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Abstract. We derive a stochastic representation formula for solutions
of heat-type equations on vector bundles with time-dependent Riemannian
metric over manifolds whose Riemannian metric is time-dependent as well.
As a corollary we obtain a vanishing theorem for bounded ancient solutions
under a curvature condition. Our results apply in particular to the case of
differential forms.

1. Introduction

In his talk at the ICM in Stockholm 1962 [12], Professor Kiyosi Itd’s showed that
the Levi-Civita parallel translation of tensors on a Riemannian manifold makes perfect
sense along the trajectories of a Brownian motion. Several mathematicians, among them
Paul Malliavin, James Eells and David Elworthy, understood quickly the significance
of this construction and took up the new ideas [4, 5, 16, 17]. It turned out to be the
starting point of a new mathematical field, stochastic differential geometry, born from a
combination of Elie Cartan’s method of moving frames and Kiyosi It6’s theory of diffusion
processes. The first applications, fully in the tradition of Bochner’s method, aimed at
cohomology vanishing theorems under positivity conditions [13, 16, 6, 8, 7]. The idea is
to use a stochastic representation of harmonic forms, or more generally of solutions of
the heat equation on differential forms, in terms of a certain transport along Brownian
motion which can be estimated in terms of curvature. It is the goal of this note to extend
these ideas to the setting of Riemannian manifolds evolving under a geometric flow.

Let M be a d-dimensional differentiable manifold equipped with a family

(Q(T))TG[T1,T2]

of Riemannian metrics depending smoothly on 7, and let E be a k-dimensional vector
bundle over M, also equipped with a family (g” (7))re[m,, 1) of Riemannian metrics de-
pending smoothly on 7. Let V() be the Levi-Civita connection of g(7), and let V(1)
be a covariant derivative on E which is compatible with ¢¥(7) and which also depends
smoothly on 7. The Bochner Laplacian (or connection Laplacian) AT with respect to
VE(r) and g(7), acting on smooth sections ¥ of E, is defined as the trace (with respect
to g(7)) of the second covariant derivative (with respect to VE(r) and V(7)) of ¥.
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One is often not only interested in the Bochner Laplacian, but more generally in oper-
ators allowing a Weitzenbock type decomposition with respect to the Bochner Laplacian
of the form

AT - R,

where (R7),er, 15) is a family of symmetric (with respect to ¢g¥(7)) endomorphisms
of FE, depending smoothly on 7.

The most important example is presumably E = APM, the bundle of differential
p-forms on M, equipped with the family of Weitzenbock operators

RT = AT -7,

where O denotes the Hodge-de Rham Laplacian on AP M, see e.g. [11, Section 7.1]. In
particular, if p = 1, R" equals the Ricci tensor with respect to g(7) considered as an
endomorphism of A'M = T*M, see e.g. [11, Corollary 7.1.4].

Extending the seminal ideas of Professor It6 [12] to the case of time-dependent geom-
etry we prove in this paper a stochastic representation formula for solutions of the heat
type equation

2 1. .
(1.1) o =5 (AT=R)Y

and apply it to prove a vanishing theorem for bounded ancient solutions under a positivity
condition on

Og®
RT — —.
or

In the case of 1-forms this condition means that the metric of M evolves under uniformly
strict super Ricci flow.

2. Stochastic representation formula

E
We denote by R(7,y) the lowest eigenvalue of R} — (%LTE (7, y))#g ) Here the super-

E
script #9” (") means that using the metric g¥(7) we regard %LT as an endomorphism of .

REMARK 2.1. Note that if E = TPIM := (TM)®F @ (T*M)®? is a tensor bundle
over M and g¥(7) the canonical metric induced from g(7) on the base manifold M, we
have for all vq,...,v, € T,M and a1,...,aq € Ty M,

dgF #9" ()
(W(T’yo (M®..0RM®...0a)
#9(7)

p
0
:Zm@...@vi,l@ (a—i(T,y)> ViRV ®... QU ®...0a,
=1
(2.1)

q
0

_ZU1®"'®UP®Q1®”'®%_1®(3_3(7—’3/)) (af7.)®aj+1®...®aq.
j=1
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The reason for the minus sign in formula (2.1) is as follows. Recall that for a, 8 € T,M,

09" M(ry) 5y _ Delmy)eto D), pho) (39“’ y>) (a7, got)

or or or

which is a consequence of

0 0 dg(T,y) da#9(r)
— 2oy =2 #o(r) .y = (ZRDI) Y () :
0= 5a() = gratra(a#n). ) = (LD @k ) gl (225
In the special case of the (backward/forward) Ricci flow % = * Ricy(r), we thus find
6gE #gE(T)
<—(7’,y)> (M®..Ra1®...0aq)
or
P
=+ v ®...®01 ®Ric(v;, )F QUi ®...QY,RMO...0a
i=1

zFZvl@...@vp@al®...®aj_1®Ric(af,-)®aj+1®...®aq.

