Spatial Risk Measures: Local Specification and
Boundary Risk

Hans Follmer and Claudia Kliippelberg

Abstract We study a mathematical consistency problem motivated by the interplay
between local and global risk assessment in a large financial network. In analogy to
the theory of Gibbs measures in Statistical Mechanics, we focus on the structure of
global convex risk measures which are consistent with a given family of local con-
ditional risk measures. Going beyond the locally law-invariant (and hence entropic)
case studied in [11], we show that a global risk measure can be characterized by its
behavior on a suitable boundary field. In particular, a global risk measure may not
be uniquely determined by its local specification, and this can be seen as a source
of “systemic risk”, in analogy to the appearance of phase transitions in the theory of
Gibbs measures. The proof combines the spatial version [10] of Dynkin’s method
for constructing the entrance boundary of a Markov process with the non-linear ex-
tension [14] of backwards martingale convergence.

1 Introduction

In a large network of financial institutions, the risk at a given node of the network is
usually assessed in terms of some monetary risk measure that involves the marginal
distribution at that node. But such an approach neglects the interactive effects that
are not captured by the family of marginal distributions. This suggests to take a
conditional approach, where the risk measure applied at a given node takes into
account the situation at the other nodes of the network; see, for example, [1]. The
question is whether these conditional risk measures can be aggregated in a consistent
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manner to a global risk measure, and whether the global risk measure is uniquely
determined by the local specification.

With this motivation in mind, we are going to focus on some of the purely math-
ematical problems which arise in such a spatial setting, and which can be viewed as
non-linear analogues to some classical problems in the theory of Gibbs measures. In
Dobrushin’s probabilistic approach to the analysis of phase transitions in Statistical
Mechanics, Gibbs measures are specified by a consistent family of local conditional
probability distributions; cf. [6] or [18]. In an infinite spatial network, the global
Gibbs measure may not be uniquely determined by the local specification. Non-
uniqueness is interpreted as a phase transition, and in that case Gibbs measures can
be described as mixtures of phases, defined as extreme points in the convex set of
all Gibbs measures.

In analogy to Dobrushin’s approach, we start with a given family (py)yecy of
local conditional risk measures indexed by the class ¥ of finite subsets of some
infinite set of nodes. These conditional risk measures are convex, and they are as-
sumed to be consistent in the usual sense, that is, pw (—py) = pw if V C W. Our
aim is to clarify the structure of the set % of global convex risk measures which are
consistent with this local specification.

To this end, we assume that the local conditional risk measures py are absolutely
continuous with respect to the local conditional probability distributions 7y in the
local specification of a Gibbs measure. Under the stronger assumption of local law
invariance, the conditional risk of a financial position X would only depend on the
distribution of X under the conditional probability measure 7y. As shown in [11],
the local risk measures must then be entropic, and the representation of global risk
measures can be described in a rather explicit manner.

In this paper we go beyond the special case of local law invariance. But then
the main difficulty consists in extending the local specification (py )ycy to a suffi-
ciently regular conditional risk measure with respect to the tail field. We solve this
problem by combining two methods. On the one hand, we use the supermartingale
properties implied by local consistency, and in particular the non-linear extension
of backwards martingale convergence developed in [14]. On the other hand, we use
Dynkin’s method [8, 9] of constructing the entrance boundary of a Markov pro-
cess, adapted to our spatial setting as in [10]. In this way, the set of phases can be
described as a spatial “boundary”, defined by a sub-o-field Z of the tail field. As
our main result, we show that a sufficiently regular global risk measure p in % is
uniquely determined by its behavior on the boundary field Z.In particular, we show
that we have non-uniqueness of the global risk measure if the underlying probabilis-
tic structure admits a phase transition. From a financial point of view, this can be
viewed as one mathematical aspect of the much broader issue of “systemic risk™.

The paper is organized as follows. In Section 2 we recall some basic facts from
the theory of convex risk measures, and in particular the notion of a convex risk
kernel introduced in [11]. In Section 3 we describe our spatial setting and the local
specification of convex risk measures in terms of local risk kernels. The extension
of this local specification to a sufficiently regular convex risk kernel with respect to
the tail field is done in two steps. In Section 4 we use a straightforward definition of
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a limiting kernel p. and show that it has good properties with respect to any given
Gibbs measure P. But this kernel does not behave well enough simultaneously for
all such Gibbs measures. To overcome this difficulty, we introduce an additional
regularization that involves Dynkin’s boundary construction. This second step is
carried out in Section 5, and the resulting risk kernel p. is shown to be the key to
the structure of global risk measures.

