
  stress	
  for	
  linear	
  elas(c	
  crack	
  growth 

with	
  Xuan	
  Peng,	
  PhD	
  student 

 
  1



Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

ØThe	
  construc(on	
  of	
  DFEM	
  in	
  1D

Provide	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  at	
  
each	
  node	
  

The	
  first	
  stage	
  of	
  
interpolaSon:	
  tradiSonal	
  FEM

DiscreSzaSon

The	
  second	
  stage	
  of	
  
interpolaSon:	
  reproducing	
  

from	
  previous	
  result

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  HermiSan	
  basis	
  funcSons
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

For	
  node	
  I, the	
  
support	
  elements	
  

are:	
   

ØCalcula(on	
  of	
  average	
  nodal	
  deriva(ves

Weight	
  funcSon	
  of	
  	
  	
  	
  	
  :

Element	
  length	
   

In	
  element	
  2,	
  we	
  use	
  linear	
  
Lagrange	
  interpolaSon: 
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

The	
  	
  	
  	
  	
  	
  	
  can	
  be	
  further	
  rewriOen	
  as:

SubsStuSng	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  into	
  the	
  second	
  stage	
  of	
  interpolaSon	
  
leads	
  to:
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Shape	
  funcSon	
  of	
  
DFEM	
  1D	
  

DerivaSve	
  of	
  Shape	
  
funcSon



213

Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

Same	
  procedure	
  for	
  2D	
  triangular	
  elements

First	
  stage	
  of	
  interpolaSon	
  (tradiSonal	
  FEM):	
  

Second	
  stage	
  of	
  interpolaSon	
  :	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  the	
  basis	
  funcSons	
  
with	
  regard	
  to	
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

Calcula(on	
  of	
  Nodal	
  deriva(ves:
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

Calcula(on	
  of	
  weights:

The	
  weight	
  of	
  triangle	
  i	
  in	
  support	
  
domain	
  of	
  I	
  is:
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

The	
  basis	
  func(ons	
  are	
  given	
  as	
  (node	
  I):

Area	
  of	
  triangle

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  funcSons	
  w.r.t
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Double-­‐interpola(on	
  finite	
  element	
  method	
  (DFEM)

Shape	
  func(ons
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The	
  enriched	
  DFEM	
  for	
  crack	
  simula(on

DFEM	
  shape	
  funcSon
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Numerical	
  example	
  of	
  1D	
  bar

E:	
  Young’s	
  Modulus 

A:	
  Area	
  of	
  cross	
  secSon 

L:Length

Problem	
  definiSon: AnalyScal	
  soluSons:

Displacement(L2)	
  and	
  energy(H1)	
  norm Rela(ve	
  error	
  of	
  stress	
  distribu(on
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Numerical	
  example	
  of	
  Can(lever	
  beam

AnalyScal	
  soluSons
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Numerical	
  example	
  of	
  Can(lever	
  beam

Mode-I crack results: 

a) explicit crack (FEM); 

b) only Heaviside enrichment; 

c) full enrichment
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Numerical	
  example	
  of	
  crack	
  propaga(on

crack
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Numerical	
  example	
  of	
  crack	
  propaga(on
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Conclusions

üSuperconvergence in elasticity problems 

üHigher accuracy than XFEM in fracture problems 

üConsistent with XFEM in terms of crack evolution 

üSmooth nodal stress without post-processing
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Problem:	
  In	
  XFEM/GFEM,	
  the	
  enrichment	
  funcSon	
  is	
  not	
  correctly	
  
reproduced	
  in	
  the	
  elements	
  that	
  	
  have	
  enriched	
  and	
  non-­‐enriched	
  
nodes	
  (blending).	
  

Stable	
  generalized	
  FEM

Enriched	
  node

Interface
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Solu(on:	
  Corrected-­‐XFEM	
  by	
  Fries	
  (2008).	
  Corrected	
  XFEM,	
  
subsStutes	
  f(x)	
  by	
  R(x)f(x),	
  where	
  R(x)	
  is	
  the	
  ramp	
  funcSon.	
  A	
  
conSnuous	
  funcSon	
  whose	
  value	
  is	
  1	
  in	
  the	
  enriched	
  elements,	
  0	
  in	
  
the	
  non-­‐enriched	
  elements	
  and	
  it	
  varies	
  conSnuously	
  between	
  0	
  and	
  
1.	
  

