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Abstract: This paper investigates the Uncertainty Quantification (UQ) of Exponential Synchronization (ES) problems

for a new class of Complex Dynamical Networks (CDNs) with hybrid Time-Varying Delay (TVD) and Non-Time-

Varying Delay (NTVD) nodes by using coupling Periodically Intermittent Pinning Control (PIPC) which has three

switched intervals in every period. Based on Kronecker product rules, Lyapunov Stability Theory (LST), Cumulative

Distribution Function (CDF), and PIPC method, the robustness of the control algorithm with respect to the value of the

final time is studied. Moreover, we assume a normal distribution for the time and used the Stochastic Collocation (SC)

method [1] with different values of nodes and collocation points to quantify the sensitivity. For different numbers of

nodes, the results show that the ES errors converge to zero with a high probability. Finally, to verify the effectiveness

of our theoretical results, Nearest-Neighbor Network (NNN) and Barabási-Albert Network (BAN) consisting of coupled

non-delayed and delay Chen oscillators are studied and to demonstrate that the accuracies of the ES and PIPC are robust

to variations of time.

Key Words: Exponential Synchronization (ES), Complex Dynamical Networks (CDNs), Time-varying Delay (TVD),

Periodically Intermittent Pinning Control (PIPC)

1 INTRODUCTION

In the past few years, UQ and stochastic computation of

CDNs have received many research efforts and much at-

tention for many researchers. These also devoted the de-

velopment of efficient numerical methods in this field. UQ

requires an additional method to obtain the stochastic prop-

erties which leads to an increase in the computational work

compared to the deterministic cases. Therefore, studying

the efficiency of the UQ method is very important for the

CDNs.

Up to now, several methods to quantify the uncertainties

can be found in the related literature. A particular focus

is on the design of algorithms that are more efficient than

the traditional Monte Carlo (MC) method [2]. A common-

ly used more efficient method is the Galerkin Polynomi-

al Chaos method [3]. A previous study showed that the

SC method only leads to exponential convergence for uni-

formly distributed uncertain parameters. Recently, J. A.

Witteveen and G. Iaccarino have studied subcell resolu-

tion in simplex stochastic collocation for spatial disconti-

nuities [4].

Furthermore, most of the current research is primarily con-

cerned with asymptotical or exponential synchronization

(ES) of networks via intermittent control [5, 6]. Because

This work is supported by the National Research Fund, Luxembourg,

and cofunded under the Marie Curie Actions of the European Commission

(FP7-COFUND).

large-scale CDNs with a high order are very complex, it

is often the case that only partial state information of key

nodes is available in the network outputs and the estima-

tion of the key states of such CDNs becomes necessary.

There is a high degree of randomness and unpredictability

of chaotic or even super chaotic systems and CDNs with

hybrid TVD and NTVD. However, the synchronization of

CDNs with hybrid TVD and NTVD will be a key technolo-

gy e.g. for secure communication. Unfortunately, there are

only a few theoretical results and research works dealing

with the control and ES for CDNs with hybrid TVD and

NTVD nodes by using coupling PIPC, which are important

in practical applications.

Inspired by the above mentioned works and discussion-

s, this paper investigates UQ of ES problems for a new

class of CDNs with hybrid TVD and NTVD nodes by us-

ing coupling PIPC which has three switched intervals in

every period. First, two different PIPC controllers are de-

signed to synchronize the addressed new class of CDN and

some useful PIPC criteria are obtained. Herein, PIPC with

three switched intervals in every period is used to handle

the synchronization problem in CDNs with hybrid TVD

and NTVD. Subsequently, by applying LST and Kronecker

product rules to the PIPC method, sufficient conditions for

ES of the CDNs are proposed and related criteria for the

PIPC are derived in some detail. Besides, compared to a

control method with one or two intervals, the new results

are more flexible, less conservative and its application s-
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cope is broader. This can be verified by some simulation

examples comprising a Barabási-Albert Network (BAN)

[7] and a Nearest-Neighbor Network (NNN) consisting of

coupled non-delayed and delay Chen oscillators.

The rest of the paper is organized as follows : a new class

of CDN model is introduced followed by some definition-

s, assumptions and lemmas in section 2. The PIPC and

control criteria for a class of new CDN are obtained and

discussed in section 3. Numerical simulations for UQ and

PIPC analysis are presented in section 4. The conclusion

of the paper is summarized in section 5.

