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Preface

The aim of my thesis is to give an introduction to Schemes and Moduli Spaces in modern Algebraic Ge-
ometry. Roughly speaking, algebraic geometry is the study of solutions of systems of polynomial equations in
an affine (or projective) space, i.e. the study of algebraic varieties. Guiding problems occurring in this field
are the so-called classification problems, whose goal is to classify all algebraic varieties up to isomorphism.
However, such problems are usually so difficult that one never expects to solve them completely.

The study of schemes and moduli spaces is a first approach for classifying our geometric objects; one also
speaks of moduli problems. The basic idea is to replace the classical geometric space by the algebra of func-
tions on the space, or an even more general set of maps from this space to other spaces, and the geometry
corresponds to some algebraic structure on this set of maps. One of the advantages of this generalization is
the possibility to extend the techniques of geometry to more general objects that may not be considered as
”classical manifolds”.

This concept was established by Alexander Grothendieck in the 1960s.

The thesis is presented in 4 parts:

In the first chapter, we give a quick overview of some concepts from category theory. Most of this chapter is
a summary of the text of [S]. We are not going to study categories in detail but only define the language and
introduce a few basic notions, such as functors between categories. Moreover we analyze some of the most
important results as for example the Yoneda Lemma, for which we detail the proof sketched in [S], and some
of its consequences. The goal is to apply these rather abstract theory to more concrete situations later on.

Chapter 2 deals with elements of classical Commutative Algebra, such as rings, ideals, algebraic varieties,
localizations of rings, modules and sheaves. In particular we concentrate on locally ringed spaces and the
spectrum of a commutative unital ring, which will be of great importance for the rest of the thesis. We will
also prove that the spectrum defines a contravariant equivalence between commutative unital rings and locally
ringed spaces. Here we mostly base ourselves on [Ha], sometimes with a more explicit presentation. We also
add some ideas from [S], [Sch] and [U1].

In chapter 3, we are going to define the very important concept of schemes, which is connecting the fields
of algebraic geometry and commutative algebra. We will give some examples of affine and general schemes
(collected from several sources) and explain how sheaves and schemes can be glued together. We also shortly
describe how schemes can be seen as ”generalized varieties”. However, we can only give some ideas of the
actual aim of schemes and why they are useful, but it is not yet possible to establish deep results. The main
reference here is again [Ha], together with some ideas developped in [Ga], [Ma], [S] and [U2].

The last chapter introduces the moduli problems and their associated moduli spaces. Here we follow the texts
of [HM] and [Ho]. Again this will only be an introduction to the whole concept which shall help getting used to
the language. We do this by giving several examples of moduli problems and explaining how category theory
can be used in order to solve some of them. In particular, it is not always possible to find an ”easy” solution.
We finally close the thesis by describing the case of Mg, the space of isomorphism classes of compact Riemann
surfaces of genus g, as it is presented in [Sch]. This will be an example of a coarse moduli space.
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Chapter 1

Categories and functors

In this chapter we introduce some basic notions of category theory, which are of constant use in various
fields of Mathematics. Roughly speaking, category theory examines in an abstract way the properties of
mathematical concepts by considering them as collections of objects and arrows (called morphisms), these
collections satisfying some basic conditions.

We can see a category as a type of mathematical structure and therefore look for ”processes” which preserve
this structure in some sense. Such a process is called a functor and associates, in a compatible way, to every
object of one category an object of another category, and to every morphism in the first category a morphism
in the second one. Functors, in particular representable functors, will play an important role in the context of
moduli spaces later on.

Category theory was created in 1942—45 by the American mathematicians Samuel Eilenberg (1913—1998)
and Saunders Mac Lane (1909—2005) as part of their work in algebraic topology and homological algebra.
Our aim is not to give a course on category theory, but to understand the language of categories in order to
apply the concepts to concrete situations in the following. This whole first chapter is based on [S].

1.1 Categories

1.1.1 Definitions

A category C consists of

1) a set Ob(C) whose elements are called the objects of C
2) VX,Y € Ob(C), a set Home (X, Y') whose elements are called morphisms from X to Y
3) VX,Y,Z € Ob(C), a composition map

o : Home(X,Y) x Home (Y, Z) — Home(X, Z) = (f,9) = go f

such that these data satisfy

a) o is associative, i.e. (fog)oh = fo(goh) for any morphisms f, g, h such that composition is defined

b) VX € Ob(C), there exists idx € Home (X, X), called the identity morphism on X such that foidx = f,
Vf € Home(X,Y) and idx og =g, Vg € Home (Y, X) for all Y € Ob(C).

Notation : One also writes X € C instead of X € Ob(C) and f : X — Y instead of f € Hom¢(X,Y).

Let f: X — Y be a morphism in a category C. f is called

— an isomorphism if there exists a morphism g : ¥ — X such that fog =idy and go f =idx.

— a monomorphism if for any morphisms g1, g2 : Z — X such that f o g, = f o g2, we have g1 = ¢o.
— an epimorphism if whenever hy o f = hy o f for some morphisms hy,hy : Y — Z, then h; = hs.

If there exists an isomorphism f : X — Y, we say that X and Y are isomorphic and denote X &Y.
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Remarks :

1) Although the most important example of a category is the category of sets, with objects being sets and
morphisms being functions from one set to another, it is important to note that, in whole generality, objects
of a category do not need to be sets and morphisms are not necessarily functions between sets. Neither com-
position needs to be the well-known composition of maps. This leads to quite abstract notions.

2) There are some set-theoretical dangers, e.g. for the category of sets, one has to take care because the
"set” of all sets is not a set. Indeed one has to specify in which universe we are working (we do not give the
definition of a universe here). The crucial point is Grothendieck’s axiom which states that any set belongs to
some universe. We do not develop this any further.

Opposite category
Let C be a category. The opposite category of C, denoted by C°P, is given by the data

Ob(C°?) =Ob(C) , Homeor(X,Y) = Home(Y, X)
and composition map

oop @ Homgor (X,Y) x Homeor (Y, Z) — Homeor (X, Z) : (f,g) — goop f = fog € Home(Z, X)

Subcategories
A category C is called a subcategory of another category C’, denoted by C C C’, if it has "less objects” and
"less morphisms”, i.e. Ob(C) C Ob(C’) and Home(X,Y) € Home (X, Y), VX, Y € C, such that composition
and identities in C are induced by those in C’.
C is called a full subcategory of C' if it has ”less objects” but with the ”same morphisms”, i.e. Ob(C) C Ob((’)
and Home (X,Y) = Home: (X,Y), VX,Y € C. This means that there are as many C’-morphisms defined on
objects of the subcategory than there are C-morphisms.
Full subcategories are characterized by the fact that they only differ from the ”bigger” category by additional
properties, but no new data is needed to define these properties.

1.1.2 Examples

Here below, we fix notations and give examples of the most common and important categories.

category objects morphisms

Set sets maps between sets

Setf finite sets maps between finite sets

Top topological spaces continuous maps

Diff real differentiable manifolds smooth maps

Man? real CP-manifolds p times continuously differentiable maps
Ring rings ring homomorphisms

Grp groups group homomorphisms

Mod(R) modules over a ring R R-module homomorphisms
Mod” (R) finitely generated modules over R R-module homomorphisms
Modf*¢(R) free modules over a ring R R-module homomorphisms
Vectg = Mod(K) | vector spaces over a field K K-linear maps

Ab = Mod(Z) abelian groups abelian group homomorphisms
Ban(K) Banach spaces over a field K continuous K-linear maps

Cat categories functors between categories
Fet(C,C) functors between categories C and C’ | natural transformations

The notions of functors and natural transformations will be defined in section 1.2.

We say that a category is concrete if it is a subcategory of Set. Hence all of the above examples are concrete
categories, except the 2 last ones. Note that Set/ C Set, Mod/(R) C Mod(R) and Ab C Grp are full subcat-
egories. The category of unital rings is an example of a subcategory of Ring which is not a full subcategory
since the unit element gives new data for the existing structure of a ring.
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1.1.3 Initial and terminal objects

Let C be a category. An object I € C is called initial if Home (I, X) is a singleton, VX € C.
An object T € C is called terminal if it is initial in C°P, i.e. if Home (X, T') has only 1 element, VX € C.
An object P € C is called a zero-object if it is both initial and terminal. In this case, we denote P = 0.

Initial objects are unique up to isomorphism since if 11, Is € C are both initial, then
HOmc(IhIQ):{f : Il—>12} s HOInc(IQ,Il)Z{g : IQ-)[l} s HOmc(Ij,Ij):{id]j : Ij_>Ij}
with go f € Home([1,11) and fog € Home(lz,Iz) = go f=1idy, and fog=idy,, thus I; & I,.

Examples :
— In Set, ) is an initial object and singletons, denoted by {pt}, are terminal objects.
— {0} is a zero-object in Mod(R).
— Z is an initial object in the category of unital rings since any unital ring homomorphism ¢ : Z — R is
completely determined by its value at 1, which has to be 1g. Thus ¢(1) = 1 implies that

en)=e+...+)=p(1)+...+(1)=1g+...+1r and ¢(—n)=—¢(n), Vn >0

hence ¢(p) is known for all p € Z.

1.2 Functors

1.2.1 Definition

Let C and C’ be two categories.
A covariant functor F : C — C’ is made up by 2 maps (which we denote by the same symbol)

F : Ob(C) — Ob(C")
F : Home(X,Y) — Home: (}"(X),]:(Y)), VX, YeC

such that they respect the categorical structure, i.e. composition and the identity morphism. In other words,
F(idx) =idrx), VX € C and F(f o g) = F(f) o F(g) for all morphisms f, g in C.

A contravariant functor from C to C’ is a covariant functor F : C°P — (', i.e. it satisfies
Flidx) =idrx) and  F(go f)=F(f)o F(g) (1.1)

In the following, the word ”functor” always refers to a covariant functor.
The defining properties in (1.1) imply that functors map isomorphisms to isomorphisms.

Functors can be composed naturally since they are made up by 2 usual maps. Indeed, let F : C — C’
and G : C" — C” be two functors between categories. Then G o F : C — C” is defined ”pointwise”, i.e.

(GoF)(X)=G(F(X))eOb(C"), VX eC
(G o F)(f) =G(F(f) € Homer ((G o F)(X),(G o F)(Y)), Vf € Home(X,Y)

and this assignment again defines a functor since G(F(f o g)) = G(F(f) o F(g)) = G(F(f)) o G(F(9)).

Bifunctors
Let C; and Cs; be two categories. We define the product category C; x Co componentwise by

Ob(C1 X Cz) = Ob(Cl) X Ob(CQ) s HOIl’lcl><C2 ((Xl, XQ), (Yh YQ)) = HOHIC1 (Xl,Yl) X HOHIC2 (XQ,YQ)

This is again a category. A bifunctor F : C1 x Co — C' is then a functor on the product category.
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1.2.2 Example

Let C be a category and fix an object W € C.
Then we have the Hom-functors F = Home (W, - ) and G = Home (-, W), defined by

F : C—8Set : X — Home(W,X)
F : Home(X,Y) = Homse, (F(X),F(Y)) : f= F(f) = fo
F(f) : Home(W,X) - Home(W,Y) : g+ fog
G : C® - Set : X — Home (X, W)
G : Homcor(X,Y) = Homses (G(X),G(Y)) = fr>G(f) =of
G(f) : Home(X, W) — Home(Y, W) : g go f

Hence F is covariant, G is contravariant and we have a bifunctor Home( -, -) : C°P x C — Set.

1.2.3 The category of functors
Fix two categories C and C’. Functors from C to C’ form again a category, denoted by Fct(C,(’), with
Ob(Fct(C,C")) = { (covariant) functors from C to C’ }

Let F1, Fe € Fet(C,C’). A morphism of functors ¢ : F; — Fo (also called a natural transformation) is the
data of a morphism @y : F1(X) = F2(X) in C’ for every object X € C such that V f € Hom¢(X,Y), the

following diagram commutes :
Yx

}-l(f)l J{fz(f)

Py

Hence natural transformations assign, in a compatible way, to every object in the source category a morphism
in the target category. If ¢ : F; — F5 and ¢ : Fo — F3 are two morphisms of functors, their composition
Yo : F1 — F3 is again given "pointwise” :

('L/) (@) SD)X = ”(/}X oYx € HOmc/ (.Fl(X)7./_'.3(X)) ; VX e C
This composition is associative and 1 o ¢ again defines a morphism of functors since V f € Hom¢(X,Y) :

F3(f)o(Wow)x = F3(f) obx o ox = vy o Fo(f) o px = Py o oy o Fi(f) = (Y o )y o Fi(f)

An isomorphism of functors is thus an isomorphism in the category of functors, i.e. F; = F5 < there are
natural transformations ¢ : F1 — Fo and ¢ : Fo — F; such that 1 o ¢ =idx, and p o1 =idg,, so that

VX el @Wop)x=idrx) , (pot)x =idrx)
In particular, this implies that px and 1 x are isomorphisms in ¢’ and F;(X) = F(X) in C', VX € C.
The converse is however not true : Fi(X) & F5(X), VX € C does not imply that F; = F. If we want to

emphasize that functors are isomorphic in term of objects, we say that F1(X) & F2(X) functorially in X.

Definition :
A functor F : C — C' is called faithful / full / fully faithful if the map F : Home(X,Y) — Home (F(X), F(Y))
is injective / surjective / bijective for all objects X,Y € C. This leads to the following fact :

If F: C — (' is a fully faithful functor, then C can be identified with a full subcategory D of C’, given by
Ob(DP) ={F(X)| X €0b(C)} , Homp (F(X),F(Y))={F(f) | f€Home(X,Y)}

showing that C and D have the ”same” morphisms since F is bijective on morphisms.
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1.2.4 Proposition

Let C,C’ be categories, F : C — C’ a functor and f : X — Y a given morphism in C. If F is fully faithful and
F(f) is an isomorphism, then f is an isomorphism. One also says that F is conservative.

Proof. Assume that F(f) is an isomorphism, i.e.
3G+ F(Y) = F(X) such that F(f) oG = idry and G o F(f) = idrx)
G € Home/ (F(Y), F(X)) = 3lg € Home(Y, X) such that G = F(g) since F is full. Hence
Fldy) =idry)=F(f) o G=F(f) o Fg) =F(fog) = fog=idy
Flidx) =idrx) =Go F(f) = F(9) o F(f) = Flgo f) = gof=idx
by faithfulness of F, so f : X — Y is isomorphism with inverse f~! = g. 0

1.3 The Yoneda Lemma

The Yoneda Lemma, named after the Japanese mathematician Nobuo Yoneda (1930—1996), is actually
the Main Theorem of Category Theory. It states the "embedding” of any category into the category of
contravariant set-valued functors defined on that category. Here we develop the ideas of [S] in more detail.
Let C be a category and set C” := Fct(C°P, Set).

1.3.1 The Yoneda functor
We first fix an object X € C and define the functor h¢(X) : C°P — Set by
he(X) : C® = Set : Y — Home(Y, X)
he(X) : Homeen (Y, Y') = Homgey (Home (Y, X), Home(Y', X)) : frrof

Hence it is a covariant functor on C°? and we have h¢(X) = Home( -, X) € Fet(C°P, Set) = C”. Now we want
to analyze what happens with respect to X. In fact h¢ defines a covariant functor C — C” because

hc : C—)C/\ : XHhc(X):HOInc(,X)
he : Home (X, X') — Homen (Home(+, X),Home(+, X)) : f+ he(f) = h'
where b : he(X) — he(X') is a morphism of functors such that hi, = fo with commutative diagram

nf,=fo
Home (Y, X) ————— Home (Y, X')

ogl iog
h{,:fo

Home (Y, X) Home (Y, X7)

for all Y)Y’ € C, g € Home(Y,Y’) because he(X) = Home( -, X) is contravariant for all X € C. In addition
he is covariant since VY € C,

WP = (fio fa)o = (fi0) o (foo) = A} o hf? = (W1 o hf2)y = hfrofs = pfiopf
The covariant functor he : C — C" : X +— he(X) = Home( -, X) is called the Yoneda functor.

Next we define the functor I' : C x C* — Set by I'(X,F) = F(X) with action on morphisms defined as
follows. If we fix X € C, then
IX, ) : C"—Set : Fr— F(X)
(p: F—=G)— (px : F(X) = G(X)) € Homse, (T'(X,F),T(X,G))

i.e. T' is covariant in the second argument.
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Now fix a functor F € C" (i.e. F is contravariant) and set

I'(-,F) : C—8et : X +— F(X)
(f: X =2Y)— (F(f) : F(Y) = F(X)) € Homse, (I(Y, F),I(X, F))

implying that I' is contravariant in the first argument, i.e. I' : C°P x C* — Set is a bifunctor. Now we are
ready to state and prove the Yoneda Lemma. The proof is however not very instructive and may be skipped.

1.3.2 Theorem (The Yoneda Lemma)

For X € C and F € C*, there is an isomorphism Homca (hc(X),}') >~ F(X) functorially in X and F, i.e.
VX €C,VF €C” there are isomorphisms of functors

Homen (hc(X), ) = F(X, )
Homen (he(-),F) 2T(-,F)=F (1.3)

This makes sense since both functors in (1.2) are covariant and both functors in (1.3) are contravariant.

Proof. 1) We first show that Homen (he(X), F) = F(X) as sets for any fixed X € C and F € C*. Define

o+ Homes (he(X). F) = Homer (Home(-, X), F) — Homgeq (Home (X, X), F(X)) — F(X)

a  pr— px — px(idx)
In order to define 8 : F(X) — Homen (he(X),F), it suffices to set for s € F(X) and Y € C,
B(s)y € Homges (Homc(Y, X),}"(Y))
and then to check that §(s) defines a natural transformation between contravariant functors. We set
B(s)y : Home(Y, X) — Homse, (F(X), F(Y)) — F(Y) : fr—= F(f) — F(f)(s)
which is well-defined since F is contravariant. In addition, Vg € Home(Y,Y”) :

B(s)y
4>

Home (Y, X) F(Y")
Ogl F(9)
B(s)y
Home (Y, X) —— F(Y)

feHome(Y', X) = B(s)y(fog)=F(fog)(s)=F(9)(F(f)(s) = Flg)(B(s)y(f))
hence f(s) is indeed a natural transformation and we constructed 8 : F(X) — Homen (he(X),F).
2) Now we have to check that the maps a and § are inverse to each other :
Vs e F(X), (aop)(s) = a(B(s) = B(s)x(idx) = F(idx)(s) = idrx)(s) =s = aof =idrx)
For computing 3 o a, let ¢ € Homen (he(X),F), ie. F(g) oz =@z o (og), Vg € Home(Z, Z'). Then

(Boa)(p) =B(alp) = Bex(idx))
= Blex(dx)), (f) = F(f)(ex(idx)) = (F(f) o px)(idx) = (¢y o (of))(idx) = ¢y (idx of) = oy (f)

VY €C, f € Home(Y, X) and hence (8o a)(p) = B(px(idx)) = ¢. Hence o and 3 are bijections.
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3) Next we fix X € C and let vary F € C". Denote
o Homen (he(X), ) = I(X,-) , af : Homen (he(X),F) = I'(X,F)

We know that a¥ is an isomorphism for all 7 € C". Hence in order to show that aX is an isomorphism of
functors, it remains to prove that it is a natural transformation, i.e. the diagram below must commute :

Homen (he(X), F) —>T(X, F)

Jd

Homen (he(X),G) ——T(X,0)
for any natural transformation ¢ : F — G. But this is clear : V¢ € Homgn (hc (X),F ),

(¥x 0 ax)(p) = ¥x (a7 (9)) = ¥x (px(idx)) = (Y o p)x(idx) = ag (Yo p) = (ag © (¥0))(p)

X is an isomorphism of functors, which proves (1.2), and its inverse is given by

Hence «
¥ . (X, ) = Homen (he(X), ) , BF : I(X,F)— Homen (he(X), F)
4) Finally we fix F € C" and let vary X € C. We denote similarly
o’ Homen (he(:),F) = T(-,F)=F , % : Homen (he(X),F) = F(X)

where a% is again an isomorphism for all X € C. It remains to show that o is a natural transformation.

Homen (he(Y), F) —5 = F(Y)

ohgl lf(g)
F

[e%

Homen (he(X),F) — G(X)
Let g € Home(X,Y) and ¢ € Homen (he(Y), F). Then F(g) o oy = o o (oh?) because
Fl9)(ax () = F(9) (v (idy)) = (F(9) o py)(idy) = (¢x o (09))(idy) = ¢x (idy 0 g) = ¢x(9)
(a% o (oh?))(p) = a% (o h?) = (o h9) x (idx) = ¢x (h% (idx)) = ¢x(goidx) = ¢x(9)

Thus o is an isomorphism as well and we showed (1.3). This finishes the proof. O

1.3.3 Corollary
The functor he : C — C” is fully faithful.

Proof. We have to show that h¢ : Home(X,Y) — Homen (hc(X),hC(Y)) is a bijection of sets, VX,Y € C.
Choose F = h¢(Y'). This is a contravariant functor, hence by Yoneda :

Homen (hc(X), he (Y)) = hc(Y)(X) = I‘IOIIlc()(7 Y)
And this isomorphism is indeed given by 8 = h¢ because Vs € F(X) = Home(X,Y), f € Home (Y, X),

B)y (f) = F(f)(s) = he(Y)()(s) = (of)(s) =sof hels)y(f) =hy(f) =s0f 0
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1.3.4 Conclusion

It follows that any category C can be identified with a full subcategory of C* = Fct(C°P,Set). This is why
he is also called the Yoneda embedding. In particular, any category C inherits a lot of the properties of the
category Set. Moreover full faithfulness of h¢ implies that any morphism of functors h¢(X) — he(Y) is in
fact induced by a morphism X — Y in C :

V(¢ : Home(+, X) — Home(+,Y)) , 3 f € Home(X,Y) such that ¢ = he(f) =hl = fo (1.4)

1.3.5 Representable functors

Let C be a category. We say that a functor F : C°P? — Set is representable if there exists an object X € C
such that F(Y) = Home (Y, X) functorially in Y € C, i.e. if F 2 Home( -, X) = he(X) as functors in C*.

Similarly, a functor G : C — Set is called representable if 3X € C such that G = Home (X, ).

Representability of functors will be important for studying moduli problems later on.
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Chapter 2

The spectrum of a ring

After the introductory chapter, we start with the main part of the thesis. First we define the notion of a
sheaf and give some recalls on Commutative Algebra. Then we introduce the spectrum of a ring, the set of
all (proper) prime ideals of the ring, and endow it with the Zariski topology and a structure sheaf, turning
it into a locally ringed space. The motivation is to somehow ”enrich” the Zariski topology of an affine space
by adding non-closed points. Moreover we will see that the spectrum defines a contravariant functor from the
category of commutative unital rings to the category of locally ringed spaces. This functor is in addition fully
faithful, so that we have a contravariant equivalence between the category of commutative unital rings and a
full subcategory of the category of locally ringed spaces. It will turn out that this full subcategory is exactly
the category of affine schemes. Most of this chapter is taken from [Ha], [S] and [Sch].

2.1 Sheaves

2.1.1 Presheaves

Let X be a topological space and R a commutative unital ring. Here we follow the notations of [S].
We denote by OP x the set of all open sets of X and turn it into a category by defining as morphisms

romen v = {0
i.e. there is a unique morphism U — V (the inclusion) < U C V. This is indeed a category.
A presheaf of R-modules on X is a functor F from OPY to Mod(R) and we denote
F € PSh(Rx) :=Fct (OPY, Mod(R))
Translating into ”concrete terms”, this means : A presheaf F of R-modules on X is the data of

1) an R-module F(U) for every open subset U C X

2) an R-module homomorphism p¥ : F(U) — F(V), called restriction morphism, for every inclusion of
open sets V C U

such that F() = {0} and the restriction morphisms behave functorially, i.e.
a) py : F(U) = F(U) is the identity map idz(
b) for every inclusion of open sets W C V C U, we have pl, = piy; o p¥.

Elements of F(U) are also called sections of the presheaf F over the open subset U and we sometimes denote
F(U) = T'(U, F). Note that sections do not need to be functions and that restriction morphisms are not
necessarily restrictions of functions. Nevertheless if s € F(U), we often write sy := p{/(s) € F(V).

11
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Remark :
One can define more general presheaves by dropping the condition that the F(U) are modules over some ring.
Indeed one can as well define presheaves as functors Fct (OP}p, Set) or even Fct (OPC)’?, C) for some arbitrary
category C. We will e.g. encounter (pre)sheaves of rings (i.e. C = Ring) in the context of schemes later on.
Modules over a ring R (in particular vector spaces if R is a field or abelian groups if R = Z) will be sufficient
for the moment.

Morphisms of presheaves
Being functors, presheaves on X form a category by definition. In particular, we can speak of morphism
between presheaves : let F and G be presheaves. A morphism of presheaves ¢ : F — G is thus given by a
family of R-module homomorphisms ¢y : F(U) = G(U), VU C X open, which commute with the restriction
morphisms of F and G, i.e. for any inclusion of open sets V C U, we have the commutative diagram

Yu

FU)——G(U)
pgl N ip’xy
F(V)—=6(V)

Again we say that ¢ : F — G is an isomorphism of presheaves if there is a morphism of presheaves ¢ : G — F
such that ¥ o ¢ = idF and ¢ 0¥ = idg. In particular, F(U) = G(U), VU C X open in that case.

Restriction of presheaves
The restriction of a presheaf 7 € PSh(Rx ) to an open subset U C X, denoted by Fy, is defined by V +— F (V)
for V' C U open with the same restriction morphisms as 7 (whenever defined). Hence F|y; is a presheaf on U
and restriction of presheaves defines a functor

(\)r : PSh(Rx) — PSh(Ry)

2.1.2 Germs and stalks

Let F be a presheaf on a topological space X and x € X. Consider two open neighborhoods U,V of x and
sections s € F(U), t € F(V). We define the equivalence relation

(5,U) ~z (t,V) < IW CUNV open such that z € W and p%(s) = piy (t) < siw = tw

i.e. we say that s and ¢ are equivalent with respect to x if they coincide on some smaller neighborhood of z.

The equivalence classes of this relation are called germs of sections of F at x and denoted by

[sla = { (&, V) | (5,U) ~ (£, V) }

Usually the domain of a germ is not specified since we only consider small open neighborhoods of the given point
x € X. Representatives of germs are however given by pairs (s,U) where s € F(U) and two representatives
are identified if the corresponding sections coincide on some smaller open neighborhood of x. The set of all
germs is called the stalk of F at x and denoted by

Fo 1= { [s]x | s is a section of F over an open neighborhood of z }

Fz is again an R-module for all x € X with respect to the following definitions :
Let [s]s, [t]» € Fu be represented by s € F(U) and ¢t € F(V) where z € UNV. Then we set

[sle + [l == [pUnv (5) + pUav (D],

If r € R and [s], € F, is represented by s € F(U), we also define r - [s], := [r - s],. One checks that both
definitions are indeed independent of the chosen representatives.

12
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Moreover any morphism of presheaves ¢ : F — G induces an R-module homomorphism on the stalks :

Oz @ Fz =Gy ¢ [Sla— [@U(s)]m
where s € F(U) is a representative of [s],. This is well-defined since ¢ commutes with restrictions.
Remark :
This definition of germs and stalks is somehow the translation of the actual definition into ”concrete terms”.
For example, [S] and [Ha] define the stalk of a presheaf as the direct limit J, = lim 7 (U) with respect to the

direct system of open neighborhoods of x in X and ordered by reversed inclusion. Direct limits are a quite
general tool for constructing new objects and we will not explain how they are defined here.

2.1.3 Sheaves
Let F € PSh(Rx) be a presheaf. We say that F is a sheaf if it satisfies in addition the axioms

S1 For any open subset U C X, any open covering U = |J; U; and Vs € F(U) such that sy, = 0, Vi, we
have s = 0.

S2 For any open subset U C X, any open covering U = | J, U; and any family of sections s; € F(U;) such
that s;ju,nu, = sjjv.nu;> Vi, J, there exists a section s € F(U) such that sy, = s;, Vi.

S1 implies that the section s in S2 is necessarily unique. Condition S1 is called local identity and requires that
every section that is locally zero is indeed zero. S2 is the gluing property and says that every family of locally
defined sections that glue on intersections defines a global section.

Hence sheaves are presheaves whose sections are determined by local data. The set of all sheaves on X is
denoted by Sh(Rx). In particular, we see that sheaves differ from presheaves only by additional properties
(the axioms S1 and S2) and it follows that Sh(Rx) is a full subcategory of PSh(Rx). Thus sheaves and
presheaves admit exactly the same morphisms :

V]:,g S Sh(RX) : HOmSh(RX)(..F,g) = HOmpSh(Rx)(]:7 g)

However there exist presheaves that are not sheaves, e.g. the presheaf of bounded real-valued functions on X
or the presheaf of constant functions on X, hence Sh(Rx) C PSh(Rx).
Obviously, if F is a sheaf on X, then every restriction F|y; for any open subset U C X is a sheaf as well.

The following proposition, again taken from [S], illustrates the local nature of a sheaf.

