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Generalized polynomial chaos expansion provides a computationally efficient way of quantifying the
influence of stochastic parametric uncertainty on the states and outputs of a system. In this study, a
polynomial chaos-based method was proposed for an analysis and design of control systems with para-
metric uncertainty over a non-hypercube support domain. In the proposed method, the polynomial chaos
for the hypercube domain was extended to non-hypercube domains through proper parameterization
to transform the non-hypercube domains to hypercube domains. Based on the proposed polynomial
chaos framework, a constrained optimization problem minimizing the mean under the maximum allow-
able variance was formulated for a robust controller design of dynamic systems with the parametric
uncertainties of the non-hypercube domain. Several numerical examples ranging from integer to frac-
tional order systems were considered to validate the proposed method. The proposed method provided
superior control performance by avoiding the over-bounds from a hypercube assumption in a compu-
tationally efficient manner. From the simulation examples, the computation time by gPC analysis was

approximately 10-100 times lower than the traditional approach.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Modeling inaccuracies or uncertainties are inevitable in
practice. The deterministic worst case setting is the most popu-
lar way of considering parametric uncertainty in control theory
[1-3]. One of the drawbacks of this worst case-based method is
its computational complexity, in that it often becomes computa-
tional intractable for general uncertainty structures [4]. To avoid
this problem, the uncertainties are normally assumed to be of an
interval or hypercube type in the worst case approaches. On the
other hand, when the uncertainties are not of the hypercube type,
they need to be over bounded by a hypercube, which can lead
to an excessively conservative design. Therefore, a probabilistic
approach that can handle the actual type of uncertainties should
be considered for a proper controller design.

The Monte-Carlo (MC) method is a representative traditional
probabilistic approach for the analysis and control of uncertain
systems [4-6]. The brute-force implementation of the MC method
involves first generating an ensemble of random realizations with
each parameter drawn randomly from its uncertainty distribution.
Solvers are then applied to each member to obtain an ensemble
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of results. The ensemble of results is then post-processed to esti-
mate the relevant statistical properties, such as the mean, standard
deviation, and density function. The stability and robustness of the
system against the uncertainties can be inferred from these sta-
tistical properties. The estimation of the mean converges with the
inverse square root of the number of runs, which makes MC meth-
ods computationally expensive. The high computational cost of MC
methods has motivated the development of computationally effi-
cient methods for uncertainty propagation and quantification that
replaces or accelerates them, such as Quasi Monte Carlo (QMC)
methods [4,7,8] and generalized polynomial chaos methods (gPC)
[9-12].

Many studies have considered probabilistic approach for robust
controller design [4,13-15]. These studies, however, focused pri-
marily on MC/QMC methods rather than the gPC method. The most
popularapproachis to consider linear systems with stochastic addi-
tive Gaussian input [13]. For a linear time invariant system, the
states are also Gaussian. Therefore, the predictive control problem
is formulated as a standard chance constraint problem. When para-
metric uncertainties are involved, as reported in reference [14], the
scenario approach is suggested for robust model predictive con-
trol. In reference [15], the MC method was used to design a full
state feedback controller in mini unmanned aerial vehicles. Please
refer to [16] for a recent update of the probabilistic methods for
control system design.
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Fig. 1. Closed-loop control system.

This study considered generalized polynomial chaos (gPC)
expansions as a functional surrogate model of a system model in
the presence of uncertainty of the non-hypercube type. Although
uncertainty propagation and quantification using gPC expansions
have been studied extensively, the application of gPC to proba-
bilistic robust control is relatively new [17,18], and unavailable to
systems with uncertainty of the non-hypercube domain.

In this study, a polynomial chaos-based method was proposed
for probabilistic analysis and robust controller design for sys-
tems with parametric uncertainty over the non-hypercube support
domain.

This paper is organized as follows. Section 2 introduces the
theory of gPC methods for uncertainty with a hypercube domain.
Section 3 derives several parameterizations for an analysis of a
non-hypercube domain. In Section 4, the gPC based method for the
fraction order controller design is proposed. Section 5 includes sev-
eral examples of probabilistic analysis and controller design of the
systems with non-hypercube uncertainty.