2 Preliminaries on convex risk kernels

In this section we recall some basic definitions and facts from the theory of convex
risk measures initiated in [2], [16], and [17], and also the notion of a convex risk
kernel introduced in [11]. For more details see, for example, [12] and [15].

Let (2,.%) be a measurable space, and denote by M := M,(Q,.#) the space
of all bounded measurable functions on (£2,.%#). A real-valued functional p on M
is called a monetary risk measure if it is monotone, i.e., p(X) > p(Y) whenever
X <Y, cash-invariant, i.e., p(X +m) = p(X) — m for constants m, and normalized,
i.e., p(0) = 0. If a monetary risk measure p is also convex on M, then p will be
called a convex risk measure. A convex risk measure is called coherent if it is also
positively homogeneous, that is, p(AX) = Ap(X) for any positive constant 1. We
denote by &7 := {X € M| p(X) <0} the acceptance set of p; in the convex case the
acceptance set is convex, in the coherent case a convex cone.

Typically, a convex risk measure has a dual representation

p(X) = sup (Eg[-X]—a(Q)), (1
Q2

in terms of some set 2 of probability measures on (£2,.%) and some penalty func-
tion o : £ — [0, 00]. In this case, the representation also holds if we choose

a(Q) = sup Eg[—X], ()
Xed

and this is the minimal penalty function such that (1) holds.

A necessary condition for (1) is the Fatou property of p, that is,

lim X; =X pointwise = p(X) < liminfp(Xy) 3)
k—yoo k—so0

for any uniformly bounded sequence (Xi)k=12,... in M; cf. [15], Lemma 4.21. We
say that p has the Lebesgue property if (3) is replaced by the stronger condition

limX; =X pointwise = p(X) = ]zi_rip(xk). 4)

k—>oo
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This condition is sufficient for the dual representation of p, and it implies that the
supremum in (1) is actually attained; cf. [15] Th. 4.22 and Exercise 4.22.

Now let P be a probability measure on (2,.%).

Definition 1. If p is a monetary risk measure on M such that p(X) = p(Y) whenever
X =Y P-almost surely, then we say that p is absolutely continuous with respect to
P, and we write

p<P.

In this case, p can also be considered as a monetary risk measure on the Banach
space L*(Q,.%,P). Such a risk measure is called law-invariant with respect to P if
p(X) = p(Y) whenever X and ¥ have the same distribution under P.

If p < P then the Fatou property is both necessary and sufficient for the dual
representation (1) of p, regarded as a convex risk measure on L*(Q,.%, P). In this
case we have Q < P for any Q such that o(Q) < oo, and so we can restrict 2 to the
class of probability measures which are absolutely continuous with respect to P; see
Theorem 4.33 in [15]. If p satisfies the stronger Lebesgue property, then the supre-
mum in (1) is actually attained by some Q < P depending on X; see Corollary 4.35
in [15], and also [5] for a converse result.

Example 1. Let P be a probability measure P on (£2,.% ), and consider the entropic
risk measure eg with parameter 8 € [0, ), defined by

1
eg(X) = Blong[efﬁX]; (5)

for B = 0, this will be interpreted as the limiting linear case

eo(B) = lﬁiﬁ)leﬁ(X)ZEP[—X]- (6)

An entropic risk measure is clearly convex and law-invariant. It has the Lebesgue
property, and the minimal penalty function in its dual representation (1) is given by

a(Q) = %H<Q|P>,

where H(Q|P) denotes the relative entropy of Q with respect to P; for § = 0 the
penalty function is to be read as 0 if Q = P and as +oo if not.

Let %y C .7 be a sub-o-field of .#, and denote by M the space of bounded mea-
surable functions on (£,.%). Let us first recall the definition of a stochastic kernel
7(w,dn) from (2,.%) to (Q2,.F): For any o € Q, n(®,-) is a probability measure
on (£,.%#), and for any A € %, the function 7(-,A) on Q is .%p-measurable. For
a probability measure P on (2,.%)) we denote by Pz the probability measure on
(9, .%) defined by Pr[A] = [7(w,A)P(d®). The stochastic kernel will be called
regularif T(®,-) = 8, on .%y. For two such kernels ; (i =0, 1), their composition
w7y is defined as the stochastic kernel given by mym; (®,A) = [ 71 (n,A)m(®,dn).
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Let us now extend the classical definition of a stochastic kernel in the following
manner.