2.1.4 Proposition

Let F,G be sheaves and ¢ : F — G a morphism of sheaves. Then ¢ is an isomorphism of sheaves if and only
if the induced map on the stalk ¢, : F, — G, is an isomorphism of R-modules, Vx € X.

Remark : This is false if F and G are presheaves only.

Proof. = : If ¢ : F — G is an isomorphism, then ¢y : F(U) — G(U) is an isomorphism, VU C X open.
Let [s], € F, be such that ¢, ([s],) = 0, i.e. if s € F(U) is a representative of [s],, then [py(s)], = 0, which
means that 3W C U open with x € W such that oy (s);w = 0. But ¢ commutes with restrictions :

0=ou(s)w =vw(sjw) = sw =0 since pw is injective

and it follows that [s], = 0 since s coincides with 0 on W, hence ¢, is injective. Now let [t], € G, be
represented by ¢ € G(U). Then 3s € F(U) such that ¢y (s) =t by surjectivity of ¢y and

S%([S]m) = lpu(s)]e = [t]s = @2 is also surjective

<= : Assume that ¢, : F, — G, is an isomorphism, Vz € X. Since ¢ is a morphism of sheaves (i.e. it already
commutes with restrictions), it suffices to show that each ¢y : F(U) — G(U) is an isomorphism.

13



Schemes & Moduli spaces Section 2.1 LEYTEM Alain

— ¢y is injective : let s € F(U) such that ¢y (s) = 0, hence for every z € U, ¢,([s].) = 0, implying that
[s]z = 0 by injectivity of . and there is an open neighborhood U, of z in U such that s;;, = 0. This can be
done for any x € U, so we can write

U= J U

zeU
with sjy, =0, Vo € U. F satisfying S1, it follows that s = 0, hence that ¢y is injective.

— u is surjective : let t € G(U). Then [t], € G,, V& € U and 3 [s], € F, such that ¢, ([s],) = [t], since ¢,
is surjective. Let [s], be represented by o € F(V;) for some open neighborhood V,, of . Then

[t}z = Wr([s]x) = [SOVZ (O’)]x

i.e. t and ¢y, (o) are sections of F (over different open subsets) whose germs at = are the same, hence there

is an open neighborhood U, € U NV, of x such that tjy, = ¢v,(0)jv, = ¢u,(ow,) with oy, € F(Us).

Summarizing and changing notations (write U; instead of U, ), we get :

There is an open covering U = |J, U; and 3s; € F(U;) such that ¢y, (s;) = tjy,, Vi. Denote Ug; = U; NUj :
PU;; (Si\Uij) = (SDUi(Si))|UiJ. = (t\Ui>\Uij = t|Ui' = (t\Uj)\Uz‘j = ((pUj (S'j))lUij = YUy, (Sj\Uij)

thus s;y,, = sjju,; since we already know that py,; is injective, Vi, j. So the s; glue on intersections and
ds € F(U) such that sy, = s;, Vi since F satisfies S2. Then ¢y (s) = t because

Vi, Ly, = eu,(s:) = eu,(s)p,) = (QOU(S))IU,; = ¢y(s) =t by local identity

since G satisfies S1. Finally s is a preimage of t and we obtain surjectivity of ¢y. O

2.1.5 Proposition
Let F,G be sheaves on X and ¢, : F — G two morphisms of sheaves. Then p =v¢ < ¢, =¢,, Vx € X.

Proof. = : clear by definition
<= : We have to show that py = ¢y, VU C X open. Let s € F(U). Then Vz € U,

0o ([8lz) = ¥u([sl2) & [pv(s)], = [Yu(s)],
< 3W, C U open with z € W, such that oy (s)w, = Yuv(s)w,

Hence we have an open cover U = ., W, and it follows from S1 that ¢y (s) = Yo (s). O

zeU

Remark :
One may interpret this result as follows : ¢, = 1, means that ¢ and v coincide in a small neighborhood U,
of any point # € X, hence by S1 they coincide everywhere since X = J, .y Us.
2.1.6 Lemma

Let F be a sheaf on X and Uy, Us C X open subsets. Denote Uyo = Uy N Us. Then the sequence

0 — F(U, UTs) -2 F(UL) @ F(Us) 5 F(UL N Us)
where a(s) = (sju,, 5|v,) and B(s1,52) = s1)v,, — S2|v,, is exact, i.e. a is injective and im a = ker 3.

Proof. — a injective : if |y, = sy, = 0, then s = 0 by S1.

—ima Ckerf: (Boa)(s) = (sjv,) v, — (8102)|v22 = Sjv1, — Sjv, = 0.
—ker f Cima : if B(s1,52) = 0, i.e. s1)y,, = S2jv,,, then S2 implies that 3s € F(U; UUz) such that sy, = s;
and sy, = 52 = a(s) = (s1,52).
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As a consequence, we obtain that F(U; UUs) = ima = ker 8 = { (s1, s2) ‘ 5; € F(Us), s1ju1, = S2|ts }-
More generally, we have

.F( U Ui) = {{Sz}l € H]:(Ui) ‘ Si|u;nU; = S§|UinU; Vivj} (2.1)

iel i€l

Note that (2.1) is actually a direct consequence of the defining axioms S1 and S2.

2.1.7 Direct image of a sheaf

So far we only considered sheaves on a fixed topological space. Now we define an operation on sheaves
that is associated with a continuous map between 2 topological spaces. Here we also follow the notations of
[S], however with a more explicit presentation, e.g. by writing out formulas or developing proofs in more detail.

Let f: X =Y be a continuous map of topological spaces. We define the functor f*: OP}¥ — OPY by
V CY open, f{(V)i= fH(V) ={z e X | f(@) €V}
and f? assigns to any inclusion of open sets in Y the corresponding inclusion of preimages in X, i.e.

fto Homop(‘)/p(‘/v’ W) — Homop}p (ft(V)7ft(W))
(W= V)— (f71W) = f7H(V))

where f~1(V) and f~*(W) are open in X since f is continuous. Moreover it shows that f* is covariant since
taking preimages respects inclusion.

Now let F € PSh(Rx) be a presheaf on X. The direct image of F by f, denoted by f..F, is given by
LFWV)=F(f'(V) =F(f(V)), VV CY open

Hence f.F € PSh(Ry) because it is a composition of 2 functors :

OPY —Z> Mod(R)
1 7

(0) e
In particular, if W C V is an inclusion of open sets in Y, the restriction morphisms of f.F are
—1
Pl = (Fo fYW = V) =F(fHW) = fHV)) =phuly)) + LF(V) = LFW) (2.2)

Now let F be a sheaf on X. Then f.F is a sheaf on Y, so we have an assignment f, : Sh(Rx) — Sh(Ry).

Proof. If {V;}; is an open covering of V C Y, then {f~!(V;)}; is an open covering of f~1(V) C X.
— S1:let s € f.F(V)=F(f1(V)) such that sy, =0, Vi, which means by definition that

S|, = p*vvi (s) = p}c:ig“;,)) =sf-1(v;) =0, Vi = s =0 since F satisfies S1
—S82:let s; € L. F(V;) = F(f~1(V;)), Vi, such that Silv.nv; = Sjlvinv;, Vi, J, which again means
Silf=1(Vinvy) = Sjlf-1(vinyy) S Sl (vns-L(v) = Sl vinf i (vy)s Vi

F satisfies S2 = Js € F(f1(V)) such that sjp-1(v;) = s; = s}y, Vi. O

15
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2.1.8 Remark

One would expect a relation on the stalks like (f«F)sm) = Fz, Yo € X. But this is not true in general!
However there is a natural map (f«.F) () — Fz. Indeed,

(foF)p) = { [81% () | s € fF(V), V is an open neighborhood of f(z) }

where the classes [ |* are defined with respect to the restrictions p,. Let s € f.F(V) be a representative
of [s]},), ie. s € F(f~'(V)) and V is an open neighborhood of f(z) in Y. If t € f.F(V’) is another
representative, this means that

[s}}i(x) = [t]’}(r) < IW CV NV’ open with f(x) € W such that p*VW(s) = pl/é[,(t)
= z € fTHW)C V)N UV with sy =ty = [sle = [t

We see that sections of the sheaf f,F over an open set V' C Y which represent the same germ in (f..F)(,) are
sections of the original sheaf F over the open set f~!(V) that define the same germ in F,. So the map

(feF)p(@) = Fa & 3]Gy > [5]e (2.3)

actually ”does nothing”. Moreover it is an R-module homomorphism, but in general neither injective nor
surjective. It is only an isomorphism if f is a homeomorphism.

2.2 Recalls from Commutative Algebra

The goal of this section is to fix notations and to recall some important results from commutative algebra.
These results being well-known, no proofs will be given. They can be found in any book about commutative
algebra, for example in [Sch].

2.2.1 Algebraic sets and varieties

Let K be a field (not necessarily algebraically closed) and denote by A™(K) the n-dimensional affine space over
K, i.e. we have A"(K) = K" but not canonically. Denote by R, := K[X1,...,X,] the polynomial ring in n
variables with coefficients in K.

Classical algebraic geometry is interested in the study of the sets of points where a given set of polynomials
have a common zero (if we plug in coordinates), i.e. a subset A C K" should be a geometric object if there
exist finitely many polynomials f1,..., fs € R, such that

(1,...,2n) €A & fi(z1,...,zn) =...= fo(z1,...,2,) =0
Hence we say that a subset A C K" is an (affine) algebraic set if A f1,..., fs € R, such that
A=Z(f1,.---s fm) ::{(xl,...,xn) e K" | fl(xl,...,a:n):...:fs(xl,...,xn):()}

where Z( ) is the common zero set of the polynomials fi,..., fs. Obviously, § = Z(1), K" = Z(0) and
Z(frsoo o f)=Z(f)n..0nZ(fs) = Z(fro-- [s) N Z(g1,- - 90) = Z(f1,- s [, 91, 9r)
Z(f1,. . fs)UZ(g1s.- s 90) =Z(fi- 95, i=1,...,8,j=1,...,1)

where 1 and O are the constant polynomials, showing that () and K™ are algebraic sets and that finite unions
and finite intersections of algebraic sets are again algebraic sets.
Moreover every point is an algebraic set : if a = (aq,...,a,) € K*, let f; = X; — «a;, Vi € {1,...,n}, then

{Oé} = Z(fhf?a"'afn) :Z(Xl _alaXZ _027"'5Xn_an)
This implies that every finite set of points in K" is an algebraic set as well.
An algebraic set A C K" is called irreducible

& if one can write A = Ay U A, for some algebraic sets A1, Ao C K™, then either A1 = A or A, = A.
An irreducible algebraic set is also called a variety. Otherwise we say that A is reducible.
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2.2.2 Ideals

Let R be a commutative unital ring. A subset I C R is called an ideal of R, denoted by I < R, if I is closed
under addition and under multiplication with the whole ring, i.e. if 0 € I, I+ 1 C [ and R-1 C I. This
implies that I = R whenever 1 € I.

Given a (non-empty) family of elements {ay}rea with ay € R, we denote the ideal generated by this family

({ax}ren ) = {erAaA | eR}

AEA

where E' means that only finitely many coefficients in the sum are non-zero. In particular, Va € R,
(a):={r-a|reR}
Ideals that are generated by a single element are called principal ideals. If {I\}reca is a family of ideals, we
define their sum as ,
ZI,\ I:{Z by | b)\EI)\}

A€A AEA

Moreover () I is again an ideal, but J I, is in general not an ideal and we have Y- Iy = ( U I ).
AEA AEA XEA AEA

Finally, the product of finitely many ideals Iy,..., I, is given by
!/
Lo -1, = { Saram | aieli,Vi}

Radical ideals
The radical of an ideal I < R is defined by Rad(I) := {r € R | 3n € N such that " € I }.
Then I <4 Rad(I) < R. Hence Rad(R) = R and if I, J are ideals in R, we have

ICJ = Rad(I) CRad(J) |, Rad(Rad(I)) =Rad(I) , Rad(I)+ Rad(J)C Rad(l +J)
A special case is given by
nil(R) :=Rad({0}) = {r € R | 3n € N such that v =0}

nil(R) is called the nil-radical of R and contains all nilpotent elements in R, which are in particular zero
divisors. R is called a reduced ring if nil(R) = {0}, i.e. if R has no non-trivial nilpotent elements. Hence
integral domains are reduced rings.

I < R is called a radical ideal if I = Rad(I). Thus Rad(I) is a radical ideal. Moreover we have that

I is a radical ideal < R/I is a reduced ring

Prime ideals
An ideal P 9 R is called a prime ideal < 1) P # R, i.e. P is a proper ideal
2) if a,b € R are such that a-b € P, then either a € P or b € P.

Prime ideals are in particular radical ideals and I < R is prime < R/I is an integral domain.

Maximal ideals
An ideal M < R is called a mazimal ideal <
1) M+#R
2) if 3M’ < R such that M C M’ C R, then either M’ = M or M’ = R.

Maximal ideal are in particular prime ideals and I < R is maximal < R/I is a field. Hence we have
{ maximal ideals } C {prime ideals } C {radical ideals } - { ideals }

All inclusions are strict in general. However if R is a principal ideal domain (i.e. R has no zero divisors and
every ideal in R is principal), then any non-zero prime ideal is also maximal.
Using Zorn’s Lemma, one can show that any proper ideal of a ring R is contained in a maximal ideal.
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2.2.3 Relations between ideals and algebraic sets

Let K be a field, K™ the affine space and R,, = K[X},..., X,,] the polynomial ring in n variables. Let I I R,,
be an ideal and A C K" an algebraic set. We define the operators V and J by

VI):={reK"| f(r)=0,Vfel} CK"
J(A):={f R, | f(r)=0,¥rc A} <R,
Hilbert’s Basissatz implies that R, is a Noetherian ring (i.e. every ideal is finitely generated), thus we get
A C K" is an algebraic set < 3T < R,, such that A = V(I)

and if I = (f1,..., fs), then V(I) =V((f1,..., fs)) = Z(f1,.-., [s). Now we have the following results :
1) J(®) = R, and V(R,) = 0.

2) V({0}) = K" and if K is not a finite field, then J(K") = {0}.

3) Rad(J(A)) = J(A), i.e. J(A) is always a radical ideal.

4) A is a variety (i.e. an irreducible algebraic set) < J(A) is a prime ideal.

5) A=V(J(A)), hence Vo J = id, showing that 7 is injective.

6) I CJ(V(I)), but in general J(V(I)) € I.

7) J and V are inclusion reversing, i.e. A C Ay = J(A,) D J(As) and I, € L = V(1) 2 V().

8) J moreover satisfies A1 C Ay & J(A1) 2 J(Az) and A1 C Ay & J(A1) 2 T(Ag).

9) V(ILN...N L) =V(I)U...UV(I,) and J(U; A;) = ), T(A:).
)

10) Ay U...UA, =V(J(A1) ... - T(Ay)) and N, 4; = V(3, T(4)).

The last formulas allow in particular to define the Zariski topology on K™ by choosing the algebraic sets of
K™ as closed sets of the topology. Indeed, § = V(R,) and K™ = V({0}) are closed and 10) shows that finite
unions and arbitrary intersections of closed sets (algebraic sets) are again closed.

In addition, points and finite sets are also closed because they are algebraic sets (as claimed in section 2.2.1).

2.2.4 Hilbertscher Nullstellensatz

The operators J and V now give well-defined maps

{ algebraic sets in K" } — {radical ideals in R, }
AL g
V(I) <24 I =Rad(l)
where J is injective and both operations are inclusion reversing. Hilbert’s Nullstellensatz now states that :
o If the field K is algebraically closed, then V(I) # ) for any proper ideal I < R, i.e.
VI < R, such that I # R,,, 3z € K" such that f(z)=0,Vfel

This strong statement has a lot of important consequences.
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Always under the assumption that K is algebraically closed, we have :

— V and J define a 1-to-1 correspondence between affine algebraic sets in K™ and radical ideals of R,,.
—IfI={(f1,...,fs), then V(I) #0 < 1 cannot be written as an R,-linear combination of the f;.

— For any ideal I < R,,, we have the formula : J(V(I)) = Rad([).

—If I, I, < R, are two ideals, then V(I;) = V(I2) < Rad(l;) = Rad(l).

— Let I < R, be a radical ideal. Then [ is a prime ideal < V(I) is a variety.

— Restricting the 1-to-1 correspondence, we get a bijection between prime ideals in R,, and varieties in K.
— Let M < R,, be a maximal ideal. Then there is a point @ = («, ..., ay,) € K™ such that

M=(Xi—a1,..., Xpn—an) and V(M)={a}={(ar,...,an)}

— Again by restriction, we obtain a 1-to-1 correspondence between maximal ideals in R,, and points in K.
— In particular, for algebraically closed fields we know all the maximal ideals of their polynomial ring.

Particular case :
Let K be any field and f € R,, such that f is not a unit (i.e. f is not a non-zero constant). Then
1) (f) is a prime ideal in R,, < f is an irreducible polynomial.
2) If n =1, then f is irreducible < ( f) is a maximal ideal.
3) If K is algebraically closed, then Z(f) C K" is a variety < f is irreducible.

Coordinate ring of an algebraic set
Let A C K™ be an algebraic set. We say that V' C A is a subvariety of A if V is a closed subset in A with
respect to the induced Zariski topology. Note that subvarieties do not need to be irreducible.

Now let K be algebraically closed and A = V(I) for some ideal I < R,,. The coordinate ring of A is
K[A] =R, /I =R,/ J(A)

where J(A) = J(V(I)) = Rad(I) = I since I is a radical ideal by Hilbert’s Nullstellensatz. In order to know
which ideals correspond to the points and subvarieties of A, we define the operators

Vall)={a€cA|p(a)=0,VopeJ} and JaW)={pcK[4]|pa)=0, VacW}

for an ideal J < K[A] and a subvariety W C A. Applying the above results modulo I then yields :

— V4 and J4 define a 1-to-1 correspondence between radical ideals in K[A] and subvarieties of A.

— Restricting, we have a bijection between the irreducible subvarieties of A and the prime ideals in K[A].
— The points of A correspond exactly to the maximal ideals in K[A].

So we see that the coordinate ring K[A] encodes all the geometry of the algebraic set A.

2.2.5 Localizations

A commutative unital ring R is called a local 1ing < R contains only 1 maximal ideal. We denote by R* the
group of units in R. Then we have the criteria :

R isalocal ring < R\ R* is an ideal in R

Moreover R\ R* will be the unique maximal ideal of R in this case.

A subset S C R is called a multiplicative set if 1 € S and a,b € S = a-b € S. If §issuch a multipli-
cative set, we define an equivalence relation on R x S by

(r1,81) ~ (re,s2) < It € S such that t- (rysg —res;) =0
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We denote the equivalence class of (r,5) € R x S by £ and the set of equivalence classes by S —IR. This is a
ring with respect to the well-defined pointwise operations

Ty T2 T182 + T281 T T2 r172
-4+ ==——"- and — —=:=—
51 52 5152 51 82 5182
Moreover we have the ring homomorphism ig : R — S™'R: r 7- In general, ig is neither injective nor

surjective, but ig is injective if and only if 0 ¢ S and S does not contain zero divisors. Hence we have an
embedding R — S™!'R if R is an integral domain (and 0 ¢ S).

If I is an ideal in R, then S™!'I is an ideal in S~'R and it is a proper ideal if and only if 7N S = (. If we
denote 7 : R — R/I and S’ = 7(S), then INS =0 < 0¢ S". Moreover we have the isomorphism

STIR/STIT = SNR/I)  via E] —

Wl | 3

(2.4)

Particular cases :
1) If R is an integral domain, then S := R\ {0} is a multiplicative set and S~'R will be a field (hence a local
ring). We call this field the quotient field of R and denote it by Quot(R).
2) If s € R is not nilpotent, i.e. s™ # 0, Vn € Ny, then the set S = {s" | n € Ny } with s° := 1 is a multipli-
cative set and we call R, := S~ R the localized ring at s. However R, is in general not a local ring.
3) If P < R is a prime ideal, then S := R\ P is multiplicative and the ring Rp := S™!R is a local ring with
maximal ideal S™'P. Rp is called the localization of R at P.

Proposition :
Let S C R be a multiplicative subset with 0 ¢ S and such that S does not contain zero divisors. Then there
is a surjective map

e : {I|I<SR}y—={J|JSS'R} : I+ S7'I (2.5)

Moreover e maps prime ideals to prime ideals and there is a 1-to-1 correspondence between prime ideals in
S~!'R and prime ideals in R which do not intersect S.
Remark : We will see in section 3.1.5 that this result still holds true if the condition of S having no zero
divisors is dropped (this requires some more advanced tools).

2.2.6 Corollary

Let I < R be an ideal in a commutative unital ring. Then Rad(I) is equal to the intersection of all prime
ideals of R containing I :
Rad(I) = [ P (2.6)

P prime
ICP<R

In particular, the nil-radical of R is equal to the intersection of all prime ideals in R.

Proof. C : since prime ideals are radical, we have I C P = Rad(I) C Rad(P) = P for any prime ideal P

D : by contraposition, assume that r ¢ Rad(I). Then r is not nilpotent since ™ # 0, Vn € Ny (however r
may be a zero divisor) and the set S = {7™|n € Ny } is multiplicative, so we can consider the localized rings
R, =S7'R and I, = S7'I at r. Forming the quotient @ := R,./I,, we get the ring homomorphism

fiRESTRINQ, f(s) =[]

By Zorn’s Lemma, there exists a maximal ideal M < Q. Denote P := f~!(M). P is a prime ideal in R as
preimage of a prime ideal under a ring homomorphism (maximal ideals are prime).
P also contains I since f(I) C {0} € M and PN S = ), otherwise Is € S such that f(s) € M, where

f(s)=[2] withleS™R = [L] -f(s)=[1]eM

S

which is impossible since M is maximal (hence proper). P NS = @ in particular implies that P does not
contain r, thus r does not belong to the intersection of all prime ideals in R containing I. O
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2.3 The spectrum and its Zariski topology

The main references we have used for this section are [Hal, [Ku], [Sch] and [U1]. However most of the results
can be found in any book about commutative algebra that discusses the spectrum of a ring.

2.3.1 Definitions

Let R be a commutative unital ring. As a set, we define the spectrum of R, denoted by Spec R, as the set of
all prime ideals in R (recall our convention that prime ideals are always proper) :

Spec R := {P <R ‘ P is a prime ideal ofR}

Recalling the correspondence between ideals and varieties in 2.2.4, we thus may say that Spec R contains in
some sense all ”irreducible subvarieties” of the ”geometric model” of R (see section 2.3.9 for a more rigorous
interpretation). We also define the mazimal spectrum of R by

Max R := {M <R | M is a maximal ideal of R}

so that Max(R) consists of all ”points” of R.

Let S be an arbitrary subset of R. We denote by V(.S) the associated subset of Spec R consisting of all prime
ideals that contain S :
V(S):={PecSpecR|SCP}

V(S) is called the zero set of S in Spec R. Of course, S CT = V(T) C V(S). The converse however is not

true in general. Moreover we observe that V(.S) only depends on the ideal generated by S since
={PeSpecR|SCP}={PeSpecR|(S)CP}=V((S))

Hence it suffices to consider V' (I) for ideals I < R only.

For a subset A C Spec R, we define the ideal of A in R as the intersection of all prime ideals contained in A :

=P = JALR
Again, AC B CSpecR = J(B) C J(A),ie V and J are both inclusion-reversing.

2.3.2 Lemma

1) For any ideal I < R, we have V (Rad([)) = V(I).

2) Let I, J be ideals of R. Then V(I) C V(J) < Rad(J) C Rad().

3) If I and J are ideals of R, then V(I -J) =V (I ) V(J) = (Iﬂ J).

4) If {In}en is a family of ideals in R, then V( > IA) = N V().
AEA AEA

Proof. 1) follows from the fact that I C P < Rad(l) C Rad(P) = P for any prime ideal P < R.
2) We use formula (2.6) from corollary 2.2.6 :
= : Assume that V(I) C V(J), i.e. all prime ideals containing I also contain .JJ. Then

Rad(] ﬂPD ﬂQ Rad(J

P prime Q prime
ICPdR JCQ<R

<« : If Rad(J) C Rad(I), then I C P implies that J C Rad(J) C Rad(/) C Rad(P) = P for any prime ideal
P, i.e. any prime ideal containing I also contains J. Thus V(I) C V(J).

3a) D: if I C Por J C P for some prime ideal P, then certainly I -J C P.
C : Let P be a prime ideal containing I - J and assume e.g. that J ¢ P, i.e. 3j € J such that j ¢ P. Ifi € [
is arbitrary, then ¢ - j € P necessarily implies that ¢ € P since P is prime. Hence I C P.
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3b) C : if P is a prime ideal such that I C P or J C P, then certainly INJ C P.
D : Let P be prime with 7N J C P and assume that / ¢ P and J € P, i.e. 3i € I, 3j € J such that i ¢ P
and j¢ P. Buti-jeINJ CP = eitheri € P or j € P : contradiction, so I C P or J C P.

4) Recall that Y T, is the ideal generated by |J Iy, i.e. it is the smallest ideal containing all ideals Iy :
AEA AEA

PeV(ZIA) & S LLCP & LCPVYAEA & PeV(L), YAeA & Pc V()
AEA AEA AeA O

2.3.3 Definition of the Zariski topology

The previous results allow to define a topology on the set Spec R, thus turning the spectrum of a ring into
a topological space. In fact, we define a subset A C Spec R to be closed if there is an ideal I < R such that
A =V(I). This indeed defines a topology :

0 =V(R) ) Spec R =V ({0})

() is closed since there are no prime ideals containing the whole ring and Spec R is closed since any (prime)
ideal must contain 0. Moreover lemma 2.3.2 shows that finite unions and arbitrary intersections of sets of the
form V() are again of that form. Hence the V() do form the set of closed subsets for a topology on Spec R,
called the Zariski topology on Spec R.

This construction parallels the construction of the Zariski topology on affine spaces, except that the points of
Spec R correspond to all prime ideals of R, and not just the maximal ideals.

Both topologies are named after the Russian mathematician Oscar Zariski (1899-1986).

2.3.4 Proposition

1) Let A C Spec R. Then V(J(A)) = A, the topological closure of A in Spec R.

2) If A C Spec R is closed, then J(A) is a radical ideal.

3) Let I < R be an ideal. Then J(V/(I)) = Rad(I). This is an analogue to Hilbert’s Nullstellensatz.
4) There is a 1-to-1 correspondence between closed subsets of Spec R and radical ideals in R.

Proof. 1) By definition, A C V(J(A)) since prime ideals in A always contain J(A). Note that V(J(A)) is
closed. Now consider an arbitrary closed subset V' (I) that contains A for some I < R :

ACV(I) = ICP,YPeA = IC ()| P=J(4)
PeA
so that V(J(A)) € V(I). This holds for any V(I) containing A, hence V (J(A)) is the smallest closed subset
of Spec R that contains A. So by definition of closure : A =V (J(4)).
2) Using again formula (2.6), we get :

Rad(J(A) = (P =[P =) P=JA) =J(4)

Pprime  PcV(J(A)) PeA

J(A)CP
3)
J(V(I) = (] P=()P=Rad)
PeV(I) P prime
4) Consider { radical ideals in R} «— { closed subsets of Spec R }
Rad(I) =1 5 V(I)
J(A) <L A=14
with J(V(I)) = Rad(I) = I and V (J(A)) = A= 4, ie. JoV =idand Vo J = id. O
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2.3.5 Definition
We introduce some additional notation. Let X := Spec R and r € R. We denote V(r) := V({r)) and

Ur):=X\V(r)={P€eSpecR | P¢V(r)}={PeX|(r)¢P}={PeX|r¢P}

so that U(r) is open in X and consists of all prime ideals in R which do not contain r. U(r) is called the
distinguished open set or standard open set associated to r. Open sets of this form satisfy :

HVrse R U(r)NU(s)=U(r-s)

QVre R U(r™")=U(r),VneN

3)U(r) =0 < r is nilpotent

4)U(r)=X < risaunit

5) if r = u - s where u is a unit, then U(r) = U(s)
)VTSGRU()CU()@U() U(r-s)

Proof. 1) By lemma 2.3.2 and using that (r)-(s) = (r-s), we get

U(r)nU(s) = (X \V(r) N (X \V(s)) = X\ (V()UV(s)) = X\V({r)-(s))
=X\V({(r-s))=X\V(r-s)=U(r-s)

Alternatively, this can be seen by the fact that prime ideals containing neither r» nor s do not contain r - s
neither and vice-versa :

(r-seP & rePorscP) = (r-s¢ P < r¢Pands¢P)
2) A prime ideal contains an element if any only if it contains a power of that element :

reP = r"eP, Vn>1
meP = rcPorrm'eR = ... =>rcRor’cR = recR
3) &= : r nilpotent = 7™ =0 for some n € N, so by 2) U(r) = U(0) = () since every prime ideal contains 0

= : U(r) = 0 means that V(r) = X, i.e. every prime ideal contains r. Hence r is nilpotent by corollary 2.2.6
since the intersection of all prime ideals of a ring is equal to its nil-radical.

