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ABsTRACT. Up to a finite cover, closed anti-de Sitter 3-manifolds are
quotients of SOo(2, 1) by a discrete subgroup of SOg(2,1) x SOg(2, 1) of
the form

jxpT),
where I is the fundamental group of a closed oriented surface, j a Fuch-
sian representation and p another representation which is “strictly dom-
inated” by j.

Here we prove that the volume of such a quotient is proportional to
the sum of the Euler classes of j and p. As a consequence, we obtain
that this volume is constant under deformation of the anti-de Sitter
structure. Our results extend to (not necessarily compact) quotients of
SOo(n,1) by a discrete subgroup of SOo(n, 1) x SOg(n,1).

INTRODUCTION

Volume of non-Riemannian Clifford—Klein forms. It is a well-known
fact that the covolume of a lattice I' in a simple Lie group G is strongly rigid
in the following sense: for any two embeddings j and j’ : ' — G as a lattice,
the quotients j(I')\G and j'(I')\G have the same volume (with respect to
some fixed Haar measure).

This fact is actually a by-product of the famous rigidity theorems of
Mostow [20] and Margulis [19]. The only situation that is not covered by
those theorems is when G is (a covering of) PSL(2,R), in which case the
result follows from the Gauss-Bonnet formula (the covolume of j(I') being
proportional to the volume of j(I')\H?).

Comparatively, very little is known about the volume rigidity of non-
Riemannian Clifford-Klein forms, i.e. manifolds of the form I'\G/H, where
H is a closed non-compact subgroup of G and I' a discrete subgroup of G. In
this case, there is no analog of Mostow’s and Margulis’s rigidity theorems.
The Gauss—Bonnet formula can only be generalized for manifolds of even
dimension. In some interesting cases, it actually gives an obstruction to the
existence of compact Clifford—Klein forms.

To illustrate the difficulties that arrise, let us focus on the case of compact
anti-de Sitter manifolds (i.e. Lorentz manifolds of constant negative sectional
curvature). Those manifolds have (up to finite cover) the form I'\AdS,,
where AdS,, is the homogeneous space SOg(n — 1,2)/SOg(n — 1,1) and T’
is a discrete subgroup of SOg(n — 1,2) acting freely, properly discontinously
and cocompactly on AdS,,.
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When n is even, the Chern—-Gauss—Bonnet formula implies that the volume
of I"\AdS,, should be proportional to its Euler characteristic. More than
a rigidity result, this actually implies the non-existence of such a group
I', simply because the Euler characteristic of a closed Lorentz manifold is
always 0.

When n = 2k + 1 is odd and greater than 4, the only known examples
of such groups I' are lattices in U(k,1) C SOq(2k,2) (these examples were
given by Kulkarni in [16]). Such a group I' cannot be continuously deformed
outside U(k, 1) (see [12], paragraph 6.1.1) and the volume of I'\AdSox41 is
thus locally rigid. Zeghib [25] conjectured that these are the only examples,
which would imply a strong volume rigidity.

In contrast, compact quotients of AdSgz are known to have a rich deforma-
tion space (see [9], [21], [12] and [22]). In a recent survey by anti-de Sitter
geometers, it is asked whether the volume of closed anti-de Sitter 3-manifolds
is constant under these deformations (|2], question 2.3). The primary pur-
pose of this paper is to answer this question.

The specificity of anti-de Sitter manifolds in dimension 3 is that AdS3 can
be identified with SO¢(2,1) with its Killing metric and Isomg(AdSs3) with
SOp(2,1) x SO((2,1) acting of SOy(2, 1) by left and right multiplication. By
work of Kulkarni-Raymond [17] and Klingler [14], compact anti-de Sitter
3-manifolds have (up to a finite cover) the form

3 x p(F\SOo(2,1) ,

where I is the fundamental group of a closed oriented surface and j and p
are two representations of I' into SOg(2, 1), with j discrete and faithful.

We will prove that the volume of such a manifold is proportional to the
sum of the Fuler classes of j and p, implying local rigidity of the volume.
More generally, we will describe the volume of quotients of SOg(n,1) by a
“geometrically finite” subgroup of SOg(n, 1) x SOg(n,1).

Statement of the results. The action of SOg(n, 1) xSOq(n, 1) on SOg(n,1)
by left and right multiplication preserves a volume form on SOg(n,1). This
allows to define the volume of quotients of SOg(n,1) by discrete subgroups
of SOg(n,1) x SOg(n, 1) acting properly discontinuously.

Kobayashi [15] and Kassel [11], generalizing the work of Kulkarni-Raymond
[17], proved that finitely generated subgroups of SOg(n,1) x SOg(n,1) act-
ing properly discontinously on SOg(n, 1) have (up to finite index and up to
switching the factors) the form

jxp),
where I' is a finitely generated group and j and p two representations of I
into SOg(n, 1), with j discrete and faithful (see theorem 1.3). Here, we will
compute the volume of these quotients.

Recall that SOg(n, 1) is the group of orientation preserving isometries of
the real hyperbolic space H". If j is discrete and faithful, then j(T') acts
properly discontinuously on H™. If, moreover, this action is cocompact, then
one can define the volume of a representation p : I' — SOg(n, 1) by

Vol(p) :/ frool™"
F(C)\H™
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where f is any piecewise smooth (j, p)-equivariant map from H" to H"™. Here
vol™" denotes the volume form associated to the hyperbolic metric on H"
(see section 1.3 for precisions on its normalization). In particular,

Vol(j) = Vol (j(T)\H") .

This definition can be extended (with some technicality) to representations
of a non-cocompact hyperbolic lattice (see definition 3.6 and the discussion
in section 3.1).

Finally, let us denote by V,, the volume of SO(n) with respect to its bi-
invariant volume form (see section 1.3 for the normalization of this volume
form). With these definitions and notations, we can now state our main
result:

THEOREM 1.
Let T be a lattice in SOy(n,1), j : T' — SOg(n,1) the inclusion and p an-
other representation of T' into SOg(n,1), such that j x p(T') acts properly
discontinuously on SOg(n,1).

Then

Vol (j x p(T)\SOy(n, 1)) = V,, (Vol(j) + (~1)"Vol(p)) .

Remark 0.1. We will give later a slightly stronger version of this theorem
(Theorem 1.9).