Stable	
  generalized	
  FEM

Non-­‐enriched	
  nodes
Enriched	
  nodes

Ramp	
  funcSon
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More	
  solu(ons	
  

•Suppressing	
  blending	
  elements	
  by	
  coupling	
  enriched	
  and	
  standard	
  
regions.	
  Laborde	
  et	
  al.	
  (2005)	
  Gracie	
  et	
  al(2008)	
  

•Hierarchical	
  shape	
  funcSons	
  in	
  blending	
  elements.	
  Chessa	
  et	
  al	
  
(2003)	
  Tarancón	
  et	
  al.	
  (2009)	
  

•Assumed	
  strain	
  blending	
  elements.	
  Chessa	
  et	
  al.	
  (2003)	
  Gracie	
  et	
  al.

Stable	
  generalized	
  FEM
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Another	
  solu(on:	
  Stable	
  GFEM	
  by	
  Babuška	
  and	
  Banerjee	
  (2012).	
  

In	
  SGFEM,	
  the	
  enrichment	
  funcSon	
  f(x)	
  is	
  subsStuted	
  by	
  the	
  
following	
  funcSon	
  f(x)-­‐ΣNi(x)f(xi).	
  It	
  is	
  to	
  say	
  f	
  minus	
  its	
  nodal	
  
interpolaSon.	
  

In	
  the	
  case	
  that	
  f(x)=|φ(x)|,	
  where	
  φ	
  is	
  the	
  level	
  set	
  of	
  the	
  interface	
  
we	
  are	
  trying	
  to	
  represent,	
  we	
  obtain	
  the	
  funcSon	
  introduced	
  by	
  
Moës	
  in	
  	
  2003.

Stable	
  generalized	
  FEM
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Problem:	
  The	
  sSffness	
  matrix	
  of	
  GFEM/XFEM	
  could	
  be	
  ill-­‐
condiSoned.	
  This	
  is	
  usually	
  the	
  case	
  when	
  the	
  interface	
  is	
  very	
  close	
  
to	
  a	
  node.	
  	
  

Stable	
  generalized	
  FEM

•Ill-­‐condiSoning	
  reduces	
  the	
  accuracy	
  when	
  direct	
  solvers	
  are	
  used	
  
(due	
  to	
  round-­‐off	
  errors).	
  

•In	
  iteraSve	
  solvers,	
  more	
  iteraSons	
  are	
  required	
  to	
  bring	
  the	
  error	
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Solu(on:	
  A	
  precondiSoner.	
  Menk	
  and	
  Bordas	
  (2011)	
  proposed	
  a	
  
precondiSoner	
  for	
  GFEM/XFEM.	
  	
  

Stable	
  generalized	
  FEM

•Very	
  robust	
  to	
  interfaces	
  passing	
  close	
  to	
  nodes.	
  
•Can	
  be	
  parallelized.	
  
•Not	
  very	
  easy	
  to	
  implement.	
  Tuning	
  is	
  needed.
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Basic	
  idea	
  The	
  domain	
  is	
  divided	
  only	
  for	
  the	
  enriched	
  DOFs.

Stable	
  generalized	
  FEM
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Another	
  solu(on	
  

•SGFEM,	
  if	
  2	
  assump.ons	
  hold,	
  a	
  s.ffness	
  matrix	
  with	
  condi.on	
  a	
  
number	
  similar	
  to	
  FEM	
  is	
  generated	
  

•Node	
  clustering	
  

Stable	
  generalized	
  FEM
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One	
  1-­‐D	
  bimaterial	
  bar.	
  The	
  exact	
  soluSon	
  is	
  in	
  the	
  finite	
  domain	
  

Stable	
  Generalised	
  FEM
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Circular	
  inclusion

Stable	
  Generalised	
  FEM
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Infinite	
  plate	
  with	
  crack	
  in	
  tension.	
  Displacements	
  prescribed	
  along	
  

Stable	
  Generalised	
  FEM
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Edge	
  crack	
  in	
  tension

Stable	
  Generalised	
  FEM
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Work	
  in	
  progress	
  

Development	
  of	
  3D	
  examples	
  

•Spherical	
  inclusion	
  

•Several	
  spherical	
  inclusions	
  

•Cracks	
  in	
  3D

Stable	
  Generalised	
  FEM
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All	
  those	
  examples	
  were	
  implemented	
  within	
  Diffpack.	
  Diffpack	
  is	
  a	
  
commercial	
  souware	
  library	
  used	
  for	
  the	
  development	
  numerical	
  
souware,	
  with	
  main	
  emphasis	
  on	
  numerical	
  soluSons	
  of	
  parSal	
  
differenSal	
  equaSons.	
  It	
  was	
  developed	
  in	
  C++	
  following	
  the	
  object	
  
oriented	
  paradigm.	
  

