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PhD project:

Inverse problems and reduced models in cardiac electrophysiology
v Supervisors:

Muriel BOULAKIA and Jean-Frederic GERBEAU
v Subjects:
=Simulation of realistic Electrocardiograms
=Parameters estimation
=Reduced order models (RB, POD,ALP, EIM)
=|nverse problems

Post-Doc project:

Reduced models in computational mechanics
v Supervisors:

Stephane BORDAS and Lars BEEX

v Subjects:
=Simulation of hyperelastic materials with reduced order models
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PhD project:

Inverse problems and reduced models in cardiac electrophysiology
v Supervisors:

Muriel BOULAKIA and Jean-Frederic GERBEAU
v Subjects:

=Reduced order models

— — e P e——

Post-Doc project:
Reduced models in computational mechanics

v Supervisors:

Stephane BORDAS and Lars BEEX
v Subijects:
- reduced order models |
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Summary

v PDEs numerical approximation
= Finite Element Methods (overview)
= Reduced Order Methods
* Reduced-Basis
* Proper Orthogonal Decomposition

v Numerical Results
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A numerical approximation
Overview on Finite Element Method (FEM)

FEM space
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A numerical approximation
Overview on Finite Element Method (FEM)

FEM space

u(z) ~ urp1(x) + top(x)
! p1(T)
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FEM versus ROM

— —— —_ = — = = ——— = R — — o —— —
——— S— = e

| ("ROM space

| Vi =span{vy,...,uon} CV | Vv =span{p1,...,on} CVy \
i} dlm(VN) =N<KN ‘
| | v
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General ROM formulation

Diffusion problem K € RNXN

ucRV
w FEM f c RV
~ Ku=f

Linear case

-V-(yVu) = f, QCR
B.C. 09

" b = [9017 790]\7] = RNXN
Weak formulation Vv € V {
/ YVuVv + B.C. = / Jv N ROM
0 0 ~ o~
Ku=t
K=0TK®, K cRNxN
u=>o"u, ueRY

f = oTf, f e RN
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Reduced-Basis Method

A “classical” approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis
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Reduced-

A “classical”

Basis Method
approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis
| .Solve with FEM the (linear) problem(s)

Elisa SCHENONE

Oyl = F(u,@é”),w), in 2 x [0,T] C

R ¢
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Reduced-Basis Method

A “classical” approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis

| .Solve with FEM the (linear) problem(s)

O = F(u,@é”),w), in Q x [0,7] C R* x R,
2.Collect snapshots of FEM solution(s) in a matrix
u(wy, t;)
S:(ul,...,up)é %pr ui: GRNa\V/izlw”aN
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Reduced-Basis Method

A “classical” approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis

| .Solve with FEM the (linear) problem(s)
Oy = F(u, 0, w), in Q x [0,T] C

R4« R

2.Collect snapshots of FEM solution(s) in a matrix
u(xhti)

S = (ul,...,uP) e RV*» u' =

3.0Orthonormalization of the matrix
® = orthonorm(S)

u(zprs ti)

» Can reproduce events described by the FEM solution(s)
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RB application
Diffusion problem

| .Solve with FEM the (linear) problem(s) for different f

—Au = f, Q:(Oal)Q
u=0, 0
N N

0.0 6.x 102

2.Collect snapshots of FEM solution(s)

3.0Orthonormalization of the matrix

© = [¢1,..., ¢4
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RB application
Diffusion problem

. .
-0.05 0.15
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RB application
Diffusion problem

FEM RB (N=4) ERROR

0.0 6.x 102

B the solution is “in”’ the basis
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RB application
Diffusion problem

FEM RB (N=4) ERROR

0.0 6.x 102 0.0 2.x 1072 0.0 1.0

B the solution is NOT “in” the basis
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RB application
Diffusion problem

FEM snapshots
25 sources
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RB application
Diffusion problem

FEM RB (N=25) ERROR

0.0 6.x 102 0.0 6.x 102 0.0 0.25

B the solution is NOT “in” the basis
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Proper Orthogonal Decomposition (POD)

Another “classical” approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis
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Proper Orthogonal Decomposition (POD)

Another “classical” approach to Reduced Order Models

» Use information given by FEM solution(s) to build a suitable basis

| .Solve with FEM the problem(s)