The proof will rely on a theorem of Guéritaud-Kassel [10] which gives a
necessary and sufficient condition for j x p(I") to act properly discontinuously
on SOq(n,1) (Theorem 1.6). This theorem allows a deep understanding of
the geometry of the quotient (see section 4.1). When I' is convex cocompact,
Guéritaud—Kassel’s condition is open, meaning that if jox po(T") acts properly
discontinuously on SOg(n, 1), then j x p(I") still acts properly discontinuously
for (4, p) in some neighbourhood of (jo, po). When I" has cusps, openess is
still true in restrictions to pairs (j, p) where j is discrete and faithful and
p is cusp deteriorating (see section 3.1). We will say that the volume of
Jo % po(IN\SOg(n,1) is locally rigid if the volume of j x p(I')\SOq(n, 1) is
constant for (7, p) in a neighbourhood of (jo, po).

Using rigidity results of Besson-Courtois—Gallot [3] and Kim-Kim [13]
for the volume of representations of a lattice in SOg(n,1), we obtain the
following corollary:

COROLLARY 2.

Let T' be a lattice in SOg(n,1), j : I' = SOg(n, 1) the inclusion and p: T' —
SO¢(n, 1) a representation of T into SOg(n, 1) such that jx p(I") acts properly
discontinuously on SOg(n,1). Then the volume of j x p(I')\SOg(n, 1) is rigid,
unless n = 2 and I' is not cocompact.

The case when n = 2 corresponds to closed anti-de Sitter 3-manifolds and
thus answers Question 2.3 in [2]|. Interestingly, in that case, the volume is
not rigid when I" is not cocompact. We will prove the following:

THEOREM 3.
Let T' be a non-cocompact lattice in SOg(2,1) and j : ' — SOy(2,1) the
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inclusion. Then there exists a continuous family (pg)_, .4, of representa-
tions of I into SOg(2,1) such that j x pi(I") acts properly discontinuously on
SO¢(2,1) and such that

Vol (j x pi(T)\S00(2,1))
takes all the values in the open interval (0,47 Vol(j)) when t varies.

Other approaches to theorem 1. Theorem 1 was originally proven in
the author’s thesis [23] for n = 2 and for compact quotients. Since then, it
attracted some interest, and several people found other approaches to prove
it in this setting.

Jean-Marc Schlenker mentioned to us that the volume rigidity could prob-
ably be obtained using the anti-de Sitter version of the Schlafli formula (see
proposition 3.8).

Labourie found an interpretation of the volume of anti-de Sitter 3-manifolds
as a Chern—Simons invariant [18|. He noticed that the volume could be un-
derstood as a secondary characteristic class of the tangent bundle provided
with two natural flat connections coming from left and right parallelism on
SOp(2,1). The general Chern—Simons theory then directly gives the rigidity
of the volume. This approach may generalize to quotients of SOg(n, 1), with
n > 3.

Finally, Alessandrini and Li recently found another proof of this theorem
[1]. Their computation seems similar to ours but uses an interesting Higgs
bundle interpretation of anti-de Sitter 3-manifolds.

Organization of the paper. The next section of this paper introduces the
background of our work and gives more details about our results. Section 2
specializes our results in the anti-de Sitter case and proves theorem 3. Section
3 gives some precisions on the definition of the volume of a representation
and proves corollary 2. Section 4 contains the core of the proof of Theorem
1.6. Finally, in section 5, we mention some open questions raised by this
work.

Acknowledgements. Part of this work was completed during my PhD at
the university of Nice-Sophia Antipolis. I would like to thank my advisor,
Sorin Dumitrescu, for is constant support during my thesis. I am also thank-
ful to Francgois Labourie for his interest in this work and for explaining me his
approach with Chern—Simons theory, and to Fanny Kassel and Ravi Kulkarni
for some thoughtful remarks after a talk I gave on this topic.

1. VOLUME OF GUERITAUD—KASSEL'S QUOTIENTS

1.1. Hausdorf quotients of SOg(n,1). Let us start by reviewing the pre-
vious results describing quotients of SOg(n,1) by a discrete subgroup of
SOp(n,1) x SOg(n,1). From now on, we will name these Guéritaud-Kassel’s
quotients, in reference to Guéritaud-Kassel’s theorem (Theorem 1.6) that
completed their description.

Guéritaud—Kassel’s quotients are examples of Clifford-Klein forms, that
is, quotients of a homogeneous space by a discrete subgroup of transforma-
tions acting properly discontinuously. In the case we are interested in, the
homogeneous space is the Lie group SOg(n, 1), the connected component
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of the identity in the group of linear transformations of R"*! preserving a
quadratic form of signature (n,1). Its transformation group is the group
SOp(n,1) x SOg(n, 1) acting by left and right multiplication:

(g,h) -z =gah™" .

This action preserves a natural pseudo-Riemannian metric on SOq(n, 1)
called the Killing metric. To define it, recall that the tangent space of
SOp(n,1) at the identity is the Lie algebra so(n,1) of (n + 1) x (n + 1)
matrices A satisfying

AT, + 1A= 0,

where
10 0
0
In,l =
1 0
0 0 -1

Definition 1.1. The Killing metric on SOq(n, 1) is the left invariant pseudo-
Riemmanian metric x defined on so(n, 1) by

k(A B) = %Tr(AB) .

The adjoint action of SOg(n,1) on so(n,1) preserves the Killing form.
Therefore, k is also invariant under right multiplication. Since SOg(n,1) is
simple, this actually characterizes the Killing metric.

Proposition 1.2 (Cartan). The Killing metric is, up to scaling, the unique
pseudo-Riemannian metric on SOg(n, 1) which is invariant by both left and
right multiplication. Moreover, SOgy(n,1)xSOq(n, 1) (acting by left and right
multiplication) identifies with (an index 4 subgroup of) the isometry group

of (SOp(n,1), k).

We now turn to the description of the discrete subgroups of SOg(n, 1) x
SO (n, 1) acting properly discontinuously on SOg(n, 1). Recall that SOg(n, 1)
can be seen as the group of orientation preserving isometries of the hyperbolic
space H".

Theorem 1.3 (Kulkarni-Raymond [17], Kobayashi [15], Kassel [11]). Let I'
be a discrete and torsion-free subgroup of SOg(n,1) x SOg(n,1). Denote by
J (resp. rho) the projection of T' on the first (resp. second) factor. If T acts
properly discontinuously on SOg(n, 1), then, up to switching the factors, j is
discrete and faithful.