The	
  library	
  is	
  mostly	
  oriented	
  to	
  the	
  implementaSon	
  of	
  the	
  finite	
  
element	
  method,	
  however	
  it	
  has	
  tools	
  for	
  other	
  methods,	
  such	
  as	
  

Stable	
  generalized	
  FEM
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Stable	
  generalized	
  FEM
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Part	
  III.	
  ApplicaSon	
  to	
  mulS-­‐crack	
  propagaSon	
  
with	
  Danas	
  Sutula,	
  President	
  Scholar 

 
 

1



Numerical	
  Modeling	
  of	
  	
  
SOI	
  Wafer	
  Spli�ng



Physical	
  process

Manufacturing	
  process:	
  SmartCutTM	
  
• H+	
  ionizaSon	
  of	
  a	
  thin	
  surface	
  of	
  Si	
  

• Bonding	
  to	
  a	
  handle-­‐wafer	
  (sSffener)	
  

• High	
  temperature	
  thermal	
  annealing	
  

• NucleaSon	
  and	
  growth	
  of	
  caviSes	
  filled	
  with	
  H2	
  

• Pressure	
  driven	
  micro	
  crack	
  growth	
  

• Coalescence	
  and	
  post-­‐split	
  fracture	
  roughness

re
-­‐u
se

A

B

A

A

B

B

B

A

A

A
concerned	
  with

Si	
  wafer



Objec(ves

Determine:	
  
• micro	
  crack	
  nucleaSon	
  points	
  and	
  direcSon	
  

• mulSple	
  crack	
  paths	
  unSl	
  coalescence	
  

• Sme	
  to	
  complete	
  fracture	
  

• final	
  surface	
  roughness



Model

Modeling	
  cavi(es	
  by	
  zero	
  thickness	
  surfaces	
  
• disconSnuiSes	
  in	
  the	
  displacement	
  field	
  
Linear	
  elas(c	
  fracture	
  mechanics	
  (LEFM)	
  
• infinite	
  stress	
  at	
  crack	
  Sp,	
  i.e.	
  singularity

staSsScally	
  distributed	
  
disconSnuiSes

Cohesive	
  interface	
  with	
  
variaSon	
  in	
  surface	
  energy

fracture	
  criterion	
  at	
  the	
  
disconSnuity	
  Sp	
  

disconSnuity	
  subjected	
  
to	
  H2	
  pressure



XFEM	
  formula(on

Approxima(on	
  func(on:

singular	
  Sp	
  
enrichment

disconSnuous	
  
enrichment

standard	
  part

Enriched nodes 
         - “Heaviside” 
         - ”crack tip”



XFEM	
  formula(on



Discre(za(on:	
  XFEM

Extended	
  Finite	
  Element	
  Method	
  (XFEM)	
  
• Introduced	
  by	
  Ted	
  Belytschko	
  (1999)	
  for	
  elasSc	
  problems

Fracture	
  of	
  “XFEM”	
  using	
  XFEM



Plate	
  with	
  300	
  cracks	
  -­‐	
  ver(cal	
  extension	
  BCs

	
  

	
  

Fracture	
  process



Ver(cal	
  extension	
  of	
  a	
  plate	
  with	
  300	
  cracks

Example	
  #1

Post-­‐split	
  roughness



Example	
  #2

Mechanical	
  spliong	
  of	
  a	
  wafer	
  sample	
  
• Post-­‐split	
  roughness	
  as	
  a	
  funcSon	
  of	
  micro	
  crack	
  distribuSon	
  

3 (mm)

1.
5 

(m
m

)

0.5 (mm)

	
  

	
  

damaged	
  zone	
  
(studied	
  area)



Example	
  #2

Mechanical	
  spliong	
  of	
  a	
  wafer	
  sample	
  
• DiscreSsaSon	
  (≈1mln.	
  DOF,	
  he	
  =	
  150	
  nm)

	
  

Fracture	
  control	
  parameters	
  
-­‐	
  iniSal	
  cracked	
  length:	
  
-­‐	
  damage	
  thickness:



Fracture	
  roughness	
  results	
  
• Case	
  example:	
   	
   ,	
  

• Case	
  example:	
   	
   ,

Example	
  #2

more	
  rough

less	
  rough



Summary

LEFM	
  model	
  
• Assuming	
  mechanical	
  interacSons	
  dominate	
  during	
  micro	
  crack	
  

growth	
  	
  

Crack	
  growth	
  
• crack	
  Sp	
  with	
  max	
  SIF	
  in	
  direcSon	
  of	
  max	
  hoop	
  stress	
  

Discre(za(on	
  
• XFEM	
  for	
  efficient	
  mulSple	
  fracture	
  modeling
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Part	
  IV.	
  ApplicaSon	
  to	
  surgical	
  simulaSon	
  
with	
  INRIA,	
  France;	
  Karol	
  Miller,	
  UWA. 