4) <= : if r is a unit, then 3s € R such that - s = 1, i.e. a prime ideal containing r also contains 1. This is
impossible, hence V(r) =0 = U(r) =X
= ifU(r) = X, i.e. V(r) =0, there does not exist a prime ideal containing (r). But if (r) # R, there is
a maximal (hence prime) ideal containing it. So (r) cannot be proper and (r) = R means that 1 € (), i.e.
Js € R such that r-s =1, so r is a unit.

5) By contraposition, it suffices to prove that a prime ideal P contains r if and only if it contains s :

s€ P = r=u-s¢& Psince P is an ideal
reP = se€Poru€c P, but u ¢ P, otherwise 1 € P since u is a unit

6) < : follows from 1), U(s) = U(r-s) C U(r) is always true
= : U(s) C U(r) implies that U(s) = U(s)NU(r) =U(r-s) O
2.3.6 Proposition

The open subsets U(r) form a basis for the Zariksi topology on Spec R, i.e. every open set in Spec R can be
written as a union of sets of the form U(r). More precisely: if U C X is open and given by U = X \ V(I) for

some I < R, then
U=|]JU(a)
ieJ

where {a;}ics is a set of generators of the ideal I.
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Proof. General topology shows that A C P(X) is a basis for the topology of X if and only if X can be written
as a union of sets in A and any intersection of 2 sets in A is again a union of sets in A.

Since no prime ideal contains 1, we get Spec R = U(1) and it suffices to show that the intersection of 2 sets of
the form U( ) is again of that form. This is shown in 2.3.5: U(r)NU(s) =U(r-s), Vr,s € R.

Now let U = X\ V(I) be open and {a;};cs a set of generators of I < R (this always exists : in the worst case,
take as generators {r},cs). Then

V({I)=(V(a:)
because a prime ideal P < R satisfies ] C P < (a;) C P, Vi€ J. It follows that

U=X\V{I)=X\N; V() =U; (X \V(a:)) =U; U(a;) O

Remark :
Since the covering of an open set U C X by basis open sets only depends on the chosen set of generators, we
obtain that every open set can be covered by finitely many U(r) if R is a Noetherian ring.

Before stating the main theorem about the Zariski topology on Spec R, recall that a topological space X is
said to be a Kolmogorov space if Vx,y € X such that x # y, there either exists an open set containing x but
not y or an open set containing y but not x. Note that this condition is much weaker than the condition of
being Hausdorff (two distinct points can be separated by two disjoint neighborhoods). Equivalently,

X is a Kolmogorov space < (Vw,yeX caxty = ¢ {y}or y%{xi}) (2.7)

because a ¢ {b} means that there exists an open neighborhood of a that does not intersect {b}, i.e.

a ¢ {b} & 3JU C X open such that a € U and b ¢ U

2.3.7 Theorem

Spec R is a compact Kolmogorov space.

Proof. 1) Let {U;}ics be an open cover of X = Spec R and denote V; = X \ U;. Then (), V; = 0 because

X=U;U:i=U; (X\VZ) =X\, Vi
Since { U(r)|[r € R} is a basis of topology, we can write U; = |J; U(r;;) for some r;; € R, Vi € J, thus

Vi=X\U;i=X\U,;U(ry) =N; (X \U(rij)) =N; V(riy)
Changing notations, it follows that () = (), V; = (\,cx V(7). This means that there is no prime ideal in R
which belongs to all the V(ry), i.e. # P < R such that P is prime and r, € P, Vk € K.

Now let I = ({ri}rek ) be the ideal generated by all elements r, € R. If I is proper, there is a maximal
(hence prime) ideal M < R such that I C M, which is not possible since there are no prime ideals in R that
contain all the ri. Thus I = R, so 1 € I and there exist finitely many coefficients ¢; € R such that

l=cy -1y, +co-rpy +...4+Cn -1,

Then {U(rg,),U(rk,),-..,U(rk,)} is a finite covering of Spec R. Indeed if P € Spec R, then 31 € {1,...,n}
such that r, ¢ P, otherwise 1 € P and P would not be prime. By definition, VI € {1,...,n}, 37 € J such
that U(rg,) C U;. These finitely many U; then form a finite subcover of Spec R.

2) To show that Spec R is a Kolmogorov space, we first have to find expressions for the (topological) clo-
sure of points, i.e. of singleton sets. Let P € Spec R. Since the closure of {P} is the smallest closed subset of
Spec R containing { P}, we have

{P}=V(P)={Q€SpecR | PCQ} (2.8)
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Applying criterion (2.7), the result now follows immediately : let P # P be 2 distinct prime ideals. If one of
them is included in the other one, say P; C P;, then P; ¢ V(P;). And if no one contains the other one, then

=

P, ¢ V(P,) and P2 ¢ V(Py). This finishes the proof. O

2.3.8 Remarks

1) We say that a topological space X is compact if every open cover of X has a finite subcover, which is the
case here. Some authors however, as e.g. [Ha], [Ma] and [Sch], call such spaces only quasi-compact and require
compact spaces to be in addition Hausdorff. We do not use this convention. In fact, Spec R is almost never
Hausdorff.

In a Hausdorff space, all points are closed : let z € X and y € X \ {z}. Hence y # x and there is an open
neighborhood U, of y which does not contain z. This can be done for any such y, so

X\{z} = UUy = X\ {z} is open
y#£z

In particular, we have that {z} = {z}, Yz € X. (2.8) however shows that the only closed points in Spec R
are the maximal ideals. In fact, maximality of an ideal M implies that it cannot be strictly included in some
other prime ideal, hence V(M) = {M}, and for any prime ideal P that is not maximal, there is a maximal
ideal Mp strictly containing P (by Zorn), so that {P} C V(P).

Hence non-closed points in Spec R correspond to prime ideals which are not maximal. But there are a lot of
rings containing prime ideals which are not necessarily maximal, for example

— the polynomial rings in n > 2 variables, where e.g. ( X7 ) is a prime ideal, but not maximal

— any integral domain with at least one non-zero proper ideal (so {0} is prime, but not a maximal ideal)

If one wants Spec R to be a Hausdorff space, we necessarily need a ring R where every prime ideal is maximal
(but this is still not sufficient). A trivial example where Spec R is Hausdorff occurs if R = K is a field :

SpecK = {{0}} with {0} = {0}
2) Let X be an arbitrary topological space. A point x € X is called a generic point if {z} is dense in X, i.e.
z € X is a generic point < {r} =X

In particular, m = X means that every neighborhood of every point in X must contain . Thus

— In a trivial topological space (i.e. () and X are the only open sets), every point is generic.

— The only Hausdorff space that has a generic point is the singleton set.

— If R is an integral domain, then {0} is prime and a generic point of Spec R since every ideal contains 0 :

{0} =V ({0}) ={PeSpecR| {0} C P} =SpecR

3) Fix r € R such that 7 is not nilpotent. Hence U(r) # 0 by 2.3.5 and S = {r™ | n € Ny } is a multiplicative
set, so we can form the localized ring at r :

Rr:s—le{%‘aeR neNo}

We know that there is a 1-to-1 correspondence between prime ideals in R, and prime ideals in R which do not
intersect S (even if r is a zero divisor, see sections 2.2.5 and 3.1.5). But if P < R is prime, then

PNS=0 & r¢P < PecU(r)
since U(r) is exactly the set of all prime ideals in R which do not contain r. Thus we have a bijection
U(r) = SpecR, : P+ S™'P (2.9)

We will show in 3.1.6 that this bijection is also a homeomorphism with respect to the corresponding Zariski
topologies, i.e. U(r) = Spec R, as topological spaces. In particular, U(r) is also compact since the spectrum
of any ring is compact (this includes the case where r is nilpotent since ) is compact).

Hence we have showed that, for any ring R, the distinguished open sets U(r) are compact as subspaces of
Spec R, Vr € R, so that Spec R has a basis of compact open sets.
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2.3.9 Interpretation and examples

The definition of the spectrum of a ring and its Zariski topology is motivated by the study of algebraic sets.
If K is algebraically closed (so K cannot be a finite field), we already know that the points of an algebraic
set A C K™ correspond exactly to the maximal ideals of the coordinate ring K[A]. Moreover we have 1-to-1
correspondences between radical (resp. prime) ideals in K[A] and (irreducible) subvarieties of A. Also recall
that this correspondence is inclusion-reversing.

The spectrum of K[A] consisting of all prime ideals in K[A], we thus may say that Spec K[A] contains not only
all points of A, but also all other irreducible subvarieties of A. Formula (2.8) shows that the points of A (the
maximal ideals) are closed in the spectrum. Moreover it allows to see the closure of an irreducible subvariety
V of A (a prime ideal) as consisting of V' and all other irreducible subvarieties contained in V. Summarizing :
Irreducible subvarieties of A have a closure consisting of themselves and all their irreducible subvarieties (this
includes all the points). For example in dimension 2, this means that the closure of a curve (in the usual sense,
see figure below) consists of the curve itself as a geometric object and all points lying on that curve.

Figure 2.1: the closure of a curve

If one only considers the points of A, i.e. the maximal ideals in K[A], then the (induced) Zariski topology on
Max K[A] C SpecK[A] coincides with the (induced) Zariski topology on the algebraic set A C K™, which has
precisely the algebraic subsets as closed sets. Indeed (see section 2.2.4) :

Let M C MaxK[A4] be a set of maximal ideals. To each M € M corresponds exactly one point in A, given by
a=Va(M) € A. Let C := {Va(M) | M € M } be the subset of points in A corresponding to M. Then

M is closed in MaxK[A] < C' is closed in A (2.10)

Proof. <= : Let C C A be closed, i.e. C is an algebraic subset of A and can thus be written as C = V4 (I) for
some radical ideal I < K[A] with I = J4(C) by 1-to-1 correspondence. Hence C'= V4 (Ja(C)) and

M maximal = (M EM & Va(M)eC & Ta(Va(M)) 2 Ja(C) & IC M) (2.11)
because M = J4({a}) by 1-to-1 correspondence again, implying that
Ta(Va(M)) = Ta(Va(Ta({a}))) = Tal{a}) = M

Thus (2.11) shows that M = V(I) N MaxK[A], so M is closed in MaxK[A].

= : Let M be closed in MaxK[A4], i.e. 3T I K[A] such that M = V(I) " MaxK[A]. We may even assume
that I is a radical ideal because I C P = Rad(I) C P for any prime ideal P : V(I) = V (Rad([)).

I being radical, it therefore corresponds to a subvariety S C A, given by S = V4(I). Now M consists of all
maximal ideals containing I, hence corresponds to all points lying on the subvariety S. But M also corresponds
to all points in C' by definition, thus C = S as sets = C = V4(I) and C is closed in A. O

Thus one can view the topological space Spec K[A] as an ”enrichment” of the topological space A (with induced
Zariski topology), in the sense that we add an additional non-closed point for every irreducible subvariety of A
(which is not a point of A), and this point ”keeps track” of the corresponding subvariety. Moreover this point
is then a generic point for the corresponding subvariety. By studying spectra of polynomial rings, one can
generalize these concepts to fields that are not algebraically closed. This will eventually lead to the language
of schemes.
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We illustrate the above concepts by the following important examples.

Example 1
Let K be a field. The affine line over K is defined by Ak := Spec K[X]. Since K[X] is a principal ideal domain,
every ideal in K[X] is of the form I = ( f) for some f € K[X]. Hence (see section 2.2.4)

Ag = SpecK[X] = { P 9K[X] | Pis a prime ideal } = { ( f) | f € K[X] is irreducible, but not a unit }

The zero ideal {0} is a generic point of Al (its closure is equal to the whole space) since K[X] is an integral
domain. In particular, it is non-closed. All other points ( f) in Al (deg f > 1) are however closed since every
non-zero prime ideal in a principal ideal domain is automatically maximal.

If K is moreover algebraically closed, the only irreducible polynomials of degree > 1 are the linear polynomials
X — a for @ € K. Thus the maximal ideals of K[X] (the closed points in Af) are indeed in 1-to-1 correspon-
dence with the geometric points in K (the varieties in K), while the non-closed point corresponds to the whole
affine line.

Example 2
Let K be an algebraically closed field. The affine plane over K is defined by AZ := Spec K[X,Y]. Here a study
is more complicated since K[X, Y] is not a principal ideal ring. However it is still an integral domain, thus the
zero ideal {0} is again a generic point of AZ and hence not closed.
We know that the closed points of AZ are given by the maximal ideals in K[X,Y]. Since K is algebraically
closed, it follows from Hilbert’s Nullstellensatz that every maximal ideal M < K[X,Y] is of the form

M={(X;—a, Xo —ay) for some a = (a1, az) € K?

Hence the closed points in A% are in 1-to-1 correspondence with ordered pairs of elements in K, i.e. with the
points of the algebraic set K2. Moreover it follows from (2.10) that Max K[X,Y] (the set of closed points in
AZ) and K2 (the set of all geometric points) are homeomorphic with respect to their Zariski topologies.

Now let f € K[X,Y] be an irreducible polynomial of degree > 1. Then the algebraic set Z(f) is a variety (an
irreducible curve) in K?, hence there exists a non-zero prime ideal P € A% such that Z(f) = V(P). This P
cannot be maximal since Z(f) is not a single point in K2, so the point { P} is not closed and its closure in AZ
consists of P itself and all maximal ideals containing P because the closure of Z(f) consists of Z(f) itself and
all points lying on Z(f), i.e. all points (a,b) € K2 such that f(a,b) = 0.

Example 3
We come back to the case of the affine line AL, but now we drop the condition that K is algebraically closed.
Consider e.g. R[X], in which we have 2 different types of irreducible polynomials :
1) the linear polynomials f,(X) = X — « for some « € R.
2) quadratic polynomials hp.(X) = X2 + 20X + ¢ with negative discriminant, i.e. b,c € R and b — ¢ < 0.

The polynomials in 1) being irreducible, we know that ( f, ) is a maximal ideal in R[X] for any o € R. Hence
the maximal ideals generated by the linear polynomials f, define again geometric points of R : Z(f,) = {a},
Va € R. But since R is not algebraically closed, not all maximal ideals are of this type. Indeed (hp. ) is also a
maximal ideal for all b, ¢ € R such that b — ¢ < 0, but there is no correspondence as in 1) because Z(hy.) = 0,
i.e. there is no subvariety of R at all that is associated to these ideals.

Now we compute the corresponding coordinate ring of each subvariety :
R=V({0})) = RIE =R[x]/{0}=R[X]
{a} =V((fa)) = R[{a}]=R[X]/(fa)=R(a) =R

since fq, is the minimal polynomial of o € R.
If we consider a "non-existing” subvariety A of R given by a maximal ideal of the type {h. ), we get

R[A] = R[X]/(hpe) = RIX]/(X? + 26X +¢c) 2 RORX
with the relation X2 = —2bX — c.

27



Schemes & Moduli spaces Section 2.4 LEYTEM Alain

Thus R[A] is a 2-dimensional vector space over R and actually isomorphic to C by the isomorphism
o RIA|—C : X— —b+e—b2-i
with b — ¢ < 0, (1) = 1 and extended by linearity. Indeed :
(=b4+Ve—02-i) +2-(=b+e—12-i) +c
=% — (c—b%) = 20/c — 020 — 202 + 20\/c — b2i+ ¢ =0

Hence instead of describing the subvariety A as ”non-existing”, we should rather describe it as a subvariety of
the affine real line which is C-valued. This indeed corresponds to the fact that the polynomial hy. splits over
the algebraically closed field C into 2 factors

hoe(X) = X?+ 20X +c= (X +b+Ve—02-i) (X +b—Ve—b2-1i)

Thus the ideal (A ) corresponds to a (reducible) subvariety consisting of 2 conjugate complex numbers.

2.4 Structure sheaf of the spectrum

2.4.1 Motivation

Let R be a (commutative unital) ring. So far we defined Spec R as the set of all prime ideals in R and endowed
it with the Zariski topology, thus turning X into a topological space. These data are however not sufficient
for our purposes yet. Consider the following example, which is taken from [Sch] :

Let K be a field and Ry :=K, Ry := K[X]/(X?).
R; being a field, {0} is the only proper ideal in Ry and it is also prime since fields are integral domains :

Spec Ry = {{0}}
i.e. Spec Ry only consists of one point. But the same holds for R5 : as vector spaces, we have
Ry, = K[X]/(X?) 2K KX

with the relation X2 = 0, so that R, is a 2-dimensional vector spaces over K. Note that {0} is not a prime
ideal in Ry since X - X € {0}, but X # 0. A prime ideal however is [ = (X ) = KX. Indeed, I # Ry and if
r=a+ X and s = a+ bX are elements in Ry such that r - s € I, then

r-s=(a+pBX) (a+bX)=aa+ (ab+aB)X €l = a-a=0 = a=0or a=0

since K has no zero divisors (field), i.e. either r € I or s € I. But I is even the only non-zero proper ideal in
Ry : let J <G R; be a proper ideal that contains some non-zero element r = o + $X. Then

r-(a—BX)=(a+BX) (a—pX)=a®>—-p*X?=a%c J

If o # 0, then J = Ry since o € K and non-zero elements in a field are always units (invertible). Hence we

need that « =0 = r =X € Jwith §#0 = (X)=1C J. And J cannot be strictly bigger than I,
otherwise it contains an element of the form a + bX with a # 0 and would not be proper. So I = J and

Spec Ry = {(X )}
Thus Spec R; and Spec Ry both consist of just one point and are therefore homeomorphic topological spaces.

However, the reason why they are singletons are quite different and we want the spectrum to encode this
information. For this, we will consider ”functions” on the spectrum, defined as follows.
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Definition :
Let R be a ring, r € R and P € Spec R. Since P is prime, R/P is an integral domain and we can construct
its quotient field x(P) := Quot(R/P) together with the injection ip : R/P — k(P). We define

fm: Pw—ip(f) where7=r mod P€ R/P

i.e. f" is a function on Spec R such that f"(P) € x(P), VP € Spec R. Hence we may see € R as a function
on Spec R. f"(P) is called the value of r at P. We see that f" has values in the field x(P), called the residue
field of R at P, but note that x(P) changes together with P! The values generally lie in different fields.

Remark :
For a subset S C R, we have that f"(P)=0,VreS & rmod P=0,VresS & SCP.

Application
We apply this definition to the above example : for Ry = K the only prime ideal is {0}, so we get

R1/{0} =Ry and Quot(Ry) X Ry

with fT({O}) =r,Vr € Ry : each element in R; acts as the identity.

This is not the case for Ry. Consider the unique prime ideal { X ) and the element X € R,. Then
FXUX)) =ig(X mod (X)) =ig(0)=0

We see that the function associated to an element in the ring is not determined by its values. Thus R; and
Ry still have different properties, even if Spec Ry = Spec Ry. The notion of the spectrum as topological space
is therefore not enough and we shall consider ”additional data” to distinguish them.

2.4.2 Definition

In the motivation, the idea was to consider functions that are defined on the spectrum. Now we make this
precise by defining a sheaf of rings on the topological space X = Spec R, i.e. to every open set U C X, we want
to associated a commutative unital ring. This sheaf will be denoted by Og. Here we follow the construction
as it is done in [Ha]. Other authors may have a different approach.

Let U C X be open and consider for each P € U the localization Rp of R at P, which is a local ring.
RPZ{% ] aeR,rgéP}:S‘lR with § = R\ P

We define Or(U) to be the set of all functions f : U — [[pc; Rp satisfying the following 2 conditions :
1) VP eU, f(P) € Rp.

2) f is locally a quotient of elements of R : more precisely, V P € U, there is a neighborhood Vp of P in U
and Ja,r € R (depending on P) such that VQ € Vp, r ¢ Q and f(Q) = ¢ € Rq.

Thus we may see f as a ”locally constant” function with values in varying local rings. Such functions exist,
consider e.g. f(P) = ¢ for some a € R, VP € U (this is well-defined since 1 ¢ Q, VQ € X).
Sums and products of such functions are again of that type, e.g. if f,g € Or(U) and P € U with

u a-s+b-r
FQ=2YQeVe, gQ=LYQeVE = (f+9Q =" vQevenVy
where r - s ¢ @ since Q) is prime (otherwise r or s belongs to @), thus f + g € Or(U). The same argument
also shows that f-g € Or(U) and this product is commutative since R is commutative. Hence Or(U) is
closed under addition and multiplication. Moreover Og(U) has a unit element given by the constant function
f(P)=1¢€ Rp,VP € U. This finally shows that Or(U) is a commutative unital ring.
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If V C U are two open sets, the restriction p¥ : Or(U) — Og(V) is nothing but the usual restriction of maps
and hence a unital ring homomorphism, so that Or : U — Og(U) is a presheaf of rings.

This also implies that S1 is trivially satisfied. For S2, it suffices to see that the defining properties of the ring
Or(U) are local. Indeed, it U C X is open with an open covering U = |J, U; and sections f; € Or(U;) such
that fiv.nu, = fjju.nu,, V4,7, it suffices to define f(P) := f;(P) if P € U; C U. This is well-defined since the
fi coincide on intersections, f(P) € Rp, VP € U and f is locally a quotient since each f; is locally a quotient,
so f € Or(U) with fiy, = fi, Vi. Hence both sheaf axioms are satisfied.

Finally Op is a sheaf of commutative unital rings, called the structure sheaf of Spec R. In the following,
we refer to the spectrum of the ring R not only as the topological space Spec R, but the pair (Spec R, Og).

2.4.3 Proposition

Let R be a ring and (Spec R, Og) its spectrum. For any prime ideal P € Spec R, the stalk Or p of the sheaf
Or at P is isomorphic to the localization Rp (which is a local ring).

Proof. taken from [Ha]. Recall that VP € X,
Orp={lflr ‘ f~pg < fandg coincide on some smaller neighborhood of P }

We define the map ¢ : Ogp — Rp : [f]lp — f(P), which is well-defined since f(P) € Rp by definition and
all representatives of [f]p coincide on P. Moreover ¢ is a unital ring homomorphism.

— ¢ is surjective : let p € Rp, i.e. Ja,7 € R with r ¢ P such that p = ¢. We look for some [f]p € Og, p such
that ¢([f]p) = p. U(r) is an open neighborhood of P since r ¢ P and for any @ € U(r), we define

JQ="¢cRy = JcOx(U)

a

so that f is defined on an open neighborhood of P (thus [f]p exists). In particular, f(P) = % = p as well and
we have o([f]p) = f(P) = p.
— ¢ is injective : let [f]p, [g]p € Or,p be such that f(P) = g(P), where f,g € Or(U) are representatives of

the germs on a neighborhood U C X of P small enough such that f = ¢ and g = g on U with a,b,r,s € R
and r,s ¢ P. f(P)=g(P) in Rp means by definition of localization that
b
f(P)=g(P) & 222 s Jee R\ Psuchthatc-(a-s—b-r)=0in R
r s

Hence we have % = g in any localization R¢ for any prime ideal @ < R such that r,s,c ¢ Q. But

{QeSpecR | r,5,c¢Q}=Ur)NU(s)NU(c) =V = PeV

thus V is an open neighborhood of P and f(Q) = ¢(Q), VQ € U N V. This means that f and g coincide in a
whole open neighborhood of P, so that their germs at P are equal : [f]p = [g]p, S0 ¢ is injective.
Finally we have showed that ¢ is an isomorphism of rings and it follows that O p = Rp. O

2.4.4 Theorem

Let R be a ring with spectrum (Spec R, Og). Then :
Vr € R, the ring Op (U(r)) is isomorphic to the localized ring R, at r. In particular, Or(Spec R) = R.

Proof. taken from [Ha]. The particular case is obtained for r = 1 since U(1) = Spec R and Ry = R.
For the general case, we define the ring homomorphism

Y i Ry — Og(U(r)) - %l—>(f:P»—>T%eRp>

which is well-defined since P is prime : r ¢ P = r™ ¢ P, Vn € Ny.
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— 9 is injective : assume that ¢ (%) = w(r%) This means that -% = % in Rp for all P € U(r), i.e.
VP eU(r), 3h € R\ P such that h-(a-r™ —b-r")=0in R
Let A be the annihilator of the element ar™ — br™, which is clearly an ideal in R :

A={zeR|z- (™ -br")=0} <R
So h € A, but h ¢ P implies that A ¢ P and hence that P ¢ V(A). This holds for any P € U(r), i.e. we
conclude that V(A4) NU(r) = 0. Recall that U(r) = X \ V(r) = X \ V({r)), so we obtain
V(A)N (X\V((r))) —0 = V(A) CV((r) & Rad((r)) C Rad(A)

by lemma 2.3.2. Thus 7 € Rad(A), which means that 31 € N such that r' € A, hence ! - (ar™ — br™) = 0.
But 7! is an allowed denominator in the localized ring R,., hence we get % = -2 in R,..

rn rm

— 1 is surjective : this is the hard part of the proof. In fact, it is even surprising since im v only consists of
”constant” functions on U(r), whereas OR<U(7“)) contains in general ”locally constant” functions.

Solet f € OR(U(T)). By definition of the sheaf O, we can cover U(r) by open sets Vj, C X such that f is
represented on each Vj, by a quotient ‘;—]’: with ag,gr € R and g, ¢ P, VP €V, implying that Vi, C U(gs),
Vk. Now the open sets of the form U( ) form a basis for the Zariski topology, hence Vi, = |, U(ski), V k, for
some si; € R. Changing notations, we obtain :

U(r) is covered by open sets U(s;) on which f is a quotient ¢ with s;,a;,9; € R and U(s;) € U(gi), V.
Vi, U(s;) CU(g;) & X\U(g:) CX\U(s;)) & V({g:)) CV({si)) < Rad((s;)) CRad((g:))

In particular, 3n; € N such that s;* € (g;), i.e. ¢; € R with s = ¢; - g;. Note that ¢; # 0 since if s; was
nilpotent, then U(s;) € U(0) = 0. So

Q; C; - a; C; - a;

- - mng
Gi Ci* gi Er

Now set b; := ¢; - a; and h; := s;%, Vi. Note that U(h;) = U(s;) by 2.3.5. Thus we obtain that U(r) is
covered by open sets U(h;) on which f is represented by a quotient Z— The goal of these modifications was to
obtain a covering of U(r) such that f is given on each U(h;) by a quotient with the same denominator h; ¢ P,
VP eU(h;).

Next we observe that U(r) can be covered by finitely many of these U(h;). Indeed :

Ur)CU;U(hi) & V((r) 2N V((hi)) =V (X (hi)) < Rad((r)) C Rad(>;{h:))

by lemma 2.3.2 again. Hence r € Rad(}_;(h;)), i.e. 3n € N such that r™ € >_,(h; ), which means that r"
can be written as a finite sum r" = r; hy) + ... + 1 h;, for some r;; € R, m € N. Tt follows that

since a prime ideal containing h;,,...,h; , also contains r™ and thus r as well. Hence from now on we may
assume that there is a finite set {h1,...,hn} in R such that U(r) CU(h1)U...UU(hy,).
Recall that U(h;) NU(h;) = U(h; - h;). Since the representation of f on any of the open sets U(h;) is unique,

we need that the 2 representations of f on U(h;) NU(h;) coincide : f(P) = % = % € Rp, VP € U(h;hy).

Due to injectivity of ¢ proved above, this means that % = Z—J as elements in Rp, ;. Thus 3n € N such that
(hihj)™ - (bi - hj —bj - hi) =0 (2.12)

This n depends a priori on 7 and on j, but since only finitely many indices are involved, we may choose n large
enough so that (2.12) holds for all 7, j. Rewriting (2.12) yields that

h?+1(h?bl)_h?+1 (h;lb]) :O’ V%] c {1,,m}
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Then we set b/ := h™*" and b} := hJ' b;, so that U(h;) = U(h}) and f is represented on U (h}) by
b hTob U

hiii h?+1 7}.7;

with the relation ' - b} = hi - b, Vi,j. Since {U(h}),...,U(hy,)} is still a finite open cover of U(r), we can
write again r”™ = rh} + ...+ rphl, for some n € N and r; € R. Define a := b} + ...+ rpbl,. Then

m m a b/
h;~a=Zm-(h; Zn h' b’ :Z :r"-b;- :>T—n h/,V]
i=1 i=1
so finally b a
Vie{l,...,m}, VPeU(,) : f(P)= h—ll = —
.o
i.e. f coincides with % on each U(hj), thus everywhere on U(r). It follows that f = 1/)(%) and hence that
is surjective. So we showed that 1 is indeed a ring isomorphism and that (’)R( (r )) R,. O
Remark :
Some authors, for example [Sch], use this property as the actual definition of the structure sheaf by setting
Or(SpecR) =R Or(U(r)) :=R,, VT €R
and for U(r-s) = U(r)NU(s) CU(r), the restriction morphisms are given by
Pl i Ry — Res = (Ry)s @ g % (2.13)

One can then show that these are compatible on the intersections of the basis open sets (hence they indeed
define restrictions). The hard part however is to check that the sheaf axioms S1 and S2 are satisfied for the
U(r) with respect to their intersections. If » € R and {U(r;)}ics is an open covering of U(r), we have

S1 If g,h € R, = Og(U(r)) are such that g = h as elements in R,, = Or(U(r;)), Vi € J, then g = h in R,
as well.

S2 If g; € Ry, = OR(U(n-)) are such that g; = g; in R, = OR(U(rirj)), Vi,j € J, then 3¢ € R, such
that g =g; in R,,, Vi € J.

