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ABSTRACT. We prove a version of the multidimensional Fourth Moment Theorem for
chaotic random vectors, in the general context of diffusion Markov generators. In addi-
tion to the usual componentwise convergence and unlike the infinite-dimensional Ornstein-
Uhlenbeck generator case, another moment-type condition is required to imply joint con-
vergence of of a given sequence of vectors.

1. INTRODUCTION

The Fourth Moment Theorem (discovered by Nualart and Peccati in [13] and later ex-
tended by Nualart and Ortiz-Latorre in [12]) states that, inside a fixed Wiener chaos, a
sequence of random variables F,,, n > 1, converges in distribution towards a standard
Gaussian random variable if and only if E[F?] — 1 and E[F}] — 3. Recently, in the
pathbreaking contribution [5], Ledoux approached this Fourth Moment Phenomenon in
the more general context of diffusion Markov generators, and was able to provide a new
proof of such a result adopting a purely spectral point of view. Later on, in [I], Azmoodeh,
Campese and Poly generalized the concept of chaosoriginally introduced in [5] and were
able not only to obtain a more transparent proof of the classical Fourth Moment Theorem,
but also to exhibit many new situations where the Fourth Moment Phenomenon occurs
(e.g. the Laguerre or Jacobi chaoses). One should notice that the collection of techniques
introduced in [I] have also been successfully applied in other contexts, e.g. for deducing
moment conditions in limit theorems (see [2]), or in the study of the so-called real Gaussian
product conjecture (see [0]).

In this paper, we investigate a multidimensional counterpart of the Fourth Moment
Theorem by using the aforementioned approach based on Markov semigroup. In the case
of Wiener chaos, the multidimensional version of the Fourth Moment Theorem is due to
Peccati and Tudor [14], and is given by the following statement. For the rest of the paper,

the symbol 4 indicates convergence in distribution.

Theorem 1.1 (See [14]). Let p1,....,pa = 1 be fized integers and F,, = (Fip,. .., Fy,), n >
1, be a sequence of vectors such that F; ,, belongs to the p;th Wiener chaos of some Gaussian
field, for all i = 1,...,d and all n. Furthermore, assume that lim,, .., Cov F,, = C, and
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denote by Z = (Z1, ..., Zq) a centered Gaussian random vector with covariance matriz C'.
Then, the following two assertions are equivalent, as n — co:
() F, 5 2

(il) Fin S Z for all 1 <i<d.

In other words, for sequences of random vectors living inside a fixed system of Wiener
chaoses, componentwise convergence implies joint convergence. Our main result is the fol-
lowing analogue of Theorem in the abstract Markov generator framework (unexplained
notation and definitions — in particular the notion of a chaotic vector — will be formally
introduced in the sequel).

Theorem 1.2. Let L be a diffusion Markov generator with discrete spectrum 0 < Ay <

A < ---, fix integers ki, ...kq = 1, and let F,, = (Fin,...,Fy,), n > 1, be a sequence
of chaotic vectors such that F;,, € ker(L+Mg, Id), for 1 < i < d and all n. Furthermore,
assume that lim,,_,o, Cov F,, = C and denote by Z = (Zy,...,Zy) a centered Gaussian

random vector with covariance matriz C (defined on some probability space (2, F,P)).
Consider the following asymptotic relations (1) and (ii), for n — oco:

() F, % 2z,

(ii) It holds that
(ii), for everyi=1,....d, F;, LN Z;, and
(ii), for every 1 <i,j <d,

2 7 2 72
/E“F;,nF;,ndM - ]E[Zz Zj]

Then, (ii) implies (i), and the converse implication (i) = (ii) holds whenever the sequence
{F2 F? :n > 1} is uniformly integrable for every 1 <i,j < d.

iwnt jn

Remark 1.3. The additional mixed moment condition (ii), has no counterpart in the
statement of Theorem [I.I} In Section [3| we will explain in detail why such a relation is
automatically satisfied whenever the components of the vectors F;, belong to the Wiener
chaos of some Gaussian field. We also observe that a sufficient condition, in order for the
class

F? F? n

i, J,mn?

WV

1

Y

to be uniformly integrable for every ¢, j, is that, for some € > 0,
(1.1) sup/ |Fia|*edp < 0o, foreveryi=1,...,d.
n JE

Finally, if the sequence F,, n > 1, lives in a fixed sum of Gaussian Wiener chaoses, then
(1.1)) is automatically implied by the relation lim,, .., Cov F,, = C, by virtue of a standard
hypercontractivity argument — see e.g. [8, Section 2.8.3]. General sufficient conditions in
order for the semigroup associated with L to be hypercontactive can be found e.g. in [3].
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As in the one-dimensional case, it is possible in our abstract framework to provide a
proof of Theorem that is not based on the use of product formulae, and that exploits
instead the spectral information embedded into the underlying generator L.

