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ABSTRACT

Reliable spectrum cartography of directive sources depends on an

accurate estimation of the direction of transmission (DoT) as well

as the transmission power. Joint estimation of power and DoT of

a directive source using ML estimation techniques is considered in

this paper. We further analyze the parametric identifiability condi-

tions of the problem, develop the estimation algorithm, and derive

the Cramer-Rao-Bound (CRB).

Index Terms— Direction of transmission (DoT), ML estima-

tion, spectrum cartography, cognitive radio, directive source

1. INTRODUCTION

Spectrum cartography or radio environment mapping is considered

as an efficient technique to produce a dynamic database of the in-

cumbent users. This database can enable a network level deploy-

ment of cognitive radios [1]. However, spectrum cartography has

plethora of other applications, e.g. network monitoring, malicious

user detection, interference monitoring, and etc. The cornerstone of

any spectrum cartography technique is a collaboration of sensors to

estimate source parameters, e.g. location and power [2, 3, 4, 5, 6].

Most of these works provide efficient tools for spectrum cartography

of omni-directional sources which is a valid assumption for lower

parts of the frequency spectrum. However, considering the highly

directive nature of wireless communications in higher parts of spec-

trum (e.g. Ka band, mmWave, etc. [7]), estimation of direction

of transmission (DoT) becomes an essential component of spectrum

cartography in order to obtain accurate results.

There are few works which touch the problem of DoT estimation

for spectrum cartography, [5, 6]. However, they do not consider the

joint estimation of power and DoT, and further, the developed tech-

niques only consider the case with Gaussian shaped antenna radia-

tion patterns and can not be applied to a generalized antenna pattern.

In [8], we developed a joint power and DoT estimation for a direc-

tive source, considering the source signal to be known to the sensors.

The developed algorithm of [8] can be applied to any antenna radi-

ation pattern with a single main lobe. However, in most cases the

source signal is not known, and further the algorithm of [8] incurs

a high complexity in terms of synchronization between the sensors

and the source, and among the sensors.

Here, the joint estimation of power and DoT is investigated by

considering the source signal to be unknown but random with a

known distribution. A number of sensors collect observations, and

transmit their observations to a fusion center (FC). The FC is re-

sponsible to infer the received data and globally estimate the power

This work is partially supported by FNR SATSENT Project.

and DoT. Unlike the setup in [8], the sensors are not synchronized

in sampling. Such a condition leads to different analysis and results

than [8]. Further, we provide a set of sufficient conditions for the

problem to be identifiable in this paper which are not presented in

[8]. Following the introduction of the signal model, the underlying

parameter identifiability conditions of the model are derived in Sec-

tion 2. Afterward, we develop the estimation algorithm, and derive

the Cramer-Rao-Bound (CRB) in Section 3. As shall be shown in

Section 4, where a set of simulations results are depicted, the de-

veloped algorithm performs close to the CRB. Finally, we draw our

conclusions in Section 5.

2. SYSTEM MODEL AND IDENTIFIABILITY ANALYSIS

We consider a source which employs a directive antenna with a

known radiation pattern, and a single main lobe. The transmission

occurs in a deterministic but unknown direction. The DoT is de-

noted by angle φ towards a specific reference line and represents

the direction of the main lobe. We denote Ps as the source trans-

mission power, and M > 1 as the number of sensors which are

located at different angles towards the reference line denoted by

θi, i = 1, · · · ,M . A schematic figure for the considered model of

the source and the sensors is depicted in Fig. 1. The sensors collect

the samples and send them sequentially to the FC for global data fu-

sion. To reduce the overhead and complexity, we assume sensors are

not synchronized to each other for sampling. Further, we consider a

scenario where the FC is aware of the sensors locations (and thus the

angles θi, i = 1, · · · ,M ) as well as the location of the source. This

information can be obtained either through a database or estimated

using localization techniques, e.g. [9, 10, 11]. However, the FC is

not aware of the transmission power Ps and φ. The goal of the FC is

to jointly estimate Ps and φ based on sensors observations. Further,

we assume that the position of the sensors and the source are fixed

during the estimation period.