A proof of these properties is also given in [Sch]. It actually suffices to define the sheaf on these open sets
since they are a basis for the topology on Spec R. On an arbitrary open subset U C Spec R, Or(U) is then
defined by some general concept, called projective limit. Formally,

ORr(U) := projlim Og (U(r))
U(r)CU

Ogr(U) is then again a commutative unital ring. This will define the whole sheaf Op.

2.5 Ringed spaces and locally ringed spaces

To each (commutative unital) ring R, we can thus associate its spectrum (Spec R, Op), where Spec R is a
topological space and Opg is a sheaf on this topological space. We would like to say that this assignment is
functorial. For this, we first need an appropriate category in which such a requirement makes sense. Some
references for this section are [Hal, [Ja] and [U2].

2.5.1 Definitions

A ringed space is a pair (X, Ox) where X is a topological space and Ox is a sheaf of rings on X, called the
structure sheaf on X, i.e. VU C X open, Ox(U) is a commutative unital ring. In particular, Va € X, the
stalk Ox , of the sheaf Ox at x is a ring as well.
A ringed space (X, Ox) is called a locally ringed space if the stalk Ox , is a local ring, Vo € X, i.e. every
Ox , admits a unique maximal ideal M, < Ox ,.
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Examples :
1) (Spec R, OR) is a ringed space for any ring R.
2) Let M be a real differentiable manifold and consider its sheaf C§ of smooth functions on M :

YVUCM, CU):={f:U—=R| fissmoothon U}

C$3(U) is a commutative unital R-algebra (so in particular a ring) and hence (M, C$7) is a ringed space. And
it is even a locally ringed space because for all m € M, the unique maximal ideal of Cj; , is

because every germ of smooth functions at m which does not vanish at m is invertible :

f(m)#0 = f+#0in an neighborhood of m = [ﬂm exists and [%]m Aflm =1

Thus 9M;;, is the set consisting of all germs which are not units. This is an ideal, hence Cf;,, is a local ring
by the criterion in section 2.2.5.

Remarks :
1) If (X, Ox) is a locally ringed space, U C X an open subset and if we denote Oy := Ox v, then (U, Oyp) is
a locally ringed space as well because Oy = Ox 5, V2 € U.
2) There exist ringed spaces which are not locally ringed spaces. A trivial example is obtained if X = {x} is
a singleton ; hence giving a sheaf of rings on X is equivalent to giving a ring. Define Ox ({z}) := R, where R
is any ring that is not local. Then (X, Ox) is not a locally ringed space.

2.5.2 Lemma

Let R be a local ring with unique maximal ideal M < R and let » € R. Then r ¢ M < r is a unit.

Proof. <= : if r is a unit, then 3s € R such that r-s=1,s0 1 € M : contradiction.

= : if r ¢ M, then r # 0 and (r) is therefore a non-zero ideal in R. If it is proper, it would be contained in
some maximal ideal, hence (r) C M since M is the only maximal one. But this is not possible since r ¢ M,
so (r) = R, implying that r is a unit because 1 € (r). O

Corollary :
This holds in particular in the case where (X, Ox) is a locally ringed space. For x € X, denote the unique
maximal ideal in the stalk by M, < Ox . Then s € Ox , \ M, < sis a unit in Ox 4.

2.5.3 Local homomorphisms

Let Ry and Rs be local rings with unique maximal ideals 9%, and 91, respectively. We say that a ring
homomorphism ¢ : Ry — R is a local homomorphism if is preserves the maximal ideals, i.e. if

©(M1) €My or equivalently, My = ¢~ (M)

Proof. <= : let 1’ = ¢(r) for some r € My = = 1(M2) = 1/ = p(r) € My

= :let r € My, then (r) € My = 7 € 1 (My)

Conversely, let 7 € ¢=1(My), i.e. ¢(r) € My. We want to show that r € M. Consider the ideal T = (r)
generated by 7. Then I # R, otherwise we can write 1 = s - r for some s € Ry and hence

1=¢(1)=¢(s) o(r) with p(r) e My = 1€ My : contradiction

So I is proper and thus contained in some maximal ideal of R;. But 9; is the unique maximal ideal of Ry,
hence (r)=1CM; = r € M, as well. O
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2.5.4 Morphisms of ringed spaces

Let (X,0Ox) and (Y, Oy) be ringed spaces. A morphism of ringed spaces ® : (X,0x) — (Y,Oy) is a pair
® = (¢, ¢*) where ¢ : X — Y is a continuous map, called the base map of ®, and ¢* : Oy — ¢.Ox is a
morphism of sheaves, called the pullback morphism of ®. Recall that this means

YV CY open, ¢y : Oy (V)= Ox (¢~ (V))
such that ¢j, is a unital ring homomorphism and ¢* commutes with the restrictions of Oy and ¢.Ox, i.e.

oy
Oy (1)~ Ox (57 (V)
| | v o olY =P ) 0 o
Piv

Oy (W) —— Ox (¢~ 1(W))

for any inclusion of open sets W C V C Y. Thus ® respects both the topological and the sheaf structure of
the objects.

Ringed spaces and morphisms of ringed spaces form a category, denoted RS, with respect to the following
composition. If & = (¢, ¢*) : (X,0x) = (Y,0y) and ¥ = (¢,¢*) : (Y,0y) — (Z,0z), then

Vod=(,9")o (¢, ¢") = (o, ¢"0¢™) : (X,0x)— (Z,02) (2.14)
where ¢* 0 " : Oz — ¢, Ox = (1 0 ¢),.Ox because ¢~ (v~ (W)) = (Y 0 ¢) " (W), VW C Z open.

2.5.5 Morphisms of locally ringed spaces

Now assume that (X, Ox) and (Y, Oy) are locally ringed spaces and let ® = (¢, ¢*) : (X,0x) — (Y, Oy) be
a morphism of ringed spaces. Then the morphism of sheaves ¢* : Oy — ¢,.Ox induces a ring homomorphism

(;5; : Oy7y — (¢*Ox)y

on the stalks for all y € ¥ (see section 2.1.2), thus in particular for those of the form y = ¢(x) with = € X.
Composing with the natural map in (2.3), we obtain a chain of ring homomorphisms

Oy p(z) — (040X )p(2) — Oxyz

By abuse of notation, we denote this map by ¢; : Oy g) — Ox. Note that ¢} is a ring homomorphism
between local rings.

We say that a morphism of ringed spaces ® = (¢, ¢*) : (X,0x) — (Y, Oy) is a morphism of locally ringed
spaces if all induced ring homomorphisms on the stalks are local homomorphisms, i.e. Vo € X, ¢ satisfies

O (My(zy) S My

Locally ringed spaces and morphisms of locally ringed spaces again form a category, denoted by LRS, with
the same composition as above. However LRS is not a full subcategory of RS since it has additional data,
namely the unique maximal ideals of the stalks and morphisms of locally ringed spaces need to preserve these
additional data. An example of a morphism of ringed spaces which is not a morphism of locally ringed spaces
is given in section 3.1.2.

As usual, we say that ® : (X,0x) — (Y, Oy) is an isomorphism of (locally) ringed spaces if there exists a
morphism of (locally) ringed spaces ¥ : (Y,Oy) — (X, Ox) such that ® o ¥ = id and ¥ o & = id. Hence by
definition of the composition in (2.14), we have that ® = (¢, ¢*) is an isomorphism if and only if the base map
¢ : X — Y is a homeomorphism of the underlying topological spaces and ¢* : Oy — ¢,.Ox is an isomorphism
of sheaves (as defined in 2.1.1).

Finally we have the following nice property :
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2.5.6 Proposition

Let (X,0x) and (Y,Oy) be locally ringed spaces and ® : (X,0Ox) — (Y,0Oy) an isomorphism of ringed
spaces. Then ® is an isomorphism of locally ringed spaces.

Proof. If ® = (¢, ¢*) is an isomorphism of ringed spaces, then ¢* is an isomorphism of sheaves and ¢} is an
isomorphism of rings, Vo € X by proposition 2.1.4. Thus the statement follows if we prove that any ring
isomorphism ¢ : R — T between local rings R and T is also a local homomorphism.

Let M < R and My < T be the unique maximal ideals. Then =1 (9M7) is a prime ideal in R, hence
@ 1(Mr) € My since any proper ideal in R is contained in a maximal ideal, but g is the only maximal
one. If o= 1(Mz) C Mg, then My C p(Mg) € ¢(R) = T since ¢ is an isomorphism, which is not possible
since My is maximal. Hence =1 (Mr) = Mp. O

2.6 The Spec—functor

We know that (Spec R, Op) is a ringed space for any ring R. But it is even a locally ringed space because of
proposition 2.4.3, which states that Or p = Rp, VP € Spec R. The localization Rp of R at P is always a
local ring, hence so is the stalk Og p.

In this section we base ourselves again on ideas from [Ha], but we will be more explicit at some points, e.g. by
putting definitions into formulas and filling in details that have been omitted in the textbook.

2.6.1 Definition
Let ¢ : R — T be a unital ring homomorphism. We can define a map ¢ : SpecT — Spec R by setting
(P) := o Y(P), VP € SpecT

This is well-defined since the preimage under a ring homomorphism of a prime ideal in T is a prime ideal in
R. We will show in 2.6.2 that ¢ is continuous. Denote ¢ = Spec ¢ ; the assignment ¢ — Spec ¢ is functorial
(in the contravariant sense) because for ¢ : R — T, ¢ : T — K and V P € Spec K, we have

Spec(v 0 )(P) = (o)~ (P) = ¢~ ! (' (P)) = Spec p(Specy(P))
i.e. Spec(y o) = Spec p o Spect). Hence we have a contravariant functor Spec : Ring — Top.
Now let U C Spec R be open. Then ¢ moreover induces a ring homomorphism ¢3; : Or(U) — ¢.Or(U)

defined as follows :
First note that for any prime ideal P < T, ¢ defines a ring homomorphism ¢p on the localizations by

¢(a)
: 1 Tp @ —
op + Ry-ipy > Tp " o)

This is well-defined because ¢(r) ¢ P whenever r ¢ ¢~ *(P) and if ¢ = 2 in R,-1(p), then

Jece R\ ¢ '(P) such that c- (as —br) =0 = ¢(c) - (p(a) - p(s) —@(b) - o(r)) =0

with ¢(c) € T'\ P, hence “;E‘;g = 58 in Tp.

Moreover ¢p is a local homomorphism since the unique maximal ideals of the localizations are (see 2.2.5)

!/
mw—l([)):{%eR@—l(P) aGgDil(P)} and mp:{%GTp ‘ CLIEP}
so that pp (Sﬁwfl(p)) C Mip. Finally, if ¢’ : T — K is another ring homomorphism, then V P € Spec K

(¢ 0p)p =¢popy-1p) © Rp-1(p-1(p)) = Ty-1(p) = Kp
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Now let f € Or(U), ie. f: U — [Igey Ro such that f(Q) € Rg, VQ € U and f is locally given by a
quotient. We denote W := ¢~*(U) and define a map g : W — [[ peyy T by the chain of maps

g+ P o(P) L 1(0(P) “5 wp(f(0(P))) € Tr (2.15)
\7 ERy(p)

This g is also locally a quotient : let P € W and assume that V is an open neighborhood of ¢(P) in U over
which f is a quotient, i.e. f(Q') =% withr ¢ Q',VQ € V. So W' := ¢~ (V) is an open neighborhood of P
in W and

YQEW : 9(Q) =¢r(f(6(@) =wr(2) = 24

since ¢(Q) € V and (r) ¢ Q, VQ € W', otherwise r € ¢~ 1(Q) = ¢(Q) € V, which contradicts the local
expression of f on V. Hence we obtain that g € Op(W) = Or (¢~ (U)) = ¢.Or(U). This defines

o = Or(U) = ¢.0r(U) : [ ¢p(f)

which is a unital ring homomorphism by definition (2.15). This formula also shows that

VU CSpecR, f € Op(U), P e (U) « 65(N(P)=¢r(f(6(P)) =wr(F(e7'(P))  (216)

The assignment ¢ — ¢}, behaves again functorially because for ¢ : R — T and ¢’ : T — K, we have

(¢ 0 ) (N(P) = (¢ 0 @)p (F((¢ 0 2)H(P)) = (¢ o pp1(m) (F (7 (¢ (P))) )
= ¢ (05 (N1 (P))) = G0 (60:(1) (P)

for all f € Or(U) and P € (¢’ 0 ¢)~(U). It follows that (¢' 0 ¢)f; = ¢ ) © dpr-

We are now able to state the main theorem about the functorial behaviour of the spectrum of a ring. The proof
of this theorem is taken from [Ha], but we extended the presentation by adding some more details, diagrams,
formulas and explicit computations.

2.6.2 Theorem

Let ¢ : R — T be a unital ring homomorphism. Then the above induced maps define a morphism of locally
ringed spaces
(¢,¢") + (SpecT,Or) — (Spec R, OR)

where ¢ = Spec . We denote (¢, ¢*) = Spec(yp). Hence we have a contravariant functor Spec : Ring — LRS
that assigns to a ring R its spectrum (Spec R, Or) and to any ring homomorphism ¢ a corresponding morphism
of locally ringed spaces Spec(p) in the opposite direction.

Moreover the functor Spec is fully faithful, i.e. any morphism of locally ringed spaces from SpecT to Spec R
is induced by a unique ring homomorphism ¢ : R — T. Thus for any rings R, T, we have a bijection

Homging(R,T') — Homygg ((Spec T,Or), (Spec R, OR))

Proof. 1) a) First we need to show that ¢ : SpecT — Spec R is continuous. This is true because VI < R,
(VD) =V(e(D) =V ({eI)))
where Q € 67 (V(I)) < 6(Q) € V() & IC Q) =¢ Q) & o) CQ & Qe V(p(I) for any

prime ideal Q QT i.e. preimages of closed sets under ¢ are again closed.
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b) Next we need that the ring homomorphisms ¢, : Or(U) = ¢.Or(U) commute with restrictions, i.e.

OR(U) 22> Op (67 1(1))

| |

Or(V) —2 Op(671(V))

for any inclusion of open sets V' C U C Spec R. But this is clear since the restrictions of the structure sheaf
of a spectrum are nothing but the usual restrictions of maps (see section 2.4.2) :

VfeOrWU) : oo vy = ov(fiv)

c¢) Finally the induced ring homomorphisms on the stalks ¢% : Og gy — Or,p have to be local homo-
morphisms, VP € SpecT. This follows from the identification of the stalks of the structure sheaf given in
proposition 2.4.3. Indeed, we have by construction

¢>1k:) : OR,¢(P) —>OT,p : [f]¢(P) = [qb?](f)]])

with Og 4(p) & Rgp) = Ry-1(py, Or,p = Tp and the isomorphism is given by evaluating the germ at the
considered point. Hence we have the following commutative diagram

Or,g(P) E, Orp (Flopy — [95(N)] p (2.17)
Ry1(p) ——Tp F(@(P)) — 65 (f)(P)

where ¢}, (f)(P) = ¢p(f(#(P))). So after identification, ¢} is nothing but ¢p : Ry-1(py — Tp, which is a
local homomorphism as shown above. It follows now that (¢, ¢*) is a morphism of locally ringed spaces.

2) To show that the functor Spec : Ring — LRS is faithful, we have to prove that 2 ring homomorphisms
»,¢ : R — T that define the same morphism (¢, ¢*) = Specyp = Specy’ = (¢, d*) are actually equal.
Denote X = Spec R and Y = SpecT. Then we have the global pullback morphisms

¢k : Or(X) = Or(¢7'(X)) =O0r(Y) and ¢% : Op(X) = Op(Y)

By theorem 2.4.4, we have that Or(X) = Or(Spec R) = R and Or(Y) = Op(SpecT) = T, thus ¢% defines a
ring homomorphism R — T. And this is exactly ¢ because of the identification

Or(X) X Or(Y) (f:Pos ) (g: Pesop())
R .1 1 —_ o(r)
o(r)

_ o _ : o —
o = <P1T). But ¢% = @3, hence we recover the same homomorphisms : ¢ = ¢'.

where ¢ p(%) =
3) So it remains to show that Spec : Ring — LRS is full, i.e. that the injective map
Hottging(R, T) — Homugs ((Spec T, Or), (Spec R, Or))

is also surjective. Let (¢, 1*) be a morphism of locally ringed spaces from SpecT to Spec R. As above, the
global pullback defines a (unique) ring homomorphism

% : Or(SpecR) — Or(SpecT) = Fp: R—>T
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In particular, ¢ now defines the morphism Spec(y) = (¢, $*) from SpecT to Spec R as usual. We want to
show that (¢, ¢*) = (¢, ¢*). VP € SpecT, we also have the induced maps on the stalks

wfp : OR,¢(P)_>OT,P = dhp : R¢(p)—>Tp

Since all these ring homomorphisms are induced by the morphism of sheaves ¢¥* : Or — ¥,Or, they have to
be compatible (in the sense that they commute with the localization homomorphisms) because we identified
the commutative diagrams
Or(X) —— 0r(Y) R—— T
I Lk
Yp hp

Orypy — Or,p Ry p) =1p

Ux 2 (2.18)

1%

where {p : T'— Tp is the localization homomorphism and hp is a local homomorphism since 1% is one. But
the local homomorphism ¢p : R,-1(py — Tp induced by ¢ satisfies a similar property :

©

R—>T R T
lpl lip ZQD\L lep
Ry(p) = Tp Ryr(p) == Tp

Let Mypy, M,-1(py and Mp be the unique maximal ideals of Ry p), R,-1(p) and Tp respectively. Then
Myp) = hp' (Mp)  and  My-r(p) = @p' (Mp)

with ¢(P) = l;l (Dﬁw(p)) and ¢~ }(P) = l;;l (mtwfl(]))). This follows immediately from the expression of the
unique maximal ideal of the localization ring (see section 2.2.5 : the preimage of S™1P is P). Thus

(P) = 1! (Myr) = 15" (15! (Mp) ) = (hp o 1p) ™ (Mp) = (€ ) ™ (M)
= (ppolp) ™t (Mp) = l?(%‘vl (imP)> =Up " (My-1(p)) = ¢~ 1(P)

i.e. Y(P) = ¢ 1(P) = ¢(P), which means that 1) = ¢ = Spec ¢ is induced by ¢ : R — T. As a consequence
lp =1 and hp = pp as well. To show that ¢* = ¢*, we use the identifications in (2.17) and (2.18) :

(217) = (SDP : R¢(p) —)Tp) — (gf); : OR,¢(P) —)OTyp)
(2.18) = (hp : R¢(p) —>Tp) — (1/)73 : OR,w(p) —)OTJD)

But ¢p = hp, hence ¢ = ), VP € SpecT. Proposition 2.1.5 then implies that ¢* = *. Finally we
conclude that (1, 9*) = (¢, $*) = Spec(yp), i.e. (,9*) has been induced by ¢ via the Spec—functor. O

2.6.3 Conclusion

Let us summarize the results of this chapter. Consider a commutative unital ring R.
To R we can associate the topological space Spec R together with its structure sheaf Or and the spectrum
(Spec R, OR) is a locally ringed space. Moreover we have the contravariant functor

Spec : Ring — LRS : R+— (Spec R, ORg)
(¢ : R—T)— (Spec(yp) : (SpecT,Or) — (Spec R, OR) )
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This functor is in addition fully faithful, so that we have a bijection
Homging(R,T) — Homyps ((Spec T,0r), (SpecR, OR)) (2.19)

for any rings R,T. Hence equation (1.1) and proposition 1.2.4 imply that Spec is conservative and preserves
isomorphisms ”in both directions”, i.e. if we are given a unital ring homomorphism ¢ : R — T, then

 is an isomorphism of rings < Spec(y) is an isomorphism of locally ringed spaces

As a consequence, the Spec—functor yields a contravariant equivalence between the category of commutative
unital rings and a full subcategory of the category of locally ringed spaces. We will see in chapter 3 that this
full subcategory is given by the category of affine schemes. Hence there is an equivalence between the opposite
category of commutative unital rings (i.e. with reversed arrows) and the category of affine schemes; each of
these categories is often thought of as the opposite category of the other.
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Chapter 3

Schemes

Schemes have been introduced by the pioneering mathematician Alexander Grothendieck (1928- ) in the
1960s in order to generalize the notion of an algebraic variety. They connect the fields of algebraic geometry,
commutative algebra and number theory and are considered to be the basic object of study of modern algebraic
geometry. Roughly speaking, schemes arise from gluing together spectra of several commutative unital rings
along some open subsets, augmented with a sheaf of rings that assigns to each open set a ring of ”polynomial
functions”.

We are not going to study schemes in detail yet, but only give definitions, basic properties and some examples
of affine, projective and general schemes that illustrate why they are useful. In particular, we will explain
the very important concept of how schemes can be glued together. An important reason why we consider
schemes is that they rigorously define the notion of the "multiplicity” of a point, for which an example will be
discussed. Finally we also explain how schemes generalize the notion of an algebraic variety.

In this chapter, we collected ideas from several references, including e.g. [Ha], [Gal], [Ma], [Sch], [U1] and [U2].

3.1 Affine schemes

In the following, we usually denote locally ringed spaces by X = (|X|,Ox), where |X| is the underlying
topological space and Ox the sheaf of rings defined on | X]|.

3.1.1 Definition

Let X be a locally ringed space. We say that X is an affine scheme if there exists a (commutative unital) ring
R such that X is isomorphic to the spectrum of R, i.e.

X is an affine scheme < (] X|,O0x) = (Spec R, OR)

where 2 is an isomorphism of locally ringed spaces as defined in section 2.5.5. In particular, |X| and Spec R
are homeomorphic topological spaces. If X,Y are affine schemes, a morphism of affine schemes from X to Y
is a morphism of locally ringed spaces ® : X — Y.

Since affine schemes are only locally ringed spaces with additional properties, it follows that the category of
affine schemes, denoted by ASch, is a full subcategory of the category LRS. Note that ASch is nothing but the
image of the contravariant functor Spec : Ring — LRS in the category of locally ringed spaces.

Hence, as already pointed out at the end of the previous chapter, it follows from theorem 2.6.2 that the
category of affine schemes is equivalent to the opposite category of commutative unital rings :

Spec : Ring®® —» ASch C LRS

Remark :
Let X be an affine scheme with |X| & Spec R for some ring R. Then the points in |X| correspond to the
points in Spec R, i.e. to the prime ideals in R. But Ox (|X|) & Or(Spec R) & R as rings, hence points of | X]|
are in 1-to-1 correspondence with prime ideals in the ring Ox (\X|)
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3.1.2 Example

A ring R is called a discrete valuation ring if it is a principal ideal domain with exactly one non-zero maximal
ideal 9Mt. This implies in particular that {0} and 9 are the only prime ideals in R since any non-zero prime
ideal in a principal ideal domain is also maximal. Discrete valuation rings are a particular case of the more
general notion of a valuation ring (we do not give a definition here). Equivalently, a discrete valuation ring is
a principal ideal domain that is also a local ring, but not a field. The following example is taken from [Ha].

Let R be a discrete valuation ring and T := (Spec R, Og), where Op is the structure sheaf of the spectrum of
R. So T is an affine scheme and the underlying topological space |T| = Spec R consists of two points :

7] = {{0}, m }
— M being maximal, we know that the point {9} is closed in |T'| with associated local ring Og on = Roy :
ré sm}

But r ¢ 91 means by lemma 2.5.2 that r is a unit. So Rgy consists of fractions with denominators being units
and we get Rgy = R by the isomorphism

a

o

r

1

Ry — R : $—a-r" with inverse R — Rop : 1+ T

— Since R is an integral domain, the point {0} is dense in |T, i.e. it is a generic point, and it is also open
because its complement is closed. Its corresponding local ring is Og 01 = R0y = Quot(R) =: K. Since K is
a field, we know that Spec K cousists of the single point {0}. We denote

IT| = Spec R = { to = {0}, t; =9 } ; Spec K = { ko = {0} } = {ko}

— The natural inclusion homomorphism ¢ : R < K (R contains no zero divisors) induces the continuous map
Specp : Spec K — Spec R with sends the unique point kg of Spec K to tg :

Spec p(ko) = ¢~ ' (ko) = ¢ ({0}) = kerp = {0} =t
— Finally ¢ also induces the morphism of locally ringed spaces
Spec(p) = (¢,¢") : (Spec K, Ok) — (Spec R, Og) = (|T'|, Or)
where ¢ = Spec ¢. The only open sets in |T'| are (), {to} and ||, so the only non-trivial pullbacks are
Plroy Or({to}) = Ok ({ko}) = K ) VIR Or(IT|) 2= R — Ok ({ko}) = K

and the induced map on the stalk ¢; : ORrt, = Ok, is a local homomorphism, where O, = K and
Ok iy = Quot(K) = K. Using this, one can show that ¢}, is even an isomorphism since all quotients we need
to obtain surjectivity of the map have been added. Also note that QI)TTI is identified with .

Remark :
Of course, we can also define the map v : Spec K — Spec R : ko — t1 (continuous as well since Spec K is a
discrete topological space). As above, we can associate the pullback morphisms

Vitoy Or({to}) = Ok (D) = {0} , Y| Or(IT]) 2 R — Ok ({ko}) 2 K
because ¢! ({to}) = 0, together with the stalk homomorphism ¢ : Ogy, = R — Ok, = K.
But 95 is NOT a local homomorphism : since |T'| is the only open neighborhood of #;, ¢; is by definition

computed using sz*TI’ which is identified with ¢, i.e. ¢} corresponds to ¢ : R < K as well. But the unique

maximal ideal in R is 9 and the one in K is {0} with p(9) ¢ {0} since M # {0} and ¢ is injective, so the
stalk homomorphism does not preserve the maximal ideals.

In particular, the morphism of ringed spaces (¢, 1*) : (Spec K,Ok) — (Spec R,Og) is NOT induced by a
ring homomorphism R — K as in (2.19) since it is not a morphism of locally ringed spaces.
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3.1.3 Counter—example

Not every open subset of an affine scheme is again an affine scheme.
More precisely : if X = (|X|,Ox) is an affine scheme, U C |X| an open subset and if we set Oy := Ox |y,
then (U, Op) is not necessarily an affine scheme as well. We show this by using an example from [Ja].

Let K be a field, R = K[Xi, X»] the polynomial ring in two variables, | X| = AZ = Spec R the affine plane
and X = (Spec R,Or) = (|X|,Ox) the corresponding affine scheme. M := (X1, X5 ) is a maximal ideal, so
that the point {M} is closed in | X| and U := |X| \ {M} is an open subset of | X|. We will show that (U, Oy)
is not an affine scheme.

The open set U can be covered by the distinguished open subsets U; = U(X;) and Uy = U(X3) :

U=U,UU;
Uj C U since M ¢ U; and if P ¢ U; UU, is a prime ideal containing X; and X, then P also contains

(X1, X2 ) and it thus by maximality equal to M, i.e. P ¢ U. Also note that Or(U;) = Or(U(X;)) = Ry, is
the localized ring at X, j = 1,2. More explicitly,

Or(U;) = Rx; = { %
J

I € K[Xy, Xo] } = { % f= ZaikaXé } :K[XDX?’X%]
J ik

Obviously, ¢ : U < | X]| is not surjective, hence ¢ cannot define an isomorphism of locally ringed spaces

(4,i*) : (U,0v) — (IX],0x)

Nevertheless we can define a morphism of locally ringed spaces by specifying the pullback ¢*. For any open
subset V C | X|, we set

iv : Ox(V) = Ou(i™H(V)) & iy + Or(V) = Or(UNV) : f foipny
Consider the global pullback iy : Or(Spec R) = R — Or(U). Lemma 2.1.6 gives the exact sequence
0 — Or(U) - Or(lh) & Or(Us) > OR(Uy N Ua) (3.1)

where Or(Uy NUs) = Or(U(X1) NU(X2)) = Or(U(X1X2)) = Rx, x,. Exactness of (3.1) yields that

OR(JJ) = iIIl()[ = ker /3 = { (81, 82) ‘ S; S OR(‘/Z) and 81|U10Uz = SQ\UlﬁUQ }
/ g ) / g f g .
=~ _— = - = h that — }
{<X{“ xr) | X7 € Ry Xy © Rx, such tha xp o xyp " xxa

where we used the identification explained at the end of section 2.4.4. But elements in the localized ring Rx, x,
must have fractions with denominators being powers of X; Xs, hence we need that n = m = 0 and

Or(U)={(f,9) | f,g € Rsuchthat f =g} =R
So the global pullback ii“X‘ : R — Ogr(U) = R is actually an isomorphism of rings.
Now suppose that (U, Op) is an affine scheme, i.e. there exists a ring T such that (U, Oy) = (SpecT, Or).
Then we have the morphism of locally ringed spaces
(1,7*) : (U,0p) — (|X],0x) < (i,¢*) : (SpecT,Or) — (Spec R, OR)

By full faithfulness of the Spec—functor, see equation (2.19), we know that i : SpecT — Spec R is induced by
a ring homomorphism ¢ : R — T, defined by the global pullback (as in the proof of theorem 2.6.2)

i$pecr © Or(Spec R) = R — Or(SpecT) = Oy (U) = Ox(U) = R

which is an isomorphism as shown above, hence ¢ is an isomorphism. But functors send isomorphisms to
isomorphisms, i.e. Spec(y) = (i,i*) would be an isomorphism as well. This is not possible since 4 is not
surjective, hence U cannot be isomorphic to the spectrum of some ring, i.e. U is not an affine scheme.
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Goal :
Our next goal is to show that the distinguished open set U(r) C Spec R with the restricted sheaf Ogjy () is
an affine scheme, Vr € R. For this, we first need some preliminary results.

