PRESCRIBING METRICS ON THE BOUNDARY OF
ANTI-DE SITTER 3-MANIFOLDS
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ABsTRACT. We prove that given two metrics g+ and g— with curvature k < —1
on a closed, oriented surface S of genus 7 > 2, there exists an AdS3 manifold N
with smooth, space-like, strictly convex boundary such that the induced metrics
on the two connected components of ON are equal to g+ and g—. Using the duality
between convex space-like surfaces in AdS3, we obtain an equivalent result about
the prescription of the third fundamental form. This answers partially Question
3.5 in [BBD+12].
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INTRODUCTION

The 3-dimensional Anti-de Sitter space AdSs is the Lorentzian analogue of hy-
perbolic space, i.e. it is the local model of Lorentzian 3-manifolds with constant
sectional curvature —1. An AdSs spacetime is an oriented and time-oriented mani-
fold locally modelled on AdSs3. A particular class of Anti-de Sitter 3-manifold, called
globally hyperbolic maximal compact (GHMC), has attracted much attention since
the pioneering work of Mess ([Mess07]), who pointed out many connections to Te-
ichmiiller theory and many similarities to hyperbolic quasi-Fuchsian manifolds.

A GHMC AdSs spacetime M is topologically a product S xR, where S is a closed,
oriented surface of genus 7 > 2, diffeomorphic to a Cauchy surface embedded in M.
The holonomy representation of the fundamental group of .S into the isometry group
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of orientation and time-orientation preserving isometries of AdSs, which can be iden-
tified with PSL(2,R) x PSL(2,R), provides a bijection between the space of GHMC
AdS3 structures on M and the product of two copies of the Teichmiiller space of S.
Moreover, M contains a convex core C(M), whose boundary (when C(M) is not a
totally geodesic 2-manifold) consists of the disjoint union of two hyperbolic surfaces
pleated along a geodesic lamination.

As a consequence, it is possible to formulate many classical questions of quasi-
Fuchsian manifolds even in this Lorentzian setting. For example one can ask if it is
possible to prescribe the induced metrics on the boundary of the convex core and
the answer is very similar in both settings, where the existence of a quasi-Fuchsian
manifold (as a consequence of results in [EM86] and [Lab92]) and a GHMC AdSs
manifold ([Dial3]) with a prescribed metric on the boundary of the convex core has
been proved, but uniqueness is still unknown.

Another interesting question deals with the prescription of the metrics on the
boundary of a larger compact, convex subset K with two smooth, strictly convex,
space-like boundary components in a GHMC AdSs manifold. By the Gauss formula,
the boundaries have curvature k < —1. We can ask if it is possible to realize every
couple of metrics, satisfying the condition on the curvature, on a surface S via this
construction. The analogous question has a positive answer in a hyperbolic setting
(|JLab92]), where even a uniqueness result holds ([Sch06]). In this paper, we will
follow a construction inspired by the work of Labourie ([Lab92]), in order to obtain
a positive answer in the Anti-de Sitter world. The main result of the paper is thus
the following;:

Corollary 3.3 For every couple of metrics g+ and g— on S with curvature less than
—1, there exists a globally hyperbolic conver compact AdSs manifold K = S x [0,1],
whose induced metrics on the boundary are exactly g+.

Using the duality between space-like surfaces in Anti-de Sitter space, we obtain
an analogous result about the prescription of the third fundamental form:

Corollary 3.4 For every couple of metrics g+ and g— on S with curvature less than
—1, there exists a globally hyperbolic convex compact AdSs manifold K = S x [0, 1],
such that the third fundamental forms on the boundary components are g+ and g—.

We outline here the main steps of the proof for the convenience of the reader.

The first observation to be done is that Corollary is equivalent to proving
that there exists a GHMC AdSs; manifold M containing a future-convex space-like
surface isometric to (S, ¢g—) and a past-convex space-like surface isometric to (S, g4 ).
Adapting the work of Labourie ([Lab92]) to this Lorentzian setting, we prove that
the space of isometric embeddings (S, g+)* of (S, g+) into a GHMC AdS3 mani-
fold as a future-convex (or past-convex) space-like surface is a manifold of dimension
67 —6. On the other hand, by the work of Mess ([Mess(07]), the space of GHMC AdS3
structures is parametrised by two copies of Teichmiiller space, hence a manifold of
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dimension 127 — 12. This allows us to translate our original question into a question
about the existence of an intersection between subsets in Teich(.S) x Teich(S). More
precisely, we will define in Section [3| two maps

¢, - 1(S,g+)* — Teich(S) x Teich(S)

sending an isometric embedding of (S,g+) to the holonomy of the GHMC AdSs
manifold containing it. Corollary is then equivalent to the following:

Theorem 3.2 For every couple of metrics g+ and g— on S with curvature less
than —1, we have

of (1(S,90)" )Ny (I(S,9-)7) #0 .

In order to prove this theorem we will use tools from topological intersection
theory, which we recall in Section 4l For instance, Theorem is already known to
hold under particular hypothesis on the curvatures ([BMS13b|), hence we only need
to check that the intersection persists when deforming one of the two metrics on the
boundary, as the space of smooth metrics with curvature less than —1 is connected
(see e.g Lemma 2.3 in [LS00]). More precisely, given any smooth paths of metrics
g;t with curvature less than —1, we will define the manifolds

w*= ] 1(5.g7)*
te(0,1]

and the maps
d* . W* — Teich(S) x Teich(S)
with the property that the restrictions of ®* to the two boundary components co-
incide with qb;'; and ¢;;. We will then prove the following:
0 1

Proposition 5.1 The maps ®* are smooth.

Hence, we will have the necessary regularity to apply tools from intersection the-
ory. In particular, we can talk about transverse maps and under this condition we can
define the intersection number (mod 2) of the maps <Z>;+ and ¢, as the cardinality

(if finite) of (¢, x ¢, )7'(A), where
¢f, X by 1(S,94)T x I(S,g-)" = (Teich(S5))? x (Teich(S))?

and A is the diagonal in (Teich(S))? x (Teich(S))2. We will compute explicitely this
intersection number (see Section 7)) under particular hypothesis on the curvatures of
g+ and g_: the reason for this being that the transversality condition is in general
difficult to check when the metrics do not have constant curvature. It turns out that
in this case the intersection number is 1.

We then start to deform one of the two metrics and check that an intersection per-
sists. Here, one has to be careful that, since the maps are defined on non-compact
manifolds, the intersection does not escape to infinity. This is probably the main
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technical part of the paper and requires results about the convergence of isometric
embeddings (Corollary [5.5]), estimates in Anti-de Sitter geometry (Lemmal5.12)) and
results in Teichmiiller theory (Lemma [5.11). In particular, applying these tools, we
prove

Proposition 5.13 For every metric g~ and for every smooth path of metrics
{9 Hepa) on S with curvature less than —1, the set (d x ¢ )71(A) is compact

This guarantees that when deforming one of the two metrics the variation of
the intersection locus is always contained in a compact set. The proof of Theorem
then follows applying standard argument of topological intersection theory.

In Section [0} we study the map
p1o®T : WT — Teich(S) ,

where p; : Teich(S) x Teich(S) — Teich(S) is the projection onto the left factor.
The main result we obtain is the following:

Proposition 6.1 Let g be a metric on S with curvature less than —1 and let h
be a hyperbolic metric on S. Then there exists a GHMC AdSs manifold M with left
metric isotopic to h containing a past-convexr space-like surface isometric to (S, g).

This is proved by showing that p; o gb; is proper of degree 1 (mod 2). Again,
we are able to compute explicitely the degree of the map when g has constant curva-
ture and the general statement then follows since for any couple of metrics g and ¢’
with curvature less than —1, the maps p1 o ¢4 and p; o ¢4 are connected by a proper
cobordism.