Denoting xi[n], i = 1, · · · ,M to be the received signal at

time n and sensor i, and assuming an additive-white-Gaussian-noise

(AWGN) channel model, we have

xi[n] =
√

PsG(φ, θi)h(di)si[n] + wi[n], (1)

where h(di) is the path-loss gain over source to sensor distance of

di, G(φ, θi) is the antenna gain in the direction of sensor i, si[n]
is the real-valued source signal received at sensor i at its n-th sam-

pling instance, and wi[n] is the i.i.d. AWGN with zero-mean and

variance σ2
w which is assumed to be known. The path-loss gain is

obtained by h(di) = (4πdi/λ)
−γ , d 6= 0, where λ is the source sig-

nal wavelength, and γ is the path-loss exponent. Since the sensors

sampling instances are not synchronized, the source signal received



Fig. 1. Schematic configuration of the considered system model.

at them at the n-th sampling instance is not the same, that is why

we use the index i for si[n]. Further, the signal si[n] is usually un-

known, therefore, one way of modeling it is to assume a random vari-

able following a zero mean i.i.d. Gaussian distribution with variance

σ2
s . This is the model we follow in order to develop the estimation

algorithm. Because of this model and the fact that sampling is per-

formed asynchronously among the sensors, and that we assume the

sensors are sufficiently far from each other, xi[n]s are independent

both over time and space. However, if the sensors sampling is syn-

chronous, then the observations are spatially correlated which needs

a different analysis, and is a subject of further study.

Before going through the detail of the estimation problem and its

corresponding algorithm, in the following theorem, we establish the

sufficient conditions for the considered model to be parametrically

identifiable. In this theorem ∀ denotes “for all”, and ∃ denotes “there

is”.

Theorem 1. The model in (1) is identifiable, if the following

conditions are satisfied,

1. ∀φ 6= φt : ∃θi : G(φ, θi) 6= G(φt, θi).

2. ∀∆ 6= 1 and φ 6= φt : ∃θi : G(φ, θi) 6=
1
∆
G(φt, θi), where

∆ = Ps

P t
s

.

With φt and φ denoting the true and estimated DoT, respectively,

and P t
s and Ps denoting the true and estimated transmission power.

Proof. Parameter identifiability means that model param-

eters can be uniquely determined from a set of noise and er-

ror free observations [13, 14]. Hence, in our case, we need to

show that the set of equations ∀i : si[n]
√

PsG(φ, θi)h(di) =

si[n]
√

P t
sG(φt, θi)h(di) results in Ps = P t

s and φ = φt, with P t
s

and φt denoting the true Ps and φ. Therefore, the problem boils

down to finding the conditions under which no other Ps 6= P t
s or

φ 6= φt can result in PsG(φ, θi) = P t
sG(φt, θi) ∀i.

First, we start with the case where φ = φt but Ps 6= P t
s . In this

case, it is clear that there is no Ps 6= P t
s for which PsG(φ, θi) =

P t
sG(φt, θi). Therefore, if φ = φt, the problem is always identifi-

able.

Now, we consider the case where Ps = P t
s , but φ 6= φt. This

way, the problem is identifiable if ∀i, φ 6= φt : G(φ 6= φt, θi) 6=
G(φt, θi). This condition does not hold for a general antenna pat-

tern, all the time, e.g. symmetric antenna patterns as in Fig. 2a. In

this case, the problem is identifiable if the common solution of the

set G(φ, θi) = G(φt, θi), i = 1, · · · ,M, is unique. It is clear that

all the equations have at least a common solution which is φ = φt,
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Fig. 2. (a): A symmetric antenna pattern example, (b) and (c): a not

identifiable and an identifiable setup example with φ = π
2

in both,

and θ1 = 0, θ2 = π in (b), and θ1 = 0, θ2 = 2π
3
, θ3 = 4π

3
in (c).

The solid blue line shows the true DoT, and the dashed blue line in

(b) depicts the ambiguity. It is clear that in (b) both φ = π
2

and φ =
3π
2

leads to the same power and gain product, thus the problem is not

identifiable. This ambiguity is resolved in (c), because of addition of

one more sensor.

and further, the uniqueness can be satisfied if ∀φ 6= φt : ∃θi :
G(φ, θi) 6= G(φt, θi).

Finally, we look into the case where Ps 6= P t
s , and φ 6= φt.