Definition 2. A monetary risk kernel from (2, %) to (2, F) is a real-valued func-
tion pg on £ x M such that

i) for each w € Q, the functional py(®, ) is a monetary risk measure on M;
ii) for each X € M, the function py(-,X) belongs to M.

Such a monetary risk kernel py will be called convex if all risk measures py(®,-)
are convex. It will be called regular if

pO(wvf(XOaX)) = p()((l),f(XQ(CO),X)) @)

for w € Q, Xy € My, X € M, and for any bounded measurable function f on R% We
will say that the risk kernel py has the Fatou property, or the Lebesgue property, if
condition (3) or condition (4) holds for each risk measure py(®, ).

Note that regularity of a monetary risk kernel py from (2,.%) to (2,.%) implies
the following local property:

pO(wleOX +IA6Y) = IAo(w)pO(waX) +IA6(w)p0(w7Y) (8)

forw € Q,X,Y € M, and any Ay € F.

The composition po(—p;) of two monetary risk kernels py and p; is defined as
the monetary risk kernel given by

(Po(=p1))(@,X) := po(@,—p1 (-, X)).
If pp and p; are both convex, then their composition po(—p1) is again convex.
If py is a regular convex risk kernel from (2,.%) to (£2,.%) such that the risk
measures po(o, -) satisfy the condition

po(w,) K P P—as., 9)

then it is easy to check that pg can be regarded as a conditional convex risk measure
in the usual sense, as specified by the following definition.

Definition 3. A map py from L*(Q,.%,P) to L*(Q, %, P) is called a conditional
monetary risk measure with respect to %, and P, if it satisfies the following three
properties for any X, Y € L*(Q,.%,P):

i) Monotonicity: po(X) > po(Y) P-a.s. whenever X <Y P-a.s.;

ii) Conditional cash invariance: po(X +m) = po(X)—m P-a.s.forallme L*(Q,.%,P);
iii) Normalization: py(0) =0 P-a.s..

Such a conditional risk measure py is called convex if
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Po(AX 4+ (1=2)Y) < Apo(X)+(1—=2A)po(Y) P—as.

for any .%p-measurable function A such that 0 <A <1 P-as.. Itis said to have the
Fatou property if

limX; =X P—as. = p(X) <liminfp(Xy) P—a.s.
k—yoo k—yo0

for any uniformly bounded sequence (Xi)i—12,. in L*(Q,.%,P); the Lebesgue

property is defined in the same manner.

Note that the Fatou or the Lebesgue property of the risk measures py(®,-) in (9)
implies the corresponding property of pg, regarded as a conditional risk measure
with respect to P.

If a convex conditional risk measure py with respect to %y and P has the Fatou
property, then it admits a conditional version of the dual representation (1). Denoting
by

S ={X eL”(Q,F,P)|po(X) <0 P—as.}

the acceptance set of py, the dual representation takes the form

Po(X) = esssup (Eg[—X | Fo] — a0 (Q)), (10)

where the essential supremum is taken with respect to P and over all probability
measures Q < P such that Q ~ P on the o-field .%, and where the minimal penalty
function is given by

o (Q) = esssupyc o, Eo[—X | F0], (1)

see [7] or Theorem 11.2 in [16]. For a general Q < P, (11) is defined as an essential
supremum under Q. But if Q satisfies the additional condition Q = P on % as in
(10), then it can as well be read as an essential supremum under P.

3 Local specification of spatial risk measures

Let I be a countable set of sites, and let S be some Polish state space with Borel o—
field .. We assume that each site i € I can be in some state s € S, and we denote by
Q = S’ the set of possible configurations @ : I — S. For any subset J C I, we denote
by wj the restriction of @ to J, by .%; the o-field on 2 generated by the projection
maps @ — (i) for any i € J, and we write .% = %;. A probability measure P on
(£, .%) is also called a random field.