We now fix x € M and let X = (X})o<i<m—1y be a (9(T2 — t))o<t<, —1y -Brownian
motion on M starting at = [1, 3, 9, 10, 14, 15, 18]. Throughout the paper we assume that
it cannot explode (see [14, 18] for sufficient criteria). We denote by //§,: E, — Ex, the
parallel transport in £ along X. This is a random isometry which will be defined in the
proof of Lemma 5.1.

THEOREM 2.2 (STOCHASTIC REPRESENTATION FORMULA). Assume that R is
bounded from below, and let ®;: E, — E, be the solution to the (random) ODE

E
d(b 1 B _ 6gE #g (Tﬁt)
(22) —r =55 <R§ - <W(T2 - t,Xt)) /8

with initial value ®g = Idg,. (This is a linear ODE, hence its solution cannot explode.)
Then any bounded solution 9: [Ty, To] — T'(E) to the heat type equation (1.1) has the
stochastic representation

(23) ﬁ(TQa I) =K [®T2*T1 (//()E,Tngl)il ﬁ(Tla XT2*T1 )} .

Moreover, the following estimate holds:

(2.4) [9(Tz, 2)|ge (1) < E

To—T1
€xp <_§/ E(TQ - SvXS) dS) |19(T1aXT2*T1)|gE(T1)
0

The key ingredient to the proof of Theorem 2.2 is the following proposition whose
proof is given in Section 5.

PROPOSITION 2.3.  Let 9: [Th,T3] — T'(E) be any smooth time-dependent section
of E (not necessarily bounded, and not necessarily a solution of Eq. (1.1)). Then the
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FE.-valued stochastic process

(2.5) Ny o=@ (//5) (T — t, Xy)
satisfies
(o0 1 _ -
ANy = =, ()/5)7! (E -3 (AT2 5 t) 19) (Ty —t, Xy)dt
d
+ Y (JE)TIVET (T — t, Xy) dBY,
=1

where (Up)o<i<my—1, 18 the (g(T2 —1t))i>0-horizontal lift of X with respect to an arbitrary
initial frame Uy € ﬁf(TQ)(M) (see Eq. (5.2) below) and (Byi)o<t<r,—1y 1S the correspond-
ing anti-development (which is a standard R%-valued Brownian motion).

REMARK 2.4. In the special case where E is a tensor bundle over M and g¥(7)
is the usual extension of g(7), Proposition 2.3 is due to Chen et al. [2, Eq. (3.7)]. Our
Proposition 2.3 is considerably more general in the following two respects:

— It is not restricted to tensor bundles, but holds on arbitrary vector bundles E over M.
— The metrics on E need not be related in any way to the metrics on M.
For the proof of Theorem 2.2 we also need the following lemma:

LEMMA 2.5.  For allt € [0,T2 — T1] we have

1 t
(26) |q)t|gE(T2),gE(T2) S exp <—§/ E(TQ — S,Xs)d8> .
0

PROOF. Fix v € E, and let f(t) := |®{v[2py,). Then Eq. (2.2) and the definition of R
imply that f/(t) < —R(T2 — ¢, X¢) f(¢) and hence

ro<ew(- [ R(T - X.)ds ) £0),

ie.
1 t
|(I)IU|9E(T2) < exp (_5/0 R(TQ - Squ)dS) |U|gE(T2)'

Since |®f |45 (1,),97 (1) = |Ptl g2 (13,97 (1) this gives the claim. O

Proof of Theorem 2.2. Since ¥ satisfies Eq. (1.1), Proposition 2.3 implies that the process
N defined in (2.5) is a local martingale. Since moreover ¥ and ® are bounded (the latter
by Lemma 2.5 and the assumption that R is bounded from below), N is seen to be a
true martingale. Taking expectations of N at ¢t = 0 and ¢ = T — T} yields (2.3).