Assuming Ps = ∆P t
s , the problem in this case is unidentifiable if

∃φ 6= φt : G(φ 6= φt, θi) = 1
∆
G(φt, θi) for all is. Therefore, the

problem becomes identifiable if ∀∆ 6= 1, φ 6= φt : ∃θi : G(φ 6=
φt, θi) 6=

1
∆
G(φt, θi). And this concludes our proof. �

From Theorem 1, we can see that the parameter identifiability

of (1) depends on the proper selection of the sensors, which in turn

depends on the specific G(φ, θi) function of the source. Below, we

outline the proper selection/placement of the sensors for the specific

case of symmetric antenna patterns (e.g. Horn antennas) in order to

gain additional insight into the conditions outlined in Theorem 1.

In the symmetric antenna patterns, the gain function only de-

pends on |φ − θi| where | · | denotes the absolute value, and thus

G(φ− θi) = G(θi − φ) = G(φ− θi + π), 0 ≤ φ ≤ 2π. Note, for

this discussion, we consider a symmetric antenna pattern which is a

one-to-one monotonically decreasing function over |φ−θi| ∈ [0, π],
e.g. Fig. 2a. Since, we are not aware of the specific value of (P t

s , φ
t),

we need to select the sensors such that irrespective of φt, the identi-

fiability conditions in Theorem 1 always hold.

For the first condition in Theorem 1, assuming P t
s to be known,

it is easy to show that this condition is satisfied, if at least three

of the sensors are located on both sides of φt at different θis (e.g.

Fig. 2c). Note that two sensors located on both sides of φt are not

sufficient for identifiability as in Fig. 2b. Further, in order to make

sure that irrespective of φt, the the selected sensors (M ≥ 3) make

the problem identifiable, one of the possibilities is to choose/place

the sensors with equal angular distance to each each other, e.g. θi =
(i− 1) 2π

M
as in Fig. 2c.

To satisfy the second condition in Theorem 1, one approach

could be to select the sensors such that ∀φt,∆ 6= 1 : ∃θi :



∂G(φt,θi)
∂φt 6= 1

∆
. Assuming a non-linear gain pattern as in Fig. 2a

(which is mostly the case), again, one approach can be to select/place

the sensors such that θi = (i − 1) 2π
M

(e.g. Fig. 2c). In this case,

for all possible φt and ∆, there is always at least one sensor i for

which
∂G(φt,θi)

∂φt 6= 1
∆

. This is an important result for identifiable

estimation setup of symmetric antenna patterned sources. Hence,

we highlight a generalized description of this discussion in the fol-

lowing proposition which can be proved easily following the same

way as discussed above.

Proposition 1: If the source is equipped with a non-linear sym-

metric antenna pattern which is a one-to-one non-linear decreasing

function over |φ−θi| ∈ [0, ω], the model parameters are identifiable

if θi = (i− 1) 2π
M

, i = 1, · · · ,M , with M > 2π
ω
, and ω ≤ π.

In the following section, we provide the required algorithms in

the FC to estimate the power and DoT of the source using maximum

likelihood (ML) estimation technique.

3. ANALYSIS AND PROBLEM FORMULATION

In this section, ML estimation of Ps and φ is considered. Without

loss of generality, we assume σ2
s = 1. Therefore, for the required

probability distribution function of xi[n], we obtain

p(xi[n]) =
1

√

2π[PsG(φ, θi)h(di) + σ2
w]

exp
(

−
1

2

x2
i [n]

PsG(φ, θi)h(di) + σ2
w

)

, (2)

and after calculating the joint likelihood of
{

xi[n]
}

s and applying

the natural logarithm, we obtain the log-likelihood (LL) function of

Ps, φ denoted by LL(Ps, φ) as follows

LL(Ps, φ) =
M
∑

i=1

[

−
N

2
ln

(

2π[PsG(φ, θi)h(di) + σ2
w]
)

−
1

2

∑N

n=1 x
2
i [n]

PsG(φ, θi)h(di) + σ2
w

]

, (3)

where we used the fact that
{

xi[n]
}

s are independent in time and

between the sensors. We then estimate Ps and φ by maximizing the

function in (3) as follows,

max
Ps,φ

LL(Ps, φ) s.t. Ps ≥ 0, 0◦ ≤ φ ≤ 360◦. (4)

To solve the problem, first we obtain the ML of Ps assuming a

given φ, and then we insert the obtained result in (4) and perform a

grid search to find the optimal φ and consequently Ps. For a given

φ = φg , the optimal Ps is obtained by the following theorem.