Let ¥ denote the class of non-empty finite subsets V C I. For a given set V € ¥/,
the o-field .%y describes what is observable on V, while %y describes the situation
on V¢ :=1\V, also called the environment of V.
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Definition 4. A collection (py )y <y of regular convex risk kernels py from (Q, Fye)
to (Q,.7) is called a local specification of a convex risk measure if it satisfies the
consistency condition

pw(—pv) = pw (12)

for any V,W € ¥ such that V C W, and if each risk kernel py is regular in the sense
of (7) and has the Fatou property.

From now on we fix a local specification (py )ycy of a convex risk measure.

Definition 5. Let % denote the set of all convex risk measures p on M which are
consistent with the local specification (py )ycy, that is,

p(—py)=p foranyV e?. 13)

Our aim is to clarify the structure of the global risk measures in Z. At the gen-
eral level of Definition 4 there is not much to be said. The situation becomes more
transparent if we introduce an underlying probabilistic structure, described by the
local specification of a random field; cf. [6] and [18].

Definition 6. A collection (7y )y <y of regular stochastic kernels my from (2, %yc)
to (2,.%) is called a local specification of a random field if it satisfies the consis-
tency condition

Tw Ty = Ty (14)
for any V,W € ¥ such that V C W.

Definition 7. We denote by & the convex set of all random fields P which are con-
sistent with this local specification in the sense that

Pny =P foranyV € 7. (15)

A random field P € & is also called a Gibbs measure. The case | 22| > 1, where the
global random field is not uniquely determined by the local specification (7y )y v,
is often referred to as a phase transition.

For any V € ¥, the stochastic kernel 7y serves as a conditional probability dis-
tribution with respect to #yc which is common to all probability measures P € &2,
and so we can write

Erlf | Fvel(@) = [ fmm (@.dn) (16

for any P € & and any measurable function f > 0 on (2,.7).

Let us now fix a local specification (7y )y < of a random field such that

P +0. (17)
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We connect our local specification (py )ycy of a convex risk measure with the local
specification (7y )y <y by the following assumption:

Assumption 1. For any ® € Q and any V € ¥, the convex risk measure py (,-)
has the following two properties:

i) pV(wv ) < EV(wv )
ii) If X is acceptable for py (@, -) then the expected loss under the measure 7y (®, )
is uniformly bounded from above, i.e., there is a constant ¢ > 0 such that

pv(@.X) <0— [(=X)mm (@.dn) <c. (18)

Remark 1. The local specification (py)yey is called law-invariant if Assump-
tion 1(i) is replaced by the much stronger assumption that each convex risk mea-
sure py (@, -) is law-invariant with respect to the probability measure 7y (@, -). This
implies

pv(0.X) = [ (=X)()mv(w.dn)

for any X € M, and so condition (18) is satisfied with ¢ = 0; see Corollary 4.65
in [16]. Actually much more is true: Under mild regularity conditions, local law
invariance together with consistency of the family (py)ycy implies that the risk
measures py (@, -) must be entropic; see [10] and also [19]. More precisely, the risk
kernel py takes the form

1
B (@)
with Be (@) € [0,00), as in Example 1. Due to consistency, the parameter f..(®)

does not depend on V, and this implies that the function B.(-) is measurable with
respect to the tail field .%., introduced in Section 4 below; see [10] for more details.

py(®,X) = 1og/e—3w<‘°>x<”)nv(w,dn) (19)

Lemma 1. For any P € 2, the risk kernel py can be regarded as a conditional risk
measure
Pv . Lw(.Q,j,P) — Lm(Q,gZVC,P),

and this conditional risk measure has the Fatou property with respect to P.

Proof. Take X and Y in M such that X =Y P-a.s.. We have to show that py (-, X) =
pv(-,Y) P-as.. Indeed, the consistency condition P = Pmy implies my (-, X) =
my(-,Y) P-as., hence py(-,X) = py(-,Y) P-a.s. due to part i) of our Assumption
1. The Fatou property of the conditional risk measure with respect to P follows
from the Fatou property of the risk kernel py. 0O

We now take a closer look at our consistency condition (12). For a given probabil-
ity measure P € &, this can be read as a consistency condition for two conditional
risk measures with respect to P, as shown by Lemma 1. As such, it can be character-
ized at the level of the corresponding acceptance sets and also at the level of penalty
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functions; see, for example, [4] and [13]. For our purposes, however, we will need
an alternative characterization in terms of the following supermartingale property;
see [13] and Theorem 2 in [3].