Outline of the paper. In Section [l] we give a brief introduction to Anti-de Sitter
space. We then describe a parametrisation of the space of GHMC AdS3 structures
in Section |3} In Section [2] we study the space of isometric embeddings. In Section
we recall the main tools of topological intersection theory. Section 5| containg the
most technical proofs: in particular we prove the smoothness and properness of the
maps ®* and Proposition . Section [6] deals with Proposition [6.1} The main
theorem (Theorem is proved in Section [7]

1. ANTI-DE SITTER SPACE

The 3-dimensional Anti-de Sitter space AdSs is the Lorentzian analogue of hy-
perbolic space, i.e. it is the local model of Lorentzian 3-manifolds with constant
sectional curvature —1. In this section we describe a geometric model of AdSs as
interior of a quadric in the real projective space and illustrate some of its features.
We then introduce AdSs; manifolds and the notion of globally hyperbolicity. The
main references for this material are [Mess07] and [BBZ11]
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Consider in R* the bilinear form of signature (2,2)
(T, y)22 = T1Y1 + T2Y2 — T3Y3 — Taya z,y € R*.
We denote with @) the hyperboloid
Q={rcR"| (z,2)90=—1}.

The restriction of the bilinear form (-,-)22 to the tangent spaces of @ induces a
Lorentzian metric on ¢ with constant sectional curvature —1. Geodesics and to-
tally geodesic planes are obtained intersecting @ with planes and hyperplanes of R*
through the origin. Moreover, the group of orientation and time-orientation isometry
of @ is the connected component of SO(2,2) containing the identity.

We define the Anti-de Sitter space AdSs as the image of the projection of @) into
RP3. More precisely, if we denote with 7 : R*\ {0} — RP3 the canonical projection,
we define

AdS3 = F({SU S R* ’ <I,$>272 <0 }) .

It can be eagsily verified that # : Q — AdS3 is a double cover, hence we can endow
AdS5 with the unique Lorentzian structure that makes 7 a local isometry. It then
follows by the definition that geodesic and totally geodesic planes of AdSs are ob-
tained intersecting AdSs with projective lines and planes.

It is then natural to define the boundary at infinity of AdSs as
Do AdSs = T({x € R* | (x,2)20 =0} .
It can be easily verified that 0., AdSs coincides with the image of the Segre embedding
s: RP' x RP! — RP? |

hence the boundary at infinity of Anti-de Sitter space is a double-ruled quadric home-
omorphic to S x S1. We will talk about left and right ruling in order to distinguish
the two rulings. This homeomorphism can be also decribed geometrically in the
following way. Fix a totally geodesic space-like plane Py in AdSs. The boundary
at infinity of Py is a circle. Let £ € 0, AdSs3. There exists a unique line of the left
ruling l¢ and a unique line of the right ruling r¢ passing through £. The identification
between O, AdS3 and S x S' induced by Py associates to & the intersection points
m(€) and 7,.(£) between l¢ and r¢ with the boundary at infinity of Fy. These two
maps

7 0o AdSs — St Tt O AdS5 — St

are called left and right projections.

The action of an orientation and time-orientation preserving isometry of AdSs ex-
tends continuously to the boundary at infinity and it is projective on the two rulings,
thus giving an identification between SOq(2,2) and PSL(2,R) x PSL(2,R).
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The projective duality between points and planes of RP? induces a duality in AdSs3
between points and totally geodesic space-like planes. This duality induces then a
duality between smooth, space-like convex surfaces in AdSs. Namely, let S C AdS;
be a convex space-like surface. Denote by S* the set of points which are duals to the
tangent planes of S. The relation between S and S* is summarised in the following
lemma.

Lemma 1.1 (see e.g. Section 11 of [BBZII]). Let S C AdS3 be a smooth, space-like
surface with curvature Kk < —1. Then

(i) the dual surface S* is smooth and locally strictly convez;
(1) the pull-back of the induced metric on S* through the duality map is the third
fundamental forof S;

(ii) if k is constant, the dual surface S* has curvature k* = ——%

T k1L

An AdSs; manifold M is a 3-manifold endowed with a Lorentzian metric locally
isometric to AdSs. We say that M is globally hyperbolic (GH) if it contains an
embedded space-like surface (called Cauchy surface) which intersects every time-like
line exactly once. M is said to be spacially compact (C) if it admits a compact
Cauchy surface. This leads to the following definition:

Definition 1.2. A globally hyperbolic mazimal compact (GHMC) AdSs manifold is
a globally hyperbolic AdSs manifold M containing a compact Cauchy surface with
the following property: if i : M — M’ is an isometric embedding of M into another
GHC AdSs manifold M’ sending a Cauchy surface into a Cauchy surface, then i is
an isometry.

If M is a GHMC AdSs-manifold, then its universal cover can be identified with
a subset D of AdS3 which can be roughly described as follows: the closure of D
intersects the boundary at infinity of AdSs along a curve p and the interior of D is
the set of points such that the boundary at infinity of the dual planes are disjoint
from p. This subset D = D(p) is called the domain of dependence of the curve p.

Remark 1.3. The above description can be made more precise, taking into account
the casual property of the curve p and its reqularity (see e.g. [Mess07|) but we will
not use these notions in the rest of the paper.

The duality between smooth space-like surfaces in AdS3 induces a similar duality
between smooth space-like surfaces in a GHMC AdS3 manifold. More precisely, let
S C M be a smooth, space-like, strictly-convex surface in a GHMC AdS3; manifold.
The lift of S to the universal cover of M can be identified with a surface S in AdSs,
invariant under the action of the fundamental group of S. The dual surface S* is
also invariant, so it corresponds to a surface S* in M. Clearly, since the fundamental
group of S acts by isometries, an analogue of Lemma holds.

IWe recall that the third fundamental form of an embedded surface S with induced metric I and
shape operator B is the bilinear form on T'S defined by I1I(X,Y) = I(BX, BY) for every vector
fields X and Y on S.
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2. EQUIVARIANT ISOMETRIC EMBEDDINGS

Let S be a connected, compact, oriented surface of genus 7 > 2 and let g be
a Riemannian metric on S with curvature less than —1. An isometric equivariant
embedding of S into AdSs is given by a couple (f,p), where f : S — AdSs is an
isometric embedding of the universal Riemannian cover of S into AdS3 and p is a
representation of the fundamental group of S into PSL(2,R) x PSL(2,R) such that

f(yvz) =p(V)f(x) Yyem(S) YzeSs.

The group PSL(2,R) x PSL(2,R) acts on a couple (f, p) by post-composition on the
embedding and by conjugation on the representation. We denote by I(S, g) the set of
isometric embeddings of S into AdS3 modulo the action of PSL(2,R) x PSL(2,R).
Also in an Anti-de Sitter setting, an analogue of the Fundamental Theorem for
surfaces in the Euclidean space holds:

Theorem 2.1. There exists an isometric embedding of (S, g) into an AdSs manifold
if and only if it is possible to define a g-self-adjoint operator b : TS — T'S satisfying

det(b) = —rk — 1 Gauss equation

dVb=0 Codazzi equation

Moreover, the operator b determines the isometric embedding uniquely, up to global
1sometries.

This theorem enables us to identify I(S,g) with the space of solutions of the
Gauss-Codazzi equations, which can be studied using the classical techniques of
elliptic operators.

Lemma 2.2. The space I1(S, g) is a manifold of dimension 67 — 6.