Theorem 2. For a given φ = φg , the optimal Ps denoted by P ∗

s

is obtained by

• If
∑M

i=1 G(φg, θi)h(di)(Xi − Nσ2
w) ≤ 0 then P ∗

s = 0. In

practice, this is equivalent to the case where the transmitter is

estimated to be “off”.

• If
∑M

i=1 G(φg, θi)h(di)(Xi − Nσ2
w) > 0 then P ∗

s is the

unique solution of ∂LL
∂Ps

= 0, with ∂LL
∂Ps

=

∑M

i=1 −

[

NG(φg ,θi)h(di)

2
(

PsG(φg ,θi)h(di)+σ2
w

)+
G(φg ,θi)h(di)Xi

2
(

PsG(φg ,θi)h(di)+σ2
w

)

2

]

,

where Xi =
∑N

n=1 x
2
i [n], which can be solved e.g. by New-

ton method.

Proof. In order to prove Theorem 2, first we calculate
∂LL(Ps,φg)

∂Ps
,

and we obtain

∂LL(Ps, φg)

∂Ps

=

M
∑

i=1

[

−
NG(φ, θi)h(di)

2
(

PsG(φ, θi)h(di) + σ2
w

)

+
G(φ, θi)h(di)Xi

2
(

PsG(φ, θi)h(di) + σ2
w

)2

]

. (5)

It is clear the the negative term in (5), i.e. − NG(φ,θi)h(di)

2
(

PsG(φ,θi)h(di)+σ2
w

) is

increasing in Ps, while the positive term, i.e.
G(φ,θi)h(di)Xi

2
(

PsG(φ,θi)h(di)+σ2
w

)

2

is decreasing in Ps. Further, it is clear that the rate of increase of the

negative term is slower than the rate of decrease of the positive term.

This shows that the negative term of (5) can intersect the positive

term only once. For Ps = 0,
∂LL(Ps,φg)

∂Ps
has two possibilities as

follows.

• If
∂LL(Ps,φg)

∂Ps

∣

∣

∣

∣

Ps=0

≤ 0 and thus
∑M

i=1 G(φg, θi)h(di)(Xi−

Nσ2
w) ≤ 0, with increasing Ps, the positive term reduces

while the negative term increases, and hence
∂LL(Ps,φg)

∂Ps

remains not positive. Therefore, the optimal Ps in this case is

P ∗

s = 0.

• If
∂LL(Ps,φg)

∂Ps

∣

∣

∣

∣

Ps=0

> 0 and thus
∑M

i=1 G(φg, θi)h(di)(Xi−

Nσ2
w) > 0, then the positive and negative terms will intersect

each other only once at P ∗

s > 0, and after that
∂LL(Ps,φg)

∂Ps

becomes negative. Therefore, the optimal Ps in this case is

the unique root of ∂LL
∂Ps

. �

Then, we insert P ∗

s in (3), and thus the optimal φ and conse-

quently optimal Ps can be estimated by solving the following line-

search problem,

max
φ

LL(P ∗

s , φ) s.t. 0◦ ≤ φ ≤ 360◦, (6)

where P ∗

s (φ) is obtained from Theorem 2. The joint estimation of

Ps and φ using (6) is depicted in a more clear way in Algorithm 1.

Algorithm 1 Joint Ps and φ estimation algorithm.

Input: φ = 0, δφ as the search step size,

1: Step 1: Find P ∗

s for φ from Theorem 2, and store φ, P ∗

s (φ), and

LL(P ∗

s , φ).
2: Step 2: φ = φ+ δφ.

3: while φ ≤ 360◦ do go to step 1.

4: end while

5: Find (φ, P ∗

s (φ)) which has the maximum LL(P ∗

s , φ) in storage.

6: if P ∗

s = 0 then

7: announce the transmitter is “off”.