Proposition 1. For any P € & and any V,W € ¥ such that V. C W, the consistency
condition pw (—py) = pw Yyields the supermartingale inequality

pw(X)+aw(Q) > Eglpv(X) + av (Q) | Fwe] P—as. (20)

forany X € L= (Q, %, P) and any probability measure Q < P.

4 Passing to the tail field

Our aim is to clarify the structure of the class & of global convex risk measures
which are consistent with our local specification (py )y <y, in analogy to the classical
analysis of the class & of global random fields which are consistent with the local
specification (7 )y ey .

This problem is trivial if I is finite: In this case we have I € ¥ and .F#jc = {0,Q},
and so p;(®,-) does not depend on @. Thus there is exactly one risk measure p € %,
namely p = py.

From now we assume |I| = o, and so (£2,.%) is an infinite product space. Here
we will proceed in two steps. In this section we are going to extend the local spec-
ification (py )ycy in a consistent manner to a risk kernel p.. with respect to the rail
field

Froo 1= m y\/c,
vev
and we shall describe the properties of p. as a conditional risk measure with respect
to any given measure P € &. The second step will be done in the next section. It
involves a regularization of the initial kernel p., and this will be the key to the
structure of global risk measures.

Let us fix a sequence (V,,) C ¥ increasing to I, and let us use the notation
pn::ana n:1a2a"'

for the corresponding sequence of convex risk kernels. Now consider the risk kernel
P defined by

Poo(@,X) :=limsup p,(®,X) 21

n—oo

for any X € M and any @ € 2. We denote by

M. = Mb(g7goo)
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the space of all bounded measurable functions on (Q,.%.). For any X € M, the
function pw(+,X) belongs to M., since it is bounded by ||X|| and clearly measurable
with respect to the tail field ...

Lemma 2. The functional p.. : M — M., defined by (21) is a regular convex risk
kernel from (Q, %) to (,.F), and it satisfies the consistency condition

Pee(—PV) = P 22)
foranyV €.

Proof. For any @ € Q, the functional p..(®,-) on M inherits from the sequence
(pn) the properties of a convex risk measure and also the regularity property (7).
Moreover, we have

Peo(—pv (X)) = limsup p, (—py (X)) = limsup p,(X) = po(X)

n—oo n—oo

forany V € ¥, since p,(—pv (X)) = pn(X) as soon as V C V,,, due to the consistency
condition (12). O

For the rest of this section we fix a probability measure P € &2. We are going to
show that the limit superior in (21) is P-almost surely a limit, and that p.. has good
properties as a conditional risk measure with respect to P.

Lemma 1 shows that each risk kernel p, can be regarded as a conditional risk
measure under P with respect to .%y¢, and that it has the Fatou property with respect
to P. We denote by

Iy (P):={X € L”(2,FZ,P)|pu(X) <0 P—as.}
its acceptance set and by
0, (Q) = esssupy e o, (p) Eo[—X|Fyg].
its penalty function. It follows that p,, admits the dual representation
pn(X) = esssup(Eo[—X|-Fv] — a(Q)), (23)

where the essential supremum is taken over all Q < P such that Q ~ P on Fy.. Let
us also introduce the set

2(P):={0 € A (P)|Q =P on %, supEq[t(Q)] < eo}.
n
As we shall see in the proof of the following Proposition, we have P € 2(P), hence
2(P) #0.
Lemma 3. For any Q € 2(P), the limit

0 (Q) = lim 0, (Q) (24)

n—oo
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exists P-a.s. and satisfies
Ep[0t(Q)] < oo. (25)

Proof. Take Q € 2(P). Applying Proposition 1 for X = 0, we see that the consis-
tency condition P41 = Ppt1(—pn) implies the backwards supermartingale inequal-
ity

an+l(Q) ZEQ[O‘VZ(Q)LQV{]’ n=12,..
with respect to the decreasing o-fields (Fy¢),=12.... Since Q € 2(P), it follows
that (@,(Q))n=1.2... is a non-negative backwards supermartingale under Q which is

bounded in L' (Q). It is thus convergent, Q-a.s. and in L' (Q), to a finite limit 0t..(Q)
such that

Eplae(Q)] = lim Eg[0,,(Q)] < oe.

n—oo

This implies (25) and also the P-almost sure convergence in (24), since Q = P on
Fo. 0O

Combining Lemma 3 with the supermartingale inequality (20), we obtain the first
part of the following Proposition. The second part will follow by applying the results
in [14] on the behavior of consistent conditional risk measures along decreasing o-
fields.