Remark 1.4. This result was initially proven by Kulkarni and Raymond in
the case n = 2 [17|. Kobayashi then proved faithfulness and Kassel proved
discreteness in a more general setting.

Guéritaud and Kassel then gave a precise criterion for j x p(I') to act prop-
erly discontinuously. In order to state it, let us introduce some terminology
first.
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Definition 1.5. Let I" be a group, j : I' = SOg(n, 1) a discrete and faithful
representation and p : I' — SOg(n, 1) another representation. We say that j
strictly dominates p if there exists a (j, p)-equivariant map from H" to H"”
which is contracting (i.e. A-Lipschitz for some \ < 1).

Theorem 1.6 (Guéritaud—Kassel [10]). Let I be a geometrically finite sub-
group of SOg(n, 1), j: T' — SOg(n, 1) the inclusion and p another representa-
tion of T into SOg(n,1). Then the group (j x p)(T') acts (freely and) properly
discontinuously on SOg(n, 1) if and only if, up to switching the factors, p is
strictly dominated by j.

Remark 1.7. The fact that the strict domination is a sufficient condition
follows from the Benoist—Kobayashi properness criterion. It seems to have
been explicitly stated for the first time by Salein [21]. A first version of
Theorem 1.6 was proven by Kassel in her thesis, for n = 2 and I' convex-
cocompact.

Guéritaud—Kassel’s theorem does not hold if we remove the hypothesis
that T" is geometrically finite. It is not clear to us whether the fact that
I acts properly discontinuously and cocompactly on SOg(n, 1) with finite
covolume should imply that j(I') must be geometrically finite (see section
5.1).

1.2. Volume. There is, up to scaling, a unique bi-invariant volume form on
SOp(n,1). A natural way to normalize it is to decide that we get 1 when we
evaluate it on a direct orthonormal basis of (so(n, 1), x) (this requires first a
choice of an orientation). We denote this volume form by vol”.

Let I" be a finitely generated group and j, p two representations of I' into
SOg(n, 1) such that j is discrete and faithful and strictly dominates p. Then
the volume form vol” on SOg(n, 1) induces a volume form on its quotient by
the action of I'.

Definition 1.8. The volume of Guéritaud—Kassel’s quotient

§ % p(I)\SOg(n, 1)

is defined as

Vol (j x p(I')\SO¢(n,1)) = / vol™ .
3xp(I)N\SOo(n,1)
Let us reformulate our main theorem in a more precise way. We denote by
vol™" the volume form on H" associated to the metric of constant curvature
—1.

Theorem 1.9. Let I' be a geometrically finite subgroup of SOg(n,1), j :
I' = SOy (n, 1) the inclusion and p : ' — SOg(n, 1) a representation which is
strictly dominated by j. Let f : H™ — H" be a (3, p)-equivariant contracting
map. Then we have:

Vol ((j % p)(T)\SOg(n,1)) = V., / o P P
.] n

where V,, is the volume of SO(n) with respect to its Killing metric.
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Corollary 1.10. If (j x p)(I')\SOq(n,1) has finite volume, then j(I') is a
lattice in SOg(n, 1) and the integral

/ ool
J(D)\H"

does not depend on the choice of f.

In that case, one can take fj(F)\H” f*vol™ as a definition of the “volume”
of the representation p. This coincides with the classical definition when
j(T') is cocompact, and with more subtle definitions introduced in [4] and |7]
in general (see section 3.1). Theorem 1 thus follows from theorem 1.9.

Proof of corollary 1.10. Let A < 1 be such that f is A-Lipschitz. Then we
have

| frvol™ | < ANwol™”

and thus, by Theorem 1,

Vol ((j x p)(I')\SOg(n,1)) > (1 — A")Vn/ vol™"
F(D)\H"
Therefore, if (j x p)(I')\SOgp(n, 1) has finite volume, then j(I')\H" has finite
volume and j(I') is thus a lattice. We can then re-write the volume of

(7 x p)IN\SOo(n, 1) as

/ vol™" +/ frool™" .
J(T)\H™ J(T)\H™

Since this volume does not depend on the contracting map f, the second
term obviously does not depend on f either. O

1.3. A word on conventions. All these results depend on the normal-
ization we chose for the Killing metric. The definition we chose is rather
specific to SO(n, 1) which has a preferred linear representation (for a general
Lie group, one usually uses the adjoint representation). However, this choice
is particularly suited to hyperbolic geometry. Indeed, the orthogonal com-
plement of so(n) in so(n, 1) naturally identifies to the tangent space to H"
at some base point zg. With our convention, the restriction of the Killing
metric to 50(71)l precisely gives the Riemannian metric of constant curvature
—1 on H"™.

One also needs to choose a bi-invariant volume form on SO(n) in order to
define V,,. We do this in the same way as we did for SO(n,1). First define
the Killing form on the Lie algebra so(n) by (A4, B) — sTr(AB), where A
and B are anti-symmetric n X n matrices (note that this coincides with the
restriction to so(n) of the Killing form on so(n,1)); then normalize the vol-
ume form vol5°(™ on SO(n) so that the volume of an oriented orthonormal
basis of so(n) is 1. With this convention, the volumes V,, satisfy the nice
recurrence relation:

Vi1 =V, x Vol(S") ,
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where S™ denotes the n-sphere. One obtains the following (not very enlight-
ening) expression for V,,:

n—1 an 2
Vo= 3G
k=1
where I is the Gamma function.

Finally, our results seem to depend on the orientation of SOg(n, 1) and H".
The most natural convention to take is to ask for the volume of a manifold to
be positive. Note however that, once we fixed an orientation on H" so that
Vol(j) is positive, Vol(p) could very well be negative. Interestingly, if p is
the conjugate of the representation p by some orientation reversing isometry,
then Vol(p') = —Vol(p). In that case, both p and p’ are strictly dominated
by j, but the quotients j x p(I')\SOq(n, 1) and j x p/(I')\SOp(n,1) do not
have the same volume (unless Vol(p) = 0).

2. VOLUME OF COMPLETE ANTI-DE SITTER 3-MANIFOLDS

The initial motivation for this work is the case when n = 2. Indeed, the
Killing metric on the Lie group SOy(2,1) = PSL(2,R) is a Lorentz metric of
constant negative sectional curvature, and Guéritaud-Kassel’s quotients in
that particular case are thus anti-de Sitter 3-manifolds.