The rest of this paper is organized as follows. In Section [2 we will introduce the
abstract Markov generator setting and recall the main one-dimensional findings from [I].
In Section [3, we will define multidimensional chaos and present the proof of Theorem
we also provide a careful analysis of the additional condition (ii), appearing in our Theorem
T2

2. PRELIMINARIES

In this section, we introduce the general diffusion Markov generator setting. For a
detailed treatment, we refer to the monograph [4].

Throughout the rest of the paper, we fix a probability space (F, F, ) and a symmetric
Markov generator L. with state space E and invariant measure p. We assume that L
has discrete spectrum S = {—=X; : & > 0} and order its eigenvalues by magnitude, i.e.
0 =X < A1 < Ay <.... In the language of functional analysis, L is a self-adjoint, linear
operator on L*(E, ) with the property that L1 = 0. By standard spectral theory, L is
diagonalizable and we have that

L*(E, 1) = @ ker(L +\; 1d).

k=0

We denote by L' the pseudo-inverse of L, defined on L*(E, ) by L7™'1 =0 and L™'F =
—1F for any F € ker(L+AId) such that A # 0. It is immediate to check that LL™" F =

F—| p Fdp for every F' € L*(E, ). The associated bilinear carré du champ operator T
is defined by

I'(F,G)= = (L(FG)— FLG - GLF),

1
2
whenever the right-hand side exists. As L is self-adjoint and L1 = 0, we immediately
deduce the integration by parts formula

(2.2) /F(F,G)d,u:—/FLGdu:—/GLFd,u.
E E E
A symmetric Markov generator is called diffusive, if it satisfies the diffusion property
Lo(F)=¢'(F)LF + ¢"(F)I(F,F)

for all smooth test functions ¢: R — R and any F € L?*(F,u). Equivalently, T' is a
derivation i.e.

(2.3) [(¢(F), G) = ¢/(F)L(F, G).
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Considering vectors F' = (Fy,...,F,) and test functions ¢: R — R, the diffusion and
derivation properties yield that

2
LF + Z N (F)T(F,, F})

7]_

d
Lo(F) =Lo(F, ..., Fy) :ZS;O(
i=1

and

Z(‘?x L(F, G),

respectively. In [I], the following definition of chaos was given.

Definition 2.1 (See [1]). Let L be a symmetric Markov generator with discrete spectrum
S, and let F' € ker(L+\,1d) be an eigenfunction of L (with eigenvalue \,). We say that
F' is chaotic, or a chaos eigenfunction, if

(2.4) F? € @ ker(L+A1d).
k: Ap<2Xp

Condition (2.4 means that, if ' is a chaos eigenfunction of L with eigenvalue A, (say),
then the (orthogonal) decomposition of its square along the spectrum of L only contains
eigenfunctions associated with eigenvalues that are less than or equal to twice \,. Note
that this property is satisfied by all eigenfunctions of L in many crucial instances, e.g.
when L is the generator of the Ornstein-Uhlenbeck semigroup, the Laguerre generator or
the Jacobi generator (see [I]). Starting from this definition, and by only using the spectral
information embedded into the generator L, the authors of [I] were able to deduce Fourth
Moment Theorems for sequences of chaotic eigenfunctions and several target distributions,
drastically simplifying all known proofs. The analogue in this framework of the classical
Fourth Moment Theorem reads as follows.

Theorem 2.2 (Abstract Fourth Moment Theorem, see [1]). Let L be a symmetric diffusion
Markov generator with discrete spectrum S and let {F, : n > 1} be a sequence of chaotic
eigenfunctions of L with respect to the same (fixed) eigenvalue, such that fE F2dp — 1,
n — oo. Consider the following three conditions, as n — oo:

(i) F, % Z, where Z ~ N(0, 1),
(ii) [ Fadp — 3,
(iii) Var(I'(F,)) — 0.
Then, the implications (i) = (iii) = (i) hold. Furthermore, if the sequence {F*:n > 1}
is uniformly integrable, one has that (i) = (ii).

The next section is devoted to the proof of our main results.