8: else

9: Estimate Ps and φ by (φ, P ∗

s (φ)).
10: end if

Remark 1: Looking at the estimator, we can see that the sen-

sors only need to communicate the accumulated energy (i.e. Xi) of

the received samples to the FC. This reduces the communications

overhead significantly, and is different from [8], where sensors need

to communicate the cross correlation of the observations with the

known signal to the FC, which requires an accurate synchronization.



After finding the algorithm in (6), the Cramer-Rao-Bound

(CRB) can be derived as a benchmark for estimation accuracy evalu-

ation. After some algebraic calculations we obtain the CRB(Ps, φ) =
CRB(Ps) + CRB(φ) as follows,

CRB(Ps, φ) =
2

N(A− B)

[ M
∑

i=1

(

Psh(di)G
′

(φ, θi)

PsG(φ, θi)h(di) + σ2
w

)2

+
M
∑

i=1

(

G(φ, θi)h(di)

PsG(φ, θi)h(di) + σ2
w

)2]

, (7)

with G
′

(φ, θi) =
∂G(φ,θi)

∂φ
, and

A =
M
∑

i=1

(

Psh(di)G
′

(φ, θi)

PsG(φ, θi)h(di) + σ2
w

)2

×
M
∑

i=1

(

G(φ, θi)h(di)

PsG(φ, θi)h(di) + σ2
w

)2

,

and

B =

( M
∑

i=1

Psh
2(di)G(φ, θi)G

′

(φ, θi)
(

PsG(φ, θi)h(di) + σ2
w

)2

)2

.

Further, the individual CRB for Ps and φ are given by

CRB(Ps) =
2

N(A− B)

[ M
∑

i=1

(

Psh(di)G
′

(φ, θi)

PsG(φ, θi)h(di) + σ2
w

)2]

, (8)

and

CRB(φ) =
2

N(A− B)

[ M
∑

i=1

(

G(φ, θi)h(di)

PsG(φ, θi)h(di) + σ2
w

)2]

. (9)

We can see that as the number of sensors N increases, CRB(Ps, φ)

decreases. Opposite effect can be observed for σ2
w, i.e. CRB in-

creases with σ2
w. However, the effect of the number of sensors M ,

Ps and di on CRB is not straightforward.

4. SIMULATION RESULTS

In this section, We evaluate the performance of the estimation algo-

rithm in Section 3. We assume a source with a symmetric antenna

pattern defined as

G(φ, θi) =

{

100 exp(−|φ− θi|) if 0◦ ≤ |φ− θi| ≤ 180◦;
0 else.

(10)

According to Proposition 1 we place the sensors such that θi = (i−

1) 360
◦

M
, and without loss of generality we assume the sensors are

equally distanced from the source, and thus ∀i : di = d. In all

the simulations, we assume DoT to be φ = 60◦, Ps = 0 dBW,

transmit frequency denoted by f to be 18 GHz, γ = 2, and σ2
w =

−136 dBW which approximately represents the noise power of a

5 MHz bandwidth and noise temperature of T = 360◦ K receiver.

Fig. 3 depicts the normalized mean square error (NMSE) of the

estimated parameters Ps and φ with the number of samples N . In

this figure, three sensors are considered for cooperative estimation

setup, which are located at the distance of d = 1000 m to the source.

The simulation result is averaged over 1000 runs. It is clear that as

N increases, NMSE for both parameters decreases. We can further
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Fig. 3. NMSE of Ps and φ versus number of samples, with Ps =
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with Ps = 0 dBW, σ2
w = −136 dBW, f = 18 GHz, γ = 2, M = 3,

θi = (i− 1) 360
3

for i = 1, 2, 3, and d = 1000 m.

see that the NMSE for φ is much better than the one of Ps. This

can be explained by looking at CRB(Ps) and CRB(φ) in (8) and (9),

respectively. It is clear that the presence of Ps in the numerator of

(8) makes the NMSE of Ps larger than the one of φ.

In Fig. 4, the CRB performance is evaluated versus the num-

ber of samples for the same scenario as in Fig. 3. Here, we

particularly depict the normalized CRB (NCRB) of (Ps, φ) (i.e.

NCRB(Ps)+NCRB(φ)), and compared with the total NMSE (i.e.

NMSE(Ps, φ) = NMSE(Ps) + NMSE(φ)). We can see that the es-

timator performs quite close to the CRB for few number of samples.