2. Probabilistic analysis using polynomial chaos theory for
hypercube domain

Consider a closed loop control system in Fig. 1 with a plant and
a controller:

C(s)=Kp + g + Kyst;
1
bmsPm + ... + bosPo oI5 M

G(s) =
() apS%n + ... 4+ ags®o

where the vector of its parameter & = (aq, ..., an, b1,...,bm, L) =
(&1, &3, ..., &Ey)isarandom vector of mutually independent uniform
random components with probability density functions of p;(§;) :
I'; — R*. Therefore, the joint probability density of the random
vector, &, is p = H, 10i, and the support of § is T' = H I; eR
The set of one-dimensional orthonormal polynomials, {¢1(51)m oh
can be defined in finite dimension space, I;, with respect to the
weight, p;(£). Based on a one-dimensional set of polynomials, an
N-variate orthonormal set can be constructed with P total degrees
in the space, I', using the tensor product of the one-dimensional
polynomials that satisfies:

1 m=n

[ onmea-{ "= @

Considering a response function of the system output f(y(t, &))
with the statistics (e.g. mean and variance) of interest, the

N-variate Pth order approximation of the response function can
be constructed as follows:

me )Pm(&

(3)
Mo vk ey
N NIP!

where P is the order of polynomial chaos, and fm is the coefficient
of the gPC expansion that satisfies (2) as follows:

fn =E[@nf()] =/f(y)¢m(r§)/0(§)d§ (4)
r

where E[] denotes the expectation operator.

The probabilistic collocation approach [9] was used to obtain the
gPC coefficients of the response function because of its simplicity.
The algorithm is expressed briefly as follows:

. qi
¢ Choose a collocation set, {Egm), w(m)}m:1 for each random com-
ponent, §;, for every direction i=1,...,N, and construct a
one-dimensional integration rule,

qi
Qg1 =) g w) (5)
j=1

where Q[ ] denotes the quadrature approximation of the univariate
integration. A Gaussian quadrature [11] is normally used as a one-
dimensional integral rule in classical spectral methods, such as the
deterministic equivalent modeling method (DEMM).

¢ Obtain an N-dimensional integration rule by the tensorization of
the one-dimensional integral rule:
©gl=(Q, " e... 00"l

a1

Z Zg(é

1= iN=1

S ENYwy 0D g . @ wy V) /g(é 0(&)dg
r

where ® and £2[] denote the tensor product and the multivariate
quadrature (cubature) approximation, respectively.

e Approximate the gPC coefficients in (4) using the numerical inte-
gration rule in (6).

Q
Fj =, HDEP] = > FE™DE™ W™ forj=1,...M (7)

m=1

Where]?is the numerical approximation offusing cubature.

e Construct an N-variate Pth order gPC approximation of the
response function in the form, ff = Zﬁlfj(bj(f)

Once all the gPC coefficients have been evaluated, a post-
processing procedure is then carried out to obtain the statistics of
the response function, f(y(t, &)).

The mean of the response function is the first expansion coeffi-
cient,

M
EL{1 =1y = /F Fip(€)de= /F > o) p&ds=f (8)
j=1
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The variance of the response function f(y(t, £)) can be expressed
as

Dy = of = E[(f — 145)°]

M M
= / D TiEeE-T1 | | D O T | pl8)de
I\ j=1 j=1

M
> ®
j=2

Egs. (8) and (9) employ the property that the polynomial set
begins with @1(&) = 1. The weight function of the polynomial is
the probability density function. If a response function, f(y) =y,
is chosen, the mean and variance of the system’s states can be
approximated using Eqs. (8) and (9), respectively. The surro-
gate gPC series, f,{,’ = EJI\;]?jq)j(é), can be sampled to obtain the
probability density function for the response function.

The set, {(i)i}id;l ,is the orthonormal polynomial of §; with a weight
function, p;(&;). The weight function is the probability density func-
tion of a random variable, ;. This links the distribution of the
random variable, &;, and the type of the orthogonal polynomials
in its gPC-based method. Because the uncertainties are a uniform
type, the Legendre polynomials and their quadrature should be
used for optimal convergence. More details on how to construct the
Legendre polynomials and its associated quadrature can be found
in references [9,10] and the references therein.

The errors for stochastic simulation have two sources: trun-
cation error and simulation error. Truncation error is due to the
finite dimensional approximation of the infinite dimension random
process (finite order of gPC expansion, finite number of samples).
Simulation error is due to the error of the deterministic method
used for the simulated system with the sample/cubature set.