3.1.4 Proposition

Let ¢ : R — T be a surjective ring homomorphism with kernel I = ker ¢. Then Specy : SpecT — Spec R is
a homeomorphism onto V(I) C Spec R (Note : I is an ideal in R).

Proof. taken from [Ku]. Recall that Spec ¢ is defined by Spec ¢(P) = ¢~ (P) for P € SpecT.
The image of Spec ¢ is contained in V(I) : I C p=1(P), VP € SpecT since o(I) = {0} C P.

First we show that Spec ¢ is bijective : there is a 1-to-1 correspondence between prime ideals in 7" (i.e. elements
in SpecT') and prime ideals in R containing I (i.e. elements in V(I)). This bijection is

SpecT — V(I) : P o (P) with inverse V(I) — SpecT : Q — ¢(Q)
Note that ¢(Q) is an ideal since ¢ is surjective. Moreover ¢(@Q)) is prime because 1 ¢ ¢(Q), otherwise
1€ep(Q) = Ire@suchthat p(r)=1=p(l) = 1—-rekero=1CQ = 1€Q : contradiction
And if a-b € p(Q) for some a,b € T, then by surjectivity 37, s € R such that a = ¢(r), b = ¢(s) and
a-b=p(r) - o(s)=p(r-s)€p(@Q) = Ir' € Q such that p(r-s) =¢(') = r-s—r' ekerp=1CQ

and it follows that r-s € Q = reQorseQ = ¢(r)=a€ o(Q) or p(s) =b € ¢(Q).

By surjectivity of ¢, we have ga(ap_l(P)) = P,V P € SpecT. In addition, Q C ¢! (@(Q)), V@ € Spec R. For
Q € V(I), the other inclusion holds true as well : if a € ¢~ (¢(Q)), then ¢(a) € p(Q), i.e. Ir € Q such that
pla)=¢(r) = a—rekerp=1CQ = acQ. Thus 4,0_1(90(62)) =Q,VQeV({).

Hence Spec ¢ is continuous and bijective. To show that it is a homeomorphism, it is now sufficient to show
that images of closed sets are again closed. Let A = V(J) be closed in SpecT for some ideal J < T. Then

Specp(A) = Specp(V(J)) = tpfl(V(J)) =V({I)n V(<p71(,])) : closed in V(I) C Spec R

2:QeV(p () & ¢o(N)CQ = J=9p(p(J)) C e Q) eV()) & Qe (V(J))

C : we know that im Specp C V(I), hence Q € ¢~ ( (J ) 1mmed1ate1y means that J C ¢(Q) and T C Q.
Thus ¢~ 1(J) C Q because for a € ¢~ (J), p(a) € J C ¢(Q) = Ir € Q such that p(a) = p(r), so that
a—re€kerp=1CQ = acQ aswell and finally Q € V(¢ 1(J)). O

Corollary :
Let R be a ring and I < R an ideal. Then there is a homeomorphism between prime ideals in R/I and prime
ideals in R containing I, i.e. Spec(R/I) = V(I).

Proof. This follows immediately from the previous proposition by taking the projection 7 : R — R/I. Thus
kerm = I and Spec is a homeomorphism from Spec(R/I) onto V (I). O

3.1.5 Theorem

Let R be a ring and S C R a multiplicative subset. Then the natural map is : R — S~'R (in general neither
injective nor surjective since S may contain zero divisors) induces a homeomorphism

Specis : Spec(ST'R) = { P € SpecR ’ PNS=0}=D
where the topology on D is the induced Zariski topology of Spec R on D. The inverse map is given by the
assignment P +— S~!P. Note that this is the restriction to all prime ideals of the map e in (2.5).
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Proof. taken from [Ul]. If @ € Spec(S™'R) and we denote P = Specis(Q) = igl(Q), then PN S = 0,
otherwise if 3s € S such that s € P = i5'(Q), then is(s) € Q but ig(s) = ¢ is a unit with inverse iie.
1 € @ which is a contradiction. Hence the image of Specig is indeed contained in D.

Let P€ D, 7 : R— R/P and denote S’ = n(S). Then PN S =0 = 0¢ S, hence S""}(R/P) is not the

zero ring. P being prime, we know that R/P and S’~!(R/P) are integral domains. By (2.4), we have
ST'R/ST'P~ S (R/P)

)

via the isomorphism [g] — L and it follows that S~!P is prime. Hence the inverse map is well-defined.

e 571(ig'(Q)) = Q, VQ € Spec(S7'R) :

- S’l(igl(Q)):{g‘aeigl(Q),seS}:{é-% %eQ,seS}gQ

D:if L €@, then - % € Q, but % ¢ (@ since % is a unit. Hence § € ) and therefore % € S’l(igl(Q))
eig' (ST'P)=P,YPeD:

D:forr € P, we have ig(r) = € ST'P = P Ciz'(S7IP)

c

et r €ig'(STIP), ie. £ € S7'P = [%] =0. But we have the injective map

R/P— S"YR/P)=2ST'R/ST'P : Fr— T [7]

T
5

since R/P is a domain, hence [{] =0 = 7=0 = r € P. This shows that Specig is a bijection onto D.

We know that Specig is continuous, hence it remains to show that it is an open map. It suffices to show
that the image of a standard open set U(g) C Spec(S~!R) is again open. Write g = tforre Rand s € 5,
so that g = 7 - 1 where 1 is a unit and we have U(g) = U(%) by 2.3.5. Then

Specis(U(g)) =ig' (U(¥)) =DNU(r) : openin D C SpecR

C : we know that im Specig C D and if P € i5 (U(%)), i.e. ¥ ¢ ig(P) = S~'P, thenr ¢ P
D:let PeDNU(r), e r¢ Pand PNS=0. Then * ¢ ig(P) = S~'P, otherwise
Jae€ P, sc Ssuchthat { =% = 3tec Ssuchthatt-(rs—a)=0 & r-st=ate P
which is impossible since r ¢ P and st ¢ P since st € S (S is multiplicative). O

3.1.6 Corollary

Let R be a ring and » € R. Then the natural map ¢ : R — R, induces a homeomorphism Spec R, = U(r).
Moreover, if O denotes the structure sheaf of Spec R, then (U (r), O R|U(T)) is an affine scheme.

Proof. taken from [Ul] and [Ga]. Here we have S = {r" | n € Ng }. If r is nilpotent, then 0 € S and the
statement holds true because R, = {0} and Spec R, = U(r) = (). Hence we may assume that r is not nilpotent
and 0 ¢ S. Tt follows from theorem 3.1.5 that Spec ¢ is a homeomorphism of Spec R,. onto the set of all prime
ideals in R that do not intersect S. But SNP =0 < r¢ P < P € U(r) for any prime ideal P < R, hence
Spec R, 2 U(r). Note that Specy : Q — ¢~ 1(Q) is the inverse of the map P+ S™'P in (2.9).

To show that (U(r), OR‘U(T)) is isomorphic to (Spec RT,ORT) as locally ringed spaces, it remains to show
that the corresponding structure sheaves on U(r) and on Spec R, agree. We first check this property on the
standard open sets : let U(s) C U(r), which means by 2.3.5 that U(s) = U(r - s). It corresponds to

U(r) D U(r-s) = Spec R,s = Spec ((Rr)s) & Ur(%) C Spec R, (3.2)

where UT(f) denotes the topological subspace of Spec R, consisting of all prime ideals in R, not containing
1. By theorem 2.4.4, we have

ORlU(T) (U(’l‘ ' S)) = OR(U(TS» = RTS ’ OR7(UT(%)) = (Rr)s = Rrs

so the sheaves Ogy () and Og, agree on the standard open sets.
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For a general open set V' C U(r), we write V as a union of distinguished open sets V' = |J, U(rs;) and the
result follows using (2.1) :

Orjum (V) = OR(Ui U(rsi)) = H (OR(U(rsi)) | sections coincide on intersections)
= H ((’) R, (UT (%)) ‘ sections coincide on intersections)
= O, (U, Ur(5)) = Or, (V') where V.= V" via (3.2)

Both structure sheaves being isomorphic everywhere, we obtain that (U (r), OR|U(T)) is an affine scheme. [

3.2 General schemes

3.2.1 Definitions

A scheme is a locally ringed space X = (| X|, Ox), i.e. a pair consisting of a topological space | X| and a sheaf
of rings Ox on X such that the stalk Ox ; is a local ring for all x € |X|, that is locally isomorphic to an
affine scheme. More precisely : X is a scheme if every point « € |X| has an open neighborhood U C | X| such
that the locally ringed space (U, Ox|y) is isomorphic, in the sense of locally ringed spaces, to the spectrum
(Spec R, ORr) of some commutative unital ring R (the ring may depend on ). Recall that this means that there
is a homeomorphism ¢ : U — Spec R and an isomorphism of sheaves ©* : Or — ¥.(Ox ) ; by proposition
2.5.6, we do not need to require that the stalk homomorphisms are local.

Equivalently, X is a scheme if there exists an open covering {U; }ics of | X| such that (Us;, Oxy,) is isomorphic
to an affine scheme (Spec R;, Og,) for some commutative unital rings R;, Vi € J.

Obviously, the restriction of a scheme X = (|X|,Ox) to an open subset V' C |X]| is again a scheme since if
every point x € |X| has a neighborhood that is isomorphic to an affine scheme, then the same of course also
holds for all z € V' = (V,Ox ) is a scheme as well. It is called an open subscheme of X.

Affine schemes are in particular schemes since they are even globally isomorphic to the spectrum of a ring.

Morphisms of schemes
Let X = (| X|,0x) and Y = (|Y], Oy) be two schemes. A morphism of schemes ® : X — Y is a morphism of
locally ringed spaces, i.e. ® = (¢, ¢*) consists of a continuous map ¢ : |X| — |Y| and a morphism of sheaves
¢* : Oy — ¢.Ox such that ¢} : Oy nm) — Ox is a local homomorphism on the stalks, Y2 € [X|. This
definition implies that the category of schemes, denoted by Sch, is a full subcategory of LRS since schemes are
just locally ringed spaces with additional properties.

3.2.2 Motivation

We may ask why it is necessary to ”complicate” the task by considering this generalization. Why do we need
these local properties and don’t just consider affine schemes? This has actually several reasons :

1) As shown in 3.1.3, affine schemes have the problem that their restriction to open subsets may no longer be
an affine scheme. The notion of a general scheme is therefore much more flexible.

2) We will see in the following that there are a lot of interesting examples of schemes which are not affine
schemes, such as projective schemes (see section 3.5) or spaces with ”double points” (see example 3.3.4).

3) Schemes being obtained by ”gluing” affine schemes, they have the useful property that several schemes can
again be glued together (see section 3.3.3), giving rise to a new scheme.

4) The most important reason however is that we actually don’t gain anything if we only consider affine
schemes since the category ASch is equivalent to the opposite category of rings. Anything we could do with
affine schemes, we could do equally well with just commutative rings (with reversed arrows).
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Schemes and morphisms of schemes are actually motivated by the following example, which can also be found
in [Nel] :

A smooth real manifold consists of a topological space M together with a sheaf of differentiable real-valued
functions on M, denoted by C§37, such that the locally ringed space (M, C57) is locally isomorphic to some
model R™ with its standard sheaf of differentiable functions. A continuous map ¢ : M — N between smooth
manifolds M, N is called smooth if YU C N open and Vf € C¥(U), we have f o € C(V), where
V = ~Y(U). This can be translated into the language of morphisms of schemes.

Denote the sheaf of continuous real-valued functions on a manifold M by CY,. First note that any continuous
function ¢ : M — N between smooth manifolds defines a morphism of sheaves ¢* : C%, — 1,C%, by mapping
a function to its pullback, i.e. VU C N

Ui 2 CR(U) — uC3(U) = Oy (071 U)) = = 9p(f) = oty

¥ (f) is called the pullback of f under 1. Obviously we have the inclusions C*(U) C C°(U). Hence v is
smooth if ¢* maps CF(U) into 1, C37(U) for all open sets U C N, i.e. if we have the commutative diagram

O3 (U) —22m .35 (U)

.

CR(U) ——1.C},(U)

where the vertical arrows are the inclusion maps.

The problem with adapting this definition to schemes is that the structure sheaf Ox of a general scheme X is
not necessarily a subscheme of a sheaf of functions that already exists. Hence we need to specify a continuous
base map ¢ : | X| — |Y| and a pullback morphism ¢* : Oy — ¢.Ox, these data satisfying some compatibility
conditions as in the above diagram.

3.2.3 Proposition

Any scheme has a basis of affine open subsets.
(We say that an open subset U C |X| of a scheme X = (|X|,Ox) is affine if (U, Ox ) is an affine scheme.)

Proof. taken from [Ma]. Let X be a scheme. By definition, there exists an open covering {U; };cs of | X| such
that (U, Ox|y,) is an affine scheme, i.e. Vi € J, there is a ring R;, a homeomorphism 1); : U; — Spec R; and
an isomorphism

¥; o Or, = i (Ox ;)

where Op, is the structure sheaf of Spec R;. For each ¢, we know that { U(r;) C Spec R; | r; € R; } is a basis
for the topology of Spec R;. Moreover these U(r;) again define affine schemes by corollary 3.1.6 :

(U(r:), Oryju(r)) = (SPeC(Ri)mO(Ri)W)
Define W (r;) := ;' (U(r;)) C U;, so that (W (r;), Oxyw(rs)) = (U(r), Or,ju(r)) is an affine scheme and
U= {W(r;) CU; | r € R }
is a basis for the topology on U; C |X|. Then U = |J,. ;U; is a basis for the topology of | X| consisting of affine

open subsets. Indeed if U C |X| is open, we can write U = U N |X|=U N, U; = J;(UNU;), where U NU;
is open in U; and can hence be written as a union {J; W (r;;) with W(ri;) € U, r;; € R;, ¥V j. Thus

U=U; UnU;) =U,U; W(ry) = UW(%‘)
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3.2.4 Proposition
If X = (]X|,Ox) is a scheme, then the underlying topological space | X| is a Kolmogorov space.

Proof. Let z,y € |X| with « # y and take an affine open neighborhood U of z. If y ¢ U, we are done since we
found an open set in | X| that contains 2 but not y. So assume that x,y € U. U being affine, we know that
there exists a ring R and a homeomorphism ¢ : U — Spec R. In particular, U as topological subspace of |X|
has the same properties as the topological space Spec R, which is a Kolmogorov space by theorem 2.3.7. ¢
being bijective, we have ¢(x) # ¢(y), so there either exists an open neighborhood V of ¢(z) such that ¢(y) ¢ V'
or an open neighborhood W of ¢(y) such that ¢(x) ¢ W. The preimage ¢~ (V), resp. ¢~ (W), is therefore
an open neighborhood of one of x or y that does not contain the other point. O

3.3 Gluing schemes

3.3.1 Lemma : Gluing sheaves

Before being able to explain how to glue schemes, we first need a method for gluing sheaves. The following
statements are taken from [S], where the proof has only been sketched. Here we develop the proof and add
some more computations (however, not every detail is indeed instructive).

Let X be a topological space and {U; }ies an open covering of X. We set U;; = U; N Uj;, Uy = U;; N Uy and
consider a sheaf (of modules, of rings, etc.) F on X. If we define F; := F|y,, then obviously
0; : Fu, — Fi
is an isomorphism of sheaves (actually the identity) and if we set 8;; := 6, o 0;1 : Fav,; — Fjju,,» then
0;; = id on U; and 0ij 0 b = 6, on Usji (3.3)
The family of isomorphisms {6;;} satisfying conditions (3.3) is called a cocycle and it describes the sheaf F

locally. The goal is to show that, given the data of a cocycle, we can reconstruct the sheaf F.

Theorem :
Let {U,}ics be an open covering of a topological space X and F; be a sheaf on U;, Vi € J. Assume we are
given an isomorphism of sheaves 0;; : Fy,, — Fj|u,, for each pair (i,j) € J x J such that the 60;; satisfy
the cocycle conditions (3.3). Then there exists a sheaf F on X and for each i € J, we have isomorphisms of
sheaves 0; : F|y, — F; such that 6; = 60;; 0 6; on U;;. Moreover F is unique up to isomorphism.

Proof. Uniqueness (up to isomorphism) is admitted. For existence, let V' C X be open. We define

FV)i={s={si}i | s € RV AU, ji(sivrv,) = sjjvav,,, Vij €T} C [[F(V D))
ieJ
with restriction morphisms p}j, : F(V) — F(W) : {s;}; = {siywnuv, }s for W C V open. This is a sheaf :
— S1: let V = J, Vi be an open covering and s = {s;}; € F(V) such that py, (s) = 0, Vk. This means
Yk, 0=py,(s) = pv, ({si}s) = {siperwi}i = Vi s s, =0, Yk = si = sivay, =0
since {Vi, N U}« is an open covering of V N U; and each F; satisfies S1. Hence s = {s;}; = 0 as well.
— S2: let V =, Vi be an open covering and s* = {s¥}; € F(V},) for each k such that Vk,1 :

Vi kY _ Vi ! k gl , ok o
Pviavi (8°) = pviani(8) & {siviavinu: bi = {Sivervinu, b € Vi Sijvnunnvinus) = Si(vinunn(vinus)

{V,. NU;}x is an open covering of V N U; and F; satisfies S2, so for each i we can glue the s¥ € F(V, N U;) to
an element s; € F;(V NU;) such that s;jv, v, = sk Vk. Set s := {s;};, then p“fk(s) = s* Vk because

P\‘fk(s) = P\‘;k ({Si}i) = {Si\VkﬂUi}i = {Sf}i =sF
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It remains to show that s satisfies the defining condition for belonging to F (V). Since s* € F(V}), we have
Vik,i,j : eji(si\VmUij) = 5§ |VenUs;
0;; is an isomorphism of sheaves, so we know that it commutes with restrictions and V,4, j :
0, (Si\VﬁUi]-)‘VkmUij = 0,i((sivou,,)vinus,; ) = 05i(sivinus, ) = 05i ((sijvienus) vinus, )
k k
= 0;i(8ijvenus,) = Sjvenus, = (Silvinu,)Ivinus, = $ivinty = (851vaus;) Vinus,
Now {Vi, N Ui;}x is an open covering of V N Uyj, hence by S1 we get 6i(sijvav,;) = Sjjvnu,;> Vi, J-
Next we shall construct the isomorphisms 6; : Fy;, — F;. For this, we take the canonical projections
VW CU; open, 0; : F(IW) = F,(W) : s={s;}; —s;

0; commutes with restrictions since (6; o iV, )(s) = 0; ({s;jw+};) = siw+ = 0i(s)jw, VW' C W C U; open.
Moreover 6; = 6,; 0 8; on U,; follows by definition of F : VW C U;; open and s = {s;}; € F(W),

si € Fi(W) = 05:(0:(s)) = 05i(s5) = Osi(siywnv,) = sjiwnuv,, = 85 = 05(s)
Hence it remains to show that 6; maps JFy, isomorphically to J; on any open subset W C U;.
— 0; is injective : let s = {s;}; € F(W) and t = {t;}; € F(W) be such that s; =t;. Then Vj # i,
8j = sjwnu; = Siiwnuy; = ii(siwnu,,) = 05i(tqwnu,,) = tiiwnu,; = tjiwau, =t
since s;,t; € F;(W NUj;) by definition, hence s; =t;, Vj and s = ¢.
— 0, is surjective : let t € F;(W).
We shall construct s = {s;}; € F(W) with s; € F;(W NUj), V3, such that 6;(s) =t. We set
sj = i(thwnu;), Vi
Thus s; = 0;;(tjwnu,) = id(t) =t since W C U; and s = {s;}; € F(W) because of the cocycle condition :
Ok; (sjiwaun) = Oki (05:(tweu, ) waoe,) = Oki (05:(twao,)) = (Ors 0 050) (Ewnu,,)
= Oki(twru,) = Oki(twou,)(wove, = Skwnu,

Hence s € F(W) and we showed that 6; : Fjy, — F; is an isomorphism of sheaves, V. O

3.3.2 Introductory example

Now we give a first example of how general schemes can be glued in order to define a new scheme. Here we
do not describe the procedure in detail since it will be a particular case of a more general theorem which we
will prove in section 3.3.3. The example is taken from [Ha].

Let X1 = (|X1],Ox,) and X2 = (| X2|, Ox,) be schemes, U; C |X;]|, Uz C |X3| open subsets (not necessarily
affine) and let ® = (¢, ¢*) : (U1, Ox,|v,) — (U2, Ox,|u,) be an isomorphism of locally ringed spaces. We will
construct a new scheme X, obtained by gluing X; and X5 along U; and Us via the isomorphism .

The topological space |X| is defined by the disjoint union |X;| U |X3|, modulo a relation that glues Uy to
U, via the homeomorphism ¢ : Uy — Us. For 21 € | X[, 22 € | X3]|, we say that

T1 ~ Ty & T € []17 To € Uy and x5 = ¢(£L‘1)
So we identify 1 ~ ¢(x1), Va1 € Uy, i.e. we identify the open subsets U; and Us inside | X7 |U|X2|. Note that

this gluing may ”twist” the spaces | X;| and | Xa| onto each other since ¢ is not necessarily the identity.
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Hence we have | X| := (|X1|U|X2[)/ ~ as a set. To define a topology on | X|, consider the natural maps
i1 ¢ | X = | XU X = | X ) 1o | Xo| = | X1 U X2 — | X|

Denote V; :=imi; and Vs := imiy. We endow | X| with the quotient topology relative to 41 and is, i.e.
V C |X|is open < i; (V) is open in |X;| and iy (V) is open in |Xy|

which turns |X| into a topological space. Since iy and is are moreover injective, we have that | X;| = V;.

Figure 3.1: gluing | X;| and | X2| via ¢

| X1] | X3|

Now we shall define the structure sheaf Ox on |X]|.
Note that {Vi,V2} is an open covering of | X| and that we have the sheaves i1,Ox, and i2.Ox, on | X|. One
can show that these 2 sheaves agree on V43 N V4 (proof in 3.3.3), i.e. there is an isomorphism of sheaves

0 : (i.0x))vinv, = (12:0x,)vinvs

Hence we can glue both sheaves as in 3.3.1 to obtain a new sheaf |X|, denoted by Ox. Explicitely,
V C|X|open : Ox(V)={(s1,52) | 85 €i;:0x,(VNV;), (60 pY&X‘}mVQ)(sl) = pY&X@mVQ(sQ) }
1
= {(s1,52) | 5 € Ox, (7’]‘ (Vnvy), 9(51\i;1(vmvmvz)) = Sa)iz N (VAvinva) }
1
= { (s1,52) | sj € Ox; (Zj (V). 9(31\i;1(v)mU1) = 521i; 1(V)NU;, } (34)
where i;l(V nv;) = i;l(V), i;l(Vl NV2) = U; and we used (2.2) for the restrictions. (|X|, Ox) is moreover
a locally ringed space because Ox |y, = i;xOx; and the i; : |X;| — V} are even homeomorphisms, thus the
natural map in (2.3) is an isomorphism and Vz € |X| with, say, = € V1,
Oxz = (Oxv;)e = (1140x, )z = (il*o)ﬁ)il(i;l(x)) = Oy, i~1(z) * local ring

by proposition 2.1.4 and (2.3). Finally X = (] X|, Ox) is also a scheme because any point « € | X| either writes
as ¢ = 41(x1) for x1 € | X1| or as « = ia(x2) for x4 € | Xs|, or both, and x; has a neighborhood which is affine
since X is a scheme. The image of this neighborhood is then an affine neighborhood of z in | X|.

Example :
A good example visualizing this gluing is the following : let K be a field, |X;| = | X2| = Aj = Spec K[X] the
affine line and U; = Uy = AL \ {M} where M is the maximal ideal (X ), so U; and Us are open. We get the
(affine) schemes X = (AL, Ok(x]) = X2 with open subsets Uy C |X;| and U C |X2|. As homeomorphism, we
simply take the identity map ¢ : Uy — Us.

Figure 3.2: gluing 2 affine lines to get the affine line with a double point

X,
Xz

‘H X
T S

Hence we glue 2 affine lines everywhere except on that one maximal ideal, which is a closed point in A]}(. Let
X denote the scheme obtained by gluing X; and X» along U; and Us via ¢. Then |X| can be visualized by
a line with a ”double point”. X is another example of a scheme that is not an affine scheme (a proof of this
fact will be given in 3.3.4).
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3.3.3 The Gluing Lemma

Now we generalize and prove the preceding results. Here we base ourselves on [U2], which we expanded at
some points for a more explicit presentation.

Let I be a (possibly infinite) set and consider a family of schemes {X,};e; where X; = (|X;],Ox,), Vi € I.
For each pair (¢, j) € I x I, suppose we are given an open subset U;; C |X;| and an isomorphism of schemes

D5 = (¢ij. 93;) + (Ui, Ox,v,;) — (Uji, Ox;yu;,)

For convenience, we set U;; = | X;| and ®;; = id. Assume in addition that Vi, j,k € T :
a) ¢i;(Ui; NUsx) = Uji N Ujg,
b) we have the commutative diagram

UZJ NU; Ukszk:j

\/

Uﬂ N U]k

ie. ¢ir = @jr 0 ¢i; on U;; N Us,. This implies in particular that ¢;; = gi)i_jl. Then there exists a scheme
X = (|X|,Ox), called the scheme obtained by gluing the schemes X;, and maps ¢; : |X;| — |X| such that
1) 4; is a homeomorphism of | X;| onto an open subset V; C | X]|.

\)

3()va

=1 0 ¢;; on U,;.
These conditions can be summarized by the following commutative diagram :

)
) {Vi}icr is an open covering of | X|.
)
4) P

Vi=—VinV; —— V;NV; ——=Vj
%TN QbiTN NT%‘ NT%‘
Pij
| Xi] Uij — Uy, | X1

In particular, 9; : |X;| — V; then induces an isomorphism of schemes (| X;|, Ox,) = (Vi, Ox\y,), Vi € I.

Proof. The proof is a generalization of the idea introduced in section 3.3.2. As a set, we define

x| = (TT 1l )/ ~

iel
where the equivalence relation ~ on [, | X;| is defined as follows : for z € |X;| and y € |Xj|,
z~y & velU;, yeUy and y:qﬁij(x)

~ is reflexive : for z € |X;|, z ~ z since x € U;; and z = ¢;(x).
~ is symmetric : let € U;; C |X;| and y € Uj; C | X[ such that y = ¢;;(x). Then z = ¢/ Yy) = ¢5i(y).
~ is transitive : let x € |X;|, y € |X,| and z € | Xj| such that z ~ y and y ~ z. Then

x €Uij, y € Uji, y= ¢ij(x) and y € Ujk, 2z € Uyj, 2 = djk(y)
Thus y € Uj; N Ujj, and assumption a) implies that « € U;; N Uy, and 2z € Uy N Ug;. So b) holds and we get
2= ¢jr(y) = djr(dij(2)) = dun(z) = x~2

For all i € I, we have the natural maps |X;| — [[, |X;| = |X|. We denote them by v; : |X;| — |X| and set
V; := im4; C |X|. The ¢; are injective by definition (2 different points from the same space | X;| are never
identified), so that 1; : |X;| — V; is a bijection. Note however that the map [, |X;| — |X] is not injective!
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The formula ¢;(U;;) = V; NV} is now immediate and ; = 1); o ¢;; on U;; follows because
Va € Uiy, v~ ¢i(z) € Ui = i(x) = v;(¢i;(w)) in | X]
The topology on | X| is given by the quotient topology relative to all the 1;, i.e. we say that
V C|X|isopen <« t; (V) is open in |X;|, Vi€ T

This indeed defines a topology because preimages commute with unions and intersections, so that |X| is a
topological space. In particular the 1; are immediately continuous with respect to this definition. Moreover
the V; are open because ’(/Jj_l(Vi) = wj_l(Vi NV;) = Uj;, which is open in |X| by assumption. It follows that
{Vi}tier is an open covering since | X| = |J; im; = |J, V;. Finally, if W C |X;| is open, then

1/);1(7/%'(W)) = wj_l(?/%(W) nNVv;Nv;) = wj_l(l)[)i(w) N (Uiy)) = wj'_l(iﬁz‘(W NUi;))
= (¥; o)) (WNUy) = ¢i5(WNUij) : open in | X}
So 9;(W) is open in |X| and ; is also an open map, i.e. ¥; : |X;| — V; is a homeomorphism.
Now we shall define a sheaf of rings Ox on |X|. If we denote Oy, := 9;.Ox,, then Oy, is a sheaf of rings on

Vi, Vi € I with the open covering {V;};cr of |X|. In order to glue these sheaves as in 3.3.1, we have to show
that Ov,v,nv; = Ov,vinv;, V4,7 € I. Consider the commutative diagram

o1
Uij - Uji

vy,

Yiju

where each map is a homeomorphism and induces a corresponding isomorphism of locally ringed spaces :
Yi o Uy —=VinV; = (Ui, Ox,v,,) = (VinVy, Ovviav,)
¥j 2 U = VinVi = (Ui, Ox,ju,) = (Vi Vi, Oy viny,)
¢ij = Uiy = Uji = (Ui, Ox,ju,,) = (Ui, Ox1u;,)
For example, VW C V; NV}, ¥f : Oy, jv,ay, (W) = (¥iOx, v, ) (W) & (¢i0x,) (W) = (¥iO0x,)(W).
Thus Oy, jv,nv; = Ov,jvinv;, Vi,J € I, and we can glue the Oy, to a unique sheaf Ox on | X| such that
OXlVi =0y, Viel

Using proposition 2.1.4 and equation (2.3), this also allows to prove that (] X, Ox) is a locally ringed space.
Indeed, the 1; : | X;| — V; are homeomorphisms, so if « € |X| with, say, z € V;, then

Oxa = (Oxvi)e = Ov,e = (¥ Ox,)e = (Vi Ox:) (6 (o)) = Ox i ()

where OXh v (@) is a local ring since X; is a scheme (in particular a locally ringed space).