Proposition 2. We have
Poo(+,X) = lim p,(-,X) P—a.s.
n—soo
for any X € M, and the kernel p.. defines a conditional convex risk measure

P : L7(Q,F,P) = L*(Q,F.,P) (26)

under P with respect to the tail-field F. This conditional risk measure has the
Fatou property, and its dual representation is given by

Peo(X) = esssupgc 9, (Eg[—X|-F ] — 0(Q)), X €M, (27)

where 0(Q) is given by (24). Moreover, Q.. coincides with the minimal penalty
function of P, i.e.,

0 (Q) = essSUPy e (p)Eo[—X|F ] (28)
for any Q € 2(P), where

Ao(P) i= {X € L™(Q,.7,P)| po(X) <0 P—as.}.

Proof. 1) Take any X € M and consider the process
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Su(P,X) = pu(X) + 0t (P), n=12,....

This process is bounded from below by —||X||, and the consistency condition
Pn+1 = Pnt1(—pn) implies the backward supermartingale inequality

Sut1(P,X) > Ep[Su(P.X)) | Fvel;

see Proposition 1 for Q = P.

2) Take any X € o7,(P). Since p,(-,X) <0 P-a.s., we have
pn(,X) <0 T, (,-) —a.s.
for P-almost all @. Using (16) and our assumption (18), this implies
Erl-X|Fyg)(@) = [ (-X)mm(o.dn) <
for P-almost all . In view of (11), this yields the estimate

0, (P) <c P—as..

This bound is valid for any n, and so we have P € 2(P).

3) Since P € 2(P), the process (S,(P,X))s—1,2,.. is a backwards supermartingale
with respect to P and bounded in L' (P), hence convergent P-a.s. to some finite limit
Se(P,X). Combined with Lemma 3, this yields P-almost sure convergence of the
sequence

Pn(X) =S, (P,X) + o, (P), n=12,...

t0 Pw(X) and the equality
Poo(X) =Seo(P,X) + 0e(P) P—as..

4) Since the backwards supermartingale (,(P)),—1 2. is bounded in L' (P), we can
now apply the results of [14] on the limiting behavior of consistent conditional risk
measures along decreasing o-fields under a fixed reference measure P. Lemma 2 in
[14] shows that p. has the Fatou property under P, and Theorem 4 in [14] yields the
dual representation (27) and the identification of 0. as the minimal penalty function
of poo. O

S Dynkin boundary and boundary risk

In this section we are going to modify the risk kernel p. in such a way, that the
resulting kernel P.. has good properties in terms of the class &2 of Gibbs measures.
To this end, we use a method developed by E.B. Dynkin [8] for the construction of
the entrance boundary of a Markov process, as it was applied in [10] to the integral
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representation of the class &. This involves an extension of the local specification
(my )yey to a conditional probability distribution 7., with respect to the tail field
Z < Which is common to all probability measures P € 2. The following Proposition
summarizes the results of [8, 9] and [10] which are relevant for our purpose.

Proposition 3. There exists a stochastic kernel Tt from (2, %) to (2, F ) with the
following properties:

i) For any ® € Q, the random field n..(®,-) belongs to & and is actually an ex-
treme point of the convex set 2. In particular we have

Moy = M foranyV € 7. 29)

ii) For any @ € Q, the probability measure T (®,-) is ergodic on the tail field, that
is, To(®,A) € {0,1} for any A € F.., and this implies

Tc‘”(na') :TE‘X’((O") ﬂw(a),-)—a.s.. (30)

iii) The kernel m.. serves, simultaneously for all P € &2, as a conditional distribution
with respect to the tail field F.., that is,

Erlf] 7= )(0) = [ () (0,dn) &

P-a.s. for any P € & and for any measurable function f > 0 on (Q,F).