Forinformation on the spectral convergence of the gPCapproach
under the smooth dependence of the solution on the random
parameters, please refer to [9-12].

Remark. The computational effort needed by the gPC method is
scaled with the number of cubature nodes used to estimate the
gPC coefficients. Therefore, the computational load of gPC increases
exponentially with increasing dimensions of random space. For
this reason, the gPC method is suggested only when the number
of random parameters is low, e.g. <5 [9].

3. Parameterization of non-hypercube domain

The presence of uncertainty in the system description has
always been a critical issue in control theory and its applica-
tions. The most popular way when considering the uncertainties
is to consider it as an interval uncertainty (i.e. with a hypercube
domain). Nevertheless, the non-hypercube probability spaces with
an irregular shape of the parameter domain often occur in con-
trol engineering problems, e.g. as reported in [19-22] and the
references therein. According to references [21-23], the parame-
ter ellipsoidal uncertainty descriptions are obtained more naturally
from parameter identification procedures. When the uncertainties
belong to the non-hypercube domain, the uncertainty set is nor-
mally over bounded with the hypercube domain to simplify the
design procedure, which often leads to a too conservative design.

According to reference [4], the uniform distribution may have
the worst-case properties compared to other distributions. There-
fore, the uniform distribution is considered in the plan as a
distribution-free robustness design. In this study, the design and

analysis with the parameters distributed uniformly in a non-
hypercube domain were considered.

In this section, the gPC method was extended to a non-
hypercube domain. First, the polynomial chaos for a hypercube
domain was constructed, as in the previous section. To utilize the
gPC framework for hypercube domains, proper parameterizations
to transform a non-hypercube domain to a hypercube domain are
presented for several popular types of non-hypercube domains:
ellipsoidal, simplex, etc.

The purpose of considering the simplex uncertainty is that poly-
topic and other complex uncertainty domains can be decomposed
easily into multiple simplex domains. In that case, under certain
conditions, the multi-element polynomial chaos can be used for
probabilistic analysis [24].

The following theorem was used to parameterize a non-
hypercube domain in to a hypercube one [4].

Theorem 1. Let £<R"™ be a random vector with density,
pe(81, ..., §n), continuous in a support domain I' C R", and let ) =
(&), where t: T — 7,7 CR", is a one-to-one mapping, so that
the inverse & = T-1(n) = h(n) is well defined. The partial derivatives,
0&;/0n, = oh;/dn,, exist and are continuous on 7.

The random vector m has a density of

Pu(m) = pe(h(mMY(E — n) (10)
where
% 985 %N
ol =TT o
% 985 %N
JE-m=| 02 I on2 (11)
051 05 ¥y
ol el T

is the absolute value of the determinant of the transformation Jaco-
bian.

The gPC expansion becomes non-polynomial expansions due to
the transform [9]. Therefore, this transform leads to sub-optimal
convergence in the gPC expansion. Note that the transformations
ensure that the new random vector has an exact density function
as the given one.

3.1. Parameterization of a I, ball and weighted I, ball (uniform in
an ellipsoid)

3.1.1. Euclidean ball and its parameterization

A random vector, n) = (1, . . ., 1In), is distributed uniformly in
PBr,aly ball with aradius r, if the density can be expressed as follows
[4]:

pnz

N 2
1 . 2
Vol( ;) if ||1|H2= (Z]|’h| ) =T (12)
i=
0 otherwise

where Vol(.) denotes the volume and |.|, is the I, norm of the
vector.

3.1.2. Parameterization algorithm
o Let E§=(&1,5,...... &Ev) be a vector of the indepen-
dent uniform random components in [-1, I]N. The following
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transformation returns a real random vector, 1, distributed uni-
formly in %;, a I, ball with radius r:

61 = sin (g&)

6, = cos (ggl) sin (g&z)

(13)
On_1 = cos (g‘;‘]) cos (g‘;‘z) ...sin (gSN,1)

6N = £ cos (gél) cos (ggz) ...CoS (gEN—1>

and

Tl=r9(%§1v+%)]m (14)

Consider a simple example taken from [25] to demonstrate the
parameterization method, where it is important to integrate

/ [x% +y? — 2xy] dxdy (15)
x2+y2<1

This integral can be rewritten as an expectation of a function
with two random variables, x and y, distributed uniformly in a unit
disk:

I:]Tl/ [x% +y% — 2xy]dxdy = E(x* + y* — 2xy) (16)
x2+y2<1

The following gives a list for the use of the gPC method with the
above parameterization for estimating Eq. (16).