2 Preliminaries and Model Description

In this section, a novel CDN with hybrid TVD consisting

of N coupled nodes is considered. This CDN can be de-

scribed in the following form:

ẋi(t) = Φ̃x, (i = 1, 2, · · · , N). (1)

where Φ̃x = C(1)xi(t)+C(2)xi(t−τ(t))+D(1)f(xi(t))+
D(2)g(xi(t))+B(1)f(xi(t−τ(t)))+B(2)g(xi(t−τ(t)))+

λ(1)
∑N

j=1G
(1)
ij Γ1xj(t) + λ(2)

∑N
j=1G

(2)
ij Γ2xj(t− τ(t)),

xi(t) = (xi1, xi2, · · · , xin)T ∈ Rn and xj(t) =
(xj1, xj2, · · · , xjn)T ∈ Rn are the state vectors of node

i and j, respectively; τ(t) is an interval TVD; f and g :
Rn → Rn are continuously vector-valued functions, and

λ(1) and λ(2) are the strengths of the NTVD and TVD

couplings, G
(1)
ij = (g

(1)
ij )N×N and G

(2)
ij = (g

(2)
ij )N×N

mean the NTVD and TVD weight outer-coupling matri-

ces, respectively, which represent the topological structure

and the coupling strength of the complex network. Here-

in, g
(1)
ij and g

(2)
ij are defined as follows: In the case of

an existing NTVD coupling connection from node i to n-

ode j (j �= i), then g
(1)
ij > 0; otherwise, g

(1)
ij = 0; In the

case of an existing TVD coupling connection from node i

to node j (j �= i), then g
(2)
ij > 0; otherwise, g

(2)
ij = 0.

(Γ1,Γ2) ⊂ Rn×n are the inner-coupling matrices, which

can be described as:

Γ1 = diag(ρ1, ρ2, · · · , ρn), ρi > 0,

Γ2 = diag(�1, �2, · · · , �n), �i > 0.

In order to observe the synchronization behavior of CDN

(1), we introduce another CDN which is the response sys-

tem of the drive system (1). The response system of CDN

(1) can be written as

ẏi(t) = Φ̃y + ui(t), (i = 1, 2, · · · , N). (2)

where Φ̃y = C(1)yi(t)+C(2)yi(t−τ(t))+D(1)f(yi(t))+
D(2)g(yi(t))+B(1)f(yi(t−τ(t)))+B(2)g(yi(t−τ(t)))+

λ(1)
∑N

j=1G
(1)
ij Γ1yj(t) + λ(2)

∑N
j=1G

(2)
ij Γ2yj(t − τ(t)),

yi(t) = (yi1, yi2, · · · , yin)T ∈ Rn and yj(t) =
(yj1, yj2, · · · , yjn)T ∈ Rn are the state vectors of n-

ode i and j, respectively; ui(t) is the appropriate control

input that will be designed in the next part to obtain a

certain control objective. Let us define the synchroniza-

tion error vector e(t) = (e1(t), e2(t), · · · , eN (t))T with

ei(t) = xi(t)− yi(t) for i = 1, 2, · · · , N .

First, to prove the results of the next section, we need the

following assumptions and lemmas.

Assumption 1. There exist the constants �1 ≥ 0
and �2 ≥ 0, and the positive-definite ma-
trices Γ(1) = diag(γ

(1)
1 , γ

(1)
2 , · · · , γ(1)n ), and

Γ(2) = diag(γ
(2)
1 , γ

(2)
2 , · · · , γ(2)n ) such that functions

f and g satisfying the following inequalities:

[xi(t)− yi(t)]
T
[f(xi(t))− f(yi(t))]

≤ �1[xi(t)− yi(t)]
TΓ(1) [xi(t)− yi(t)] , (3a)

[xi(t)− yi(t)]
T
[g(xi(t))− g(yi(t))]

≤ �2 [xi(t)− yi(t)]
T
Γ(2) [xi(t)− yi(t)] . (3b)

where xi(t), yi(t) ∈ Rn.