3. MAIN RESULTS

Let us begin by noting the general fact that (under standard regularity assumptions) the
distance between the distribution of a random vector F' = (Fj, ..., Fy) and a multivariate
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Gaussian law is controlled by the expression Zf i—y VarT'(Fi, —=L~'Fj). This fact can either
be shown by using the characteristic function method (see [12]), quantitatively by Stein’s
method (see [9]) or by means of the so-called “smart path” technique (see [7]). The proofs
carry over to our setting almost verbatim, by replacing the integration by parts formula of
Malliavin calculus with the analogous relation for the carré du champ operator I'.

In order to keep our paper as self-contained as possible, instead of using the above men-
tioned bounds, in the sequel we shall exploit the following estimate involving characteristic
functions: the proof is a Fourier-type variation of the smart path method.

Proposition 3.1. Let F' = (Fy,..., Fy) be such that F; € L*(E,p) and [, F;dpu =0 for
1 <75 <d. To avoid technicalities, assume furthermore the existence of a finite N > 1
such that F; € @ivzo ker(L+\g Id) for all 1 < j < d. Let 4 be the law of a d-dimensional

centered Gaussian random variable with covariance matriz C. Then, for any t € R? it
holds that

/ ei(t,F)g dlu _ / ei(t,x)g d’Yd(l’)
E R4

2 ,
Proof. Fixt € R? and define ¥() = ¢z ¢ [ et d pfor 6 € [0,1]. It is straightforward
to verify that W is differentiable on (0, 1), so that

1
[etman - [ et dya) = b @) - w©) = e [ wie)ds
E R4 0
and that the derivative of ¥ is given by
(3.5) U(f) = eTtC (0 t*C’t/ O E)2 q +i/ (t, F)q et dﬂ) .
E E

Using both the integration by parts formula (2.2)) and the diffusion property (2.3) for T
yields that

d
RS [E (Cy — T(F— L7 E))d

1,j=1

d
(36) W(6) = 65 S bty [ (Cy = DB~ L ) 0 dp
ij=1 E
The conclusion follows from an application of the Cauchy-Schwarz inequality. U

Definition 3.2 (Jointly chaotic eigenfunction).
1. Let F; € ker(L +\g, Id) and Fj € ker(L 4\, Id) be two eigenfunctions of L. We say
that F; and F; are jointly chaotic, if
(3.7) FFie @ ker(L+ A 1d).
73 Ar Sk T Ak

2. Let F' = (FY,..., Fy) be avector of eigenfunctions of L, such that F; € ker(L +\, 1d)
for 1 < i < d. Whenever any two of its components (possibly the same) are jointly
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chaotic, we say that F' is chaotic. In particular, this implies that each component
of a chaotic vector is chaotic in the sense of Definition |2.1.

We observe that, in many important examples, all vectors of eigenfunctions are chaotic.
In particular, this is the case for Wiener, Laguerre and Jacobi chaos (see [I]). A crucial
ingredient for the proof of our main result is the following result, whose short proof can be
found in [1].

Theorem 3.3 ([I, Thm. 2.1]). Fiz an eigenvalue —\ = —X, € S and assume that
Fe@®@,_,ker (L4+X;Id). Then it holds that, for anyn > X,

/ F(L+nId)?* (F)du < 77/ F(L+nld) (F)dpu.
E E
We are now ready to prove our main Theorem [1.2]

Proof of Theorem[1.4. Since the remaining parts of the statement are straightforward, we
will only prove the implication (ii) = (i). According to Proposition [3.1] it suffices to show
that, if (ii) is satisfied then, for 1 <i,j < d,

/E (T (Fop,—L 7 Fy,) = Cy) dp — 0,

as n — 0o. For i = j, this follows from the one-dimensional Fourth Moment Theorem
Let us thus assume that ¢ # j. For the sake of readability, we temporarily suppress the
index n from Fj, and Fj,. It holds that I'(F, — Lt Fj) — Cy = ~T(F;, F;) — Cy; and,

byS
by definition of I', we can write

1
F(E, FJ) — )\ijij = 5 (L _'_()\kz —+ )\k]) Id) (FlF} — aijCij) s
where a;; = ﬂ. Inserting the definition of the carré du champ operator, we get that
J )\k-+)\k~ g g

/ (D(F, — L7 Fy) = Cy) dp

1
-/ (D(F, Fy) — A, Ciy)* d e
1
“o7 /. (L4 + M) 1d) (FFy — aCiy))* d o
J
1

Do /E(E'Fj — a;;Cy5) (L+(e, + M) Id)2 (FiFj — a;;Cy) d p
k;
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Therefore, by Theorem [3.3]