Finally X = (|X|,Ox) is in addition a scheme because any point z € |X| = |J,im1); can be written as
x = ;(x;) for some x; € |X;| and this z; has an open neighborhood U which is affine since X; is a scheme.
¥; being an open map, the image 1;(U) is then an affine open neighborhood of z in |X]|. O

3.3.4 Example : The affine space with doubled zero

We can again generalize the example of the affine line with a double point. This can also be found in [U2].
Let K be a field, n > 1, R, = K[Xq,...,X,], R, = K[Y1,...,Y,] be polynomial rings and |X;| = Spec R,
| X2| = Spec R!, the corresponding affine spaces. So we have the (affine) schemes

X1 = (|X1],0x,) = (Spec R, Or,,)) Xy = (|Xz], Ox,) = (SpecR,,, Or, )
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Consider the maximal ideals M; = (X;,..., X, ) < R,, My = (Y3,...,Y,) < R/ and denote their corre-
sponding points in the spectrum by 0; € | X;| and 02 € |X3|, i.e. we consider M; and My as the ”origins” of
the affine spaces. We have the isomorphism of rings

¢ K[Xq,...,Xn]) = K[Y1,...,.Y,] : Xi—Y;
which preserves these maximal ideals : ¢(M;) = Ms. Via Spec, it induces a homeomorphism on the spectra
Spec¢ : Spec Rl, = SpecR,, < Spec¢ : |Xa| = |X;|

with Spec ¢(02) = 0;. Now let Uiz = | X1|\ {01} and Us; = | X3 \ {02}, which are open since 0; and 02 are
closed points. Then ¢ also induces homeomorphisms

$21 = (Spec @)jv,, : Ua1 — Uiz ) b12 = ¢3p' 1 Upp = Un

(Actually, ¢12 and ¢o; are nothing but the identities since ¢ just represents an identity.) Now we glue X; and
X, along the open sets Uj2 and Us; via the isomorphism of locally ringed spaces

D1y = (¢12,07) : (U12,O0x,jup,) — (U21, Ox,y(0,,)

We denote by X = (|X|,Ox) the resulting scheme : it is an affine n-space with a ”double origin”. As shown
in the proof of 3.3.3 (| X;| 2 V;), we may see | X;| and |X3| as topological subspaces of | X|, so that X; and X5
become open subschemes of X.

X is not an affine scheme. To see this, let (f, f*) : (|X],0x) — (Spec R,Or) be an arbitrary morphism
of locally ringed spaces for some ring R. Restricting the continuous map f : |X| — SpecR to the open
subspaces | X1 | and | Xa|, we get continuous maps arising from ring homomorphisms by theorem 2.6.2 :

fi : |X1] = SpecR & f1 : SpecR, =+ SpecR = J¢1: R— R,
fo i |X2| = SpecR & fy : SpecR), — SpecR = Jps : R— R,

i.e. fi1 = Specyi, fo = Specps and they have to coincide on |X;| N |X3| (as restrictions of the same map).
Since ¢ is "nothing but identity”, we get ¢ o ¢1 = @2 and obtain the commutative diagram

Spec ¢

Spec R}, Spec R;,
fa _S% /Spec ®1
Spec R

hence f(01) = f1(01) = Spec 1(01) = Spec gpl(Spec ¢(02)) = Spec p2(02) = f2(02)
f cannot be a homeomorphism and there does not exist an isomorphism (| X|, Ox)

f(OQ) with 01 7é 02. So
(Spec R, OR).

11l

3.3.5 Example : The projective line

We go back to the case of the affine line (n = 1). The following example is again taken from [U2].
Let |X1] = SpecK[X], |X2| = SpecK[Y] (defining affine schemes X7, X3) and consider the maximal ideals
My =(X), My =(Y). We set again Uz = |X1|\ {M1} and Uy = |X3| \ {M2}. Now observe that

(Xa\ M} =UX) X[\ {M} = U(Y)

For example, a prime ideal in K[X] not containing X must be different from M; (since M; contains X) and
any prime ideal P < K[X] different from M; cannot contain X, otherwise My = (X) C P = P = M; by
maximality. By corollary 3.1.6, we know that distinguished open sets are again affine. More precisely :

U(X) = Spec (K[X]x) = SpecK[X, +] ) U(Y) = Spec (K[Y]y) = SpecK[Y, +]
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In order to glue X; and X along the open subsets Uja = U(X) and Us; = U(Y'), we need an isomorphism
(Ur2,0x,101,) = (Ua1, Oxy0,,) & (SpecK[X, %]7OK[X.,§]) = (SpecK][Y, %]’OK[Y,%])

By (2.19), such an isomorphism necessarily arises from a ring isomorphism K[Y, %] o K[X , %] There are
2 obvious choices, namely ¢ : Y +— X and ¢ : Y — %
If we glue Uy and Us; via Spec ¢, we obtain the affine line with a double point.

If we however glue them via Spec 1), we glue Uyo and Us; ”along opposite edges” (see figure below) and obtain
another scheme, called the projective line over K and denoted by X = Pk. Again we may see X; and X» as
open subschemes of Py = (|X|,Ox). Using formula (3.4), one can show that Ox (|X|) = K since the only poly-
nomials g(X) such that g(%) is also a polynomial in Y are constant polynomials (details omitted). It follows
that Pj is not an affine scheme, otherwise Pk = (Spec R, Op) implies that K = Ox (| X|) = Or(Spec R) = R.
This is impossible since SpecK is finite, but |X| is not.

Figure 3.3: gluing |X;| and |X3| to obtain the projective line; picture taken from [Va]

As in the geometric analogue of the projective line, P} contains the points 0 and oo, where 0 € | X| corresponds
to the maximal ideal M; in |X;| and co € | X| corresponds to Ms. There even exists an open subset U C | X|
which contains both of them, namely U = |X| \ {1}, where 1 € |X;| N |X2| is the point corresponding to the
maximal ideals (X — 1) in |[X;] and (1 —Y") in | X3|. Indeed 0,00 € U and

(X —1)#M; = (X—-1)€ U= SpecK[X, %] , (1-Y)# My = (1-Y) € Uz = SpecK[Y, +]

In Usy, we have (1 —Y) = (12X If we want that (X — 1) and (1 —Y') define the same point in Pk, we
Y K

need that they can be identified via Spec. But
P(5) =v(3) 1-9() =X -(1-5)=X-1
= (1-Y)=(5)=(¢v (X =1)) =¢ ' ((X = 1)) = Specy((X — 1))
Hence (X — 1) ~ (1 —Y ) and they represesent the same point 1 € |X]|.

3.4 Applications and examples

As a first application, we can give the following generalization of theorem 2.6.2 and formula (2.19), which can
also be found in [Gal.

3.4.1 Theorem

Let X = (|X|,Ox) be any scheme and Y = (|Y|,Oy) an affine scheme, i.e. |Y| = Spec R for some ring R.
Then we have a 1-to-1 correspondence between morphisms of schemes ® : X — Y and ring homomorphisms
¢ : Oy(Y]) = Ox(1X]), ie.

HOHISch(X, Y) = Homgcp ((‘X|7 OX)7 (|Y|7 OY)) = HomRing (OY(|Y|); OX(|X|)) (3-5)

In particular,
Hode, ((‘){l7 OX), (Spec R, OR)) = HomRing (R, OX (|X‘))
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Proof. The particular case follows from the fact that Oy (|Y|) = Or(Spec R) = R for any affine scheme Y.

Given a morphism of schemes ® = (¢, ¢*) : (|X],0x) — (Y], Oy), the global pullback induces a homomor-
phism of rings

Sy = Ov (IY]) = (6.0x)(|Y]) = Ox (IX])
To show that ® is also induced by this homomorphism, let {U;}; be a cover of |X| consisting of affine open
sets (this exists by definition of a scheme). Denote the restriction of ® to these open subsets by

;= Oy, = (¢:,9;) : (Ui, Oxyu,) — (Y], Oy)

where ¢; = ¢y, and for any open subset U C |Y'|, the new pullback is

Pry + Oy (U) = (6.0x)(U) = Ox (¢~ (U)) = Ox (¢ (U) N ;) = Ox v, (7 " (U)) = (¢4 Ox ) (U)

Moreover (U;, Ox|u,) = (Spec R;, Or,) for some rings R;. By (2.19), these morphisms correspond exactly to
ring homomorphisms given by the global pullbacks ¢; y| : Oy (IY]) 2 R — Oxy,(U;) = R;.

As restrictions, these ®; need to coincide on intersections, i.e. ®;u,nv, = ®jjv,nv;, Vi,j. Since the U; N U;
define open subschemes of X, we know again that there exists a cover {U;; }x of U; N U; consisting of affine
open subsets. Hence we have ®; ;. = ®;,,,, Vi,7,k, and the @y, = (Ui, Ox|u,,,.) — ([Y], Oy) are again
morphisms between affine schemes, so they correspond exactly to ring homomorphisms given by their global
pullbacks pgijk ° ¢}y Oy (1Y]) — Oxv,,.(Uijk)- Due to the compatibility condition, we need that

0@y Ov(|Y]) = Oxju,,, (Uijr)

i.e. these pullbacks also have to coincide on intersections. But Ox is a sheaf, so they can be glued ”pointwise”
to a (unique) global ring homomorphism ¢TY\ : Oy(|YD — OX(|X\). Each ¢;\Y| inducing the restricted
morphism ®; = ®,, it follows that the global morphism ® is indeed induced by d)I*Y\‘ O

.o U; * _Uj
VZajvka PUWC O¢i,\Y| - pUJ

ijk

Remark :
One can show, see e.g. [Ma], that the same formula also holds true for any locally ringed space, i.e.
For any locally ringed space X = (] X|, Ox) and any affine scheme Y = ([Y|, Oy), we have a bijection

HOmLRs(X, Y) ;> HomRing (OY (|Y|), OX (|X|))

The proof in the case of X being a scheme is easier since we can recover the results locally.

3.4.2 Residue fields

Let R be a local ring with unique maximal ideal M < R. We define the residue field of R as the quotient
R/M. This is indeed a field since M is maximal.
We already encountered the notion of a residue field in section 2.4.1. The relation is the following :

Let X = (]X],Ox) be a locally ringed space and = € |X|. The stalk Ox , is a local ring with maximal ideal
M, < Ox . We denote the corresponding residue field by x(z) := Ox /M.

Now assume that X is a scheme. Then any z € |X| has an affine neighborhood U C |X|, i.e. if Oy = Ox v,
then (U, Oy) = (Spec R, Og) for some ring R. The point 2 € U = Spec R therefore corresponds to a prime
ideal P < R, implying that Ox ; = Oy = Ogr p = Rp, the localization of R at P. Then

k(x) = Ox /My = Rp/Mp = Quot(R/P) = k(P) (3.6)

where k(P) is the residue field of R at P as defined in 2.4.1.
Note that this construction is independent of the chosen neighborhood of z € | X| : if V C | X]| is another affine
neighborhood of x with (V,Oy) 2 (Spec T, Or), then x corresponds to some prime ideal @ < T and

Rp 2 O0psx=0x.=0v. =1Tq
Hence k(z) = Rp/Mp = T /Mg, so that k(P) = x(Q). It remains to prove (3.6).
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Proof. We know that the maximal ideal Mtp < Rp is described by Mp = { L [ r € P, s ¢ P }. Define
r T
¢+ Rp/Mp — Quot(R/P) : H — <

© is well-defined : 5 # 0 since s ¢ P. Moreover if [g] = [%], then = — ¢ = Tbs_—b‘“ € Mp, which means that

rb—as€P = 7F-b—a-5=0 =

w3
S| Q1

1=
—
® |3
P

As homomorphism between fields with ¢(1) =1, ¢ is 1mmed1ately injective. Its inverse is obviously £
which is also well-defined since 5§ # 0 = s ¢ P and £ = ¢ means that 7b—as = 0 (R/P is an integral domaln)

sorb—as € P and sb ¢ P (P is prime). Finally £ — ¢ = =05 ¢ 9p je. [Z] = [¢]. O

S

II"

Examples :
The following applications are taken from [Sch] and illustrate some residue field constructions.

1) Consider a field K and the affine line A} = Spec K[X]. K[X] being a principal ideal domain, we know that
Ag = {{0}, (f) | [ is irreducible with deg f >1}

A]}{ is an affine scheme by definition. The residue field at the zero ideal is the function field over K :

<({0)) = Quot (KX)/{0}) = QuotK(X] = K(X) = { £ | f.g € K[x), g 20}

Let f be an irreducible polynomial of the type f(X) = X — « for some « € K. Then ( f) is a maximal ideal,
so that K[X]/( f) is a field and we don’t need to take the quotient field. The residue field at ( f ) is therefore

K((f)) = Quot (K[X]/(f)) = K[X]/(X —a) = K(a) =K

If K is algebraically closed, then all irreducible polynomials are of this form, so all residue fields (except the
one at {0}) will be K. Consider e.g. K=R and f(X) = X2+ 1. Then

s((F)) 2 RIX]/(X? +1) 2R(i) = C

In general, if K is not algebraically closed and f is a non-linear irreducible polynomial (e.g. for K = Q and
f(X) = X? —2), we obtain as residue field x(( f)) = K[X]/( f), which is a finite field extension of K.

2) Now let AZ = Spec C[X, Y] be the affine complex plane. Here we have 3 types of prime ideals :

— the maximal ideals, which are all of the form M = (X —a,Y — ) for «, 8 € C since C is algebraically
closed. M being maximal, we again know that the residue field at M is

k(M) = Quot (C[X,Y]/M) 2 C[X,Y]/(X —a,Y — 8) = C(a, 8) =C

Let us also compute the value of f € C[X,Y] at M (as defined in 2.4.1). Due to maximality of M, we get
M + C-r =C[X,Y] for any non-zero r € C, hence any polynomial f can be written as

FXY) = fot (X —a) - g(X,Y) + (Y = 5) - h(X,Y)

for some g, h € C[X,Y] and where fy = f(a, 3). Hence ff(M) = f mod M = fy = f(a,8) € C = k(M). The
value of f at M indeed coincides with the value (in the usual sense) obtained by plugging the point («, 3) € C?
into the polynomial f.

— the zero ideal {0} since C[X,Y] is an integral domain. As in the case of the affine line, the corresponding
residue field is given by the function field over C in two variables : x£({0}) = Quot (C[X,Y]) = C(X,Y).
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— the prime ideals of the form P = { f ) where f is a non-constant irreducible polynomial in X and Y. In this
case, the quotient C[X,Y]/( f) is not a field and we obtain as residue field

K(P) = Quot (C[X,Y]/(f)) =C(X,Y)/(f)

This field consists of all rational expressions in the variables X and Y with the relation f(X,Y) = 0.
— One can show that there are no other types of prime ideals in C[X,Y].

3.4.3 The scheme of integers

Now we want to analyze the very important affine scheme (SpecZ,Oz), called the scheme of integers. This
is also presented in [Sch|. For this, recall that Z is a principal ideal domain (so all non-zero prime ideals are
maximal) and the prime ideals in Z are {0} = (0) and (p) where p € Z is a prime number (we denote p € P).
So as a set :

SpecZZ{{0}7 (p) ‘pe]P’}

{0} is a generic point since Z does not contain zero divisors. In particular, @ = Spec Z implies that the point
is not closed. Its residue field is x£({0}) = QuotZ = Q. All other points in SpecZ are closed since (p) is a
maximal ideal, Vp € P. Hence Z/(p) is a field and we obtain

k((p)) = Quot (Z/(p)) =Z/{p) =T,

where F), is the finite field of characteristic p. We conclude that, even for maximal ideals, the corresponding
residue field can vary in an essential way. This can also be seen by the following computations :
Consider 7 € Z and compute the value of 7 at several points P € Spec Z.

f7((2))=Tmod2=1€F, , f7((5))=Tmod5=2€Fs , f7((7))=Tmod7=0¢€F;
In particular, we observe that the values of 7 lie in different fields.

Let us determine all closed subsets in SpecZ. By proposition 2.3.4, we know that there is a 1-to-1 corres-
pondence between closed subsets of SpecZ and radical ideals in Z. For this, we recall that

Rad(<n>) =(p1-p2-...-Dr)

for n € Z, n > 2 and where n = p{* - p5? - ... - p@ is the prime factor decomposition of n with p; € P and
«a; > 1, Vi. Hence radical ideals in Z are of the following form :

(n) QZ isradical < n=0,n =1 or n has no repeated factors in its prime factor decomposition
The above 1-to-1 correspondence is given by mapping a radical ideal I to the closed subset V(I). Obviously
V((0)) =SpecZ and  V((1))=0
are closed. And if I = (p1-pa-...-p,) <Z is radical with p; € P, we get
V(I)={PeSpecZ | ICP}={(p)|(pr-p2--..-p)C(p)peP}={(p1),(p2),- -, (pr)}

Thus closed sets in SpecZ are, beside the whole space and the empty set, just sets of finitely many points.

The reason why SpecZ is an important example is because it is a terminal object in the category Sch of
schemes : for any scheme X = (] X|, Ox), there exists a unique morphism of schemes, i.e. a morphism of
locally ringed spaces, from X to (SpecZ, Oy).

We first show this in the case where X is an affine scheme : let | X| = Spec R for some commutative unital
ring R. By theorem 2.6.2, we know that any morphism (Spec R, Or) — (SpecZ,Oz) is induced by a ring
homomorphism Z — R. But Z is an initial object in the category of rings because Z — R : n — n - 1g is the
only choice for such a ring homomorphism. Hence there is also only one such morphism of schemes :

{pt} = Homgping(Z, R) = Homyscy ((Spec R,ORg), (SpecZ, OZ))
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The case of a general scheme X follows from theorem 3.4.1, which claims that
Homgcn ((\X|7 Ox), (SpecZ, OZ)) & Homging (Z7 (’)X(|X|)) = {pt}

In particular, a map ¢ : |X| — SpecZ is uniquely determined by the ring homomorphism ¢ : Z — Ox (| X|).
More precisely, for z € | X|, ¥(x) = (p) where p is the characteristic of the residue field x(x).

Proof. We first consider the case of a morphism of affine schemes ¥ : Spec R — Spec Z, where ¥» = Spec ¢ for
¢0:Z—>R:n—n-1. Let P € Spec R and p = char k(P). Then by definition

Y(P)=¢{(P)={ne€Z|n-1=1+...+1€P}=(p)

because 14+...+1€P & 14+...41=0in R/P & 1+...+1=0inx(P) & nis a multiple of p.
The result for a general scheme X then follows by locality : every point z € |X| has an affine neighborhood
U = SpecT and corresponds to a prime ideal @ < T, hence k(z) & k(Q). O

Note that the remark after theorem 3.4.1 even implies that (SpecZ,Oyz) is a terminal object in the category
LRS of all locally ringed spaces.

3.4.4 Multiplicities

Now we give an example of how schemes can be used in order to define the ”multiplicity” of a point. Here we
will follow the ideas of [Ga]. In particular, we postulate a few definitions and use some notions that we did
not yet define rigorously. The goal is to explain the idea behind the constructions.

Let | X| = Spec R define an affine scheme. Given an ideal I < R, we can construct another affine scheme
by |Y| = Spec(R/I) and the projection map 7 : R — R/I induces a morphism of schemes Specw : |Y| — | X].
By the corollary of proposition 3.1.4, we know that Spec 7 defines a homeomorphism between prime ideals in
R/I and prime ideals in R containing I, i.e. Specw : Spec(R/I) = V(I). Thus we can view Y as a ”closed
subscheme” of X.

If |Y1| = Spec(R/I1) and |Y2| = Spec(R/I3) define 2 closed subschemes of X, we define their intersection as

Y1 N |Y2| := Spec (R/(I1 + I2))
This definition is justified by the following example.

Example :
Let | X| = Spec C[ X7, X5] be the affine complex plane and consider the closed subschemes

V1| = Spec (C[X1, X2]/( X2)) and |Y2| = Spec (C[X1, Xo]/( X2 — X7 +a®))

where a € C. Note that C[X1, X5]/(X2) = C[X1], so that |Y;| = Spec (C[X;]) is actually an affine complex
line in the affine plane. We try to understand what they represent.

Consider |X| as a 2-dimensional plane (in the usual sense) with a coordinate system (z1,x2). Then we
may see |Y7| as the complex line { Xo = 0} and |Y3| represents the parabola { Xo = X? — a? }. We of course
think of |Y1]| N|Y>| as the intersection of the line and the parabola. Computing explicitly :

(Xo)+(Xs = X} 4 a?) = (X5, X} = a®) = (X, (X1 = a)(X; +0))
= 3] N |Y2] = Spec (C[X1, Xa/(( Xo, (X1 = a)(Xy +a))) ) = Spec (CIX1]/( (X1 = a)(X: +a)))

and solving (X7 — a)(X; +a) = 0 & Xy = +a gives the first coordinate of the intersection points. Hence we
see that they intersect in exactly 2 points if a # 0, but only in 1 point if ¢ = 0. Intuitively we would say that
the intersection point for a = 0 is a point of multiplicity 2. Now we can make this precise.
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Figure 3.4: intersections of multiplicity 1, resp. 2; the picture is taken from [Ga]
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First assume that a # 0. Then we have C[X1]/( (X1 — a)(X; +a)) = C® CX; as vector spaces and
Spec (CXL)/((X1 - a)(Xi+a))) = { (X1 —a), (X1 +a)}

with the relation X? = a2. This is because (X —a) and (X — a) are the only prime ideals in C[X] lying
above (X2 — a?) (similar proof as in 2.4.1). Hence the topological space |Y;1| N |Y2| consists of two points,
corresponding to the points (a,0) and (—a,0) in C2.

For a = 0, we however have |Y;| N |Y2| = Spec (C[X1]/(X?)), which has only one point as shown in 2.4.1,
this point corresponding to (0,0) € C2. But as a vector space C[X1]/( X?) still has dimension 2 over C. This
represents the ”multiplicity” of that point. We say that Y7 NY5 is a scheme of ”dimension” 2 and its underlying
topological space either consists of two points of multiplicity 1 or one point of multiplicity 2.

Another way to ”detect” this multiplicity is by seeing that there is always a unique line in A(% that passes
through |Y7|N|Y2|, even in the case where it just consists of a single point. In coordinates, a line is represented
by an equation of the form ¢; X7 + c2Xo = 0 for some ¢1,co € C. Saying that this lines ”passes through”
|Y1| N |Y2| means that Y3 NY> should be a subscheme of the scheme corresponding to that line, i.e.

V3| N |Ya| = Spec ((C[XI,XQ}/<X2 (X1 —a)(Xy +a) >) C Spec ((C[Xth}/(chl + o Xo >)

This is true if and only if (1 X7 + 2 X2 ) C (X2, (X1 — a)(X1 + a) ), which is the case if and only if ¢; = 0,
i.e. the only line passing through |Y1| N |Y2| must be the ”horizontal” line { X2 = 0}. Hence in the case where
a = 0, the X;-axis is the only line in AZ that contains Spec (C[X1, X,]/( X2, X7 )), which we can therefore
interpret as ”the origin together with a tangent direction along the X;-axis”.

3.5 Projective schemes

Next we will define the most important class of schemes which are examples of non-affine schemes. They are
constructed by means of graded rings. Here we again follow the text of [Ha], but also add of few ideas from
[Si] and [Va].

3.5.1 Graded rings and homogeneous ideals

We say that a ring S is a graded ring if has a decomposition into a direct sum

S=PSa= P Sa

d>0 deNg

where each Sy is an abelian group and such that Sy -S. C Sgie, Vd,e € Ng. The S, are the homogeneous
components of S and elements of S, are called homogeneous elements of degree d. Thus any element of the
graded ring S can be written uniquely as a finite sum of homogeneous elements and Sg - Se C Syt means
that multiplying homogeneous elements of degrees d and e yields a homogeneous element of degree d+e. This
implies in particular that 1 € Sy and 0 € Sy, Vd > 0 (i.e. 0 ”has all degrees”).

In the following, we will indicate that an element is homogenous by adding its degree as a lower index.
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An ideal I < S is a homogeneous ideal if it can be decomposed into its homogeneous components, i.e. if

I=@) (1N Sa) (3.7)

d>0

The fundamental property of a homogeneous ideal is that it contains an element if any only if it contains all
homogeneous components of that element : r =3 ,rq € & rq€ I, Vd>0. Now we have :

1) An ideal I is homogeneous if and only if it can be generated by homogeneous elements.

2) The sum, product and intersection of homogeneous ideals are again homogeneous.

3) A homogeneous ideal is prime if and only if for any two homogeneous elements rq, s, € S, we have

rqg-Se €1l = rg€l or s, €1

Proof. 1) = : (3.7) implies that every element in I writes as a finite sum of homogeneous elements that are
also in I, so I is generated by the homogeneous elements that it contains.

< : let r € T and write it as a (finite) sum r = ZZ r;a; where r; € § and each a; is a homogeneous generator
of I. We can write again r; = i where each r;; is homogeneous and rearrange the sum r = ). 7;a; in
terms of the degrees of the components, i.e.

T:ZTz'ai:ZTijai: (degree 0) + (degree 1) + ...
K2 2]

where each r;;a; is homogeneous and belongs to I since a; € I. This shows formula (3.7).

2) Let {1} be a family of homogeneous ideals and {ay; }; a generating system for I of homogenous elements.
Since the sum ), I is the ideal generated by the union J, Iy, it suffices to take as generators the union of
all generators ax; : .y In = ({axi}x,i ), so the sum is again homogeneous.

If we have a finite family {I;};=1,... » of homogeneous ideals with (homogeneous) generators {a;;};, the product
ideal is generated by all product of these generators, which are homogeneous as well :

Il'...'Im:<{a1j1'a2j2"".a’m]'m}>

Finally, for the intersection (1, I of a family {I)} of homogeneous ideals, we shall show that

N =B (Nainsa)

d>0

Inclusion 2 is obvious. Conversely, let r € (], I and write r = ), rq for some 74 € Sg. Then r € I for all
A, which means that rq € I\, VA, Vd, hence rq4 € (), I» N Sq, Vd > 0.

3) Necessity is clear by definition, so it remains to prove sufficiency. We will do this in a simple case; the
proof in the general case follows by iterating this process. Let r,s € I such that r = rg 4+ r1, s = so + s1 and
assume that r - s € I. We rearrange r - s into a sum of homogeneous elements with increasing degrees :

r-s=(ro+r1)-(so+s1)= roso + (ros1 +r1s0) + ms1 €1
N~~~ ————— ~—
€ INSo €InsS; €InsSy

By assumption, rgsg € I implies that rg € I or so € I. Now we have to proceed by cases :

a)rg €l = ros1 €I = msp€l = rmelorsgel Ifry €1, thenr=rg+r; €I and we are done.
b)so €l = rmsp€l = r9s1 €1 = rg€lors €l If sy €1, then s=s9+s €1.

c) We are left with the case where ro € I and sg € I. Then rys; € I implies that 1 € T or s1 € I, so at least

one of r or s will surely belong to I.
n m
For the general case, let 7 = > r4, s = Y s. and assume that r - s € I. Rearranging the terms, we get

d=0 e=0
n+m
r.g:Z(ZTi'Se)EI = ZTi'Se€I7Vk
k=0 dte=k d+e=k
By iterating the above procedure (analyze all possible cases), one finds that r € I or s € I in the end. O
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Example :
Let R be aring and S = R[X1,..., X,] the polynomial ring in n variables. Then we can make S into a graded
ring by taking Sy to be the set of all (finite) linear combinations of monomials of weight d, i.e.

/
Sd:{z i X X0 | €R, a1+...+an:d}

Then S = @~ Sa4 since any polynomial can uniquely be written as a linear combination of such monomials.

3.5.2 The Proj—functor

Let S be a graded ring and denote S := @ ., S4. This is an ideal because of the condition Sg-Sec C Sgye.
Sy is moreover homogeneous since

P (51180 =P (Pscnsa) =saPsa =S

d>0 d>0 >0 d>0

We define the set Proj S as the set of all homogeneous prime ideals in S which do not contain all of Sy :
Proj S := {P a8 | P prime, homogeneous, Sy ¢ P}

In section 3.5.4 we will explain by means of an example why one should ignore this ideal ; Sy is therefore also
called the irrelevant ideal. For a homogeneous ideal I < S, we moreover define the subset

Vi(I):={PeProjS|ICP}
One shows exactly as in lemma 2.3.2 that the following properties hold true :

— If I, J are homogeneous ideals in S, then Vi (I -J) =V, (I) UVL(J).
— If {Iy} e is a family of homogeneous ideals in S, then Vi ( 3 In) = ) Vi (1)).