Conversely, as consequence of a theorem of Klingler [14], every closed
anti-de Sitter 3-manifold is a quotient of the universal cover of SOy(2,1) by a
discrete subgroup of transformations preserving the Killing metric. Kulkarni
and Raymond proved that these manifolds are actually quotients of a finite
cover of SOg(2,1) [17|. Therefore, every closed anti-de Sitter 3-manifold is,
up to a finite cover, one of Guéritaud—Kassel’s quotients.

In a recent survey by specialists of this domain [2], it is asked whether the
volume of these manifolds is rigid (Question 2.3). Our theorem provides an
answer. Let us reformulate it in this particular case. Recall that a torsion-
free cocompact lattice of SOg(2, 1) is isomorphic to the fundamental group
of some closed orientable surface S of genus > 2. In that case, the volume
of a representation p : m1(S) — SOq(2,1) is 27 times the Euler class of the
representation, denoted eu(p).

Theorem 2.1 (Theorem 1 in the AdS case). Let S be a closed surface of
genus at least 2 an j and p two representations of w1 (S) into SOg(2,1) such
that j is discrete and faithful and such that there exists a (3, p)-equivariant
contracting map from H? to H2. Then

Vol (j x p(m(5))\S00(2,1)) = 47*(eu(j) + eu(p)) -

In particular, this volume is an integral multiple of 4w? and is therefore
constant under continuous deformations of j and p.

This theorem was initially proven in the author’s thesis (|23], ch.4). There,
more details are given about the various possible values for the volume of
closed anti-de Sitter 3-manifolds. In particular, the volume is expressed
in terms of the topology of the quotient (which is a Seifert bundle over a
hyperbolic orbifold) and an invariant that we called the length of the fiber.
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This expression follows from Theorem 2.1, but it requires a discussion about
how to lift an action on SOg(2, 1) to a finite cover of SO (2, 1). For simplicity,
we chose here to restrict to the setting of surface group actions on SOg(2,1).
Though it only describes closed AdS 3-manifolds up to a finite cover, this is
enough to obtain the volume rigidity of all closed anti-de Sitter manifolds.

Note that the expression of the volume given in Theorem 2.1 differs from
the author’s thesis by a factor 8 This is due to the fact that, here, we
normalized the Killing metric on SOg(2, 1) so that it induces a metric of cur-
vature —1 on H? while, in [23], the Killing metric on SOg(2,1) is normalized
so that it has itself sectional curvature —1.

We now turn to non-compact quotients of AdS® and prove that their
volume is not rigid (Theorem 3).

Proof of theorem 3. Let T' be a non-cocompact lattice in SOy(2,1) and j :
I' = SO¢(2,1) the inclusion. Then, up to taking a torsion-free finite index
subgroup, j(I')\H? is a hyperbolic surface with at least one cusp. It is thus
conformal to a S\{p1, -+ ,pr}, where S is a closed Riemann surface and
P1, -, Pk a finite set of points. Let us denote by g1 the conformal hyperbolic
metric on S\{p1,- - ,pr} with some cusp at each p;.

For every 0 < t < 1, a famous theorem of Troyanov [24| garanties the
existence of a (unique) conformal metric g; of constant curvature —1 on S,
with conical singularities of angle

a(t) =2r(1 —t) (1 + 29]; 2>

at each p; (here g denotes the genus of S).
For each 0 <t < 1, the metric g; induces a holonomy representation

Pt - I'= 7T1(S\{p1, - 7Pk}) — 800(2,1)

and a developing map f; : H? ~ S — H? which is (4, pt)-equivariant. More-
over, since g; is conformal to g1, the developing map f; is holomorphic. By
Schwarz’s lemma, it is either isometric or locally contracting at every point.

The local form of g; and g; at a cusp shows that g;/g1 goes to 0 at each
pi. Therefore f; is not an isometry and, by compactness of S, it is actually
a global contraction. Hence j x p(I") satisfies Guéritaud-Kassel’s criterion
and we have

Vol (j x p()\SOp(2,1)) = 27 (Vol(j) + Vol(p,)) -

Since the volume of p; is nothing but the volume of (S, ¢;), the Gauss—Bonnet
formula gives

Vol(p;) = 27t(2g — 2 + k) = tVol(I'\H?) ,
and therefore
Vol (j x p¢(I)\SO0(2,1)) = 27(1 + t)Vol(I'\H?) .

When ¢ goes to 0, p; converges (up to conjugation) to an elliptic represen-
tation pg (i.e. a representation fixing a point in H?). Finally, one can define
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p—t as the representation p; conjugated by an orientation reversing isometry.
This way, we have
Vol(p;) = tVol(I'\H?)
for all =1 <t < 1. Each j x py(I") satisfies Guéritaud—Kassel’s criterion and
the volume of jx p;(T')\SOq(2, 1) varies linearly between 0 and 27 Vol(I'\ H?).
g

3. RIGIDITY OF THE VOLUME IN HIGHER DIMENSION

The purpose of this section is to show that the non-rigidity phenomenon
that we just exhibited cannot happen in higher dimension. According to
Theorem 1, it is enough to prove the following:

Lemma 3.1. Let ' be a (not necessarily cocompact) lattice in SOg(n, 1), n >
3. Denote by j the inclusion of I' into SOg(n, 1) and let p; be a continuous
family of representations of I' into SOg(n, 1) that are strictly dominated by
7. Then

t — Vol(p;)

18 constant.

Actually, the assumption that p; is strictly dominated by j is only needed
when n = 3 and T is not cocompact. When I' is cocompact, the result is
due to Besson—Courtois—Gallot [3]. It was extended by Kim and Kim for
representations of non-cocompact lattices of SOg(n,1) when n >4 [13].

The most problematic case is when n = 3 and I' is non-compact. Here
the lemma is not true anymore if we remove the hypothesis that j dominates
pt- In that case, lemma 3.1 is (and the proof will be) very similar to [13,
Theorem 1.3]. Our first step will be to give a precise definition of the volume
of a representation.