¢ Set the radius of uncertainty radius r=1;

e Obtain the two 1D Legendre quadrature sets and their associated
polynomials. The two quadratures {& ", wy (")}Ll] and (&Y, WZU)}?
have the same support [-1,1].

e Using the transformation in Eqs. (13) and (14) for obtaining two
new 1D quadrature rules for a disk

. . . 1/2
G o _ [Tan, 1

& v = {551 "‘5}
£ ) = gd)

e The two random variables x and y can be parameterized as

x(&71, &) = rv W sin(v, )
yO(&1, &) = r; D cos(1,1)

e The 2D cubature and polynomial set are obtained by the ten-
sorization of 1D sets.
¢ The coefficients of gPC expansions are obtained using Eq. (7)

Q
fi= Zf(ém))cpj(g(m))w(m) for j=1,...M

m=1
where M is defined as Eq. (3), Q=¢?
e The first coefficient is the mean of the function, f(x, y) = x% + y? —

2xy. The integral (16) is then obtained by multiplying the first
coefficients with 7.

Note that only 102 simulations (number of cubature nodes) were
sufficient to obtain an accurate result [=2.3563.The Gauss Legendre
quadrature was calculated using the OPQ suite [26]. On the other
hand, the MC method with the code given in [25] required 500,000
simulations for the same accuracy.

3.1.3. Ellipsoid and its parameterization

A random vector, M = (71, ..., ), is distributed uniformly in
&(Mg, ®), whichis aweighted I, ball with a positive definite shaping
matrix, ®, and center m,, if the density function can be expressed
as

1 _ - j
Volle(ng, @) JM~M0) ® n-mp) <1

0 otherwise

Py = (17)

Parameterization algorithm:

e Compute a matrix P such that ® = PTP.

e Assume that there is a vector k € R" distributed uniformly in a
unit ball, »

¢ A transformation, 1 = Pk + g, will result in a vector, m, dis-
tributed uniformly in the ellipsoid &(ng, ®)

3.2. Parameterization of a simplex

A simplex is a generalization of the notion of a triangle in 3 or
more dimensions. A simplex in N dimensions is defined by N+1
vertices o, . .., {N.

Suppose that N+ 1 points o, .. ., {y are independent. A simplex
Si(Zo, - .., ¢n) is a set of vectors in RN of the form

So+Cv (18)
) CN - {0

where C is an invertible matrix with columns ¢; — o, ..
N
andv=<{ (v1,...,vp)eRN: Zvi <15%.
i=1
Parameterization algorithm [27]:

o Let §=(&1,&, ..., &v) be a vector of the independent uniform
random components in [-1, 1]N.

¢ The following transformation will result in a vector, n, distributed
uniformly in a simplex Si(&o, ..., {N):

n1 = (Nv )I/N((N _ 1)1/2)1/(’\’71). . (20N )I/ZUN
N-j '
ny = (Nvy )””H((N (1) =
i=1
M= (No)' /N (1= (N = D) /YD)
(19)

wherev; = gt (3&+3)i=1,...,N.

Remark. Despite there being several ways of transforming a
hypercube domain to a non-hypercube domain, not all of them are
suitable for the gPC method.

4. Risk analysis and controller design

Apart from the controller design, the problem of determining
the probabilities that a certain system characteristic exceeds critical
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thresholds has significantimportance. The problem with determin-
ing the probabilities that a certain system characteristic exceeds a
critical value is known as risk analysis.

4.1. Risk analysis

Some notation and definitions from [4] are introduced for risk
analysis of a system.