Proof. We can mimic the proof of Lemma 3.1 in |[Lab92]. Consider the sub-bundle
F9 C Sym(TS) over S of symmetric operators b : T'S — T'S satisfying the Gauss
equation. We prove that the operator

dV :T®(F9) = T®(A*TS @ TS)
is elliptic of index 67 — 6, equal to the dimension of the kernel of its linearization.
Let Jy be the complex structure induced by g. For every b € T'™°(¥9), the operator
Job

\/det(b)

defines a complex structure on .S. In particular we have an isomorphism

F:T®(9) - a
Job

by —20
det(d)
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between smooth sections of the sub-bundle I'*°(79) and the space 4 of complex
structures on S, with inverse

F7l:a 159
J—=—V—k—1JyJ .
This allows us to identify the tangent space of I'(F9) at b with the tangent space of

4 at J, which is the vector space of operators J : T'S — T'S such that JJ + JJ = 0.
Under this identification the linearization of dV is given by

L(J) = —Jo(dV J) .
We deduce that L has the same symbol and the same index of the operator 9, sending
quadratic differentials to vector fields. Thus L is elliptic with index 67 — 6.
To conclude we need to show that its cokernel is empty, or, equivalently, that its
adjoint L* is injective. If we identify A2TS ® T'S with T'S using the metric g, the
adjoint operator L* is given by (see Lemma 3.1 in [Lab92] for the computation)

(L)) = ~5 (Vs + IV st -

The kernel of L* consists of all the vector fields 1 on S such that for every vector
field u
IV ==V 1000 -

We can interpret this equation in terms of intersection of pseudo-holomorphic curves:
the Levi-Civita connection V induces a decomposition of T'(T'S) into a vertical V'
and a horizontal H sub-bundle. We endow V with the complex structure .J, and
H with the complex structure —JgJJy. In this way, the manifold T'S is endowed
with an almost-complex structure and the graph of ¥ is a pseudo-holomorphic curve.
Since pseudo-holomorphic curves have positive intersections, if the graph of ¢ did
not coincide with the graph of the null section, their intersection would be positive.
On the other hand, it is well-known that this intersection coincides with the Fuler
characteristic of S, which is negative. Hence, we conclude that v is identically zero
and that L* is injective. O

Similarly, we obtain the following result:

Lemma 2.3. Let {gi}c(0.1] be a differentiable curve of metrics with curvature less
than —1. The set

s a manifold with boundary of dimension 67 — 5.

Proof. Again we can mimic the proof of Lemma 3.2 in [Lab92]. Consider the sub-
bundle F C Sym(T'S) over S x [0,1] of symmetric operators, whose fiber over a
point (z,t) consists of the operators b : T'S — TS, satisfying the Gauss equation
with respect to the metric g;. The same reasoning as for the previous lemma shows
that

dV :T°°(F) - I°(A’TS @ TS)
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is Fredholm of index 67 — 5. Since W = (dV)~!(0), the result follows from the
implicit function theorem for Fredholm operators. O

Let N be a GHMC AdSs manifold endowed with a time orientation, i.e. a nowhere
vanishing time-like vector field. Let S be a convex embedded surface in N. We say
that S is past-convex (resp. future-convex), if its past (resp. future) is geodesically
convex. We will use the convention to compute the shape operator of S using the
future-directed normal. With this choice if S is past-convex (resp. future-convex)
then it has strictly positive (resp. strictly negative) principal curvatures.

Definition 2.4. We will denote with I(S,g)* and I(S,g)~ the spaces of equivariant
isometric embeddings of S as a past-convex and future-convex surface, respectively.

3. PARAMETRIZATION OF GHMC AdS3 MANIFOLDS

In his pioneering work ([Mess07]), Mess studied the geometry of GHMC AdSs
manifolds, discovering many connections with Teichmiiller theory. We recall here
some of his results, which we are going to use further.

Let N be a GHMC AdSs spacetime, i.e. IV is endowed with an orientation and a
time-orientation. It contains a space-like Cauchy surface, which is a closed surface S
of genus 7 > 2. It follows that N is diffeomorphic to the product S x R. It contains
a convex core, i.e. a minimal convex subset homotopy equivalent to N, which can
be either a totally geodesic surface or a topological submanifold homeomorphic to
S % [0,1], whose boundary components are space-like surfaces, naturally endowed
with a hyperbolic metric, pleated along measured geodesic laminations.

The holonomy representation p of the fundamental group m (N) = 71(S) into the
group PSL(2,R) x PSL(2,R) of orientation and time-orientation preserving isome-
tries of AdS3 induced by the AdSs-structure can be split, by projecting to each
factor, into two representations

p=prop:m(S)—=PSL(2,R) p,=peop:m(S)— PSL(2,R)

called left and right representations. Mess proved that these have Euler class |e(p;)| =
le(pr)] = 29 — 2 and, using Goldman’s criterion (JGol88|), he concluded that they
are discrete and faithful representations, and thus their classes represent elements
of Teichmiiller space. Moreover, every couple of points in Teichmiiller space can be
realised uniquely in this way, thus giving a parametrization of the set of GHMC AdS3-
structures on S X R up to isotopy by the product of two copies of the Teichmiiller
space of S (Prop. 19 and Prop. 20 in [Mess07]). We say that a GHMC AdS3
manifold N is Fuchsian if its left and right representations represent the same class
in Teichmiiller space. This happens if and only if the convex core of N is a totally
geodesic surface.

Moreover, the left and right hyperbolic metrics corresponding to the left and
right representations can be constructed explicitly starting from space-like surfaces
embedded in N. Mess gave a description in a non-smooth setting using the upper
and lower boundary of the convex core of N as space-like surfaces. More precisely, if
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m™* are the hyperbolic metrics on the upper and lower boundary of the convex core

and AT are the measured geodesic lamination along which they are pleated, the left
and right metrics h; and h, are related to m* by an earthquake along \*:

h=E) (my)=E) (m_)  h=E (my)=E" (m_).

Later, this description was extended ([KS07]), thus obtaining explicit formulas for
the left and right metric, in terms of the induced metric I, the complex structure J
and the shape operator B of any strictly negatively curved smooth space-like surface
S embedded in N. The construction goes as follows. We fix a totally geodesic space-
like plane Py. Let S c AdS3 be the universal cover of S. Let S c U'AdSs be
its lift into the unit tangent bundle of AdS3 and let p : S’ — S be the canonical
projection. For any point (z,v) € S’, there exists a unique space-like plane P in
AdS3 orthogonal to v and containing . We define two natural maps Il ; and I
from O, P t0 050 Py, sending a point & € Jx P to the intersection between J., Py and
the unique line of the left or right foliation of J,, AdS3 containing x. Since these maps
are projective, they extend to hyperbolic isometries II;, Il : P — Py. Identifying P
with the tangent space of S at the point x, the pull-backs of the hyperbolic metric
on Py by 1I; and by Il define two hyperbolic metrics on S

h=I(E+JB) (E+JB)) and h,=I((E—JB) (E—JB)).

The isotopy classes of the corresponding metrics on S do not depend on the choice
of the space-like surface S and their holonomies are precisely p; and p,, respectively
(Lemma 3.16 in [KS07]).

This parametrization enables us to formulate our original question about the pre-
scription of the metrics on the boundary of a compact AdSs manifold in terms of
existence of an intersection of particular subsets of Teich(S) x Teich(.S).

Definition 3.1. Let g be a metric on S with curvature k < —1. We define the maps
¢y 1(S, g)* — Teich(S) x Teich(S)

associaling to every isometric embedding of (S, g) the left and right metric of the
GHMC AdSs manifold containing it.

We recall that we use the convention to compute the shape operator using always
the future-oriented normal. In this way, the above formulas hold for both future-
convex and past-convex surfaces, without changing the orientation of the surface S.

We will prove (in Section [7)) the following fact, which is the main theorem of the
paper:

Theorem 3.2. For every couple of metrics g4 and g— on S with curvature less than
—1, we have

of (I1(S,90)" )Ny (I1(S,9-)7) #0 .
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Therefore, there exists a GHMC AdSs manifold containing a past-convex space-
like surface isometric to (S,g+) and a future-convex space-like surface isometric to

(S,9-).