3.1. Volume of representations of a lattice. Let I' be a lattice in SOg(n, 1),
n > 3. Denote by j the inclusion of I' into SOg(n, 1). Following [10], we call

a representation p : I' — SOg(n, 1) cusp preserving (resp. cusp deteriorat-
ing) if for every parabolic element v € T', p(7y) is parabolic or elliptic (resp.
elliptic). Note that, ultimately, the only representations we are interested in
here are cusp deteriorating, according to the following proposition:

Proposition 3.2 ([10], Lemma 2.6). If p is strictly dominated by j, then p
s cusp deteriorating.

If p is strictly dominated by j, theorem 1 is true if we define the volume

of p as
/ frool™" |
J(D)\H"

where f is any (7, p)-equivariant contracting map from H" to H". According
to corollary 1.10, this value does not depend on the choice of a contracting
map. More generally, let us prove the following:

Proposition 3.3. If fo and fi are two (j, p)-equivariant maps that are C-

Lipschitz, then
/ flvol™ :/ frvol™ .
J()\H™ J()\H™
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Remark 3.4. The existence of a (7, p)-equivariant Lipschitz map is equivalent
to p being cusp-preserving (|10, Lemma 4.9]).

Proof. When T’ is cocompact, the fact that fj(F)\H” f*vol™ does not depend
on f is a classical consequence of Stokes’s formula. In the non-compact case
we simply apply Stokes formula to the complement of some cusped regions.
A boundary term appears, and we must prove that this term goes to 0 when
these cusped regions are chosen smaller and smaller.

Let f; be the map from H” to H" sending a point x to the barycenter

Bar {(fo(x),1 —t); (f1(2),)}
(i.e. the point on the segment [fo(x), f1(z)] satisfying

d(fi(x), fo(x)) = td(f1(2), fo(x)) )-

By convexity of the hyperbolic distance, f; is C-Lipschitz for all ¢. By
equivariance of fo and fi, each f; is (j, p)-equivariant. Putting all these
maps together, we obtain a (j, p)-equivariant map F : H" x [0,1] — H".

Denote M = j(I')\H". A cusp in M is an open connected domain whose
lift to H" is a disjoint union of horoballs. Let Ky be a compact set in M
whose complement is a disjoint union of cusps. Let K, be the set of points
of M at distance at most p from Ky. Then the complement of K, in M is
still a disjoint union of cusps.

Since vol™ is closed, by Stokes’s formula, we have

/ Frvol™ =0,
A(Kpx[0,1])
hence

(1) / f()kvolHn—/ frvol™” :/ Frool™" .
Ky Ky [0,1]x 8K,

We need to prove that the right hand term goes to 0 when p goes to infinity.
Since each f; is C-Lipschitz and since F'(z,-) maps [0,1] to the segment
[fo(x), f1(z)], it follows that

/ F*ool™
[0,1]x0K)p

By definition of K, we have
max d(fo(x), f1(2)) < max d(fo(x), f1(2)) +2Cp

xe Kp r€0Ko

< C" ! x area(0K,) x max d(fo(z), f1(x)) .

T€0K,

On the other side, it is a well-known fact in hyperbolic geometry that
area(0K,) = e~ " VParea(Ky) .

Putting these two facts together we obtain

/ Frvol™ < (Cstp+ Cst')e~(n=bp
[0,1]x0Kp,

— 0.
n—-+o00
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By equation (1), we finally obtain

n . n
fovol™ = lim fevol®
M n—-+4oo Ky,
. n
= lim / fivol™
n—+oo J
n

= /fo*volHn.
M

Proposition 3.3 allows us to define the volume of a cusp preserving rep-
resentation p as the integral of the pull-back volume form by any (7, p)-
equivariant Lipschitz map. We will show that this is a particular case of a
more general definition.

Let ﬁ? denote the union of H" with all the fixed points in J,H"™ of

parabolic elements in I'. We provide I/E\H? with the topology extending the

O

topology of H™ and such that for any point € HNJ,H", a neighbourhood
basis of x is given by the family of horoballs tangent to x. With this topology,
j(T') acts properly discontinuously and cocompactly on Iﬁ[", and the quotient
is the compactification of j(I')\H" where one point as been “added” at the
end of each cusp.

Definition 3.5. A piecewise smooth (7, p)-equivariant map f : H” — H" is

nicely ending if it extends continuously to a map from HE to H".

Proposition-Definition 3.6 (Kim-Kim, [13]). Let p : I' = SOq(n, 1) be a
representation. Let f : H"™ — H™ be a (j, p)-equivariant nicely ending map.

Then
/ ool
JIO\H"™

1s finite and does not depend on the choice of f. This number is called the
volume of the representation p.

This notion of “nicely ending map” is slightly more genera than a called
pseudo-developing or properly ending map ([7], [8]). Therefore, this definition
of Vol(p) coincides with the definition of the volume of p by Dunfield [6] and
Francaviglia [7]. Kim and Kim show that one can always construct a nicely
ending simplicial map f and deduce that this definition of Vol(p) also coin-
cides with the definition by Bucher—Burger—lozzi using relative cohomology
[4]. Here we will prove that it also coincides with our definition:

Proposition 3.7. Let p be a cusp preserving representation of I" into SOg(n, 1).
Then for any (j, p)-equivariant Lipschitz map f,

/ ool
J(D)\H"

is equal to the volume of p (in the sense of Kim and Kim).

Proof. By Propostion 3.3 and proposition 3.6, it is enough to find a nicely
ending Lipschitz map. We start by defining this map in the (lifts of the)
cusps. Since the complement is compact, it is then easy to extend it as a
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global Lipschitz map.

Let us choose a compact core in M = j(I')\H" whose lift to H" is the
complement of a disjoint union of horoballs. The action of j(I") on the space
of these horoballs has finitely many orbits. Let us choose Bj, ..., By some
representatives in each orbit, and denote by I'; the subgroup of I' whose
image by j stabilizes B;.

The group j(I';) contains no hyperbolic element. Since p is cusp preserv-
ing, this is also true for p(I';). It is then a classical fact that one of the
following holds (see [?, Theorem III1.3.1]):

e cither p(I';) fixes a point y; in H"
e or p(I';) fixes a point y; in JH™ and preserves a Buseman function
By, associated to y;

In the first case, we say that p(I';) is of elliptic type. In the second case, we
say that p(I';) is of parabolic type.