5. CONCLUSION

Joint estimation of power and DoT of a directive source was consid-

ered in this paper. After deriving the sufficient identifiability condi-

tions, the required estimation algorithm as well as the CRB were de-

veloped. Particularly, we developed the algorithm for a case where

the source signal is unknown and random, and the sensors are not

synchronized in sampling. The accuracy of the developed algorithm

was shown to be close to CRB.



6. REFERENCES

[1] H.B. Yilmaz, T. Tugcu, F. Alagoz, S. Bayhan, “Radio

environment map as enabler for practical cognitive ra-

dio networks,” IEEE Communications Magazine, vol.51,

no.12, pp.162-169, December 2013.

[2] J.A. Bazerque, G.B. Giannakis, “Distributed Spectrum

Sensing for Cognitive Radio Networks by Exploit-

ing Sparsity,” IEEE Transactions on Signal Processing,

vol.58, no.3, pp.1847-1862, March 2010.

[3] D. Romero, S-J. Kim, R. Lopez-Valcarce, G.B. Gian-

nakis, “Spectrum cartography using quantized observa-

tions,” in 2015 IEEE International Conference on Acous-

tics, Speech and Signal Processing (ICASSP), pp.3252-

3256, 19-24 April 2015.

[4] H.B. Yilmaz, T. Tugcu “Location estimation-based ra-

dio environment map construction in fading channels”,

Wirel. Commun. Mob. Comput., vol.15, pp.561-570,

2015.

[5] L. Bolea, J. Perez-Romero, R. Agusti, O. Sallent, “Con-

text Discovery Mechanisms for Cognitive Radio,” IEEE

Vehicular Technology Conference (VTC Spring), pp.1-5,

May 2011.

[6] R.K. Martin, R. Thomas, “Algorithms and bounds for es-

timating location, directionality, and environmental pa-

rameters of primary spectrum users,” IEEE Transactions

on Wireless Communications, vol.8, no.11, pp.5692-

5701, November 2009.

[7] S. Maleki, S. Chatzinotas, B. Evans, K. Liolis, J. Grotz,

A. Vanelli-Coralli, N. Chuberre, “Cognitive Spectrum

Utilization in Ka Band Multibeam Satellite Communi-

cations”, IEEE Communications Magazine, vol.53, no.3,

pp.24,29, March 2015.

[8] S. Maleki, P. Ciblat, S. Chatzinotas, D. Kapetanovic,

and B. Ottersten, “Cooperative Power and DoT Estima-

tion for a Directive Source”, 49th Asilomar Conference

on Signals, Systems and Computers, Pacific Grove, CA,

USA, 2015, pp. 630-634.

[9] Y-D. Huang, M. Barkat, “Near-field multiple source lo-

calization by passive sensor array,” IEEE Transactions

on Antennas and Propagation, vol.39, no.7, pp.968-975,

July 1991.

[10] J.C. Chen, R.E. Hudson, K. Yao, “Maximum-likelihood

source localization and unknown sensor location es-

timation for wideband signals in the near-field,”

IEEE Transactions on Signal Processing, vol.50, no.8,

pp.1843,1854, Aug 2002.

[11] E. Grosicki, K. Abed-Meraim, Y. Hua, “A weighted lin-

ear prediction method for near-field source localization,”

IEEE Transactions on Signal Processing, vol.53, no.10,

pp.3651,3660, Oct. 2005.

[12] E.C.Y. Peh, Y-C. Liang, Y.L. Guan, Y. Zeng, “Optimiza-

tion of Cooperative Sensing in Cognitive Radio Net-

works: A Sensing-Throughput Tradeoff View,” IEEE

Transactionson Vehicular Technology, vol.58, no.9,

pp.5294-5299, November 2009.

[13] S. Audoly, G. Bellu, L. D’Angio, M.P. Saccomani,

C. Cobelli, “Global identifiability of nonlinear models

of biological systems,” IEEE Transactions on Biomedi-

cal Engineering, vol.48, no.1, pp.55,65, Jan. 2001.

[14] J. Li, P. Stoica, L. Xu, W. Roberts, “On Parameter Iden-

tifiability of MIMO Radar,” IEEE Signal Processing Let-

ters, vol.14, no.12, pp.968,971, Dec. 2007.