Assumption 2. For the vector-valued function-
s f(t, x(t), x(t − τ(t))) and g(t, x(t), x(t − τ(t))),
suppose the uniform semi-Lipschitz condition
with respect to the time t holds, i.e., for any
x(t), y(t), x(t − τ(t)), y(t − τ(t)) ∈ Rn, there exist
positive constants L

(1)
1 > 0, L(2)

1 > 0, L(1)
2 > 0 and

L
(2)
2 > 0 such that:

[x(t− τ(t))− y(t− τ(t))]
T
[g(t, x(t), x(t− τ(t)))

−g(t, y(t), y(t− τ(t)))]

� L
(2)
1 [x(t)− y(t)]

T
[x(t)− y(t)]

+ L
(2)
2 [x(t− τ(t))

−y(t− τ(t))]
T
[x(t− τ(t))− y(t− τ(t))] . (4)

Lemma 1. There exits a class of continuous functions v :
[t0 − τ,∞)→ [0,∞) satisfying [8, 9]:

v̇(t) ≤ −av(t) + b sup
t−τ≤s≤t

v(s) (5)

for t ≥ t0. If 0 < b < a, then

v(t) ≤ sup
t0−τ≤ϕ≤t0

v(ϕ) exp{−λ(t− t0)}, t ≥ t0, (6)

where 0 < λ is the positive unique solution of the equation
−a+ λ+ b exp(λτ) = 0.

Lemma 2. There exits a class of continuous functions v :
[t0 − τ,∞)→ [0,∞) satisfying [8, 9]:

v̇(t) ≤ ζ1v(t) + ζ2 sup
t−τ≤s≤t

v(s) (7)

for t ≥ t0. If 0 < ζ1, 0 < ζ2, then

v(t) ≤ sup
t0−τ≤ϕ≤t0

v(ϕ) exp{(ζ1 + ζ2)(t− t0)}, t ≥ t0.

(8)

In this work, the PIPC scheme with its three switched inter-

vals are proposed for the first time and depicted in Fig. 1,

in which the red, yellow and blue intervals are control dura-

tions or control widths and the white interval is non-control

duration or non-control width, respectively.

As we see in Fig. 1, T1, T2 and T3 are three intervals that

alternately appear in every period. If T1 > 0, T2 > 0, T3 >
0, T = T1+T2+T3, δ1 = cd1, δ2 = cd2 and δ3 = cd3. δ1,
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Fig. 1: The portraits of the PIPC scheme with its three

switched intervals.

δ2 and δ3 are called the control durations or control widths

in T1, T2 and T3, respectively. θ(1 > θ > 0) is the rate

of control duration or control width in the control periods,

and it satisfies θ = cd1

T1
= cd2

T2
= cd3

T3
= cd1+cd2+cd3

T .

(1 − θ)T1, (1 − θ)T2, (1 − θ)T3 are called non-control

durations or non-control widths in control intervals T1, T2
and T3, respectively.

The PIPC using three switched periods are clarified in de-

tail as follows. Some intermittent controllers are added

to partial nodes of network (1). Noting that Ωm
11 =

[mT,mT + θT1) is the control width in interval T1, Ωm
12 =

[mT + θT1,mT + T1) is the non-control width in interval

T1, Ωm
21 = [mT +T1,mT +T1+ θT2) is the control width

in interval T2, Ωm
22 = [mT + T1 + θT2,mT + T1 + T2) is

the non-control width in interval T2, Ωm
31 = [mT + T1 +

T2,mT + T1 + T2 + θT3) is the control width in interval

T3, Ωm
32 = [mT+T1+T2+θT3,mT+T1+T2+T3) is the

non-control width in interval T3, It is obvious that their re-

spective intervals with TVD are Ω̄m
11 = [mT − τ(t),mT +

θT1 − τ(t)), Ω̄m
12 = [mT + θT1 − τ(t),mT + T1)− τ(t),

Ω̄m
21 = [mT + T1 − τ(t),mT + T1 + θT2 − τ(t)),

Ω̄m
22 = [mT + T1 + θT2 − τ(t),mT + T1 + T2 − τ(t)),

Ω̄m
31 = [mT +T1+T2−τ(t),mT +T1+T2+θT3−τ(t)),

and Ω̄m
32 = [mT +T1+T2+ θT3− τ(t),mT +T1+T2+

T3 − τ(t)), where m ∈M+ = {0, 1, 2, · · · }.
Without loss of generality, suppose that the first l (1 ≤ l <
N) nodes are selected and pinned, leading to the following

controlled dynamical network:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ẋi(t) =Φ̃x + di(t)(xi(t)− s(t))

+ di(t− τ(t))(xi(t− τ(t))− s(t− τ(t))),

1 ≤ i ≤ l,

ẏi(t) =Φ̃y, l + 1 ≤ i ≤ N.
(9)

where di(t) > 0 and di(t − τ(t)) > 0 are the intermittent

feedback control gains defined as follows:

di(t) =

{
− di, t ∈ Ωm

11 ∪ Ωm
21 ∪ Ωm

31, 1 ≤ i ≤ l,

0, t ∈ Ωm
12 ∪ Ωm

22 ∪ Ωm
32, 1 ≤ i ≤ N.