The estimate (2.4) follows from (2.3), (2.6) along with the fact that //(‘?)TQ_T1 is an
isometry from (E;, g(T2)) to (Exp, r,,9(T1))- O
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3. Solution flow domination

Let f be a bounded solution to the scalar heat-type equation

Of _ 1 (pnotm)

(3.1) L2 (8% R ) s

with f(T1,-) = [9(T1, -)lge(ry)- Then Eq. (2.2) reduces to the scalar ODE
do 1
— =5 &R~ 1, X))

with initial value &y = 1. It follows that

1 t
B, = exp <—§ / R(Tz—s,xs>ds>,
0

so that Theorem 2.2 implies

(3.2) f(Te,2) =E

To—T1
exp <_§ / R(Tz — S7X8)d8> [9(T, XTz—T1)|gE(T1)] )
0

As a consequence we can reformulate estimate (2.4) as follows:

THEOREM 3.1 (SOLUTION FLOW DOMINATION).  We have
|19(T27I)|gE(T2) < f(T27'r)

4. Vanishing theorem for bounded ancient solutions

THEOREM 4.1 (VANISHING THEOREM). Let (¢(7))—co<r<m, be an ancient family of
Riemannian metrics such that R is bounded from below on (—oo,Ts] x M and

1 To—T4
(4.1) liminf E |exp —5/ R(Tz —s,Xs)ds || =0
0

Tlﬂfoo

for all x € M (x enters condition (4.1) as the starting point of the Brownian motion X ).
Then every bounded ancient solution ¥: (—oo,Te] — T'(E) to the heat type equation (1.1)
vanishes.

PROOF. It clearly suffices to prove that ¥(T,z) = 0 for all z € M. By (2.4), for all
T1 S (—OO, TQ],

1 To—T4
[9(Ts, @)|ge(1,) < E |exp ——/ R(Tz — s, Xs)ds | | sup [9(T1,y)lgz (1)
2 0 yeM
Letting Ty — —oo, the claim follows from (4.1) and the boundedness of ¥. O

REMARK 4.2. Trivially condition (4.1) holds if R(r,y) > C > 0 for all (1,y) €
(—00, T3] x M. In the special case of 1-forms, this means that the metric of M evolves
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under uniformly strict super Ricci flow, i.e.

99 | o
3, + Rng(T) >C

for some C' > 0. Here we used that in this case (see Remark 2.1 above) for o € T*M,

E
R™(a) = Ricy(r)(a®, ) and %(a) =— (%) ().

REMARK 4.3. Since the endomorphisms R”™ may depend on 1}, our results can
also be applied to nonlinear equations. As observed by Chen et al. [2] such nonlinear
equations arise naturally in the context of geometric flows such as the Ricci flow or the
mean curvature flow.

5. Proof of Proposition 2.3

To keep notation simple, we assume in this section without loss of generality that
T1 = 0. Moreover we write T instead of T5. We need the following lemma.

LEMMA 5.1 (cf. [2, Proposition 2.1] for the case that F is a tensor bundle and ¢
independent of time).  The E,-valued process

Ny o= (//§) (T —t, Xy)

(where //g,t: E. — Ex, is defined in the proof) satisfies

) B o9 1 - 1 8gE #g%(T—t)
AN, = —(//5) ™ <g —5AT+ 5 <W> V)Tt e dt

d
Y (S TIVEL T — £, X,) dB.

i=1

PROOF. Let w: #(E) — M the frame bundle of E (so that for x € M the fiber #(E),
is the set of linear isomorphisms from R* to E,). Moreover let .# (M) x ys % (E) be the
product of the fiber bundles .# (M) and .#(E), i.e.,

F (M) xy F(E) = {(u,9) € F(M) x F(E)|7u=mip}.
Note that for all (u, 1)) € F (M) x pr F(E) we have the following canonical identification:
(5.1) Tlup)(F(M) xps F(E)) ~ {(X1,X3) € T,.F (M) x TyF (E) | m. X1 = m. X5} .
For 7 € [Th,T»] and i € {1,...,d} we define the i-th standard horizontal vector field

7‘[: — inV(T)xVE(T)
on F(M) Xy Z(E) with respect to V() and V¥(7) as follows: In the sense of the
identification (5.1), for (u,v) € F(M) xp F(E) the first component of HT (u,)) is
the V(r)-horizontal lift of ue; to T, % (M), and the second component is the V¥ (r)-
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horizontal lift of ue; to Ty.# (E).