 
 

1RealTcut  
Interactive multiscale 
cutting simulations 



Surgical simulation (real time/interactivity)

SimLearning AssistancePlanning

PrecisionRealTcut  

bordasS@cardiff.ac.uk, stephane.bordas@alum.northwestern.edu RealTcut

iMAMThe ERC RealTcut project

‣ Reduce the problem size while controlling error in solving 
very large multiscale mechanics problems  

complex 
microstructure

Courtecuisse et al. PBMB 2011

Discretise

257

mailto:email@cardiff.ac.uk


ERC	
  StarSng	
  Grant	
  -­‐	
  RealTcut	
  -­‐	
  2012-­‐2016

‣ reduce the problem size but preserve relevant mechanical 
information, control the error  

complex  
microstructure

discretization

Real-­‐(me/interac(vity	
  for	
  non-­‐linear	
  problems	
  involving	
  topological	
  
changes

SimapprenSssage assistanceplanificaSon

précision	
  requise

complexité	
  des	
  calculs

RealT cut 

258

Interac(ve	
  simula(on	
  of	
  cuong	
  in	
  sop	
  (ssue	
  



Approach

Concrete	
  objec(ve:	
  compute	
  the	
  response	
  of	
  organs	
  during	
  surgical	
  
procedures	
  (including	
  cuts)	
  in	
  real	
  Sme	
  (50-­‐500	
  soluSons	
  per	
  second)
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Two	
  schools	
  of	
  thought	
  
‣ constant	
  Sme	
  

➡accuracy	
  ouen	
  controlled	
  
visually	
  only	
  

‣ model	
  reducSon	
  or	
  “learning”	
  

➡scarce	
  development	
  for	
  
biomedical	
  problems	
  

➡no	
  results	
  available	
  for	
  
cu�ng	
  

Proposed	
  approach:	
  maximize	
  accuracy 
for	
  given	
  computaSonal	
  Sme.	
  Error	
  control
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  et	
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  2013]	
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First	
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Model	
  
reduc(on



Error	
  control	
  

•interacSvity	
  
•space-­‐Sme	
  discreSzaSon?	
  
•opSmize	
  use	
  of	
  compute	
  
resources	
  

Complex	
  geometries	
  from	
  
medical	
  images	
  

Topological	
  changes	
  &	
  contact	
  

Verifica(on	
  &	
  Valida(on	
  

Four	
  main	
  difficulSes
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Model	
  
reduc(on

Advanced	
  
discre(za(on	
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zone

calculs	
  offline	
   calculs	
  online:	
  interacSvité

acSon	
  de	
  l’instrument

généra(on	
  soluSons	
  
parSculières

tri	
  
pré-­‐opératoire	
  	
  

“mapping”	
  
spécifique	
  	
  
paSent	
  

~10^3	
  	
  
snapshots

POD	
  

O(10)	
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espace	
  
réduit	
  de	
  
peSte	
  
dimension	
   approximaSon	
  

POD	
  globale
Local	
  (FE)

Local	
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~10^6	
  
snapshots
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  “pointe	
  
de	
  coupe”

r

u

calcul	
  champs	
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représentaSon	
  
locale
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Results	
  -­‐	
  Dr	
  Hadrien	
  Courtecuisse,	
  PhD	
  INRIA
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NUMERICAL	
  SOLUTION

GEOMETRICAL	
  MODEL	
   DISCRETISATION

MATERIAL	
  MODELS	
  
Phenomenological	
  	
  
Elasticity/Plasticity	
  

Crack	
  growth	
  law	
  (Paris…)	
  
Fracture	
  energy	
  

Maximum	
  tensile	
  strength	
  
Multi-­‐scale	
  

Debonding,	
  Fibre	
  pull-­‐out	
  
Fibre	
  breakage,	
  interface	
  fracture,	
  

grains,	
  dislocations,	
  MD,	
  
quantum…	
  

A	
  POSTERIORI	
  
ERROR	
  	
  

CONTROL

EXPERIMENTS

Validation & parameter identification

Verification

CONVENTIONAL	
  APPROACH	
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NUMERICAL	
  
SOLUTION

GEOMETRICAL	
  
MODEL	
  

DISCRETISATION

LEARN	
  MATERIAL	
  
MODELS	
  

which scales?
what models?

what parameters?
what scale transition?
what data is missing?