(10)

di(t− τ(t)) =

{
− di, t ∈ Ω̄m

11 ∪ Ω̄m
21 ∪ Ω̄m

31, 1 ≤ i ≤ l,

0, t ∈ Ω̄m
12 ∪ Ω̄m

22 ∪ Ω̄m
32, 1 ≤ i ≤ N.

(11)

where T > 0 is the control period, δ > 0 is called the

control duration (control width), and m = 0, 1, 2, · · · .

Let the first l nodes be selected and pinned, and the con-

trollers ui can be described by

ui =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
− di[ei(t) + ei(t− τ(t))],

t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31, 1 ≤ i ≤ l,

0, t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31, l + 1 ≤ i ≤ N

0, t ∈ Ωm
12 ∪ Ωm

22 ∪ Ωm
32, 1 ≤ i ≤ N.

(12)

Let ei(t) = xi(t) − s(t)(1 ≤ i ≤ N) and ei(t − τ(t)) =
xi(t− τ(t))− s(t− τ(t))(1 ≤ i ≤ N) be synchronization

errors, and θ = δ
T be the ratio of the control duration δ to

the control period T called control rate. According to the

control laws (12), then the dynamical error system can be

derived as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ėi(t) = Φ̃e − di[ei(t) + ei(t− τ(t))],

t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31, 1 ≤ i ≤ l;

ėi(t) = Φ̃e,

t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31, l + 1 ≤ i ≤ N ;

ėi(t) = Φ̃e,

t ∈ Ωm
12 ∪ Ωm

22 ∪ Ωm
32, 1 ≤ i ≤ N.

(13)

Where Φ̃e = C(1)ei(t) + C(2)ei(t − τ(t)) +
D(1)f̃(xi(t)) + D(2)g̃(xi(t)) + B(1)f̃(xi(t − τ(t))) +

B(2)g̃(xi(t − τ(t))) + λ(1)
∑N

j=1G
(1)
ij Γ

(1)ej(t) +

λ(2)
∑N

j=1G
(2)
ij Γ

(2)ej(t − τ(t)), f̃(xi(t)) =
f(xi(t)) − f(s(t)), g̃(xi(t)) = g(xi(t)) − g(s(t));
f̃(xi(t−τ(t))) = f(xi(t−τ(t)))−f(s(t−τ(t))), g̃(xi(t−
τ(t))) = g(xi(t − τ(t))) − g(s(t − τ(t))). It is easy to

achieve global ES of the controlled dynamical network

(9) when the zero solutions of the error system (13) are

globally exponentially stable.

3 PIPC and control criteria for a class of new
CDNs

Based on the PIPC of the network (1), the main results re-

garding ES criteria are derived in this section. The key re-

sults are achieved using the Lyapunov functional method

and Kronecker product rules and a suitable controller is de-

signed to realize the PIPC of network (1).

The following theorem gives the main results for the syn-

chronization and control of the novel CDN. First of all, we

assume that ‖Γ1‖ = ρ(1) > 0, and ‖Γ2‖ = ρ(2) > 0,

and denote ρ
(1)
min and ρ

(2)
min as the minimum eigenvalues of

matrices (Γ1 + ΓT1 )/2 and (Γ2 + ΓT2 )/2, respectively. Let

ρ
(1)
min �= 0 and ρ

(2)
min �= 0. Suppose that the conditions

Ĝ(1)s = (Ĝ(1)+ Ĝ(1)T )/2 and Ĝ(2)s = (Ĝ(2)+ Ĝ(2)T )/2
hold, where Ĝ(1) is a modified matrix of G(1) where the

diagonal elements g
(1)
ii are replaced by (ρ

(1)
min/ρ

(1))g
(1)
ii ,

and Ĝ(2) is a modified matrix of G(2) where the diago-

nal elements g
(2)
ii are replaced by (ρ

(2)
min/ρ

(2))g
(2)
ii . Then

Ĝ(1) and Ĝ(2) are irreducible symmetric matrices with off-

diagonal nonnegative elements therein. The main results

are obtained as follows:

Theorem 1. Assuming that assumptions 1 and 2 hold, let
δ = ξ1T < T − τ (0 < ξ1) and τ = ξ2T < δ (0 < ξ2). If
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there exist positive constants a1, a2, and di, i = 1, · · · , l,
such that

(a) (C(1)+C(2)+2D(1)L
(1)
1 +2D(2)L

(2)
1 +2B(1)L

(3)
1 +

2B(2)L
(4)
1 + a1)IN

+ λ(1)ρ(1)Ĝ(1)s + λ(2)ρ(2)Ĝ(2)s − 2D < 0;

(b) (C(1)+C(2)+2D(1)L
(1)
1 +2D(2)L

(2)
1 +2B(1)L

(3)
1 +

2B(2)L
(4)
1 )IN

+ λ(1)ρ(1)Ĝ(1)s + λ(2)ρ(2)Ĝ(2)s − (a2 − a1)IN < 0;

(c) −a1+2(D(1)L
(1)
2 +D(2)L

(2)
2 +B(1)L

(3)
2 +B(2)L

(4)
2 ) <

0;

(d) (a2 − a1) + 2(D(1)L
(1)
2 + D(2)L

(2)
2 + B(1)L

(3)
2 +

B(2)L
(4)
2 ) < 0;

(e) −(ζ1 + ζ2)(1− ξ1) + λ(ξ1 − ξ2) > 0.

where D = diag(d1, · · · , dl, 0, · · · , 0︸ ︷︷ ︸
N−l

), and λ > 0 is the

positive unique solution of the equation −2a1V (t) + λ +

4(D(1)L
(1)
2 +D(2)L

(2)
2 +B(1)L

(3)
2 +B(2)L

(4)
2 ) exp{λτ} =

0. Then the controlled dynamical network (9) can achieve
ES under the control of the PIPC controllers (12) with ap-
propriate control time.

Proof. Let e(t) = (‖e1(t)‖, ‖e2(t)‖, · · · , ‖eN (t)‖)T , and

consider the following Lyapunov function:

V (t) =
1

2
eT (t)e(t) =

1

2

N∑
i=1

eTi (t)ei(t). (14)

Using assumptions (1) and (2), conditions (a) and (b), the

derivative of V (t) with respect to time t along the solutions

of equation (13) can be then calculated and get the results.

Namely, we have

V̇ (t) ≤− 2a1V (t) + 4(D(1)L
(1)
2 +D(2)L

(2)
2

+B(1)L
(3)
2 +B(2)L

(4)
2 )V (t− τ(t)), (15a)

t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31,m ∈M+;

V̇ (t) ≤2(a2 − a1)V (t) + 4(D(1)L
(1)
2 +D(2)L

(2)
2

+B(1)L
(3)
2 +B(2)L

(4)
2 )V (t− τ(t)), (15b)

t ∈ Ωm
12 ∪ Ωm

22 ∪ Ωm
32,m ∈M+.

Within every single period T and also Ti (i = 1, 2, 3), one

has

V (t) ≤ sup
Ti−τ≤θ≤Ti

V (θ) exp{−λ(t− Ti)},

t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31,m ∈M+.

(16)

V (t) ≤ sup
Ti+δ−τ≤θ≤Ti+δ

V (θ) exp{(ζ1 + ζ2)(t− Ti − δ)},

t ∈ Ωm
12 ∪ Ωm

22 ∪ Ωm
32,m ∈M+.

(17)

V (t) ≤ sup
−τ≤θ≤0

V (θ) exp{−[−(ζ1 + ζ2)(1− ξ1)

+ λ(ξ1 − ξ2)]t+ λ(ξ1 − ξ2)δ},
t ∈ Ωm

11 ∪ Ωm
21 ∪ Ωm

31,m ∈M+.

(18)

V (t) ≤ sup
−τ≤θ≤0

V (θ) exp{−[−(ζ1 + ζ2)(1− ξ1)

+ λ(ξ1 − ξ2)]t+ λ(ξ1 − ξ2)δ},
t ∈ Ωm

12 ∪ Ωm
22 ∪ Ωm

32,m ∈M+.