Corollary 3.3. For every couple of metrics g+ and g— on S with curvature less than
—1, there exists a globally hyperbolic conver compact AdSs manifold K = S x [0, 1],
whose induced metrics on the boundary are exactly g+ .

If we apply the previous corollary to the dual surfaces (introduced in Section ,
we obtain an analogue result about the prescription of the third fundamental form:

Corollary 3.4. For every couple of metrics g+ and g— on S with curvature less
than —1, there exists a compact AdSs manifold K = S x [0,1], whose induced third
fundamental forms on the boundary are exactly g+.

4. TOPOLOGICAL INTERSECTION THEORY

As outlined in the Introduction, the main tool used in the proof of the main theo-
rem is the intersection theory of smooth maps between manifolds, which is developed
for example in [GP74]. We recall here the basic constructions and the fundamental
results.

If not otherwise stated, all manifolds considered in this section are non-compact
without boundary.

Let X and Z be manifolds of dimension m and n, respectively and let A be a
closed submanifold of Z of codimension k. Suppose that m — k > 0. We say that a
smooth map f: X — Z is transverse to A if for every z € Im(f) N A and for every
x € f~1(2) we have

df (T, X))+ T, A=T,7 .

Under this hypothesis, f~!(A) is a submanifold of X of codimension k.
When k = m and f~!(A) consists of a finite number of points we define the inter-
section number between f and A as

S(£,4):=1f7(A)]  (mod2).

Remark 4.1. When A is a point p € Z, f is transverse to p if and only if p is a
regular value for f. Moreover, if f is proper, f~1(p) consists of a finite number of
points and the above definition coincides with the classical definition of degree (mod
2) of a smooth and proper map.

We say that two smooth maps f: X — Z and g : Y — Z are transverse if the
map
fxg: XXY—>ZxZ

is transverse to the diagonal A C Z x Z. Notice that if Im(f) N Im(g) = 0, then f
and g are transverse by definition.
Suppose now that 2dim X = 2dimY = dim Z. Moreover, suppose that the maps
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f:X — Zand g:Y — Z are transverse and the preimage (f x g)~!(A) consists of
a finite number of points. We define the intersection number between f and g as

3(f.9)=S(fxg.A)=[(fxg) " (A)]  (mod?2).
It follows by the definiton that if S(f, g) # 0 then Im(f) NIm(g) # 0.

One important feature of the intersection number that we will use further is the
invariance under cobordism. We say that two maps fo: Xo - Z and f1: X1 — Z
are cobordant if there exists a manifold W and a smooth function F' : W — Z such
that OW = Xo U X7 and ﬂxi = f;.

Proposition 4.2. Let W be a non-compact manifold with boundary OW = XoU X;.
Let H : W — Z be a smooth map and denote by h; the restriction of H to the
boundary component X; fori = 0,1. Let A C Z be a closed submanifold. Suppose
that

(i) codimA = dim X;;

(1) H is transverse to A;

(iii) H=1(A) is compact.
Then S(ho, A) = S(h1, A).

Proof. By hypothesis the pre-image H !(A) is a compact, properly embedded 1-
manifold, i.e. it is a finite disjoint union of circles and arcs with ending points on
a boundary component of W. This implies that hy'(A) and hy'(A) have the same
parity. O

In particular, we deduce the following result about the intersection number of two
maps:

Corollary 4.3. Let W be a non-compact manifold with boundary OW = XoUX;. Let
F: W — Z be a smooth map and denote by f; the restriction of F to the boundary
component X; fort=0,1. Let g: Y — Z be a smooth map. Suppose that

(i) 2dim X; = 2dimY = dim Z;

(1) F and g are transverse;
(ii3) (F x g)~Y(A) is compact.
Then %(fo,g) = %(fl,g).

Proof. Apply the previous proposition to the map H = FF xg: W XY — Z X Z and
to the submanifold A = A, the diagonal of Z x Z. O

The hypothesis of transversality in the previous propositions is not restrictive, as
it is always possible to perturb the maps involved on a neighborhood of the set on
which transversality fails:

Theorem 4.4 (Theorem p.72 in |[GP74]). Let h: W — Z be a smooth map between
manifolds, where only W has boundary. Let A be a closed submanifold of Z. Suppose
that h is transverse to A on a closed set C C W. Then there exists a smooth map
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h:W —Z homotopic to h such that h is transverse to A and h agrees with h on a
netghborhood of C.

Now the question arises whether the intersection number depends on the particular
perturbation of the map that we obtain when applying Theorem

Proposition 4.5. Let h : X — Z be a smooth map between manifolds. Let A be
a submanifold of Z, whose codimension equals the dimension of X. Suppose that
h=Y(A) is compact. Let h and I be perturbations of h, which are transverse to A
and coincide with h outside the interior part of a compact set B containing h™1(A).
Then

S(h, A) = (', A) .

Proof. Let H : W = X x [0,1] — Y be an homotopy between h and b/ such that for
every z € (X\B)x[0,1] we have H(z,t) = h(x) . Notice that H~(A) is compact. Up
to applying Theorem [£.4] to the closed set C' = (X \ B) x [0, 1]UOW, we can suppose
that H is transverse to A. By Proposition we have that S(hg, A) = S(h1, A) as
claimed. (]

Moreover, in particular circumstances, we can actually obtain a 1 — 1 correspon-
dence between the points of hy'(A) and hy'(A). The following proposition will not
be used for the proof of the main result of the paper, but it might be a useful tool
to prove the uniqueness part of the question adressed in this paper, as explained in
Remark [7.3]

Proposition 4.6. Under the same hypothesis as Proposition [{.3, suppose that the
cobordism (W, H) between hy and hy satisfies the following additional properties:

(i) W fibers over the interval [0, 1] with fiber Xy;
(i) the restriction hy of H at each fiber is tranverse to A .

Then |hg ' (A)] = k7' (A)].
Proof. 1t is sufficient to show that in H~!(A) there are no arcs with ending points in

the same boundary component. By contradiction, let v be an arc with ending point
in Xg. Define

to =sup{t € [0,1] | yNX; # 0} .
A tangent vector 7 at a point p € Xy, N~y is in the kernel of the map
dpH : Tip o)W — Ty(Z x Z)[Ty(A) ,

where ¢ = H(p). The contradiction follows by noticing that on the one hand 7
is contained in the tangent space T,X;, by construction but on the other hand
dphyy : T Xy, = T4(Z x Z)/T4(A) is an isomorphism by transversality.

A similar reasoning works when « has ending points in X;. g
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5. SOME PROPERTIES OF THE MAPS ¢~

This section contains the most technical part of the paper. We summarise here
briefly, for the convenience of the reader, what the main results of this section are.

For every metric g on S with curvature less than —1 we have defined in Section
the maps qﬁ;t which associate to every isometric embedding of (.5, ¢g) into a GHMC
AdS3 manifold M the class in Teichmiiller space of the left and right metrics of
M. It follows easily from Lemma that for any couple of metrics g and ¢’ with
curvature less than —1 the maps d);t and (;525 are cobordant through a map ®*. In
this section we will define the maps ®* and will study some of its properties, which
will enable us to apply the topological intersection theory described in the previous
section. More precisely, the first step will consist of proving that the all the maps
involved are smooth. This is the content of Proposition and the proof will rely on
the fact that the holonomy representation of a hyperbolic metric depends smoothly
on the metric. Then we will deal with the properness of the maps ®* (Corollary
that will follow from a compacteness result of isometric embeddings (Corollary [5.5]).
This will allow us also to have a control on the space where two maps ¢4 and ¢4
intersect: when we deform one of the two metrics the intersection remains contained

in a compact set (Proposition [5.13)).