A	
  
POSTERIORI	
  

REAL	
  SYSTEM

DIGITAL	
  TWIN	
  OF	
  THE	
  SYSTEM

DATA	
  

INFORMATION	
  

Strain

Structural 
Health

Cracks

Environment
Conditions

Scales of 
interest

Crack 
growth 

rate

Worst load 
combination

Inspection 
interval Mission?



a-­‐priori	
  
knowledge

upscaling	
  
techniques

automatic	
  
model	
  selection

data	
  &	
  
measurements

VISION

Scales++
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Machine
Learning

data

Models

General approach 
No predefined model

fracture patterns in a composite panel



Digital  Twins… 267

Characterisation Monitoring
Multiscale	
  models	
  are	
  

unreliable
Quantitative	
  
predictions	
  ?

Fracture/lack	
  of	
  scale	
  
separationLearn	
  better	
  models

Measure Analyse	
  &	
  Learn	
  
from	
  data

Improved	
  model

Identify	
  missing	
  
data Validate



268

10010110100011110100101010100010100100101
10101010101010101101111100011010100001110
1010000100000001110101111001010010111101
01110101011110100000011111000010000000111

101000010000000111010111100101001011110101010101011101001010100100101010100000011110101010100000001110101010100101001001010010010101101111111000111010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100010100

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100010100

10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100101001001010110111111100011000101

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100
101000010000000111010111100101001011110101010101011101001010100100101010100000011110101010100000001110101010100101001001010010010101101111111



269

10010110100011110100101010100010100100101
10101010101010101101111100011010100001110
1010000100000001110101111001010010111101
01110101011110100000011111000010000000111

101000010000000111010111100101001011110101010101011101001010100100101010100000011110101010100000001110101010100101001001010010010101101111111000111010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100010100

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100010100

10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100101001001010110111111100011000101

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100100101011011111110001100
101000010000000111010111100101001011110101010101011101001010100100101010100000011110101010100000001110101010100101001001010010010101101111111



270

10010110100011110100101010
1010101010101010110111110010100001000000011101011110111010101111010000001111

1010000100000001110101111001010010111101010101010111010010101001001010101000000111101010101000000011101010101001010010010100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100

10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100

10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100
10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100

10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100100
10100001000000011101011110010100101111010101010101110100101010010010101010000001111010101010000000111010101010010100

• Experience	
  every	
  event	
  that	
  its	
  flying	
  twin	
  experiences	
  

• Will	
  revoluSonise	
  cerSficaSon,	
  fleet	
  management	
  and	
  support	
  (mirrors	
  life	
  
of	
  the	
  “as-­‐built”	
  state)	
  

• Will	
  decrease	
  weight	
  	
  

• no	
  reliance	
  on	
  staSsScal	
  distribuSon	
  of	
  material	
  properSes	
  

• no	
  reliance	
  on	
  heurisSc	
  design	
  methods	
  

• less	
  reliance	
  on	
  physical	
  tesSng	
  (environment?)	
  

• no	
  assumed	
  similitude	
  between	
  tesSng	
  and	
  operaSonal	
  condiSons	
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  energy	
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  pull-­‐out	
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  breakage,	
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  fracture,	
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  dislocations,	
  MD,	
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When the material model is not known, this conventional 
approach is inadequate

Deep-­‐brain	
  sSmulaSon
Courtesy Alexandre Bilger, PhD thesis, Inria, 2014
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NUMERICAL	
  SOLUTION

IMAGE/MODEL	
   DISCRETISATION

MATERIAL	
  MODELS	
  

Phenomenological	
  	
  
Neo-­‐Hookean,	
  Ogden,	
  …	
  

Multi-­‐scale	
  
cutting,	
  fracture,	
  

???	
  

Patient	
  specific	
  ???

A	
  POSTERIORI	
  
ERROR	
  	
  

CONTROL

EXPERIMENTS	
  ???

Validation & parameter identification

Verification

Alex Bilger
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REAL	
  PATIENT

DIGITAL	
  TWIN	
  OF	
  THE	
  PATIENT

DATA	
  

INFORMATION	
  

Organ 
state

Health

Disease

Environment
Conditions

Scales of 
interest

Disease 
evolution

“Inspection”i
nterval Fitness

Treatment 
simulation



Model

Data

Global error

Local errors

Multi-physics Multi-scale Data-enriched

> Eg

< Eg

Global single scale  
model selection

h, p refinement

analytical 
enrichment

experimental 
enrichment

atomistics

meso-scopic

continuum
a priori 

a posteriori 
real-time

Data-aware 
mechanics 
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