If p(I';) is of parabolic type, then it commutes with the flow F, such that
Fy,(z,t) is at distance ¢ from x on the geodesic ray from x to y;. Let x;
be the point in O, H" fixed by j(I';). One can find a (jir,, o1, )-equivariant
C-Lipschitz map f from the horosphere 0B; to the horosphere {3, = 0},
and then extend it to B; by setting

f(Fy (2, 1)) = Fy, (f(2), 1)

for all z € 9B; and all t € R;.. The fact that f is still C-Lipschitz can easily
be deduced from the fact that F,(-,t) (resp. Fy,) is a homothety of ratio
e~ ! from OB; (resp. the level set {3,, = 0}) to its image and is isometric in
restriction to geodesic rays going to x; (resp. y;).

If p(T;) is of elliptic type, one can simply set f(B;) = {y;}. There is now
a unique way of extending f equivariantly to

k
|| ]it) B

i=1~€l

Finally, one can extend f smoothly and equivariantly to H". Since f is locally
C-Lipschitz on B; (for some constant C'), and since j(I')\ (H" — |/, " - B;)
is compact, the resulting map f is globally Lipschitz.

Finally, by construction, f extends naturally to a map from ]ﬁl’ﬁ to H" by
setting

f(@i) =i .
Therefore, f is a nicely ending Lipschitz map. O

3.2. Proof of lemma 3.1. The main ideas of the proof are due to Besson—
Courtois—Gallot [3] and Kim-Kim [13]. Here we will only sketch the general
strategy and explain how to overcome the technical difficulties arising when
working with non-compact lattices.

Besson—Courtois—Gallot’s idea to prove the volume rigidity of representa-
tions in SOg(n, 1) is to use the Schléafli formula. Let us start by recalling this
formula.
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Let zg, ..., z, be n+1 points in H". We say that (xg,...,z,) are (projec-
tively) independent if their convex hull as non-empty interior. In that case,

the convex hull is an n-dimensional tetrahedron denoted [z, ...,z,]. For
any pairwise distinct dg,...,4; in {0,...,n}, the convex hull of z;, ..., x;,
forms a k-face of [zo,...,xy], denoted [z;, ..., z;,].

Proposition 3.8 (Schlifli formula). Let xo(t),...,x,(t) be C' curves in H"
that are projectively independent at each time t. Then

d d
&Vol[xo,...,xn] = Zarea[wo,...,@,...,@j, cey Tl E@(xi,mj) )
1<J
where §(x;,x;) denotes the dihedral angle at the (n—2)-face [zo, ..., &i, ..., Zj,...

Besson—Courtois—Gallot use this to prove the rigidity of the volume of
a representation of a cocompact lattice. Indeed, in the cocompact case,
one can fix a triangulation of M = j(I')\H" and choose equivariant maps
that are simplicial (i.e. cells of the triangulation are mapped to hyperbolic
tetrahedra). The dihedral angles around a given (n — 2)-cell then add up to
a multiple of 27r. This implies a cancellation when computing the derivative
of the volume along a C! family of representations.

Kim and Kim have adapted this proof to the non-cocompact case by con-
sidering a triangulation of M with an “ideal” vertex at the end of each cusp
and allowing to map these ideal vertices to the boundary of H"™. This gives
the rigidity in dimension n > 4, where the Schlafli formula naturally extends
to tetrahedra with ideal vertices, but it partly fails in dimension 3 because,
in that case, the Schlaffli formula does not make sense when some vertex
is at infinity (indeed, the area of an (n — 2)-face is the length of an edge
and becomes infinite when some vertex is in the boundary). However, using
a variation of the Schléafli formula in that case, they were able to prove the
rigidity of Vol(p) in restriction to representations sending parabolic elements
to parabolic elements.

The situation is simpler when we restrict to representations p that are
strictly dominated by j. Indeed, such representations are cusp deteriorating
and, therefore, the image of each cusp group is of elliptic type and fixes a
point in H"™. One can choose a simplicial map sending the vertex at the
end of a cusp to such a fixed point. This way, the image of each cell is a
compact tetrahedron in H'™. One can hence use the Schlifli formula and
Besson—Courtois—Gallot’s argument to prove that the volume is constant
along every C! path in the space Dom(I",SOg(n, 1)) of representations of I'
into SOg(n, 1) that are strictly dominated by j.

Now the space of cusp deteriorating representation is a real semi-algebraic
variety in which Dom(I",SOg(n, 1)) forms an open set. Therefore, the space
of smooth points is dense in Dom(T",SOg(n,1)) and we conclude that the
volume function is locally constant on Dom(I",SO¢(n, 1)).

4. COMPUTATION OF THE VOLUME

This section is devoted to the proof of theorem 1, and more precisely to
theorem 1.9. From now on, we fix an integer n > 2, a torsion-free finitely gen-
erated subgroup I', a discrete and faithful representation j : I' — SOq(n, 1)

, Tn)-
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and another representation p : I' — SOg(n, 1) such that there is a map
f:H™ — H" which is (j, p)-equivariant and contracting.

4.1. Bundle structure of Guéritaud—Kassel’s quotients. The map f
allows to describe the quotient (j x p)(I')\SOq(n, 1) as a bundle over j(T")\H"
whose fibers have the form Kg, with g an element of SOg(n, 1) and K a max-
imal compact subgroup of SOg(n,1) (i.e. a subgroup conjugate to SO(n)).
The way we do this construction here is a differentiable version of the con-
struction given in [10].

We can assume without loss of generality that f is smooth. Let us intro-
duce the map
7w :S0¢(n,1) — H"
such that m(g) is the unique fixed point of g o f. This map is well defined
because f (and hence g o f) is a contracting map.
The following propositions follow easily from the definition.

Proposition 4.1. The map 7 is onto and for all x € H", one has
W_l(x) = K9,

where g is some element in 7~ (x) and K, is the stabilizer of x.
Proposition 4.2. The map 7w is I'-equivariant, i.e. for all v € I' and all
g€ SOO(na 1);

©(J(Mgp(N) ) = () - w(g) -
Proof of proposition 4.1. By transitivity of the action of SO(n,1) on H",
there exists, for all x € H", some g € SO(n, 1) such that g - f(x) = z. We

thus have 7(g) = x. Hence 7 is onto. Let h be another element in 7 !(z).
Then

hg™t-x=hg g flz)=h-f(z)==x.
Hence h € K,g. The same computation shows that, conversely, if h € K¢
then 7(h) = x. O

Proof of proposition 4.2. Fix some v € I" and some g € SO(n,1). One easily
verifies that j(vy)gp(y)~! o f fixes j(7v) - 7(g). Indeed,

iMgp() - f () -w(g) = i(v)g- f(x(g)) (by equivariance of f)
= j(v)-7(9) (by definition of 7).
Therefore
m(i(7)gp(y)™H) =i(v) - 7(g) -
0

Finally , let us compute the first derivative of 7. This will show that 7 is
a submersion and hence a smooth fibration.