[ (eF -1 Ry - ) a
E
A+ Ao
< ki +2 kj
ny
1

= / (FiF; — ai;Cy5) (T(F;, Fy) — A, Ci) d
aij)\kj E

/ (FiF; — a;Cy) (L+(Ak, + M) Id) (FiFj — a;;Ci) d
FE

1

(3.8) = S\ (/ EFJ‘F(E>F}')dM—@ijCz‘j)\kj/Fz‘Fde
1j Nk E E

— A, Cij /E (FiF — az’jcz'j)du) :

Now, by the diffusion property (2.3)) and the integration by parts formula (2.2)), we have

1 1
[Enrw = ¢ [ an=—g [ e

- / (F;LEF; +T(F;, F))dp
E

Ak
- /F /FEF@,FJ-)du
E
>‘k 2 1 2
= 2] F7 ( dﬂ—§ F? (D(Fy, Fy) — M, Cyy) d
E

< / Cj; d,u+ SV \/Var
E
= 3 (/ F!F?dp— C“CN) + = 5Vm \/Var

Plugging such an estimate into (3.8)) and reintroducing the index n, we can thus write
_ 2
| (B =L ) - )
E

< i (Gy/maF) Nl B B+ Bt ).

where

Rij (n) - )\kj ( / P?nﬁfn d 2 Oii,anj n — Qij 0223 n) %
J



8 SIMON CAMPESE, IVAN NOURDIN, GIOVANNI PECCATI, AND GUILLAUME POLY

By virtue of Theorem , we are now left to show that R;;(n) — 0, asn — oo. If Ay, = Ay,
we have that a;; = 1 and thus

i,

R’U(”) = 7 (/L:? Fz nF]n d:u Cii,ncjj,n 2012] n)

As EB[Z}Z37] = E[Z}]E[Z7] + 2E[Z;;]?, we see that due to assumption (ii),, R;j(n) — 0 as
n — oo. In the case where Ay, # Ay, it necessarily holds that Cj;,, = 0 (by orthogonality
of eigenfunctions of different orders) and thus

M,
R”(n) = 7 (/E Fl2nF]2n om— sz,an],n> )

which, again due to assumption (ii),, vanishes in the limit as well.
U

Remark 3.4. In the framework of the classical Theorem [I.1, where L is the infinite-
dimensional Ornstein-Uhlenbeck generator and its eigenfunctions are multiple Wiener-Ito
integrals, condition (ii) actually reduces to (ii),, since (ii), = (ii),. In other words, com-
ponentwise Gaussian convergence in distribution always yields joint Gaussian convergence
in this case. From our abstract point of view, we can explain (and generalize) this phe-
nomenon by means of the next result.

Proposition 3.5. In the setting and with the notation of Theorem[1.4, assume in addition
that

1. L s ergodic, i.e. its kernel only consists of constant functions,
2. For 1 <1,j <d such that A\, = A\;, it holds that

2
39) [ o, (22 ([ Fubiadn) o
E FE

where wy denotes the orthogonal projection onto ker(L +A1d).
Then, the following two assertions are equivalent.
i) Fo % 2
(ii) For 1 <i < d it holds thatFm—>Z

Proof. In view of Theorem we have only to show that condition (ii), therein implies

that
2 2 252
/F F: dp—)E[ZiZj]

T gn

or equivalently (as E[Z}Z?] = E[Z?]E[Z?] + 2E[Z; Z;]?) that

2
/FZZRFJQRdM_/E%ndu/ﬂ%ndy—Q(/ FivnFj’ndM) -0
E E E
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for 1 <i,5 < d. To do so, we first note that, by the definition of I' and the chaotic property
of F;,, it holds that

1 1
(Fins Fin) = 5 (L4220 1) (F2) = 5 3 (20 = A)ma, (FL,).

Therefore, by orthogonality of the projections corresponding to different eigenvalues and
by the one-dimensional Fourth Moment Theorem Fm LN Z; implies that
(3.10) / T, (F7)  dp— 0, for all » such that 0 < A\, < 2),.