(19)

So far, as for any t ≥ 0, or t ∈ Ωm
11 ∪ Ωm

21 ∪ Ωm
31 ∪ Ωm

12 ∪
Ωm
22∪Ωm

32, m ∈M+, combining (16), (17) with (18), (19),

we can obtain

V (t) ≤ sup
−τ≤θ≤0

V (θ) exp{−[−(ζ1 + ζ2)(1− ξ1)

+ λ(ξ1 − ξ2)]t+ λ(ξ1 − ξ2)δ}.
(20)

Based on equation (14), we then get

‖e(t)‖2 ≤ [2V (t)]1/2

≤
[
2 sup
−τ≤θ≤0

V (θ)

]1/2

exp

{
− [−(ζ1 + ζ2)(1− ξ1) + λ(ξ1 − ξ2)]

2
t

+
λ(ξ1 − ξ2)δ

2

}
.

(21)

Due to the condition (e): −(ζ1 + ζ2)(1 − ξ1) + λ(ξ1 −
ξ2) > 0, we can get the complete conclusion for Theorem

1. For Assumptions (1)-(2) and conditions (a-e), we have

V (t) < 0. Based on the LST, the results can be derived for

lim
t→∞ ‖ei(t)‖2 = 0 and lim

t→∞ ‖ei(t − τ(t))‖2 = 0. Accord-

ingly, the error system (13) is asymptotically stable which

shows the stability of ES with PIPC of the system 9.

In the next section, some simulations and figures are pre-

sented to illustrate the results of Theorem 1.

4 Some numerical simulations for PIPC and UQ
analysis

In this section, some numerical simulations for PIPC and

UQ analysis are given to verify the effectiveness of the pro-

posed ES schemes and PIPC criteria for synchronizing a

CDN with time-delayed dynamical nodes onto a chaotic

trajectory and a periodic orbit. Usually, chaotic attractors

will be seen as nodes or oscillators of BANs and NNNs by

using PIPC. A BAN with 130 nodes is selected as the non-

delay coupling network with the random pinning strategy,

see Fig 2(a). The BAN is constructed using the Barabási-

Albert Model (BAM) [7] with m0 = 3 starting nodes. Fur-

thermore, a NNN with 130 nodes is selected as the coupling

delay τ(t) network, whose average value of nodes degree

is 6, see Fig 2(b).

In these dynamical systems, each node is a Chen sys-

tem [10], which satisfies assumptions 1 and 2, and the ith
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Fig. 2: The schematic illustration of BAN and NNN con-

sisting of 130 nodes.

node can be written as follows:⎧⎪⎨
⎪⎩

ẇi1 = a(wi2 − wi1),

ẇi2 = (c− a)wi1 − wi1wi3 + cwi2, 1 ≤ i ≤ 130,

ẇi3 = wi1wi2 − bwi3.
(22)

Here, we set a = 35; b = 3; c = 28. The system shows

chaotic behavior, see [10].

We consider a CDN (1) consisting of 130 identical Chen

chaotic system as time-delayed nodes for simplicity, where

Γ1 = diag(1.01, 1.05, 1.03), Γ2 = diag(1.02, 1.06, 1.04),

G
(1)
ij = (g

(1)
ij )130×130, and G

(2)
ij = (g

(2)
ij )130×130 is a sym-

metrically diffusive coupling matrix with g
(2)
ij = 1 or 0(i �=

j), and the coupling strength c = 40. In addition, let

τ(t) = 0.010, δ = 0.031, ξ1 = 2, and ξ2 = 3, i.e. for

all i = 1, 2, · · · , l (l = 30) holds. By taking the control

rate θ = δ1+δ2+δ3
T = δ

T = 0.031
0.100 = 0.3100, and choosing

the control period T = 0.100, the sufficient conditions of

Theorem 1 are satisfied.

The initial conditions of the numerical simulations are as

follows: xi(0) = (−10 + 0.5i, 18 + 0.5i, 20 + 0.5i)T ,

s(0) = (−10, 18, 20)T , where 1 ≤ i ≤ 130, and d1(0) =
· · · = d30(0) = 1. The synchronous errors ei(t) are illus-

trated in Figs. 3(a)-3(d) and the values for the control gains

after synchronization satisfy di ≤ d30 = 1, 1 ≤ i ≤ 30,

which illustrate that the adaptive control approach can ob-

tain a more applicable control gain:

di(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

− di, ḋi = qie
T
i (t)ei(t), di(0) = 0, qi > 0,

mT ≤ t ≤ mT + δ, 1 ≤ i ≤ 30,

0, mT ≤ t ≤ mT + δ, 31 ≤ i ≤ 130.