Denote the set of uncertainty as 7

In deterministic robustness, the main objective is to check if
a given system property is satisfied for all possible values of the
uncertainty. The satisfaction of a system property is given by the
performance function, f(£), and a performance level, y, so that the
inequality

fE) <y (20)

guarantees all possible cases of uncertainties £ € 73

Denote the volume of the set of uncertainty by vol(%)

For probabilistic analysis two sets are introduced: good and bad
sets. These are a subset of 7. They are constructed so that their
union is equivalent to the set of uncertainties and their intersection
isempty. The good setis defined as ¢ = (§ € % : f(§) < y}. Thebad
set is defined as #p = {§ € ¢ : f(§) > ¥).

In a probabilistic setting, the measure of robustness is given as
the relative volume of the good set ¢ = {§ € 7 : f(§) < y).Inother
words, the volume of the good set needs to be sufficiently large, i.e.
the ratio

vol(73¢)

wol(7) =

is close to one.

The ratio given in Eq. (21) is called a performance degradation
function. This actually is the probability Pr{f(£) < y}, which can be
found by sampling the surrogate gPC model in Eq. (3) or directly
from the MC/QMC simulation.

4.2. Controller design

Because a fractional-order system can be considered as a gen-
eralization for classical integer-order systems [28-31], this section
provides a gPC based method for the fractional order controller
design with non-hypercube uncertainties.

Consider the closed loop control system in Fig. 1, where ((s) is
a PI*DH controller [29],

C(s)=Kp + gf + Kyst* (22)

and G(s) is a process with stochastic parametric uncertainty

_ bmsPm . 4 bosPo

- 2
G(s) AT (23)

where a;, b;, L are random variables with given distributions with
a non-hypercube domain.

4.2.1. Mean-variance optimization
The PI*D* controller’s parameters are obtained by optimizing
the cost function,

T
min /= min |Me(t)| de (24)
Kp,Ki,Kd, A, Kp,Ki,Kd, A, 0

subject to a constraint on the variance of the output

max Dy(t) < Dmax (25)
0<t<T

where M and D denote the mean and variance of the signal, respec-
tively.

Fig. 2. Generation of 2000 uniform samples in the simplex for case 1. For the design
with a cube uncertainty, a cube was used to bound the simplex.

A large variance of the system output indicates a large devi-
ation from the nominal response under parametric uncertainties
because the variance is a measure of the variability of a random pro-
cess, which can lead to either very sluggish or oscillatory responses.
The upper bound, Dpax, of the variance of the system output can
be considered the maximum allowable sensitivity of the system
response to the parametric uncertainties. Therefore, adjusting Dmax
allows trade-off between the robustness of the response to uncer-
tainty and the response speed. The mean error can be viewed as
the weighted averaged multi-model error.

Remark. The performance objective function in the frequency
domain can also be used.

4.2.2. Design with probabilistically guaranteed robustness

The goal of this approach is to ensure a given probability p of the
stability of a control system. For this purpose, the constraint (25) is
replaced with Pr{max(z;) < 0}>p, where z; are closed loop poles.

5. Examples

The performance of the proposed method for probabilistic anal-
ysis and controller design was evaluated using case studies.

5.1. Example 1: probabilistic analysis of FOPDT system

In this example, a first order plus dead-time (FOPDT) system,
which is one of most representative and popular models in pro-
cess control [32,33], was considered with a PID controller designed
based on a two dimensional cube uncertainty [17],

G(s) = %e‘“, CO(s) = 0.989 + % +0.007s (26)

Assume that K, Tand L are distributed uniformly inside a simplex
defined using the following four vertices:

$0=1[0.5;0.5;0]; ¢; =[0.5;1.5;0]; ¢ =[1.5;0.5;0];
£3=[0.5;0.5;0.5] (27)

A parameterization algorithm, as reported in Section 3,
was applied to transform the simplex into a hypercube,
[£1, &, &3] €[—1, 1]°. Fig. 2 shows 2000 samples of a real 3 dimen-
sional vector of K, L, T distributed uniformly inside the simplex.
The proposed approach was compared with the QMC method
for predicting the output mean and variance for a step refer-
ence input (Fig. 3). An analytical representation of the output was
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s 05f —gPC 1
=== QMC 20000 sims.
00 2 4 6 8 10
0.015 ; « r :
P —gPC
E» 0.01f -==QMC 20000 sims. 1
0.005 1
OO 2 4 6 8 10
Time[sec.]

Fig. 3. Statistical characteristics (mean and variance) in Example 1.