E

We exploit this fact by writing

[rran= [ m@E) 2ans S [ n (F2) FLdp
E E E

reN
0<A- <2\,

+ [ o, (F2) P
E

Assume without loss of generality that Ar, < Ax,. The ergodicity assumption on L forces
mo(F7,) to be constant and thus

By Cauchy-Schwarz and (3.10)), all integrals [, 7y, (an)Fan d v inside the sum in the middle
vanish in the limit. Finally, assumption (3.9)) ensures that the third term (which is zero if
Ak, # Ak, ), exhibits the wanted asymptotic behaviour. Il

Remark 3.6. As already mentioned, both of these additional assumptions are always
verified in the case of the infinite-dimensional Ornstein-Uhlenbeck generator (see for ex-
ample [§] or [II] for any unexplained notation). While the ergodicity is immediate, more
effort is needed to show (3.9). For a multiple integral I,(f) with f € H°7, the well known
product formula yields that mo,(I,(f)?) = Lo, (fRF). If I,(g), g € HP is another multiple
integral, one can show (see for example [10, Lemma 2.2(2)|) that

BlLy (/5 1) Iy (99)] = 2B, ()P + 3 o (p) (F ® F.9 0 g)gon

Replacing the kernels f and g by two sequences (f,,) and (g,), the classical Fourth Moment
Theorem implies that scalar products inside the sum vanish in the limit if (at least one of)
the two sequences I,,(f,,) and I,(g,) converges in distribution towards a Gaussian.



10 SIMON CAMPESE, IVAN NOURDIN, GIOVANNI PECCATI, AND GUILLAUME POLY

REFERENCES

1. E. Azmoodeh, S. Campese and G. Poly (2014): Fourth Moment Theorems for Markov diffusion gen-
erators. J. Funct. Anal. 266, no. 4, pp. 2341-2359.

2. E. Azmoodeh, D. Malicet, G. Mijoule and G. Poly (2014): Generalization of the Nualart-Peccati
criterion. To appear in: Ann. Probab.

3. D. Bakry (1994): L’hypercontractivité et son utilisation en théorie des semigroupes. In: Lectures on
probability theory (Saint-Flour, 1992), Lecture Notes in Math., vol. 1581, Springer, Berlin, pp. 1-114.

4. D. Bakry, I. Gentil and M. Ledoux (2014): Analysis and geometry of Markov diffusion operators.
Springer.

5. M. Ledoux (2012): Chaos of a Markov operator and the fourth moment condition. Ann. Probab. 40,
no. 6, pp. 2439-2459.

6. D. Malicet, I. Nourdin, G. Peccati and G. Poly (2015): Squared chaotic random variables: new moment
inequalities with applications. Preprint.

7. I. Nourdin and G. Peccati (2010): Stein’s method meets Malliavin calculus: a short survey with new
estimates. In Recent development in stochastic dynamics and stochastic analysis, World Sci. Publ.,
Hackensack, NJ.

8. I. Nourdin and G. Peccati (2012): Normal Approximations with Malliavin Calculus: From Stein’s
Method to Universality. Cambridge University Press.

9. I. Nourdin, G. Peccati and A. Réveillac (2010): Multivariate normal approximation using Stein’s
method and Malliavin calculus. Ann. Instit. H. Poincaré - Probab. Statist. 46, no. 1, pp. 45-58.

10. I. Nourdin and J. Rosiniski (2014): Asymptotic independence of multiple Wiener-It6 integrals and the
resulting limit laws. Ann. Probab. 42, no. 2, pp. 497-526.

11. D. Nualart (2006): The Malliavin calculus and related topics. Springer-Verlag, second edition.

12. D. Nualart and S. Ortiz-Latorre (2008): Central limit theorems for multiple stochastic integrals and
Malliavin calculus. Stoch. Proc. Appl. 118, no. 4, pp. 614-628.

13. D. Nualart and G. Peccati (2005): Central limit theorems for sequences of multiple stochastic integrals.
Ann. Probab. 33, no. 1, pp. 177-193.

14. G. Peccati and C.A. Tudor (2005): Gaussian limits for vector-valued multiple stochastic integrals.
Séminaire de Probabilités XXX VIII, pp. 247-262.

(S. Campese) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI ROMA TOR VERGATA, ROME, ITALY

(I. Nourdin and G. Peccati) UNITE DE RECHERCHE EN MATHEMATIQUES, UNIVERSITE DU LUXEM-
BOURG, LUXEMBOURG

(G. Poly) INSTITUT DE RECHERCHE MATHEMATIQUE DE RENNES, UNIVERSITE DE RENNES 1, RENNES,
FRANCE

E-mail address, S. Campese: campese@nmat.uniroma2.it

E-mail address, 1. Nourdin: ivan.nourdin@uni.lu

E-mail address, G. Peccati: giovanni.peccati@gmail.com

E-mail address, G. Poly: guillaume.polyQuniv-rennesl.fr



	1. Introduction
	2. Preliminaries
	3. Main results
	References