0, mT + δ ≤ t ≤ (m+ 1)T + δ,

1 ≤ i ≤ 130.
(23)

Clearly, the controlled network (9) is globally exponen-

tially stable at zero under the intermittent controllers with

l = 30 and the states of the controlled network approach

to the desired orbits with PIPC and TVD as shown in

Figs. 4(a)-4(d). The desired orbits with initial condition-

s x1(0) = −10, x2(0) = 18, x3(0) = 20 are shown in Fig.

4.

Furthermore, we calculate the corresponding Time(s) and

uk = e1(1, T ) for different n using MATLAB. With the

results given in Table 1, we study the robustness of the con-

trol algorithm with respect to the value of the final time T .

To that end, we assumed a normal distribution for T and
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(d) Comparing the three states er-

rors.

Fig. 3: Temporal responses of the ES eij(t)(1 ≤ i ≤
130, 1 ≤ j ≤ 3) for the controlled CDN with TVD.
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(a) Desired orbit S1(t) and the

Xi1(t).
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(c) Desired orbit S3(t) and the

Xi3(t).
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(d) Comparing the three states er-
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Fig. 4: Temporal responses of the desired orbit Sj(t) and

the Xij(t) (1 ≤ i ≤ 130, 1 ≤ j ≤ 3) for the controlled

CDN with TVD.

we used the SC method [1] with n = 3, and it’s collocation

points Tk to quantify the sensitivity in terms of the CDF.

If we adjust the evolutionary time of ES with PIPC, and

set time as t = 2.2679s, t = 4.0000s, and t = 5.7321s
in the following Table. 1, then the ES error of the simula-

tion results are shown in Figs. 5(a), 5(c), and 5(e). It can

be clearly seen tat the errors converge to zero in the Fig-

ures. The temporal responses of the desired orbit S1(t) and

the X
(k)
i1 (t) in the CDNs with PIPC for k = 1, · · · , 3 are

shown in Figs. 5. Moreover, the UQ analysis and distribu-

tion for e(1,T ) and the ES points for n = 3 are shown in

Figs. 6.

The Fig. 5 shows the ES e1 for the different collocation

points Tk for n = 3 for all 130 nodes with PIPC in the
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Table 1: The variables and values for UQ of ES with PIPC

when n = 3 (k = 1, · · · , n) and meant = 4.

���������Variables

k
k = 1 k = 2 k = 3

Time(s) 2.267949192 4.000 5.7320508076

uk = e1(1, T ) -0.0105 -0.2179 -0.1427
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(b) k = 1.
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(d) k = 2.
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Fig. 5: Simulated portraits of the ES error ei1, desired orbit

S1(t) and the X
(k)
i1 (t) in the CDNs with PIPC for k =

1, · · · , 3.

−2 0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

T

C
D

F

(a) CDF and T for n = 3.

−2 0 2 4 6 8 10
−6

−4

−2

0

2

4

6

T

L

(b) L and T for n = 3.

−2 0 2 4 6 8 10
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

T

e
1
(1

,T
)

(c) e(1,T ) and T for n = 3.

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

e
1
(1,T)

C
D

F

(d) CDF and e(1,T ) for n = 3.

Fig. 6: UQ analysis and distribution for e(1,T ) and the ES

points for n = 3.

system. In addition, this figure also shows the temporal re-

sponses of the desired orbit S1(t) and the X
(k)
i1 (t) in the

CDNs with PIPC for k = 1, · · · , 3. The Fig. 6 shows

the resulting distribution of e1(1, T ). The ES e1(1, T ) are

close to zero with a high probability. These results confirm

the applicability of the proposed method.

5 Conclusions

In this paper, we investigated the UQ of ES problems for a

new class of CDNs with hybrid TVD and NTVD nodes by

using coupling PIPC with three switched intervals in ev-

ery period. Based on the LST, Kronecker product rules,

CDF and PIPC method, the robustness of the control algo-

rithm with respect to the value of the final time has been

studied. Moreover, we assumed a normal distribution for

time and used the SC method with different values of n-

odes n and collocation points Tk to quantify the sensitivity.

The results show that the ES errors converge to zero with a

high probability and for different numbers of nodes. Final-

ly, BAN and NNN consisting of coupled non-delayed and

delay Chen systems are finally presented as examples to

verify the effectiveness of the addressed theoretical results.

In the future, we will study in-depth uncertainty quantifi-

cation for system with distributed time delays stochastic

perturbation and hybrid optimal control.
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