0.02 v v r

| Eige
I QMC 20000 sims. ||
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0.005

0 0.2 0.4 0.6 0.8
v(0.62)

Fig. 4. Density function of the output for Example 1 at 0.62s.

then obtained effectively in terms of & = (&1, &, &3), as j/ﬁ(t) =
M
Z)‘?j(t)éj(f). The probability density function of the output can be
j=1
obtained by simple sampling of this analytical representation. Note
that in the QMC method, it is important to simulate the dynamic
given in Eq. (26) one thousand times at the sampling points to
obtain the required probability density, whereas in the gPC method,
only a small number of cubature nodes are needed to obtain the
surrogate representation. For a system with a smooth response,
exponential convergence is expected for the gPC method. This fast
convergence property of the gPC is also reported in reference [9]
and the references therein. Fig. 4 compares the density function
of the output at 0.62 s, where the peak variance occurs, obtained
using the gPC and QMC methods. The gPC surrogate model is a
time dependent model, and can be sampled at any time moment
for the density functions of the system output. The performance of
different methods was compared for case 1 in terms of the absolute
errors of the means and variances as follows:
ey = ’MY _ Myz0,000’
(28)
ep = ’Dy _ Dy20,000|
where M}z}o,ooo and D%/o,ooo denote the mean and variance of the
reference solution of the Monte-Carlo method with 20,000 simu-
lations, respectively. In the gPC method, the number of curvature
nodes used to estimate the gPC coefficients plays the same role

—gPC

QMC 2000 sims.  |]
=== QMC 8000 sims.
""" QMC 16000 sims. |]

—gPC

QMC 2000 sims.
=== QMC 8000 sims.
----- QMC 16000 sims.

0 2 4 6 8 10
Time [sec.]

Fig. 5. Absolute errors of the means and variances for Example 1.

Time [sec.]

Fig.6. Absolute errors of the means and variances (Fig. 5) with zoominto the interval
[0, 2]s.

as the computational complexity (number of simulation) in the
QMC method. Figs. 5 and 6 show the absolute error of the QMC
and proposed methods.

From Fig. 5, the degradation in the performance of gPC can be
observed at the beginning of the transient, where the time delay
creates discontinuity in the system output. On the other hand,
the response quickly becomes smooth, and the overall accuracy
recovers within a short time. Fig. 5 shows that the QMC method
with a lack of samples also suffers from the same problem. The
gPC method provides the best results when peak variance occurs.
Despite the degradation due to a discontinuity in the beginning, the
error of the gPC method in the beginning is still acceptable.

Table 1 lists the computation times needed to obtain the statisti-
cal characteristics and simulation parameters using both methods.
The proposed gPC based method is much more computationally
efficient than the QMC method, whereas the generated probabilis-
tic characteristics from both methods are similar. This shows that
the gPC can provide similar accuracy with far less computational
effort than the QMC method.

Suppose that this simplex type of uncertainty is changed to
a hypercube uncertainty (or an interval type of uncertainty), as
shown in Fig. 2. Fig. 7 shows the mean and variance. If the actual
uncertainty is a hypercube, the variance of the system output will
increase significantly, as expected.
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Table 1
Simulation parameters and time profiles for obtaining the probabilistic characteristics of the system for the gPC and the Quasi Monte-Carlo (QMC) method in Examples 1, 2
and 3.

Example Simulation parameters Computation time

QMC (Halton sampling) gPC QMC (Halton sampling) gPC

1 20,000 samples 275 cubature points 1426.45s 6.13s

2 10,000 samples 100 cubature points 812.9s 4.77s

3 20,000 x 26 samples 26 x 100 cubature points 28.71 3.26s

Remark. The controller CO is a somewhat lofty design (it is not
designed by considering these actual uncertainties) and it is only
used for probabilistic performance analysis.

5.2. Example 2: probabilistic analysis of fractional order system

In this example, the H, performance of an uncertain fractional
order system was studied. The following fractional order was con-
sidered with the closed loop configuration in Fig. 1.