Recall that given a smooth path of metrics {gt}te[UJ] on S with curvature less
than —1, the set

Wi = U Ii(Svgt)
tel0,1]

is a manifold with boundary OW* = I(S,go)* U I(S,g1)* of dimension 67 — 5
(Lemma [2.3). We define the maps

®+ . W* — Teich(S) x Teich(S)

be = (M (ge, be), he (g, br)) == (ge((E + Jbe)-, (E + Jbe)"), gt ((E — Jbe)-, (E — Jbt)"))

associating to an equivariant isometric embedding (identified with its Codazzi op-
erator b;) of (S, ¢:) into AdS3 the class in Teichmiiller space of the left and right

metrics of the GHMC AdS3 manifold containing it. We remark that the restrictions
of ®* to the boundary coincide with the maps qﬁ:gto and gﬁ;tl defined in Section .

We deal first with the regularity of the maps.
Proposition 5.1. The functions ®* : W+ — Teich(S) x Teich(S) are smooth.
Proof. Let Mg be the set of hyperbolic metrics on S. We can factorize the map &+
as follows:
1+
W 255 afy x My 5> Teich(S) x Teich(S)
where ®'* associates to an isometric embedding of (S, g;) (determined by an op-

erator b; satisfying the Gauss-Codazzi equation) the couple of hyperbolic metrics
(gt((E+ Jibt)-, (E+ Jibt)-), ge((E — Jibe)-, (E— Jiby)-)), and 7 is the projection to the
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corresponding isotopy class, or, equivalently, the map which associates to a hyper-
bolic metric its holonomy representation. Since the maps ®* are clearly smooth by
definition, we just need to prove that the holonomy representation depends smoothly
on the metric. Let h be a hyperbolic metric on S. Fix a point p € S and a uni-
tary frame {vi,v2} of the tangent space 7,,S. We consider the ball model for the
hyperbolic plane and we fix a unitary frame {wy,ws} of TyH?. We can realize every
element of the fundamental group of S as a closed path passing through p. Let
v be a path passing through p and let {U;};—o,..n, be a finite covering of v such
that every U; is homeomorphic to a ball. We know that there exists a unique map
fo : Uy = By C H? such that

Jo(p) =0
dpfO(Ui) = Wj;
ff)kgIHP = h .

Then, for every ¢ > 1 there exists a unique isometry f; : U; — B; C H? which
coincides with f;_1 on the intersection U;NU;_1. Let ¢ = fn(p) € H2. The holonomy
representation sends the homotopy class of the path v to the isometry I, : H? — H?
such that I,(¢) = 0. Moreover, its differential maps the frame {u; = df,(v;)} to
the frame w;. The isometry I, depends smoothly on ¢ and on the frame w;, which
depend smoothly on the metric because each f; does. O

The next step is about the properness of the maps ®*. This will involve the study
of sequences of isometric embeddings of a disc into a simply-connected spacetime,
which have been extensively and profitably analysed in [Sch96]. In particular, the
author proved that, under reasonable hypothesis, a sequence of isometric embeddings
of a disc into a simply-connected spacetime has only two possible behaviours: it
converges C'°°, up to subsequences, to an isometric embedding, or it is degenerate in
a precise sense:

Theorem 5.2 (Theorem 5.6 in [Sch96]). Let f, : D — X be a sequence of uniformly
elliptic 1 immersions of a disc D in a simply connected Lorentzian spacetime (X, §).
Assume that the metrics f‘;g converge C™ towards a Riemannian metric Joo 0N
D and that there exists a point © € D such that the sequence of the 1-jets jlfn(x)
converges. If the sequence fn does not converge in the C° topology in a neighbourhood
of x, then there exists a maximal geodesic v of (D, §oo) and a geodesic arc T of (X, g)
such that the sequence (]En)‘7 converges towards an isometry foo : v —T.

We start with a straghtforward application of the Maximum Principle, which we
recall here in the form useful for our purposes (see e.g. Prop. 4.6 in [BBZ11]).

Proposition 5.3 (Maximum Principle). Let X1 and X9 two future-conver space-like
surfaces embedded in o GHMC AdSs manifold M. If they intersect in a point x and

LWe recall that a sequence of isometric immersions is said to be uniformly elliptic if the corre-
sponding shape operators have uniformly positive determinant.
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Y1 1s in the future of Yo then the product of the principal curvatures of Yo is larger
than the product of the principal curvatures of 1.

Proposition 5.4. Let X be a future-convex space-like surface embedded into a GHMC
AdSs manifold M. Suppose that the Gaussian curvature of 3 is bounded between
—0 < Kmin < Bmaz < —1. Denote with Spin and Spmaee the unique future-convex
space-like surfaces with constant curvature Kyin and Kmae embedded in M (Corollary
4.7 in |BBZ11]). Then ¥ is in the past of Smaz and in the future of Spin.

Proof. Counsider the unique (Corollary 4.7 in [BBZ11]) x-time
T:1I"(0-C(M)) = (—o0,—1) ,

i.e. the unique function defined on the past of the convex core of M such that the
level sets T~1(k) are future-convex space-like surfaces of constant curvature x. The
restriction of T' to ¥ has a maximum t,,,, and a minimum t,,;,. Consider the level
sets Liin = T (tmin) and Lyae = T (tmaez). By construction ¥ is in the future
of Lyn and they intersect in a point x, hence, by the Maximum Principle and the
Gauss equation, we obtain the following inequality for the Gaussian curvature of 3
at the point x:
tmin = KZ(Z’) > Kmin -

Similarly we obtain that ¢4 < K(y) < Kmaz, Where y is the point of intersection
between Li,q, and 3. But this implies that ¥ is in the past of the level set T~ (kaz)
and in the future of the level set T !(Kmin), which correspond respectively to the
surfaces Syq. and Sy, by uniqueness. O

Corollary 5.5. Let g, be a compact family of metrics in the C topology with
curvatures £ < —1 on a surface S. Let f, : (S,gn) — M, = (S x R hy,) be a
sequence of isometric embeddings of (S, gn) as future-convez space-like surfaces into
GHMC AdSs manifolds. If the sequence hy converges to an AdS metric ho, in the
C™>-topology, then f, converges C°°, up to subsequences, to an isometric embedding
into Moo = (S X R, heo).

Proof. Consider the equivariant isometric embeddings f,, : (S' ,0n) — AdS5 obtained
by lifting f,, to the universal cover. We denote with S, the images of the disc S
under the map fn and let an be the lift of the Lorentzian metrics h, on AZZS:),. By
hypothesis f:{ﬁn = g, admits a subsequence converging to goo-

Fix a point # € S. Since the isometry group of AdSs acts transitively on points
and frames, we can suppose that f,,(z) =y € AdS3 and j! f,,(z) = z for every n € N.

Moreover, the condition on the curvature of the metrics g, guarantees that the
sequence fn is uniformly elliptic.
Therefore, we are under the hypothesis of Theorem

The previous proposition allows us to determine precisely in which region of M,
each surface f,(S5) lies. Since the family of metrics g, is compact, the curvatures
of the surfaces f,(S) in M, are uniformly bounded ™" < k, < K™% < —1 — 3¢
for some € > 0. By the previous proposition each surface f,(S) is in the past of
YmaZ and in the future of X" where X" and Y™ are the unique future-convex
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space-like surfaces of M,, with constant curvature ™" and k™%, Let Y. be the
unique future-convex space-like surface in My, with constant curvature —1 —2e. We
think of ¥ as a fixed surface embedded in S xR and we change the Lorentzian metric
of the ambient space. Since h, converges to h, the metrics induced on ¥, by h,
converge to the metric induced on ¥, by he. In particular, for n sufficiently large
the curvature of ¥ as surface embedded in M,, = (S x R, k) is bounded between
—1 —3e and —1 — €. Therefore, 3. is convex in M, and by the previous proposition
3¢ is in the future of 7% for every n sufficiently big. This implies that each surface
fn(S) is in the past of the surface X..