Oy = F(u, 0, w), in Q x [0,T] C

2.Collect snapshots of FEM solution(s) in a matrix

S = (ul,...,uP) e RV*» u’

u(wy, t;)

u(zprs ti)

R4« R

ceRN . Vi=1,....N

3.Compute Singular Value Deccmposition_ (SVD) of the matrix
S=0oX U, ¥ =diag(o;)

4.Keep first eigenvectors as ROM basis functions

» Can reproduce events described by the FEM solution(s)
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RB application
Diffusion problem

| .Solve with FEM the (linear) problem(s) for different f

—Au = f, Q:(Oal)Q
u=0, 0

6xIO

2.Collect snapshots of FEM solution(s)

3.SVD of the matrix
S=0oX U, ¥ =diag(o;)

4.Keep first eigenvectors

= [¢1,. ., P4]
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POD application
Diffusion problem

POD basis functions

-0.1 0.1
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POD application
Diffusion problem

FEM POD (N=4) ERROR

0.0 6.x 102

B the solution is “in”’ the basis
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POD application
Diffusion problem

FEM POD (N=4) ERROR

0.0 6.x 102 0.0 2.x 1072 0.0 1.0

B the solution is NOT “in” the basis
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POD application
Diffusion problem

FEM snapshots
25 sources
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POD application
Diffusion problem

POD basis functions

0.0 0.05
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POD application
Diffusion problem

FEM POD (N=10) ERROR

0.0 6.x 102 0.0 6.x 102 0.0 0.3

B the solution is NOT “in” the basis
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POD application
Diffusion problem

FEM POD (N=15) ERROR

0.0 6.x 102 0.0 6.x 102 0.0 0.3

B the solution is NOT “in” the basis
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POD application
Diffusion problem

FEM POD (N=20) ERROR

0.0 6.x 102 0.0 6.x 102 0.0 0.3

B the solution is NOT “in” the basis
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POD application
Diffusion problem

FEM POD (N=25) ERROR

0.0 6.x 102 0.0 6.x 102 0.0 0.3

B the solution is NOT “in” the basis

Elisa SCHENONE RUES Seminar April, 16th 2015 25



POD application
Diffusion problem

EIGENVALUES ERROR

HUFEM — UPODHQ

|urEM||2
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction

» Infarcted tissue: damaged area which cannot be activated
= to build the POD basis, we use a FEM solution with NO infarction

[Boulakia, Schenone, Gerbeau - 2012]}
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction

» Infarcted tissue: damaged area which cannot be activated
= to build the POD basis, we use a FEM solution with NO infarction

[Boulakia, Schenone, Gerbeau - 2012}

FEM (79,537 basis POD (100 basis
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction

» An efficient POD to simulate an infarction in any point of the heart
= to build the POD basis, we use many FEM solutions with infarction

[Boulakia, Schenone, Gerbeau - 2012]}

Elisa SCHENONE RUES Seminar April, 16th 2015 28



POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction

» An efficient POD to simulate an infarction in any point of the heart
= to build the POD basis, we use many FEM solutions with infarction

S

. healthy FEM solution Sy, = [u}|ui|... |Juy "] € RNV*Nr S
« infarct | FEM solution Sy, = _u}l u%l u]I\iT_ c RNV* Nt §
- infarct 2 FEM solution Sy, = u}z u%z ugT c RN XN &
_ : 5

......... S

5

- infarct m FEM solution S; = [u} \u? ... |u{,VT] c RN XNt f;
g

=compute the SVD on an enlarged matrix =
- ~ >

N X 1)N 2

S = |Su|Sr, S| ...1S.. | € RNX(m+1)N7 =
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction

» An efficient POD to simulate an infarction in any point of the heart
= to build the POD basis, we use many FEM solutions with infarction

[Boulakia, Schenone, Gerbeau - 2012]}
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POD application in Cardiac Electrophysiology

Simulation of a myocardial infarction
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Non-linear problems
Example

V- (y(u)Vu) = f, QCR
B.C. 0%

Weak formulation

/ v(u)VuVv + B.C. = / fu, YoeV
Q Q
~———

K(u)u

possible solution

——— > Empirical Interpolation Methods

Ingredients:

* a reduced- basis approximation space, e.g. RB or POD

* an interpolation procedure tho choose some points where
the PDE is solved in its strong form
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