AEA AeA
Note that both formulas make sense since products and sums of homogeneous ideals are again homogeneous.
In addition they allow to define a topology on the set ProjS by taking as closed sets the subsets of the form
Vi (), i.e. by saying that A C Proj S is closed if there exists a homogeneous ideal I < S such that A = V. (I).
Then § = V4 (5), ProjS = V,({0}), so # and ProjS are closed since S and {0} are homogeneous ideals.
Moreover finite unions and arbitrary intersections of closed sets are again closed, which turns Proj S into a
topological space. Next we want to define a sheaf of rings on this topological space. For this, we have to
introduce the following notions.

Let P € ProjS and define T as the set consisting of all homogeneous elements of S which are not in P :

T:(USd)\P

d>0

T is a multiplicative set since 1 € Sp and 1 ¢ P,so 1 € T and if r, s € T are homogeneous of degrees d, e, then
78 € Sqte with - s ¢ P (since P is prime), hence r - s € T again. Now consider the localization

e

SES,tGT}:{;

s €S, t¢ P and tis homogeneous }

This is a graded ring with respect to the following grading. If s and ¢ are homogeneous of degree d and e
respectively, we define § to be of degree d — e. This is well-defined : if § = 7, then 3¢ € T such that

c-(sb—at)=0 & ¢c-s-b—c-a-t=0
which implies that csb and cat must be of the same degree (otherwise their difference cannot vanish). Then

deg(c-s-b) =deg(c-a-t) & degc+ degs+ degb=degc+ dega+ degt
& degs —degt =dega — degb
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Here it is however possible that we can have negative degrees as well, so that T—15 is Z-graded :

T8 = EB Ty

deZ

We also denote the subring T consisting of homogeneous elements of degree 0 by S(py. Hence S(p) consists
of fractions whose numerator and denominator are homogeneous elements of the same degree in S.

S(p) is even a local ring. For this, it suffices to show that S(p) \S(XP) is an ideal in S(p). We have

X

(P = { ; ‘ s,t homogeneous of the same degree, s,t ¢ P}

S
= S\ S(p) = { i

s,t homogeneous of the same degree, s € P, t ¢ P} =M

where % € M (since 0 has every degree) and M is closed under addition and multiplication with elements of
the whole ring. Hence S(py is a local ring with unique maximal ideal M.

Now let U C Proj S be open. We define Ps(U) to be the set of functions f : U — [[pcy S(p) satisfying
].) VP eU, f(P) S S(p).

2) f is locally a quotient of elements of S : VP € U, there is a neighborhood V' of P in U and there are
homogeneous elements s, € S of the same degree such that VQ € V, ¢t ¢ Q and f(Q) = 7 € S(q).

This construction is very similar to the definition of the structure sheaf on the spectrum of a ring. By the same
arguments, it follows that Pg(U) is a commutative unital ring and, due to the local nature of the definition,
U — Pg(U) is a sheaf with respect to the usual restriction of functions p{ : Pg(U) — Pg(V) for any inclusion
of open sets V C U C Proj S.

Conclusion :
Hence we can associate a ringed space (Proj .S, Ps) to any graded ring S. And this is even a locally ringed
space since one can show that the stalk Pg p at a point P € ProjS is isomorphic to the local ring S(py. The
proof is completely analogous to the one in proposition 2.4.3.

Now Proj even defines a functor from the category of graded rings to the category of locally ringed spaces.
We only explain this very briefly because this is not the goal of the section and, secondly, the construction is
again similar to the one of the Spec—functor in section 2.6.1.

Let ¢ : S — T be a morphism of graded rings, i.e. a ring homomorphism that preserves the degrees, which
means that ¢(Sy) C Ty, Vd > 0. Then we can construct a morphism of locally ringed spaces

Proj(y¢) : (ProjT,Pr)— (ProjsS,Ps)

where Proj ¢ : Proj T — Proj S is a continuous map defined by Proj¢(P) = ¢~ 1(P). The fact that ¢ preserves
degrees ensures that ¢ ~!(P) is again a homogeneous ideal.

3.5.3 Theorem

The importance of Proj S will become clear now. The proof of the following theorem is inspired from [Ha],
but we expanded it by adding some more verifications which have been omitted in the textbook.

Let r € S; be homogeneous and define the set Uy (r) = { P € ProjS | r ¢ P}. Then U4 (r) is open in Proj S
and open sets of this type form a basis for the topology on ProjS. In particular they cover Proj.S. Moreover
for any homogeneous r € S, we have an isomorphism of locally ringed spaces

(U+(r), Psju,. () = (Spec Sy, Os,,)

where S(,y is the subring of elements of degree 0 in the localized ring S, (not a local ring in general). This
implies in particular that (Proj.S, Ps) is a scheme. Schemes of this type are called projective schemes.
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Proof. We have U, (r) = Proj S\ V ((r)) because r ¢ P < (r) € P,V P € ProjS. Also note that (r) is a
homogeneous ideal (being generated by r), thus Uy (r) is open. As in the affine case, we have

Up(r)NUL(s) =Uy(r-s), Vr,s € Sy homogeneous
Hence for proving that these sets form a basis of topology, it remains to show that

Proj S ={ P <5 | P prime, homogeneous, S, ¢ P} = U Uy (r)

r€S homogeneous

Inclusion D is clear by definition. Conversely, let P € ProjS. Since S4 ¢ P, 37’ € S; such that ' ¢ P.
Hence there must be at least one homogeneous component r of ' which does not belong to P (otherwise
r’ € P). Therefore P € Uy (r).

Now fix a homogeneous element r € S;.. We shall define an isomorphism of locally ringed spaces

® = (¢,0%) = (Ur(r),Psju,(r)) — (Spec Sy, Os,.,)

Recall that s
Sty = { — ‘ n € Ny, s € S homogeneous, degs = deg(r") =n- deg’r}
r

and this is a subring of S, = T,71S, where T, = {r™ | n € Ny }. For a homogeneous ideal I < S, we define
o(I) =T ' INSe) = ¢(I) <S5

And for P € Proj S such that r ¢ P, we know that T,"!P is a prime ideal in S,. In particular it does not

contain 1, so that S,y C 7,7 P and ¢(P) is a prime ideal in S(,). Hence we have ¢ : U4 (r) — Spec S(,). We

prove that ¢ is a bijection in a separate lemma after the proof.
It is even a homeomorphism : if J < S, is an ideal and I <5 a homogeneous ideal, then

o7 V() =Vi(o () NU(r) . s(Va)NU(r) = V(e(1))
because I C P < ¢(I) C ¢p(P), VP € Proj S (here we use that ¢ is bijective, so ¢(I) is again an ideal).

Next we show that VP € U, (r), Spy = (S(+))e(p), the localization of S,y at the prime ideal ¢(P).

S(p) = { ; ‘ s € S, t ¢ P both homogeneous such that degs = degt}

For (S())4(p), note that -2 € S,y \ ¢(P) < b¢ P. Hence we get

n

a/r a deg b—deg a
(S(T))(b(P):{b/Tm dega =n-degr, degb=m -degr, béP}:{g-r deg bgéP}
so the bijection follows since degt — deg s = 0 and deg (a . r%> =dega + % -degr = deghb.

This allows to define an isomorphism of sheaves ¢* : Og,, — ¢. (’PS|U+(T)). Let U C Spec S,y be open.
By definition :

Os,,,(U) = {f U — Q]E[U(S(T))Q | f is locally a quotient}

where bijectivity of ¢ implies that (S())q = (S())s(e-1(Q)) = Se-1(0)) and

IT Geer@ = T ol

¢~ (Q)eU Pep=1(U)
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Hence it suffices to set ¢7; : Os,, (U) = Psju, (r) (¢71(U)) : f— fo¢ because
* - ¢ f ~
ou(f) = o7 ) U= [TGme =TT Swle
QeuU Pegp—1(U)

ie. ¢} (f) € Ps(¢71(U)) since it is still locally a quotient. ¢ being bijective, we obtain that ¢, is an
isomorphism, VU C Spec S,y open, and ¢* also commutes with restrictions (usual restriction of functions). It
follows that (¢, ¢*) is an isomorphism of locally ringed spaces. O

As a corollary, we also obtain that Pg (U+(r)) = Osg,,, ( Spec S(T)) = Si, V7 € Sy homogeneous.

Lemma. ¢ : U, (r) — SpecS(, is a bijection.

Proof. For this proof, we solved an exercise from [Va]. Note that ¢ is defined in 2 steps :

Ui(r)s P25 7P 25 171 P S,y € Spec S

As in corollary 3.1.6, ¢ defines a 1-to-1 correspondence between prime ideals in S, and prime ideals in S not
containing r. This correspondence preserves homogeneity, i.e. there is also a bijection between homogeneous
prime ideals in .S, and homogeneous prime ideals in S not containing r.

So it remains to show that ¢2 : P — PN .S, defines a bijection between homogeneous prime ideals in S, and
prime ideals in S(,y. Constructing an inverse is however a bit tricky. For Q € Spec S(;), we define Q" as the
ideal generated by homogeneous elements % € S, satisfying the condition

adeg T

€eQ (3.8)

rdega

This is well-defined : deg (adeg’“) = deg (rdeg“) and if %

rn 77""17

Je € T, such that ¢- (ar™ — br™) =0, so

dega +m -degr =degb+n-degr

adcgr (C .a- ,r.m)dcgr (C b rn)dcgr bdcgr . Tn-dcgr bdcgr

rdega - rdega . (C . rm)degr - pdegatm-degr . ~degr - pdegb+n-degr = prdegd

However we still need to check that Q* is indeed an ideal (if so, it is homogeneous since it is generated by
homogeneous elements), i.e. sums and products of elements satisfying (3.8) must again satisfy (3.8). First
note that if a satisfies (3.8), then due to independence of the representative a - ¥ also satisfies (3.8) because

& = 7w, Vk € No. Moreover we have ;% € Q% & (l)2 = € Q* because

vy pevs TZ'n.

(a2)degr a2-degr (adegr)g

rdeg(a?) ~ p2:dega ~ \ pdega

and @ is prime (i.e. it contains an element if and only if it contains the square of that element). Q* is closed
under multiplication with elements of the whole ring : V% € Q*, 5= € S,

(Sa)degr Sdegr adegr

rdeg(sa) = prdeg s ’ rdega € Q (39)

and under addltlon V2, -beQ*, wehave (% + -5 )2 = “2T2m+72f§f’,ﬂ:q’+b2r2n € Q* since each term satisfies
(3.8), 50 ;% + % € Q" as well. In addition, (3.9) shows that @ is prime. Now one checks that

V@ e SpeCS(T) QN S(r) =Q

degr a(deg’r)—l

Dif 5 e Q, Tdcga:W~M€Q81ncedegr>0 so % € Q*

rn

U

g T

C:if ;% € Q" with dega =n - degr, then {0z = (T—n)degr €EQ = 5 €q
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V P € Spec S, homogeneous : P = (PN S(y)"

qdes ™ g(degm—1

C:if % €P, %z = Ya— - = € P and deg (a%°8") = degr + dega = deg (e ®)

D:if 2

rn

Hence the assignment @) — @Q* is the inverse of the above map ¢5 and we finally get that ¢ is bijective. O

degr
€ S, is such that fdc% € PN Sy, then 5 € P since P is prime and cannot contain powers of r

3.5.4 Example : The projective space

Let R be a ring and consider the graded ring S = R[Xy, X1, ..., X,]. We define the projective n-space over R,
denoted by P%, to be the projective scheme Proj S = Proj R[ Xy, ..., X,].

We want Proj S to be related to the usual projective space P™ (see also section 3.6.1). And indeed one can show
that if R = K is an algebraically closed field, then the subspace consisting of all closed points in P} (i.e. the
homogeneous prime ideals that are maximal among those not containing the irrelevant ideal) is homeomorphic
to P,

This example also allows to illustrate why the ideal S, is irrelevant. In fact, S4 = (Xo,..., X, ) since the
only polynomials of degree 0 are the constants. However, when considering the vanishing set associated to
this ideal, we have to require that all the homogeneous coordinates shall vanish. But this is not a point in the
projective space, so we shall ignore this ideal in general.

Let us finally point out that for n = 1, ProjK[X, X;] & Pk, where P} is the projective line from section
3.3.5 obtained by gluing two affine lines. We do not prove this result. So we see that the Proj—construction of
schemes allows to ”avoid messy gluings”.

3.6 Relation between schemes and varieties

Now we explain that the notion of a scheme does in fact generalize the notion of an algebraic variety. For
this we first need to broaden the notion of a variety since affine varieties as defined in 2.2.1 are not sufficient.
Moreover it is not quite true that such varieties are schemes because there are examples where the underlying
topological space of a scheme has more points than the corresponding variety. But there is a way of adding
generic points to the variety so that it becomes a scheme. We again follow the ideas developed in [Hal.

The main theorem of this section is however a very deep result and we will only give a sketch of its proof.

3.6.1 The category of varieties

Let K be a field, denote R, = K[Xq,...,X,] the polynomial ring and recall that an affine variety is an
irreducible closed subset of K™ with respect to the Zariski topology :

A CK"is closed <& 31 <R, such that A =V(I)

An open subset of an affine variety is called a quasi-affine variety.

Recall that the projective space P" is defined as (K" \ {(0,...,0)})/ ~ where the equivalence relation ~
identifies points lying on the same line through the origin : (ag,...,a,) ~ (Aag, ..., Aa,), VA € K, A # 0. We
denote

P"={(ag:...:a,) | 3i €{0,...,n} such that a; #0 }
where (ag : ... : ay) is the equivalence class of (ag,...,a,) € K®*1\ {(0,...,0)}. We say that (ao,...,a,) is
an (n + 1)-tuple of homogeneous coordinates for (ag : ... : ay).

A polynomial f € S =K[Xy,...,X,] is called homogeneous of degree d if f € S4. Hence f is of the form

f= E Qog..op - Xo° - oo - X where || =ap+ ...+
loe|=d

and since f(Aao,- .., \a,) = A%+ f(ao,...,a,), Y\ € K, it makes sense to define the zero set of f.
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As in the affine case, we again define a topology on the space P". If I < .S is a homogeneous ideal, we define
I):= { (ap:...:ap) €P” | flag,...;a,) =0, Vfel homogeneous}

and say that a subset B C P™ is closed if there exists a homogeneous ideal I < S such that B = Z(I). Then
we define a projective variety to be an irreducible closed subset of P™. Similarly, an open subset of a projective
variety is called a quasi-projective variety.

The goal is to define the category of varieties over K, denoted by Var(K). As objects we take any affine,
quasi-affine, projective or quasi-projective variety as defined above. We simply call these objects varieties over
K. In order to define morphisms between varieties, we need the following definition :

Let Y C K" be a quasi-affine variety. A function f : Y — K is called regular at a point p € Y if there exist
an open neighborhood U of p in Y and polynomials g, h € R,, such that h(z) # 0, Vo € U and f = { on U.
In the case where Y C P™ is a quasi-projective variety, we say that a function f : ¥ — K is regular at p € Y
if there exist an open neighborhood U of p in Y and homogeneous polynomials g,h € S of the same degree
such that h is nowhere zero on U and f = ¢ on U. Note that the quotient is well-defined since g and h are
homogeneous of the same degree. In both cases, we say that f is reqular on Y if it is regular at every point of
Y, i.e. if f is locally a quotient of (homogeneous) polynomial functions.

We denote by Ry (Y) the ring of all regular functions on Y. Similarly, we can define Ry (U) for every open
subset U C Y and thus obtain a presheaf U — Ry (U) with respect to the usual restriction of functions. Due
to the local nature of the definition of regular functions, this presheaf is even a sheaf. Ry is called the sheaf
of regular functions on'Y.

Now let X and Y be two varieties. A morphism of varieties is a continuous map ¢ : X — Y such that for
every open set V' C Y and every regular function f : V' — K, the pullback f o ¢ -1(v) : e Y V) = K is
regular on the open set ¢ ~1(V), i.e. if ¢ pulls regular functions back to regular functions.

In particular we again have the notion of an isomorphism, which is necessarily a homeomorphism between the
topological spaces. However, not every homeomorphism X — Y is necessarily an isomorphism.

Remark :
Regular functions f : Y — K are continuous (where we take the Zariski topology on K!).

Proof. Let Y for example be a quasi-affine variety. In order to show that f is continuous, it suffices to prove
that f is continuous in a neighborhood of every point in Y. Let {U;}; be an open covering of Y such that f
is given by a quotient f|y, = Z’ on each U; where g;, h; € R,, such that h;(z) # 0, Vz € U;. We have to show
that preimages under fy, of closed sets in K are closed in U;. Since K is 1-dimensional, a closed subset of K
is a finite set of points, so it suffices to prove that flgl ({a}) is closed in U;, Va € K and V1.

gi(x)

Ve eU, flu,(z)=a < hi(@) =a < (gg—a-h)(x)=0 & z€Z(gi—a-h)NU;

Hence flzji ({a}) = f*({a}) NU; = Z(g; — a - h;) NU; which is closed in U;, so f|y, is continuous, V. O

3.6.2 Schemes over schemes

Grothendieck has also introduced the relative viewpoint, whose idea is to study morphisms of schemes and
how they behave instead of studying a scheme by itself.

Let S be a fixed scheme. A schemes over S, or an S-scheme, is a scheme X together with a morphism of
schemes X — S. We call S the base of X. If X and Y are two schemes over S, a morphism of schemes over
S (also called an S-morphism), is a morphism of schemes f : X — Y that is compatible with the morphisms
X — Sand Y — S, i.e. such that we have the commutative diagram

X4>Y

N
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We denote the category of schemes over S (made up by S-schemes and S-morphisms) by Sch(S). If R is a
ring, we also denote Sch(R) for the category of schemes over the affine scheme Spec R.

Examples :
1) Every affine scheme is a scheme over SpecZ :
For any ring R, we have the natural map Z — R : n — n - 1z which induces a morphism Spec R — SpecZ.

2) If A is an R-algebra (where R is a commutative unital ring), the canonical ring homomorphism R — A
induces a morphism of schemes Spec A — Spec R, so that Spec A € Var(R).

Conversely, assume that S = Spec R for some ring R and let X be a scheme over S. By theorem 3.4.1 and
formula (3.5), the morphism X — S is induced by a ring homomorphism R — Ox (|X]), which therefore
induces an R-algebra structure on Ox (|X |)

3) If X is a scheme over S, then every open subset U C |X| also defines a scheme over S by the chain of
morphisms U — X — S. In the particular case where S = Spec R, this implies that we obtain an R-algebra
structure on Ox (U) for any U C |X| open as well. Summarizing :

Given a scheme X over an affine scheme Spec R, the sheaf Ox is a sheaf of R-algebras.

4) If K is a field, we know that Spec K only consists of the point {0} and its structure sheaf Ok is the constant
sheaf Ok ({0}) = Ox(SpecK) = K. By the above, giving a scheme X over SpecK is the same as endowing its
structure sheaf Ox with the structure of a sheaf of K-vector spaces.

5) If X is any scheme, then morphisms Spec K — X can be described explicitly. This is e.g. done in [Ma].
Assume we are given a morphism of schemes (¢, ¢*) : SpecK — X. Since SpecK only consists of one point,
it is mapped to some z € | X/, i.e. $({0}) = . Moreover we have the local homomorphism on the stalks

QS?O} : Oxe — Ok g0y =K

Being local, it preserves the maximal ideals, which means that the maximal ideal I, < Ox , is completely
mapped to 0. Hence it induces a well-defined homomorphism of fields

Ox /My = k(z) — K
Conversely, let a point € | X| and a field homomorphism ¢ : x(z) — K be given. This induces a map
Ox.w — Ox /M, = k(z) 5 K

which is also a local homomorphism since m(9,) = {0}. Now let U = Spec R be an affine open neighborhood
of x. Then = € | X| corresponds to a prime ideal P € Spec R and we have Ox , = Ogr p = Rp. Hence we get
a ring homomorphism

R— Rp ™ OXJ — K

which finally induces a morphism of schemes Spec K — Spec R 2 U — X, i.e. SpecK is a scheme over X.

Conclusion :
Giving a morphism of schemes Spec K — X is equivalent to picking a point « € | X| and a field homomorphism
k(z) — K. In particular, ¥z € | X]|, there is a canonical morphism Spec x(x) — X.

3.6.3 Recalls on irreducible spaces

Before stating the main theorem, we need some last preliminaries about irreducible topological spaces. The
following statements should only be reminders and we will not prove them (they can be found in any book
about algebra and topology, as for example in [Ha] or [Sch]).

A topological space X is called irreducible if for any decomposition of the type X = A; U A where A; and
Ay are closed, we have A1 = X or Ay = X. Some equivalent conditions are :

— Every non-empty open set is dense in X.

— Every proper closed subset in X has empty interior.

— Any 2 non-empty open subsets of X have a non-empty intersection.
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The last property also shows that irreducible topological spaces are never Hausdorff, unless X = {pt}.

A subset Y C X is called irreducible if it irreducible with respect to the induced topology. If X is irreducible,
then any open subset U C X and every image f(X) under a continuous map f are irreducible as well. More-
over a subset Y C X is irreducible < its topological closure Y is irreducible.

Let X be a topological space and denote by t(X) the set of non-empty irreducible closed subsets of X.
Hence if Y C X is closed, then ¢(Y) C ¢(X). Moreover (Y7 UY3) = ¢(Y1) Ut(Ya) if Y7,Y2 C X are closed and
for a family of closed subsets {Y;};, we have t((0,Y;) =, ¢(Y;). This defines a topology on the set t(X) by
saying that A C ¢(X) is closed if and only if A = ¢(Y") for some closed subset ¥ C X.

In addition, a continuous map f : X; — Xo induces a continuous map ¢(f) : ¢(X1) — t(X2) given by

tf) : Z— f(2)

This is well-defined since Z irreducible = f(Z) irreducible = f(Z) irreducible. Thus ¢ defines a functor
Top — Top. Furthermore we have a continuous map « : X — t(X) : z — {z}.

This map « is the tool we have to use to add generic points in order to construct a scheme from a variety. We
will only sketch the proof of the following theorem. A more detailed proof can e.g. be found in [Ha].

3.6.4 Theorem

Let K be an algebraically closed field. Then there exists a fully faithful functor 7 : Var(K) — Sch(K) from
the category of varieties over K to the category of schemes over SpecK.

Sketch of proof. Let V' be a variety over K and denote by Oy its sheaf of regular functions. We set
TV):= (t(V),a*OV)

One has to show that this is indeed a scheme over Spec K (which requires more hard work). One first proves
that (t(V)7 a*(’)v) is a scheme if V' is an affine variety. Then, by section 3.6.2, we know that giving a morphism
of schemes 7 (V) — SpecK is equivalent to endowing the sheaf c, Oy with the structure of a vector space over
K. This is done by using theorem 3.4.1 : since a~*(¢(V))) = V, we have

Homgp ((t(V),oz*(’)v), (SpecK, OK)) = Homging (K, (oz*(’)v)(t(V))) = Homging (K, Ov (V)

We define this ring homomorphism K — Oy (V) by mapping A € K to the constant function A on V. It follows
that 7(V) is a scheme over SpecK.
Now if V' and W are two varieties, one also needs to check that the natural map induced by T

Homya, k) (V, W) — Homgenx) (T(V), T(W))
is a bijection, which implies that the functor 7 : Var(K) — Sch(K) is fully faithful.

Conclusion :
The functor 7 being fully faithful, it follows again that we may identify the category of varieties over K with
a full subcategory of the category of schemes over SpecK in the case of an algebraically closed field. Thus
we may see varieties as being ”embedded” into the category of schemes. In particular, proposition 1.2.4 then
implies that 7(V) = T (W) as schemes if and only if V = W as varieties.
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Chapter 4

Moduli problems and moduli spaces

Moduli problems are a quite general class of problems and it is highly complicated, say impossible, to formalize
the concept in whole generality. Simplifying, a moduli problem consists of the following data :

First we have to specify a class of algebro-geometric objects (e.g. schemes, sheaves, manifolds, morphisms or
combinations of these), together with an appropriate notion of a "family” of such objects over a given object
B. Next we define an equivalence relation ~ on the set F(B) of all such families over B. The moduli space is
then a geometric space (for example a scheme) whose points represent these equivalence classes of objects of
a fixed kind. Moduli spaces frequently arise as solutions of classification problems. The goal is to show that
a collection of interesting objects can be given the structure of a geometric space and to parameterize their
equivalence classes by introducing ”coordinates” on the resulting space.

The possibilities one has in mind for a moduli problem are wide-ranging (thus the vague term ”object”) and
the properties we want to study may vary with the considered problem. Thus we first focus on particular
examples which shall help to understand the ideas behind and to get used to the language of modern Algebraic
Geometry. In particular, we will not yet be able to establish deep results. The main references that we used
for this chapter are [HM], [Ho] and [Sch].

4.1 Families of objects

We start by giving several examples of what it means to have a family of "objects” of a certain ”type” over a
certain ”space”. The general idea is the following :

A family over a base B is a surjective map 7 : X — B such that the fibers X}, := 7~1(b) are spaces of the same
type, Vb € B. b is called a parameter of the family. Depending on the structures of X and B one may require
additional properties for the map 7 (e.g. smooth, linear, ...). Later on, we will also introduce equivalence
relations on the set of all fibers; the most interesting case occurs if these equivalence classes are given by
isomorphism classes. The goal is to classify our families of interest e.g. up to isomorphism.

4.1.1 Families of vector spaces

A family of vector spaces is given by a surjective map w : X — B as above such that the fibers X, are vector
spaces for all b € B. Intuitively, one would think of X as a vector bundle over B. But this is only a very
particular case. Indeed the above definition is still very vague and it may e.g. happen that

— the vector spaces X; have different dimensions or are vector spaces over different fields

— X and B are not real differentiable or complex manifolds

— the map 7 is not smooth, resp. holomorphic

— the "bundle” X is not locally trivial

If one explicitly wants to talk about vector bundles, it has to be specified in the description of the moduli
problem. This is what is meant by fixing the "type” of the objects one wants to study. Of course it is still
possible to study a completely abstract family of vector spaces, but this usually complicates the problem and
it is rarely possible to obtain any interesting results.
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Let’s for example analyze the case of vector bundles. For this, we need that our base B is a smooth (or
complex) manifold. A vector bundle of rank r is then a family of vector spaces m : X — B over the base
manifold B where X is another smooth (or complex) manifold and 7 is a smooth (or holomorphic) map such
that each fiber X;, = 7=1(b) is an r-dimensional vector space over K (with K = R or C) and X is locally
trivial, i.e. Vb € B, there is an open neighborhood U of b in B such that 771(U) 2 U x K". In this case

F(B) := { families over B } = { vector bundles of rank r over B }

Now consider the particular case where B = {pt} is just a point. A vector bundle of rank r over 1 point is
nothing but a vector space of dimension r. Hence if we are e.g. interested in isomorphism classes, the set
F(pt)/~ (where ~ means that 2 vector bundles are equivalent if they are isomorphic) only consists of one
point because every vector space V over K of dimension r satisfies V = K" after some choice of a basis. A
rigorous definition of what it means to say that two families are isomorphic will be given in section 4.1.6.
Also note that the condition of local triviality is always satisfied over 1 point, so that we can even analyze the
case of arbitrary families of K-vector spaces m : X — {pt}. Since the whole space X is a fiber, we need that
X is a vector space itself over the fixed base field K. Hence if we consider isomorphism classes of families of
K-vector spaces over 1 point, we obtain exactly one point for each dimension. The set F(pt)/~ is therefore
parameterized by Ny.

4.1.2 Families of vector bundles

After vector spaces, the next step is to consider families of vector bundles over a base B, i.e. a surjective map
m : X — B where the fibers X} are vector bundles for all b € B. Again for each b € B one needs to specify
the base manifold M, of Xj, the rank of bundle X}, and its projection map X, — M;. Note that this does
not necessarily require X or B to be manifolds; the only restriction is that X; must be a manifold, Vb € B.
A trivial example is obtained by taking 7 : X, — {b}, which implies that each X, is again a vector space.
Moreover x, is immediately smooth (or holomorphic) since it is constant.

Another possibility is to choose M, = B, Vb € B, but with maybe different projection maps m, : X, — B.
Hence if B is a manifold, we may see X as a big ”collection of points” over B which is a disjoint union of
vector bundles over B. In this case we can write

F(B) = { families over B } = { X | X is a disjoint union of vector bundles over B }

If we consider again the particular case where B = {pt} is a point, the condition 7=1(pt) = X implies that X
is a vector bundle itself (and if it is a bundle over {pt}, then it is again a vector space).