We can now conclude that the sequence f, must converge to an isometric em-
bedding. Suppose by contradiction that the sequence fn is not convergent in the
C* topology in a neighbourhood of x, then there exists a maximal geodesic ¥ of
(5, §oo) and a geodesic segment I in Ang such that ( fn) - converges to an isometry

foo : v — [. This implies that T' has infinite length. The projection of I must be
contained in the past of X, because each f,(S) is contained there for n sufficiently
large. But the past of 3 is disjoint from the convex core of My, and this contradicts
the following lemma. O

Lemma 5.6. In o« GHMC AdSs-manifold every complete space-like geodesic is con-
tained in the convex core.

Proof. Let ¢ be a complete space-like geodesic in a GHMC AdSs manifold M. By
a result of Mess ([Mess07]), we can realize M as the quotient of the domain of
dependence D(p) C AdS3 of a curve p on the boundary at infinity by the action of
the fundamental group of S. The lift ¢ of ¢ has ending points on the curve p, hence
¢ is contained in the convex hull of p into AdS3; and its projection is contained in
the convex core of M. g

Remark 5.7. Clearly, the same result holds for equivariant isometric embeddings of
past-convex space-like surfaces, as it is sufficient to reverse the time-orientation.

Corollary 5.8. The functions ®* : W+ — Teich(S) x Teich(S) are proper.

Proof. We prove the claim for the function ®~, the other case being analogous.
Let (hi(gt,,bt,), hr(gt,, b)) € Teich(S) x Teich(S) be a convergent sequence in the
image of the map ®~. This means that the sequence of GHMC AdS3 manifolds
M, parametrised by (hi(gt,,bt,), hr(gt,,bt,)) is convergent. By definition of the
map P, each M,, contains an embedded future-convex, space-like surface isometric
o (S,¢t,), whose immersion f, into M, is represented by the Codazzi operator
b;,,. By Corollary the sequence of isometric immersions f, is convergent up to
subsequences, thus ®~ is proper. ]

This allows us to show that for every metric g_ and for every smooth path of
metrics {g;" }epp,1) on S with curvature £ < —1 the intersection between & (W)
and ¢, (I(S,9-)) is compact. This will follow combining some technical results
about the geometry of AdS3 manifolds and length-spectrum comparisons.
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Definition 5.9. Let g be a metric with negative curvature on S. We define the length
function

ly:m(S) = RT

which associates to every homotopy non-trivial loop on S, the length of its g-geodesic
representative.

We recall that when g is a hyperbolic metric, Thurston proved (see e.g. [FLPT9])
that the length function can be extended uniquely to a function on the space of
measured geodesic laminations on §, which we still denote with /.

We will need the following technical results:

Lemma 5.10 (Lemma 9.6 in [BMSI13b|). Let N be a globally hyperbolic compact
AdSs-manifold foliated by future-conver space-like surfaces. Then, the sequence of
metrics induced on each surface decreases when moving towards the past. In partic-
ular, if X1 and 3o are two future-convex space-like surfaces with X1 in the future of
Y9, then for every closed geodesic v in 31 we have

g, () < g, (7)

where v is the closed geodesic on Yo homotopic to v and g1 and go are the induced
metric on X1 and Yo, respectively.

Lemma 5.11. Let g, be a compact family of smooth metrics on S with curvature
less than —1. Let my,, be a family of hyperbolic metrics such that

g (V) < b, (7)

for every v € w1 (S). Then my, lies in a compact subset of the Teichmiiller space of

S.

Proof. The idea is to use Thurston asymmetric metric on Teichmiiller space. To this
aim, we will deduce from the hypothesis a comparison between the length spectrum
of m,, and that of the hyperbolic metrics h,, in the conformal class of g,.

Let k < —1 be the infimum of the curvatures of the family g,. Since g, is a
compact family, kK > —oo. Let g, = —%hn be the metrics of constant curvature s in
the conformal class of g,. We claim that

Ch (7) < VK, ()

for every v € m(S). For instance, if we write g, = e
Uy : S — R satisfies the differential equation

2un g, the smooth function

e2un (@) — Figa (2) + Dg,un(z)

where kg, is the curvature of g,. Since kg, > K, Ay, u, is positive at the point of
maximum of u,, and k < —1, we deduce that e?*» < 1, hence

g, () < L, (7)
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for every v € m1(5). It is then clear that

l (1) = —

NG
for every v € m1(S) and the claim follows.
Moreover, by the inequality

U, (7) < VIl (7)Y v € mi(S)

we deduce that h, is contained in a compact set of Teichmiiller space: if that were
not the case, there would exists a curve v such that ¢, (7) ——= +oo, which is
impossible because g, is a compact family.

We can conclude now using Thurston asymmetric metric: given two hyperbolic
metrics h and A/, Thurston asymmetric distance between h and A’ is defined as

lh(7)
drp(h,h') = sup log < .
Th( ~vyem1(S) Ly (’Y)

It is well known ([Th]) that if Al is a divergent sequence than dpy (K, hy,) — 400,
where K is a compact set in Teichmdiiller space. Now, by the length spectrum com-
parison

Ch, (7)

Ch (V) < V6, (v) Vv €mi(S),
we deduce that drp(hy,, my) < log(y/|k|) < +00, hence m,, must be contained in a
compact set. ]

We will need also the following fact about the geometry of the convex core of a
GHMC AdS3 manifold.

Lemma 5.12 (Prop. 5 in [Dial3]). Let M be a GHMC AdSs manifold. Denote by
m™ and m™ the hyperbolic metrics on the upper and lower boundary of the convex core
of M. Let A\t and A\~ be the measured geodesic laminations on the upper and lower
boundary of the convex core of M. For all € > 0, there exists some A > 0 such that,
if m* is contained in a compact set and {,,+(A\T) > A, then £,,- (A7) < el,,+(AT).

Proposition 5.13. For every metric g~ and for every smooth path of metrics
{Q;F}te[o,u on S with curvature k < —1, the set (®1 x gb;,)_l(A) is compact.
Proof. We need to prove that every sequence of isometric embeddings (b;; ,b,) in
(®F x gi);_)_l(A) admits a convergent subsequence. By definition, for every n € N,
there exists a GHMC AdSs manifold M,, containing a past-convex surface isometric
to (S, g;) with shape operator b/ and a future-convex surface isometric to (S,g7)
with shape operator b,. By Lemma and Lemma the metrics m,} and
m,, on the upper and lower boundary of the convex core of M, are contained in a
compact set of Teich(S) .

We are going to prove now that the sequences of left and right metrics of M, are
contained in a compact set of Teichmiiller space, as well. Suppose by contradiction
that the sequence of left metric h;, of M, is not contained in a compact set. By
Mess parametrization (see Section [3| or [Mess07]), the left metrics are related to the
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metrics m,} and to the measured geodesic laminations A\ of the upper-boundary of
the convex core by an earthquake:

hi, = Bjy (m;}) .

n

Since hy,, is divergent, the sequence of measured laminations A} is divergent, as well.
In particular, this implies that Emz()\j{ ) goes to infinity. Therefore, by Lemma
for every e > 0 there exists ng such that the inequality £, - (\}) < ef, +(A;) holds for
n > ng. From this we deduce a contradiction, because we prove that the inequality

Em;(/\:) < eﬁm:(/\:{) V' n>ng

implies that the sequence m_ is divergent, which contradicts what we proved in
the previous paragraph. For instance, if m, were contained in a compact set of
Teichmiiller space, there would exist (using again Thurston’s asymmetric metric) a
constant C > 1 such that

Em;(’Y) <C Vn>ng.

fm; (’7)
By density this inequality must hold also for every measured geodesic lamination on
S. But we have seen that for every e > 0 we can find ng such that for every n > ng
we have

(D) =

A | =

g )

My

thus obtaining a contradiction.