Let now ¥, be an arbitrary element of ﬁgE(T)(E), and let (U, Uy)o<i<r be the
solution to the Stratonovich SDE

d
AUy, W) = > MU, ¥y) = dB}

i=1

1 #g(T—t)

or
1 a E #Q(Tft)
(5.2) +5 (%(T - t)> oW, dt

with initial value (Up, ¥g). Note that by construction #U; = n¥, = X, for all ¢ € [0, T.
E

In addition, we have U; € 6479 (M) and ¥, € 0 T7Y(E) for all t € [0, T]. We then

define

//OE,t =V, 005
Similarly to [11, Section 2.2] we define the scalarization of ¥ as the map
9:0,T) x Z(E) - R*
given by
I(r, ) =~ H(r, 7).
Clearly, N; = \IIOQ§(T —t, ;) so that
dN; = Uodd(T — t, )
]

d
_ 1 T—t\2,3
= —Woo (T —t, W) dt + 5 ¥ S (HITYT —t,U, 0y dt

i=1

BN #9°(T—1) B
+ %xyo ((‘%) o qft) (T —t, ) dt

d
+ W0 Y H (T — Uy, ) dB;.
i=1
The claim now follows from Lemma 5.2, Lemma 6.1 and Corollary 6.3 below. O
LEMMA 5.2.  For all T € [0,t] and all Y € F(E),

90F #97 (1) R 9aE #9" (1)
((%) : w) I ) = (%) I(r, ).
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#9” (1)
(7’ 1/1—!—5 ) o1/)>

ProOOF. We have

((%)Wm ° w) 7 v) =

(IdEw +5 >#g m) : O(r, )
B

as claimed. O

Proof of Proposition 2.3. We have N; = ®N,. Using Lemma 5.1 this implies

ANy = (d®4)(//§) " (T — t, Xy) + ®1dN,

1 T 69E #QE(Tft)
= _5 (I)t(//g);,t)_l (tht - (?) ) 19(T - t7Xt) dt

99 1 BgB\ " (TY
() (aT s L)) o nxga

d
+ 0> (/60 VEe (T —t, X,) dBj
=1

— oy (5o - (AT - R 9) (@ -t X

+(I)tz //Ot 1VET tﬁ( _tht)deu
=1
as claimed. O

6. Appendix

In this appendix we fix 7 € [0, T] and, to simplify notation, suppress it in the sequel.

LEMMA 6.1 (cf. [11, Proposition 2.2.1]).  Let ¥ be a section of E, x € M, 1) € F(E),
€ € TuM and & the VE -horizontal lift of € to TyF (E). Then

& = VEI(W).

PROOF. Let (1;)icr be a horizontal curve (with respect to VE) in Z(E) with g = 1)
and Yy = 5, and let x; := mi; (so that g = z and &9 = £). Then

//O,t = 1/1t1/161 . Ew — Ewt
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is the parallel transport (with respect to V) along the curve (x;);cr. Consequently,

_~ d
9=

d

T dt

D(ty)

t=0

Py (i)

t=0

d
vt || watite)
=y Vg

= VEO(),

as claimed. O

LEMMA 6.2 (cf. [11, Eq. (2.2.3)]).  For (u,v) € F(M)xpyF(E) andi,je{l,...,n}
we have

(HiH;9) (u, ) = 1~ Hess 9(ue;, ue;).
PROOF. As in the proof of Lemma 6.1 we obtain
(H30) (u, ) = ™'V,

for all (u,¢) € F(M)xn F(E). We now fix (u,v) € F(M)xn.Z (E) and let (ug, ¥1)ier
be a horizontal curve in # (M) x p % (F) such that (ug, o) = (u,) and (g, 1) =
H;(u, ). Let @y := mup = miy (so that &g = ue;). Then

//O,t = ¢t¢al : Ew — ELIJt
is the parallel transport (with respect to V) along the curve (x;);er. Consequently,

= d

(HiH;0)(u, ) = —

_ —1vE
=) vV v

uteyj
t=0

d
— 12
= Yo dt|,

= ¢! Hess 9(ue;, ue;),

otV eV
=0

ute;

as claimed. O

COROLLARY 6.3 (Horizontal Laplacian, cf. [11, Proposition 3.1.2]).
For all (u,v) € O(M) x F(E), we have

d

> (HZ0) (u, ) = ¥ AY().

=1
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