Lemma 4.3. Let g be a point in SOy(n,1). Identify T4SOg(n,1) with the
Lie algebra of right invariant vector fields on SOg(n,1). Given u such a
vector field, denote by X, the induced vector field on H™. Then we have

dgm(w) = (Id — ey (g0 ) (Xu(n(9))) -
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The proof will rely on the following application of the implicit function
theorem:

Proposition 4.4. Let U be a neighbouhood of 0 in R™ and f : U — R™ a
map such that f(0) = 0 and such that |dfo]| < 1 for some operator norm on
R™. Let X be a vector field on U, with flow ®; defined on | — e,e[xV for
some neighbourhood V' of 0 and some € > 0.

Then, up to taking some smaller €, ®;o f has a unique fized point z(t) for
all t €] —e,e[. Moreover, the function t — xz(t) is differentiable at 0 and we
have

(0) = (Id — dfo) "' (Xo) -
Proof of proposition 4.4. Define

F: |—¢e[xV — R4
(t,x) — Piof(x)—x.

We have
do,0)F (s,u) = sXo +dof(u) —u .

Since ||dfol| < 1, the linear map dFjg ) restricted to {0} x R? is bijective.
Therefore F is a submersion in a neighbouhood of (0,0) and F~1(0) is thus
a submanifold of dimension 1, transverse to the fibers t = Cst. The locus
F~Y0) can thus be written locally as {(t,x(t)),t €] — ¢,¢[}, where z(t) is
smooth and satisfies

Xo + dfo(2(0)) —2(0) =0 .

The conclusion follows. O

Proof of lemma 4.3. Let us now compute the differential of 7. Fix g €
SOp(n,1) and u a vector in the Lie algebra of SOg(n,1). We identify u
with a tangent vector at g by right translation, i.e. we also denote u the
vector

— tu)g .
a0 o exp(tu)g

Let X, be the vector field on H" associated to wu, i.e. the generator of the
flow

Oy (z) = exp(tu) - x .

By definition, m(g) is fixed by g o f and, since f is contracting, one has
Hd,r(g) (go f)H < 1. Applying lemma 4.4 to g o f in a neighbourhood of 7(g)
and to the vector field X, we deduce that ¢t — 7(exp(tu)g) is differentiable
at 0 and

-1
dgm(u) = a“:OW(eXP(M)Q) = (Id —dr(gy(g0 ) (Xuln(g))) -

Note that the map u — X,(7(g)) is a surjective map from so(n,1) to

TrgH"™ since the action of SOg(n,1) on H" is transitive. Moreover, the

linear map (Id —dgg(go f))_1 is bijective. Hence 7 is a submersion at g.

O
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In conclusion, the map 7 induces a smooth fibration from jx p(I')\SOq(n, 1)
to j(I')\H", whose fibers are images of SO(n) by left and right multiplica-
tion. With a slight abuse of notation, we will still denote by 7 the induced
fibration.

4.2. Integration of the volume along the fibers. In order to compute
the volume of j x p(I')\SOg(n, 1), we will first integrate the volume form
along the fibers of .

Let g be a point in SOg(n,1). The Lie algebra so(n,1) decomposes as

£, @ Pj, where £, is the Lie algebra of the stabilizer of 7(g) and Ej its

orthogonal complement with respect to the Killing form. Recall that this Lie
algebra is identified to the tangent space T,SOg(n, 1) by right multiplication.
By lemma 4.3, the kernel of the differential of 7 at g is precisely ¢,, and
dgm thus induces an isomorphism from Ej to Tr(g)H"™. One can thus define a
volume form vol™ on T,;SOg(n, 1) by providing £, with the volume associated
to the restricted Killing metric and Pj with the pull-back of the volume form
vol™ by .
Proposition 4.5. The volume form vol™ defined above and the volume form
vol™ associated to the Killing metric are related by

voly = det (Id —drg)(go f)) voly .

Proof. Let (uy,...u,) be an orthonormal basis of Egl and (v1, ..., Un(n—1)/2)
an orthonormal basis of £;,. Then, up to the sign, one has

vol" (U1, - Up, V155 Up(n—1y/2) = 1 -
On the other side, the Killing fields X; = X, on H" form an orthonormal
basis of 17, H" and thus satisfy

volE&)(Xl,...,Xn) =1.

By lemma 4.3, we know that
-1
dgw(ui) = (Id — dﬂ(g)(g (o] f)) (Xz) .

Therefore,

n —1 n
vol;[rﬂ(g) (dgm(u1), ..., dgm(uy)) = det (Id — dr(g)(g0 1) vol;[rﬂ(g) (X1,...,Xn),

hence
voly = det (Id —dr(g)(g0 f)) voly .
O

In order to integrate this identity along the fibers, we will need the fol-
lowing linear algebra lemma:

Lemma 4.6. Let vol® denote the volume form of SO(n). Then for any
matriz A € My (R), we have

/ det (I, — UA) dvol™ (U) = V,, (1 + (—=1)" det(A)) .
SO(n)
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Proof. If B is some n X n matrix and P a subset of {1,...,n}, let us denote
by Bp the square matrix of size n — |P| obtained from B by removing all
lines and columns whose indices are in P. Then one has

n

det(\L, — B) = > | Y det(Bp) | (-1)" "A".

k=0 \|P|=k

Therefore,

(2)
/SO(n) det (I, — UA) dvol™ (U) = Z Z /S det((UA)p)dvol® (U) .

k=0 \|P|=k 50"

Now, for any P C {1,...,n} with 1 < |P| < n — 1, let D be the diag-
onal matrix with coefficients (dy,...,d,) where d; is —1 if ¢ = inf P or
i = inf{1,...,n}\P and d; = 1 otherwise. Then D is in SO(n) and, by
construction,

det((DB)p) = —det(Bp)
for all matrix B. (Indeed, the multiplication by D multiplies the first line of
Bp by —1.)