A similar argument proves that also the sequence of right metrics h,, must be con-
tained in a compact set of Teich(S).

Since the sequences of left and right metrics of M,, converge, up to subsequence,
we can concretely realise the corresponding subsequence M,, as (S x R, hy) such
that h, converges in the C°°-topology to an Anti-de Sitter metric hoo and each
M,, contains a future-convex space-like surface with embedding data (¢~,b, ) and
a past-convex space-like surface with embedding data (gt: , bi} ). The proof is then
completed applying Corollary O

6. PRESCRIPTION OF AN ISOMETRIC EMBEDDING AND HALF-HOLONOMY
REPRESENTATION

This section is dedicated to the proof of the following result about the existence of
an AdSs manifold with prescribed left metric containing a convex space-like surface
with prescribed induced metric:

Proposition 6.1. Let g be a metric on S with curvature less than —1 and let h be
a hyperbolic metric on S. There exists a GHMC AdSs manifold M with left metric
isotopic to h containing a past-convez space-like surface isometric to (S, g).

If we denote with

p1 : Teich(S) x Teich(S) — Teich(S)
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the projection onto the left factor, Propostition [6.1]is equivalent to proving that the
map p1 o ¢y : [(S,g9)" — Teich(S) is surjective. After showing that pi o ¢ is proper
(Corollary [6.4), this will follow from the fact that its degree (mod 2) is non-zero.

In order to prove properness of the map p; o (j);, we will need the following
well-known result about the behaviour of the length function while performing an
earthquake.

Lemma 6.2 (Lemma 7.1 in [BS09|). Given a geodesic lamination A € ML(S) and a
hyperbolic metric g € Teich(S), let g’ = E}(g). Then for every closed geodesic vy in
S the following estimate holds

Lo(7) + Ly (v) = A7) -

Proposition 6.3. For every path of metrics {gi}cjo,1] with curvature less than —1,
the projection py : @+ (W) — Teich(S) is proper.

Proof. Let hi(gt,,bt,) be a convergent sequence of left metrics. We need to prove
that the corresponding sequence of right metrics h,(g,, b, ) is convergent, as well.
By hypothesis, (5, g,) is isometrically embedded as past-convex space-like surface
in each GHMC AdS3 manifold M,, parametrised by (hi(gs,,bt,), hr(9t,,b:,)). By
Lemma and Lemma the metrics m,;} on the past-convex boundary of the
convex core of M, are contained in a compact set of Teich(.S). Moreover, by a result
of Mess ([Mess07]), the left metrics hy(gy,, ,bt,), the metrics m;} and the measured
laminations on the convex core A are related by an earthquake
hi(ge, be,) = B ()

Since hy(gt,,bt, ) is convergent, by Lemma the sequence of measured lamina-
tions A7 must be contained in a compact set. Therefore, by continuity of the right
earthquake

E, : Teich(S) x ML(S) — Teich(S)
(h,A) = EMh)
the sequence
B (g, br,) = BN (my)
is convergent, up to subsequences. O
In particular, considering a constant path of metrics, we obtain the following:
Corollary 6.4. The projection p; : ¢ (I(S,g)") — Teich(S) is proper .
Proposition 6.5. For every metric g of curvature k < —1, the map
prody : 1(S,g)" — Teich(S)
s proper of degree 1 mod 2.
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Proof. Consider a path of metrics (g¢):c[0,1] With curvature less than —1 connecting
g = go with a metric of constant curvature g;. By Corollary and Corollary
the maps py o ¢j : 1(S,g90)" — Teich(S) and py o ¢, : I(S,91)" — Teich(S) are
proper and cobordant, hence they have the same degree (mod 2). (This follows from
Remark , Proposition and Proposition . Thus, we can suppose that g has
constant curvature Kk < —1.

We notice that there exists a unique element in I(S, g)* such that h;(g,b) = —kg:
a direct computation shows that b = v/—k — 1E works and uniqueness follows by
the theory of landslides developed in [BMS13al]. We sketch here the argument and
we invite the interested reader to consult the aforementioned paper for more details.
Pick 0 € (0, m) such that k = —m. The landslide
Ll : Teich(S) x Teich(S) — Teich(S)

(h,h*) — K

associates to a couple of hyperbolic metrics (h, h*), the left metric of a GHMC AdS3
manifold containing a space-like embedded surface with induced first fundamental
form I = cos?(6/2)h and third fundamental form IT1I = sin?(6/2)h*. It has been
proved (Theorem 1.14 in [BMSI13al) that for every (h,h’) € Teich(S) x Teich(S),
there exists a unique h* such that Liie (h,h*) = h'. Moreover, the shape operator b
of the embedded surface can be recovered by the formula (Lemma 1.9 in [BMS13al)

b =tan(0/2)B

where B : T'S — T'S is the unique h-self-adjoint operator such that h* = h(B-, B-).
Therefore, if we choose h = h/ = —kg, the uniqueness of the operator b follows by
the uniqueness of h* and B.

Hence, the degree (mod 2) of the map is 1, provided —kg is a regular value. Let
b € TyI(S,g)t be a non trivial tangent vector. We remark that, since elements
of I(S,g)" are g-self-adjoint, Codazzi tensor of determinant —1 — k, the tangent
space T, (S, g)" can be identified with the space of traceless, Codazzi, g-self-adjoint
tensors. We are going to prove that the deformation induced on the left metric is
non-trivial, as well. Let b; be a path in I(S,g)™ such that by = b = /—k — 1E and

%bt =batt=0. The complex structures induced on S by the metrics hy(g, b) are
Ji = (E + Jb) "L J(E + Jby)

where J is the complex structure induced by g. Taking the derivative of this expres-
sion at t = 0 we get

Jj= %[E— VR =1

which is non-trivial in 7" 4 Teich(S) because, as explained in Theorem 1.2 of [E'T87],
the space of traceless and Codazzi operators in 7774 has trivial intersection with the
kernel of the differential of the projection 7 : 2 — Teich(S), which sends a complex
structure J to its isotopy class. O
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In particular, for every smooth metric g on S with curvature less than —1, the
map pp o gb; : I(S,g)t — Teich(S) is surjective (a proper, non-surjective map has
vanishing degree (mod 2)) and we deduce Proposition

7. PROOF OF THE MAIN RESULT

We have now all the ingredients to prove Theorem [3.2] As outlined in the Intro-
duction, the first step consists of verifying that in one particular case, i.e. when we
1

choose the metrics ¢, = —+hand g’ = —%h, where h is any hyperbolic metric and

K* = —15 = Kk = —2, the maps qbgﬁ and qbgi have a unique transverse intersection.
+ —

It is a standard computation to verify that b = F and b~ = —F are Codazzi
operators corresponding to an isometric embedding of (S, ¢/, ) as a past-convex space-
like surface and to an isometric embedding of (S, ¢" ) as a future-convex space-like
surface respectively into the GHMC AdSs manifold M parametrised by (h,h) €
Teich(S) x Teich(S). This manifold M is unique due to the following:

Theorem 7.1 (Theorem 1.15 in [BMS13b]). Let hy and b be hyperbolic metrics and
let ky and k_ be real numbers less than —1. There exists a GHMC AdSs manifold
M which contains an embedded future-conver space-like surface with induced metric
ﬁh_ and an embedded past-convex space-like surface with induced metric |K1—+‘h+.

Moreover, if ky = — then M is unique.