4.1.3 Families of smooth manifolds

We move on to families of smooth manifolds over B, which means that each fiber X} of the map = : X — B
must be a smooth manifold. Here one may think of fiber bundles over B. But this again just a particular case
since the general definition of a family of smooth manifolds does e.g. not require that X and B are manifolds
themselves, that the "bundle” is locally trivial or that the dimension of the fibers must be locally constant.
However a family of smooth manifolds over B is a fiber bundle if 7 : X — B is in addition a smooth map
between smooth manifolds and Vb € B, there exists an open neighborhood U of b in B and a smooth manifold
M such that 7=1(U) =2 U x M. If we do not require the base B to be connected, it is even possible that the
dimension of the fibers may vary (but locally it has to constant). So we get

F(B) = { families over B } = { fiber bundles over B }

4.1.4 Families of n points

We can even define very ”simple” moduli problems, as e.g. families of n points over B, which requires that
the fibers X3 of the surjective map m : X — B consist of n points for each b € B. We do not always need
some predefined structures on X or B; everything here is only about sets and cardinalities (but it is allowed
to require additional properties). In particular, if B = {pt} is a point, then X itself should consist of n points.
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But even in such a simple situation, major problems may arise. Consider e.g. the following examples :
1) Let K be an algebraically closed field and take the map 7 : K — K : z — 2™. Hence for z,b € K,
m(x)=b < 2"=b & 2" —-b=0

7 is surjective since K is algebraically closed, so that every element in K has at least one n'" root, Vn € N.
The fibers are obviously

Xy={zeK|a"=b}=2Z(X"-b)CK
ie. Vb € B, X, is the zero set of the polynomial X™ — b. If b # 0, then X consists of n distinct points.
However for b = 0, we only obtain a single point : Xy = {0}. But we may see 0 as a root of multiplicity n of
the polynomial X™ (this can again be formalized by using schemes). Hence it still makes sense to speak about
n points, now counted with multiplicities.

2) Multiplicities may also appear in more than just one point. Consider the map 7 : C — C : 2z + 2% — 3x.

Figure 4.1: the function R — R : 2+ 23 — 3z

(-1,2)
_7/ / 2
X Sy

7 is surjective since the equation 23 — 3z = b has a solution, Vb € C. The fibers are therefore

Xp={zeC|a’-3z-b=0}=2Z(X*-3X-b)CC
and they consist of 3 points for all b € B, except for b € {—2,2} where the equation has only 2 solutions :
X3 _3X-2=(X-2)(X+1)? , X®-3X+2=(X+2)(X-1)? (4.1)

But (4.1) shows that this drop of cardinality is again due to multiplicities. So it still makes sense to speak of
a family of 3 points over C : Vb ¢ {—2,2}, X}, contains 3 points of multiplicity 1, whereas X5 and X_5 only
contain 2 points, one of multiplicity 1 and one of multiplicity 2.

3) In R it may however happen that the above equation has only 1 solution if b ¢ [—2,2] (see figure 4.1).
This does not happen because of multiplicities, but because R is not algebraically closed : the equation
X3 — 3X — b factorizes into a product of a linear and a quadratic polynomial, where the quadratic term has
no solutions in R. Since the cardinality of the fibers drops, the surjective map 7 : R = R : x — 23 — 32 does
NOT define a family of 3 points over R.

The reason for this failure is that there is no 1-to-1 correspondence between geometric points and maximal
ideals over a field which is not algebraically closed, for example no point in R corresponds to the maximal
ideal ( X2 4+ 1). We can solve the problem by working with the affine scheme Spec R[X] instead of the affine
space R. This example shows that it is "easier” to study families over fields which are algebraically closed.
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4.1.5 Families of lines

The following is another example to show how multiplicities affect the definition of a family. We want to
consider families of 2 lines over an algebraically closed field K. Define

M:=|JV({b-2Z, (X -Y)(X-2Y))) CK® (4.2)
beK

If we see M as a subset of K* with a coordinate system (x,%,z2), then M is given by the zero set of the
polynomial (X —Y)(X — bY) at the level z = b.

The union in (4.2) is disjoint, so we have a well-defined projection map 7 : M — K : (x,y,z) — z. The fiber
over b € K is given exactly by "shape” of M at the level z = b, i.e.

My = V(X = Y)(X =~ bY))) x {b} = Z((X ~ ¥)(X ~bY))
For b # 1, the fiber My is a union of the lines y = x and z = by in K? intersecting at the origin (0, 0).

Figure 4.2: two lines intersecting at the origin

More precisely, M, defines an algebraic subset of K? which has 2 irreducible components. However for b = 1,
these two lines coincide and the fiber X; only has of 1 component, given by the line y = x. But again one
should count this line twice because it is defined by the zero set of the polynomial (X — Y)2.

Another reason why it is useful to consider multiplicities is given by considering the coordinate ring of the
algebraic subsets of K? defined by these polynomials. If A, := V({(X —Y)(X —bY))) C K? denotes the
corresponding algebraic subset, its coordinate ring is

K[A4] = K[X,Y]/((X -Y)(X -0bY))

But for b = 1, we get K[4;] = K[X,Y]/(X —Y) since V({(X —Y)?)) = V((X —Y)). We see that the
structure of the coordinate ring ”jumps” at b = 1. This happens because the polynomial assigned to an
algebraic set is not unique. It is for example possible to increase the vanishing order of the polynomial without
changing the vanishing set. Hence it is necessary also to introduce multiplicities of algebraic sets; this would
give a closer correspondence to their defining polynomials.

4.1.6 Isomorphic families

Let 7 : X — Band ' : X’ — B be two families over the same base B. We want to define what it means that
these families are isomorphic. Unfortunately it is not possible to give a completely general definition because
this always depends on the properties of our family. A necessary condition at least is the following :

If the families are isomorphic, then the sets X and X’ are objects of the same category and there exists an
isomorphism f : X — X’ in this category such that 7’ o f = 7. This implies in particular that

VbeB : Xy=nat(b)=(r"of)"Hb) = fH(71b) = fH(X})

Since f is an isomorphism, this means that f(X;) = X}, Vb € B, so f respects the fibers of 7 and #’. Moreover
we see that fibers over the same basepoint b € B are in 1-to-1 correspondence.
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Depending on our family, one may need to add some more properties that the morphism f has to satisfy. In
particular, we want that the fibers X, and X are isomorphic (this is more than just a set bijection) for all
b € B. If we consider e.g. vector bundles over B as in 4.1.1, we have to add the condition of fx, : X, — X}
being a linear map for all b € B in order to make it an isomorphism of vector bundles. However, in the
case where B is a smooth manifold and we consider fiber bundles over B (section 4.1.3), the above definition
already coincides with the notion of an isomorphism of fiber bundles. Summarizing :

An isomorphism of families is an isomorphism that is compatible with the properties of our family.

4.2 Fine moduli spaces

Roughly speaking we want a moduli space to be a space which parameterizes all our families. In order to
obtain some interesting results, we however need to restrict the possibilities of defining families. For this, we
always require in the following that the base B is a locally ringed space, as e.g. a scheme (X, Ox) or a manifold
(M, C59). Thus if we speak of a family over B, we always mean a family over the underlying topological space.

4.2.1 The moduli functor

Let B be a locally ringed space and consider the set F(B) of families over B. We introduce an equivalence
relation ~ on F(B) which reflects the classes of families we want to study (e.g. isomorphism classes). Of
course the relation ~ can also be trivial, so that we consider all possible families over B. Then we define

F : LRS — Set : B+— F(B) := F(B)/~ = { families over B up to equivalence }

We want this assignment to be functorial.
Let f : B — B’ be a morphism of locally ringed spaces. If 7 : X — B is a family over B, the composition

X ~B-lp

is in general not a family over B’. However, given a family over B’, it is possible to construct a family over B
by using f. In other words, the functor F is actually contravariant. We denote this map by

*=F) : F(B")— F(B)

f* is called the pullback of f and it is given as follows. Let 7’ : X — B’ be a family over B’. We define an
object f*X and a family p : f*X — B by the following universal property :

1) f*X is an object of the same type as X, i.e. both belong to the same category

2) there exists a morphism h : f*X — X in this category such that the following diagram commutes

fx e x

|

B—— B

3) for any other family ¢ : D — B with a morphism k : D — X such that 7’ ok = f oq (i.e. for any other
family satisfying the same conditions), there exists a unique morphism D — f*X such that

X
S
3! "
D > f*X B’

T A
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f*X is called the pullback of X along f. One can show that it exists in most of the interesting cases. As a
universal object, it is also uniquely given up to isomorphism (if it exists). Here below we give some examples
of how f*X may e.g. look like.

Fiber bundles :
Let 7’ : X — B’ be a fiber bundle over a smooth base manifold B’ and f : B — B’ a smooth map between
smooth manifolds. Then one can define

X=X xp B:={(2,b)e X xB|x'(x)=f(b)}

together with the projection onto the second factor ps : f*X — B. If {U;}; is a trivializing open covering of
B’, then {f~1(U;)}; is a trivializing cover of B, so that f*X is indeed a fiber bundle over B. By definition,

P1

frx 2o x
PQ\L lﬂ/
S /
B——B

And for b € B, the fiber of f*X over b is
(X =p'(0) ={(2,0) |z € X, n'(2) = f(0) } = {w e X [ '(z) = f(b) } = 7" (f(D) = Xy

Affine schemes :
Let S = Spec R be an affine scheme. We define a family X — S over S by saying that X is an affine scheme
over S. Let Y be another affine scheme together with a morphism of schemes f : Y — S. If X = Spec A and
Y = Spec B for some commutative rings A, B, the pullback of X along f is given by f*X = Spec(A ®gr B) :

Spec(A ®g B) " X =Spec4
! !
Y =SpecB . S = Spec R

where the morphisms A and p are induced by the natural homomorphisms A + A®r B and B -+ A®p B.
One can show that a similar construction is also possible if S, X,Y are general schemes (for this one has to
work locally and then glue the corresponding affine schemes). This is denoted by f*X = X xg Y and called
the fibred product of X and Y over S. We do not go into further details of this construction. More information
can e.g. be found in [Ha] and [U2].

Finally we constructed the following contravariant functor F, called the moduli functor of our family :

F : LRS°® — Set : B+— F(B)
(f:B=B)r— (f F(B) > F(B): (X=B)w (X > B))

Since this functor describes all the families, one sometimes also says that F is the moduli problem.

4.2.2 Definition

The first fundamental question to answer in studying a moduli problem is to determine whether the moduli
functor is representable. Recall that F : LRS°P — Set is representable if there exists a locally ringed space M
such that we have an isomorphism of functors F = Homygs( -, M). If this is the case, we say that M is a fine
moduli space for the moduli problem described by F.

We start by giving some recalls about representability. Denote

hM = HOI’HLRs( HN M) : LRS?» — Set : N +— HomLRs(N, M)
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hys is called the functor of points of M. If f : N — N’ is a morphism of locally ringed spaces, then
har(f) =of : Homypps(N', M) — Hompgs(N, M) : g+>go f
By the Yoneda Lemma, we have the following bijection, functorially in X :
Homgcy(1asor set) (hx, F) = F(X)

If the moduli functor F is representable by a locally ringed space M, there is an isomorphism of functors
hayr = F, which therefore corresponds to a unique element U € F(M). By definition, this I/ is a family over
M. Tt is called the universal family over M. Now we have the following important result :

4.2.3 Theorem

Let M be a fine moduli space for the moduli problem described by F. If # : X — B is any family over a
locally ringed space B, then there exists a unique morphism of locally ringed spaces f : B — M such that
X = f*U, i.e. every family over B is uniquely given by a pullback of the universal family.

X=fuU—-sU

L,

B M

Moreover M is unique up to canonical isomorphism and ”parameterizes” all equivalence classes of objects of
the given type we want to study.

Proof. taken from [HM]. Let f : B — B’ be a morphism of locally ringed spaces. F being representable by
M, we have the commutative diagram N
]:(B) e HOmLRs(B, M)

f*T Tof

]:(B/) i HOH’I]_‘Rs(B/7 M)
In particular, F(M) is the set of all families (up to equivalence) over M. Again by representability, we have
F(M) = Homypg (M, M) and idps corresponds to the universal family U € F(M).
Now let X € F(B) be an arbitrary family over the base B. Since F(B) = Hompgs(B, M), we know that X
corresponds to a unique morphism of locally ringed spaces f : B — M. Thus we have

F(B) — Homyzs(B, M) X—=>f
A Lk
F(M) —=> Hompzs(M, M) U—>idy

and by commutativity of the diagram, we obtain that f*U/ = X since both spaces correspond to f.
It follows that M is unique up to a canonical isomorphism. Indeed, if M’ is another fine moduli space with
another universal family U’ € F(M'), there are unique morphisms f : M’ — M and g : M — M’ such that

U=fUu , U=gU = U=FfgU =(gof)'U and U=g"fU=(fog)U
since f* = F(f) and F is contravariant. By uniqueness, we get go f =idpy and fog =idy, i.e. M = M.

Finally to see that M describes all isomorphism classes of our objects, note that
F(pt) = Homyps ({pt}, M) =~ M

But if 7 : X — {pt} is a family over a point, then X = X, is itself a fiber and must therefore be an object of
the type that we fixed for our moduli problem. Since we only consider equivalence classes, F(pt) = M is the
set of all equivalence classes of objects that we want to study. O
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Conclusion :
If there exists a fine moduli space M for a moduli problem F, this space M classifies all (equivalence classes
of) objects we are interested in. Moreover we have a 1-to-1 correspondence between (equivalence classes of)
families over a locally ringed space B and morphisms of locally ringed spaces B — M. Hence we are able to
translate between information about the geometry of families of the moduli problem and the geometry of the
moduli space M itself.

4.2.4 Problem

Unfortunately, very few moduli functors are representable by simple locally ringed spaces as e.g. schemes or
manifolds. The reason for this failure is that fine moduli spaces do not exist if the objects we want to classify
have non-trivial automorphisms. The following example is taken from [Ho].

Suppose that we want to study isomorphism classes of vector bundles of a fixed rank r over smooth man-
ifolds (these are examples of families of vector spaces). Hence the moduli functor is

F : Diff°® - Set : B+ { isomorphism classes of vector bundles of rank r over B }

This functor is not representable by a manifold. Suppose e.g. that F is represented by some smooth manifold
M. So we know that every vector bundle X € F(B) over a manifold B uniquely writes as X = f*U for some
smooth map f: B — M.

X=7rUuUu——u

L,

B M

We claim that a bundle X — B is trivial if and only if the corresponding map f : B — M is constant.
Indeed, if {U;}; is a trivializing open covering for the universal family, then {f~1(U;)}; is a trivializing cover
for its pullback. If f is constant, then either f=1(U;) = 0 or f~1(U;) = B, which means that {B} is itself a
trivializing cover, i.e. X — B is trivial. Conversely, if either f=1(U;) = 0 or f~1(U;) = B for each i, then
f must be constant, otherwise Ja,b € f(B) such that a # b. Since manifolds are Kolmogorov spaces, there
exists an open neighborhood U of one of them which does not contain the other point, say a € U and b ¢ U.
But then f~!(U) is neither empty, nor equal to the whole space, which is a contradiction.

All trivial vector bundles of rank r over the same base B are isomorphic to the trivial bundle p; : BxK" — B,
to which corresponds a unique smooth map B — M which must in addition be constant (as shown above),
i.e. we obtain a unique point € M. Thus any trivial bundle of rank r over B is uniquely given as a pullback
along the constant map B — {z}.

Now let 7 : E — B be a non-trivial vector bundle of rank r over B (such bundles exist) with trivializing open
covering {U;};. It corresponds to a unique smooth map f : B — M. Since each E|y, — U; is trivial, the
restrictions of this map must be the constant maps fiy, : U; — {z}. Hence f itself must be constant with
image {x}, which is impossible since E has been chosen to be non-trivial. This contradiction shows that F
cannot be representable.

The problem is that, even if the vector bundle FE is trivial on each U;, we can glue these trivial bundles
in a non-trivial way because each vector space has non-trivial automorphisms. Similar constructions can be
done each time we are dealing with objects and families of objects that admit non-trivial automorphisms.
Hence fine moduli spaces do in general not exist and we have to find alternative methods for studying moduli
problems and classifying our objects of interest.
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4.3 Coarse moduli spaces

4.3.1 Motivation

As observed in the previous section, fine moduli spaces rarely exist, and if they exist, they are usually difficult
to construct. Hence the necessity to develop alternative tools for studying our moduli problems. We now
explain 3 possible solutions to this problem, which can be found in [Ho] as well.

Solution 1 : Rigidifying the problem
The first solution is to change the given moduli problem by requiring objects and morphisms to satisfy some
additional conditions, namely in such a way that the objects with additional structure do no longer have non-
trivial automorphisms. The idea is to study only a certain subcategory of the objects we started with. This
is of course a possible solution, but not a very satisfying one since we do not classify our objects of interest.
Nevertheless it gives a first success and one may get some ideas of how to study the problem in general.

Solution 2 : Algebraic stacks

The second solution, and probably the most satisfying one, is to look for more general classifying spaces by
extending the category of locally ringed spaces. The moduli problem may not be representable by a scheme or
a manifold, but maybe by a more general space, called an algebraic stack. We do not give a precise definition
of this notion.

Algebraic stacks are generalizations of algebraic varieties, schemes and, more generally, algebraic spaces. They
have been introduced by the mathematicians Pierre Deligne and David Mumford in 1969 in order to
define the (fine) moduli space of compact Riemann surfaces of genus g (see also section 4.4). Similarly, vector
bundles can also be represented by stacks rather than by schemes. Such a moduli space is usually obtained
by constructing a larger space which parameterizes our objects and then to quotient by a group action which
takes care of the automorphisms.

Solution 3 : Coarse moduli spaces

The solution we are going to analyze are the so-called coarse moduli spaces. Here we follow the ideas of [HM].
The idea is to ask for a weaker condition than representability by leaving the moduli problem unchanged.
Instead of asking for an isomorphism F 2 h);, we only require that there should exist a natural transformation
¥ : F — hyy for a suitable locally ringed space M. In this case, we can still associate to every family X € F(B)
a morphism f : B — M by setting f = ¢¥p(X) € Homgs(B, M).

This requirement is however not sufficient. We need 1) to satisfy some additional conditions, otherwise the
coarse moduli space may not be unique (up to isomorphism), e.g. if (M, 1)) is a solution and if we have another
locally ringed space N % M with a morphism ¢ : M — N, then (N, o) is a solution as well.

F %5 hyy = Hompgs (-, M) <% Homggs(+, N) = hy

In particular, we always obtain a ”pathological solution” by composing with the constant map M — {pt},
which would imply that every point {pt} was a moduli space for our moduli problem.

This situation can be avoided by requiring in addition that we want the points of our moduli space to be
in 1-to-1 correspondence with the equivalence classes of objects that we study. However, this does still not
guarantee uniqueness up to isomorphism. Assume e.g. that we want to study the moduli problem with families
X — B (where X, B are complex manifolds) being defined by the condition that the fiber X, (b € B) is a
line in C? passing through the origin (0,0). If ~ is the trivial relation, then F(pt) is the set of all lines in C2
through the origin, so that the projective line P! is indeed a possible choice for a moduli space. But P! is also
in 1-to-1 correspondence with the cuspidal curve C' C P? defined by the equation y?z = 3 via the bijection

P' = C={(z:y:2)eP?|2°—¢y’2=0} : (a:b)— (a®b:a®: 1%

Hence C would also be a possible choice for a moduli space. But C is not isomorphic to P!, i.e. there is no
biholomorphic map between them, because (0 : 0 : 1) is a singular point of C (all partial derivatives of the
homogeneous polynomial X® — Y27 vanish at this point), hence C is not a submanifold of P2. Figure 4.3
shows how the cuspidal curve looks in R? if we put z = 1 : the origin is an angular point of the graph.
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Figure 4.3: the cuspidal curve y? = 22 in R?

4.3.2 Definition

The way out of non-uniqueness is to require that the natural transformation ¢ should be universal among all
natural transformations which satisfy the same conditions. More precisely :

Let F : LRS°P — Set be the moduli functor of a given moduli problem. We say that a locally ringed space M
is a coarse moduli space for the functor F if there exists a natural transformation ¢ : F — hjs such that

1) the map 9y + F(pt) — Hompgs ({pt}, M) =~ M is a set bijection.

2) for any other locally ringed space N with a natural transformation ¢ : F — hy, there exists a unique
morphism of functors H : hp; — hy such that ¢ = H o).

P by
[
N H
hn

Usually one says that the pair (M, ) is the coarse moduli space for the moduli functor. Condition 1) says
that two objects are equivalent with respect to the relation ~ if and only if they correspond to the same point
in M. And condition 2) assures uniqueness up to canonical isomorphism of such a coarse moduli space.

Note that the Yoneda Lemma and equation (1.4) imply that the morphism of functors H : hpy — hy is
induced by a unique morphism of locally ringed spaces h : M — N with H = ho.

F

Examples :
1) A fine moduli space is also a coarse moduli space. The first condition is clear because ¢ : F —= hy is an
isomorphism and for the second one, it suffices to set H := ¢ o9y~ 1.
2) One can show (see e.g. [HM]) that P! is a coarse moduli space, and even a fine moduli space, for the above
moduli problem of lines in C? passing through the origin. Since the cuspidal curve C' C P? is not isomorphic
to the projective line, it follows that C cannot define a coarse moduli space for this problem.

4.3.3 Consequences

Unfortunately, the requirements for a coarse moduli space do not imply the existence of a universal family as
in the case of fine moduli spaces and we do not have such a nice result as in theorem 4.2.3. But we can still
deduce some weaker consequences from the definition.

a) Let ©' : X — B’ be a family over B’ and f : B — B’ a morphism of locally ringed spaces.

F(B) —2 > Homys(B, M)

f*T TOf
Y

.F(BI) — H:Ol'n]_‘l;{s(.B,7 M)
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As usual, we can define the pullback family p : f*X — B. If M is a coarse moduli space with a morphism
i F — ha, then ¢p(f*X) = p (X)of because X € F(B'), f*X € F(B) and 9 is a natural transformation.

b) Let M be a coarse moduli space for a given moduli problem F with morphism % : F — hp and N
be any locally ringed space with a natural transformation ¢ : F — hy. Hence for any family X € F(B), we
can construct the morphisms ¢p(X) : B — M and ¢p(X) : B — N. By the defining property of a coarse
moduli space, we know there exists a unique morphism H : hj; — hy, induced by a morphism of locally
ringed spaces h : M — N, such that ¢ = H o). Thus we have the commutative diagrams

L — Homys(B, M)

N A o

HOIHLRS B N
and it follows that ¢p(X) = hop(X), VX € F(B).

¢) Now consider the particular case where we have a locally ringed space B and a point p € B with in-
clusion map f, : {p} — B. If X € F(B), the pullback fsX € F({p}) is a family over the point p and
corresponds to a unique point x € M in our coarse moduli space because of bijectivity of 1,,. Moreover

F({p}) —— Homys ({p}, M) = M

f;T Tofp

JT"(B) L HOHlLRs(B, M)

where the map Hom(B, M) — Hom({p}, M) : g+ g o f, actually corresponds to the evaluation map
Hom(B,M) - M : g~ g(p)
So the diagram tells us that 1, (f, X) = ¢¥(X)(p), Vp € B.

d) Combining the 2 previous results, we obtain the following formula :

O (f3X) = ¢5(X)(p) = (hovp(X))(p) = h(vp(X)(p)) = (ho ) (f;X)
for any family X — B and every point p € B.

4.4 Moduli spaces of curves

4.4.1 Definition

We finish this last chapter by describing the very important moduli space Mg, which as a set is defined as
Mg = {isomorphism classes of compact Riemann surfaces of genus g}

Here we follow the text of [Sch]. In particular, we also adopt the convention of switching between the algebraic
and the analytic language. For example a compact Riemann surface (a 1-dimensional complex manifold), is
also called an algebraic curve. We know that isomorphism classes of such algebraic curves can be classified by
their algebraic genus, which is defined as the dimension of the vector space of global holomorphic differential
forms. If M is a compact Riemann surface, then g(M) := dim¢ Q(M).

Now let the genus g of our curves be fixed. We want to endow the set M, with a geometric structure that
reflects the possibilities in which Riemann surfaces of genus g can show up, e.g. a path in M, should corre-
spond to a change of the complex structure on the Riemann surface. In particular, we are interested in the
dimension of this ”space”, which shall indicate how many parameters we need to describe the isomorphism
classes of our curves.
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4.4.2 M, as a moduli space

Since we consider isomorphism classes of objects of a certain type (curves of genus g), the above developed
theory suggests to reformulate the problem as a moduli problem. Indeed :

A family of Riemann surfaces (curves) of genus g consists of a surjective map 7 : X — B where X, B are
complex manifolds (we also call them algebraic varieties), 7 is a holomorphic (or, algebraic) map and the fibers
Xy, = 7 1(b) are curves of genus g for all b € B.

Let m : X — B be such a family of curves (of fixed genus g). Then we can define the map
wB,X : B—)Mg : b’—>[Xb]

which assigns to b € B the isomorphism class of its fiber X} (which is a compact Riemann surface of genus g).
The structure of M, should be such that ¢5 x : B — M, is a holomorphic map between complex manifolds.
Moreover we want M to be a universal such space. The explanation of this requirement recalls some techniques
we already discovered in section 4.3.3. First we fix the base manifold B and consider all possible families of
curves m : X — B over B. This allows to define an assignment

Yvp : F(B) = {isomorphism classes of families over B } — { algebraic maps B — M, }
[7‘(‘ : X—>B] — '(/)B,X

This is well-defined since the definition of an isomorphism of families (section 4.1.6) implies that X, = X7, i.e.
[Xp] = [X}], Vb € B whenever two families X — B and X’ — B are isomorphic. Hence ¢5 x = g x.

If ©”: X — B’ is a family of curves over a base B’ and f : B — B’ is a holomorphic map of complex
manifolds, we can define the pullback family ps : f*X — B as in 4.2.1 and have the commutative diagram

VB,
B—2% M,
x Aﬂx
B’

because Vg - x (b) = [(f*X)s] = [Xywm)] = ¥n,x (f(b)) because (f*X)y = X4y, Vb € B. Finally we let the
base B vary and this induces a map ¢ : B — ¥p.

Also note that My = F(pt) as sets because F(pt) is the set of isomorphism classes of families of curves over
1 point, i.e. the set of all isomorphism classes of compact Riemann surfaces of the given genus g. Hence

Vipey + F(pt) — {algebraic maps {pt} - M, } = M,

is a set bijection. Hence the first criterion (see section 4.3.2) for M, to be a coarse moduli space for this
moduli problem of curves is already satisfied.

Now let N be any complex manifold and consider a map ¢ with similar properties than v, i.e. ¢ defines
a map ¢p for every complex manifold B that assigns an algebraic map ¢p x : B — N to every isomorphism
class of families over this base B. In addition, this assignment should again satisfy ¢ -x = ¢ps x o f for any
holomorphic map f : B — B’. In particular if B = {pt} is again a single point, we obtain a map

Dot} - {isomorphism classes of families over {pt} } — { algebraic maps {pt} - N }

i.e. amap ¢+ My — N. For M to be a universal space, we require the complex structure of M, to be
such that these are holomorphic maps for all possible such pairs (N, ¢). If such a structure exists, then M,
will indeed be a coarse moduli space for the moduli problem.
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Of course, it would be even better if M, was also a fine moduli space together and there was a universal family
m: U — M, such that every family of curves X — B is uniquely given by a pullback along the holomorphic
map ¥p x : B — M,.

X = dpxU)—U

B VB, X M

Unfortunately this is not the case (again by existence of non-trivial automorphisms) : M, is never a fine
moduli space and there does not exists a universal family of curves over M,. However one can show that

4.4.3 Results

M, can be endowed with a complex structure as required above. In particular :
1) M, exists as a coarse moduli space and is an irreducible quasi-projective variety with

0 ifg=0
dim M, = 1 ifg=1
3g—3 ifg>2
2) For every genus g > 2, one can find an open dense subset of M, where there exists a universal family.

These results are taken from [Sch] ; the first two cases are clear since we know that the Riemann sphere C 2 §2
is the only compact Riemann surface of genus 0 and that genus 1 curves are given by complex tori and classified
by the j-invariant of their defining lattice, so that M, is parameterized by C.

4.4.4 Example : family of complex tori
To close the thesis, we give an example of such a family of curves of genus 1. It can also be found [Sch].

Let U C C be open and consider the upper half-plane H := {z € C | Imz > 0}. Let 7 : U — H be a given
holomorphic map. We want to construct a family over U such that the fiber over the point z € U is given by
the torus T, which is defined by the lattice Z @ 7(z) Z, i.e.

T.=C/(1,7(2))
For this, we define X := (U x C) /~ where the equivalence relation ~ is defined as
(z,w) ~ (2/,w') & 2/ =z and In,m € Z such that w' = w+n+7(z)m (4.3)

X is a complex manifold endowed with the quotient topology with respect to the projection U x C — X. Next
we define the holomorphic projection map 7 : X — U : [z,w] — z, whose fibers are

7 HNz)={[z,w] |[weC}={weCuptoashiftasin (4.3)} =C/(1,7(2)) =T,

Hence the fibers are exactly given by the tori we were looking for and 7 : X — U indeed defines a family of
curves of genus 1 over the open subset U C C.
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