We thus have

/ det((UA)p)dvol™ (U) = / det((DUA) p)dvol ™ (U)
SO(n) S0(n)

= / —det((UA)p)dvol®(U) ,
SO(n)

hence
/ det((UA)p)dvol® (U) =0 .
SO(n)

The only non vanishing terms in the sum (2) thus appear when P = () or
P ={1,...,n}. Therefore,

/ det (I, — UA) dvol® (U) = / dvol™ (U)
SO(n) SO(n)
—{—(—1)"/ det(U A)dvol ™ (U)
SO(n)

= (1+(—1)"det(A)) /SO( )dvolK(U)

=V, (14 (=1)"det(4)) .
O

We can now complete the proof of theorem 1. Let us denote by B the
manifold j(I')\H" and by E the manifold (j x p)(T')\SOq(n,1). Let U be
an open set of B over which the fibration 7 : £ — B admits a section s.
One can then identify the open set V = 7~1(U) with K x U, where K is the
stabilizer of a base point xg in U. Such a trivialization is given by

(k,z) — hkh™'s(z),
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where h is any element of SOg(n, 1) sending zg to = (so that hKh™! is the
stabilizer of x). Through this trivialization, the volume vol™ identifies with
the product volume on K xU (where K ~ SO(n) is provided with the volume
vol®). On the other side, we have

volfy, oy = det (Id — dy(hkh™'s(2) o f)) volfy, ,y -
When k spans K, hkh™! spans SO(T,H"). By lemma 4.6, we thus obtain

/ det (Id — d(hkh™'s(z) o f)) vol® = V, (1 + (=1)"det(d,s(z) o f))
K

= V, (14 (-1)"Jacs(z)) ,
where Jacy(zx) is defined by

I (vol?{b) = Jacs(z)voll" .

Therefore,

/ vol® = / V,, (14 (=1)"Jacs(z)) vol™" .
KxU U

We finally obtain
/vol“ = / V, (14 (=1)"Jac(z)) vol™
E B
= Vn/ vol ™" 4 (=1)" f* (volHn> .
B

This concludes the proof of theorem 1.9.

5. SOME OPEN QUESTIONS
In this last section, we discuss further some questions raised by this work.

5.1. Are finite covolume discrete groups geometrically finite ? It is
a famous result of Kazhdan and Ragunathan that lattices of a Lie group
are finitely presented. However, to our knowledge, there is no answer to the
following more general question:

Question 5.1. Let G be a Lie group and X a G-homogeneous space such
that G preserves a volume form on X. Let I' be a discrete subgroup of G
acting properly discontinuously on X such that T\X has finite volume. Is T
finitely generated?

We expect this to be true for quotients of SOg(n, 1), but we fell short of
proving it here. The main issue is that Guéritaud—Kassel’s theorem assumes
that T' is a geometrically finite subgroup of SOg(n,1) (in particular it is
finitely generated).

If we remove this assumption, there are examples of proper actions on
SOp(n, 1) given by j x p(T'), where j is discrete and faithful and for which
there is a (7, p)-equivariant map f : H" — H" satisfying

d(f(x), f(y)) < d(z,y)

for all = # y, but that is not A-Lipschitz for some A < 1 (see [10, paragraph
10.1]).
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Conversely, if such a map exists, then j x p(I') acts properly discontinu-
ously on the domain U formed by all the g € SOg(n,1) such that g o f has
a fixed point. The integral

/ vol ™ 4 (=1)" frvol™”
F(D)\H"

then computes the volume of j x p(I')\U. Whether this domain U is the
whole hyperbolic space H"" depends on how contracting the map f is.

Interestingly, when n = 2, it can happen that f is close enough to being
an orientation reversing isometry asymptotically, so that vol® 4 f ol is
integrable and thus j x p(I')\U has finite volume. However, this may imply
that U & SOg(2,1). More generally, we ask the following question:

Question 5.2. Let I be a discrete group and j X p a faithful representation of
I into SOp(n, 1) x SOg(n, 1) such that j x p(T") acts properly discontinuously
on SOg(n, 1) with finite covolume. Up to switching the factors, assume j is
discrete and faithful. Is j(T') a lattice in SOg(n,1)?

5.2. What are the values of the volume of Guéritaud—Kassel’s quo-
tients? Let us fix a torsion-free lattice I' in SOg(n, 1). It is natural to ask
what values can be taken by the volume of quotients of SOg(n,1) by some
action of I'. Given Theorem 1, this boils down to understanding the possible
values for the volume of a representation p : I' — SOg(n, 1) which is strictly
dominated by a discrete and faithful representation.

The case n = 2 is well-understood. It I' is not cocompact, Theorem 3
shows that quotients of SOy(2,1) can have any volume in the open interval
(0,27Vol(j)), where j is a Fuchsian representation of I'. On the contrary, if I
is cocompact, then the volume of a representation p is an integral multiple of
27, If, moreover, p is strictly dominated by j, then one has |[Vol(p)| < Vol(j)
(note that the weak inequality is true without any hypothesis on p by the
Milnor-Wood inequality). It follows that

%Vol (j % p(MN\SO0(2,1)) € {1,... . 4g — 5} |

where g is the genus of the surface j(T")\H?.

Conversely, Salein [21]| proved the existence of pairs (j, p) with j Fuchsian
and p strictly dominated by j of any non-extremal Euler class. Therefore,
£ Vol (j x p(T')\SOp(2,1)) can take all the integral values between 1 and
4g — 5.

The picture is much more blury in higher dimension. When n is even, it is
known that twice the volume of a representation of I' is an integral multiple
of the volume of the sphere of dimension n. (When I is cocompact, it follows
from the Chern—Gauss—Bonnet theorem. It was generalized to any lattice
by Bucher-Burger-lozzi |5].) However, it is not known which of this values
are actually realized, let alone by representations strictly dominated by a
Fuchsian one. In odd dimension, the only thing that is known is that there
are only finitely many possible values, since the space of cusp deteriorating
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representations has finitely many connected components.

So far, the only known examples of finite volume Guéritaud-Kassel’s quo-
tients when n > 3 are constructed by taking the representation p to be a
continuous deformation of the identity. In particular, such a representation
has volume 0. This raises the following question:

Question 5.3. Let I' be a lattice in SOg(n,1), n >3 and j : T' — SOq(n, 1)
the inclusion. Does there exist a representation p strictly dominated by j
whose volume is not zero?
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