K—
K_+1’

We notice that M is Fuchsian, i.e. it is parametrised by a couple of isotopic
metrics in Teichmiiller space. A priori, there might be other isometric embeddings
of (S, ¢/,) as a past-convex space-like surface and of (5, g’_) as a future-convex space-
like surface into M not equivalent to the ones found before. Actually, this is not the
case due to the following result about isometric embeddings of convex surfaces into
Fuchsian Lorentzian manifolds:

Theorem 7.2 (Theorem 1.1 in [LS00]). Let (S, g) be a Riemannian surface of genus
T > 2 with curvature strictly smaller than —1. Let o € AdSs be a fized point.
There ezists an equivariant isometric embedding (f, p) of (S, g) into AdS3 such that
p 1s a representation of the fundamental group of S into the group Isom(A:ng, xo) of
isometries of AdSs fizing xo. Such an embedding is unique modulo Isom(AZng,mo).

As a consequence, if we denote with A the diagonal of Teich(S)? x Teich(S)?, we
have proved that

(bg % 0y ) H(A) = (B,~E) € I(S,9})" x I(S,9") .
9y g_
We need to verify next that at this point the intersection
</5;_/+ (1(S, g;)ﬂ N (bg_’, (1(S, 9/7)7)

is transverse. Suppose by contradiction that the intersection is not transverse, then
there exists a non-trivial tangent vector b € TgI(S, ¢/, )" and a non-trivial tangent
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vector b~ € T_gI(S, g )~ such that
dg}, (b+) = ds, (b™) € Tj, Teich(S) x TjTeich(S) .
+ —

We recall that elements of TgI(S,¢/. )" can be represented by traceless, ¢/, -self-
adjoint, Codazzi operators. With this in mind, let us compute explicitly dd);, (b™).
+

Let b, be a smooth path in I(S, ¢/,)" such that bj = E and %\t:obj = bt #0. The

complex structures induced on S by the left metrics hy(b;) are
T =(E+Jb)) V(B + Jbf)

where J is the complex structure of (S, ¢/, ). We compute now the derivative of this
expression at ¢ = 0. First notice that, since the operators b; are ¢/, -self-adjoint, J bzr
is traceless, hence the Hamilton-Cayley equation reduces to (Jb;)? + det(Jb)E =
(Jb/)? + E = 0. We deduce that

(E+ JbF)(E — Jbf) =2E .
Therefore, the variation of the complex structures induced by the left metrics is

wod . d 1

—— i E — JbN)J(E + Jb
Jl dt|t:0 l dt|t:02( J t )J( +J t )

1 . 1 .
= 5(—Jb+)J(E +J)+5(E - J)J%bt

=—(E—-J)b"

where, in the last passage we used the fact that, since bt is traceless and symmetric,
the relation Jb* = —b*.J holds.

With a similar procedure we compute the variation of the complex structures of the
right metrics and we obtain

Jt=(FE+NteTra.

Noticing that jfL and J;” are both traceless Codazzi operators, the image of bt under
the differential qu;’, is simply
+

d¢g+,+ (bF) = (=(E — J)b*, (E 4 J)b") € T} Teich(S) x T}, Teich(S)
because, as explained in Theorem 1.2 of [ET87]|, the space of traceless and Codazzi
operators in 754 is in direct sum with the kernel of the differential of the projection
7+ A4 — Teich(S), which sends a complex structure J to its isotopy class and gives
an isomorphism between the space of traceless, Codazzi, self-adjoint tensors and
T3, Teich(S).

With a similar reasoning we obtain that

dg_, (b7) = (=(E+ J)b™,(E = J)b~) € T, Teich(S) x TyTeich(S) .
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By imposing that dgé;, (bT) = dgég_, (b™) we obtain the linear system
+ —

(—E+ J)b+ = (E+J)b
(E+ )bt = (B —J)b~

which has solutions if and only if T = b~ = 0. Therefore, the intersection is
transverse and we can finally state that

%(Qs;r; ) ¢;/_) =

Now we use the theory described in Section ] to prove that an intersection persists
under a deformation of one metric that fixes the other. Let g, and g_ be two
arbitrary metrics on S with curvature less than —1. We will still denote with ¢/, and
with ¢’ the metrics introduced in the previous paragraph with self-dual constant
curvature and in the same conformal class. Consider two paths of metrics {gi}te[o,l]
and {g" };co,1) with curvature less than —1 such that 9 =9+, 98 =7, ¢° =g-
and g = ¢’ . We will first prove that

g (1(S,94) ") Ny (1(S,g2)7) #0.

Suppose by contradiction that this intersection is empty. Then the map gi);r X qbg_/_
is trivially transverse to A. Consider the manifold
U 1(s.gH)*
t€[0,1]
and the map
Txg, 1 X =W xI(S,g1)" — (Teich(5))' =Y

as defined in Section By assumption the restriction of ®* x QS;, to the boundary is
transverse to A and by Proposition [5.13] the set D = (&1 x ¢g_, )~1(A) is compact.

Let B be the interior of a compact set containing D and let C' = (X \ B) U0X. By
construction, ® x ¢, is transverse to A along the closed set C'. Applying Theorem
there exists a smooth map ¥ : X — Y which is transverse to A and which
coincides with ®* x ¢;/ on C. In particular, the value on the boundary remains

unchanged and W~!(A) is still a compact set. By Proposition the intersection
number of the maps

gf);z 2 I(S, ¢ )" — Teich(S) x Teich(S) and ¢, : I(S,g4)" — Teich(S) x Teich(S)

with the map
¢, 1(S,9-)" — Teich(S) x Teich(S) ,

as defined in Section [} must be the same. This gives a contradiction, because

0=S(¢;, .0y ) # 30, .6, ) =1

gy "y
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So we have proved that ¢y, (I(S,g+)7) N, (I(S,g)7) # 0, but we do not know

if the intersection is transverse. Repeating the above argument choosing the closed
set C' = (X \ B)UI(S,g4)", we obtain that a perturbation ¢ of ¢ x ¢, Wwhich is

transverse to A and coincides with gb;r X (bg_, outside the interior of a compact set
containing (¢, x o )~1(A) has intersection number (¢p, A) = 1. By Proposition
1.5 every perturbation of the map qﬁ;; X ¢g_, obtained in this way has intersection

number with A equal to 1.

This enables us to deform the metric g_ without losing the intersection, by re-
peating a similar argument. Suppose by contradiction that

df (I(S,9) )Ny (I(S,9-)7)=0.
Consider the manifold
wo=|J 1(5,9)"
t€0,1]
and the map

O x¢f X =W xI(S,g4)" — (Teich(5))* =Y .

By assumption the restriction of the map &~ x (;S;; to the first boundary component
Xo = I(S,g9+)" x I(S,g_)" is transverse to A and by Proposition the pre-
image D = (®~ x d);}:)_l(A) is a compact set. Let B be the interior of a compact set
containing D and let C' = (X \ B)UXj. By construction, &~ x <z5g++ is transverse to A
along the closed set C. Applying Theorem there exists a smoothmap ¥ : X — Y
which is transverse to A and which coincides with &~ x gb;r on C'. In particular,
the value on the boundary X, remains unchanged and U~=!(A) is still a compact
set. Moreover, the value of ¥ on the other boundary component is a perturbation of
qﬁ;; X (bg_, which is transverse to A and coincides with <Z>g++ X qﬁ;, outside the interior

of a compact set containing (¢, X by )~1(A). Hence, by Proposition and by

Proposition the intersection number S(gzb;r, ¢, ) must be equal to 1, thus giving
a contradiction.

Remark 7.3. It might be possible to prove the uniqueness of this intersection by
applying Proposition [4.6 To this aim, it would be necessary to show that for every
couple of metrics g+ and g_ with curvature strictly smaller than —1, the functions
¢4+ 1(S,9+)" — Teich(S) x Teich(S) and ¢, : I1(S,g-)~ — Teich(S) x Teich(S)

are transverse.
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