—_— b .
Tastl41’

G(s) C(s)=1 (29)
where m = [a, b] is a random vector distributed uniformly inside
the ellipsoid, &(ng, ®), where 1y = [0.85 2.6]"

O [0.1 0 ] (30)
0 0.2

This model can be found in the Cole-Cole model [34-36], which
provides a parameter of the fractional order, o, which improves the
fitbetween dielectric theory and dispersion data [36]. A parameter-
ization algorithm, as shown in Section 3, was applied to transform
this ellipsoid into a hypercube [£1, &3] €[ -1, 1]°. Fig. 8 shows 2000
samples of a real 2 dimensional vector of a and b distributed uni-
formly inside this ellipse. Fig. 8 also shows a rectangle used to
contain this ellipse as a hypercube domain. The gPC surrogate
model of a closed loop system norm was constructed using 100
cubature nodes. This effective analytical gPC model was sampled
with 10,000 samples without a simulation effort or computational
burden. For the QMC method, 10,000 samples were first gener-
ated and distributed uniformly in the ellipse. The H, norms of the
sampled closed loop system were evaluated and post-processed to
obtain the density. The computational burden of the QMC method
comes from the repetition of calculating the H, norms. The H;
norm was calculated using the CRONE toolbox [37]. Fig. 9 shows
the density functions of the closed loop system norm obtained

1.5
= I P s
=, -"/'
= 0.5¢ — Simplex
.,‘I i Cube
0¥ n y - .
0 2 4 6 8 10
0.04
o) P .
e A — Simplex
2 o002r; N —mCube
0 = :
0 2 4 6 8 10
Time[sec.]

Fig. 7. Comparison of the statistical characteristics (means and variances) in Exam-
ple 1 for a cube uncertainty and simplex uncertainty.

using the QMC and proposed method. Table 1 lists the computation
times needed to obtain the statistical characteristics and simulation
parameters using both methods.

For comparison purposes, Fig. 10 shows the density function
of the closed loop system norm with the rectangle uncertainty.
When using the rectangle uncertainty, the H, norm of the closed
loop system increased by approximately 10% due to conservative
design. From this example, the computational load for the proba-
bilistic analysis of fractional order system was excessive. Therefore,
the proposed method becomes more attractive in the probabilistic
analysis and design of a fractional order system with a moderate
number of uncertainties.

3.1r

2.8¢

27k
p®

2.4r
23r
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Fig. 8. Generation of 2000 uniform samples in the ellipse defined by Eq. (24).
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Fig. 9. Density function of the closed loop system H, norm for Example 2.
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Fig. 10. Density functions of the closed loop system H, norm for Example 2 with a
rectangle over-bounding compared to an original ellipse uncertainty.

5.3. Example 3: probabilistic robustness of uncertain systems

This example consider the stability of a 4th order integer order
system with a closed-loop characteristic equation of

p(s, 9)=2 + q1+q2+(5 + q1+302)s + (6 + 3q2)s? + (4 + q2)s> +s*
(31)

where q = (q1, q2) is distributed uniformly inside a rectangle with
radius p

g ={qeR 1 qly < p} (32)

Here, the performance function is the maximum real part of the
zeros of the characteristic Eq. (31).

In this case, the uncertainty is uniformin a hypercube. Therefore,
the Legendre polynomial chaos can be used directly to obtain the
performance degradation function.

The volume of good set can be computed analytically as a func-
tion of the uncertainty radius [4]:

4% if p=1
2 16 .
Vol(#6(p)) = { 377 30" ~(ap)=13)p—elp) =5 I 1<p=15
3 7 09 4 .
5P +4p+ 57— 5a(p) if1.5<p<3
(33)

where o(p) = 1/34/(2p + 2). The performance degradation func-
tion can then be obtained as:

Vol(%(p))
Voll 7q(0)) G

This function is depicted graphically in Fig. 11.

The performance degradation curve for a range of uncertainty
radii [0.5, 3] is constructed by choosing a set of equally space grid
points, 0.5 =p1 < p2 < ... < pys =3, and for every grid point,
performing 20,000 independent identically distributed Quasi
Monte Carlo simulations. In other words, Equation (31) needs to
be solved 26 x 20,000 times.

The performance degradation was calculated by the proposed
method with Legendre chaos of order 10. In other words, Eq. (31)
only needs tobe solved 100 x 26 times, and the 26 surrogate models
are sampled with 20,000 samples. Fig. 11 and Table 1 show that
the error by the gPC method is similar to the QMC method with
significantly less computational time.

degrad(p) =

%’ 0-9¢ —Proposed 1
g 08[-—qmc T
S 0.7F |— Analytical 1
0.5 1 1.5 2 2.5 3
P
0.01 T T T T

Abs. Error
(=}
=)
S
wn

Fig.11. Performance degradation function for Example 3 with rectangle uncertainty
and its absolute error using the proposed and QMC method.
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—Rectangle uncertainty (gPC)
0.7F|— Disk uncertainty (gPC)
0.65F Disk uncertainty (QMC)

0.5 1 1.5 2 2.5 3
p

L L

Fig. 12. Performance degradation function for Example 3 with Disk (Ellipsoid)
uncertainty.

The deterministic robustness margin is r= 1. By fixing the prob-
ability of stability to 0.95, the probabilistic stability radius is rg g5 =
1.25.

Consider the uncertainty distributed uniformly in the circle

B¢ = {qeR? : gl < p} >

The gPC method is used to construct the performance degra-
dation function with respect to this uncertainty set in a simlar
manner to the rectangle case. The performance degradation func-
tion is depicted in Fig. 12. For comparison, the degradation function
with respect to the rectangle uncertainty is also shown in the Fig-
ure. The result by the QMC method is also shown for validation
purpose.

By fixing the probability of stability to 0.95, the probabilistic
stability radius in the case is now rg o952 = 1.45, as expected, which
is larger than the stability radius for the uncertainty of a rectangle.

5.4. Example 4: probabilistic robust controller design

From previous examples, the gPC method was more suitable
for controller design by numerical optimization owing to its low
computational load. In this example, a robust PI* D controller was
designed for a FOPDT system. Assume that the uncertainties can
be modeled using a simplex in example 1. The controller param-
eters can be obtained by minimizing the objective functions as
follows:

T
min J= min |Me(t)| de (36)
Kp,Ki,Kd, A, Kp,Ki,Kd, A, o 0
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Fig. 13. Statistical characteristics (mean and variance) for a simplex uncertainty in
Example 3: C1 is designed based on the simplex uncertainty assumption, whereas
C2 based on a cube uncertainty assumption.

subject to a constraint on the variance of the out-
put

max Dy(t) < 0.015 37
Jnax. y(t) < (37)

The resulting parameters of the controller were Ci: Kp =
1.153;K; = 2.12; K; = 0.084; A = 1; u = 1.142. Fig. 13 shows the
mean and variance of the system with this controller. The algorithm
in reference [17] was applied when a cube was used to over bound
the simplex, as shown in Fig. 2. The results of the controller were C,:
Ky =0.624;K; = 0.618;K; = 0.15; L = 1; u = 0.8241. Fig. 13 also
shows the mean and variance of the system with the controller
C, and simplex uncertainty.

As expected, the controller design when the cube uncertainty
was used was much more sluggish than that based on the simplex
uncertainty. For comparison, Fig. 14 shows the bounded regions
obtained from 2000 possible responses, when the system was con-
trolled by C; and C, with the simplex uncertainties. Fig. 14 shows
that the controller based on the cube or interval uncertainty pro-
vides sluggish responses due to the conservative design.

08

06

04

. with controller C1
D with controller C2 1

Time [sec.]

Fig. 14. Bounded region obtained from 2000 possible responses of the uncertain
FOPDT systems with simplex uncertainty.

6. Conclusions

A gPC based method was proposed to examine the probabilistic
behavior of systems subjected to random parametric uncertain-
ties distributed uniformly on a non-hypercube domain. This was
achieved by proper parameterization of the gPC framework from
the hypercube domain. The numerical results of the well-known
Quasi Monte Carlo model were used to compare the accuracy and
computational efficiency of the proposed method. The proposed
method was more suitable for the controller design than the QMC
method. With different assumptions of the distribution of uncer-
tainties, the optimal controller parameters were calculated using
a nonlinear optimization. To avoid an over-conservative design, a
suitable uncertainty domain, which expresses the actual type of
uncertainty and might not belong to a simple hypercube or inter-
val type, should be considered. On the other hand, the gPC method
is suggested only when the number of random parameters is low,
e.g. <5[9]. For higher dimensions, the gPC method with the proper
use of a sparse grid should be considered [38], which will be an
interesting topic for future studies. Moreover, the idea of shaping
the output distribution [39] will be another interesting topic for
future research.
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