We endow the set & with the canonical o-field & generated by the maps
P — P[A] (A € .%). Then the kernel 7., can be viewed as a measurable map from
(2, %) to (¥,9). We denote by

2 = 0o(m.) C Fu
the o-field on Q2 generated by this map, and by
M = My(RQ,.7) C M.

the corresponding space of bounded measurable functions. We will call (9732 )
the Dynkin boundary of the local specification (7y )ycy, and Z will be called the
boundary field. Thus, any random field P € &7 admits a representation by a proba-
bility measure on the Dynkin boundary, namely

P=Pr.— / 1 (0,) P(do), (32)

where P denotes the restriction of P to the o-field .%. Conversely, any probability
measure P on (.(27@ ) defines via (32) a random field P € 2, due to (29). In this
way, we obtain an integral representation of the convex set & that is coupled to the
tail field by the kernel 7..:

P = {Pr.,| P isaprobability measureon (2,.%)}. (33)
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In particular, a phase transition | £?| > 1 occurs if and only if the Dynkin boundary
is non-trivial in the sense that the kernel 7., really depends on the tail field, that is,
not all measures 7..(®, -) coincide, and so .% does not reduce to the trivial o-field
{0,Q}.

Remark 2. The integral representation (32) shows that the set of extreme points of
the convex set £ is given by

Py = {T.(0,")|0 € Q}.

In particular, &, is a measurable subset of &2. Denoting by up the image of P under
the map 7. : 2 — &7, the representation (32) takes the form

r= [, owao). (34)

Conversely, any probability measure i on &, defines via (34) a random field P €
&, and we have u = up. Thus we obtain a Choquet type integral representation of
the convex set &, that is, any P € &2 is barycenter of a unique probability measure
up on the set &, of extreme points; see [8, 9, 10].

Let us now regularize the kernel p.. by introducing the risk kernel pe = Moo
defined by

pel@.X) = [ pu(n.X)mo(@,dn) (35)
for € Q and X € M. In order to describe its properties, we first take a closer look

at the functions in the space M.

Lemma 4. For any function X € M., and any ® € Q, we have

A

X()=X(0) 7m.(0,)—as., (36)

where X denotes the function in M defined by
X(w):= /X(n)mx,(w,dn). (37)

Moreover, X belongs to M if and only if X coincides with X.

Proof. Since 7..(®,-) is 0-1 on the tail field .%., the function X € M., is constant
T (@, ) - a.s., and this implies (36). The function X defined by (37) clearly belongs
to M, and so the identity X = X yields X € M. Conversely, assume that X € M, that
is, X is .%-measurable. Since % is generated by the map 7. : Q — £, there is
a measurable function f on &2 such that X (@) = f(7.(®,-)) for all ® € Q. This
implies, for any @ € 2,

(@) = [ f(n,)2(@.dn) = f(7-(0,) =X (@),
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since 7w (N, ) = Mo(®, -) for T(w, -)-almost all 7, due to (30). O

Proposition 4. p.. is a regular convex risk kernel from (Q,.%) to (2,.F), and it
satisfies the consistency condition

Pes(—PV) = Peo (38)
foranyV € V. For fixed ® € Q, we have
ﬁw(wv') < ﬂw((l),'), (39)

and the convex risk measure Po(@,-) has the Fatou property with respect to the
probability measure T.(®,-).

Proof. For any X € M, the function p..(-,X) is clearly .%-measurable. For fixed
o € Q, the functional pe.(®,-) on M inherits from p.. the properties of a convex
risk measure and also the consistency condition:

pe(@.~py (X)) = [ Pl —py (X))o (@.d)
=/mmxm4am>
= ﬁw((l),X).

Thus, p.. is a convex risk kernel from (2,.%) to (2,.%) such that P (@, -) € Z for
any o € Q. To check its regularity, take XeM,X eM,and any bounded measurable
function f on R?. Since p.. is regular by Lemma 2, and since X(n) = X(®) for
T (®, -)-almost all 1 by (36), we obtain

pul@. f(R.X)) = [ puln SR X))o (@,d)
= [ o= FR (M), X))o (0,d)
— [ p-(1.F(R(@). X)) o(@.dn)
= po(,f(R(0).X)).

It remains to verify the Fatou property of pe(®,-) with respect to the measure
P := m..(®,-). Take any uniformly bounded sequence (Xi)i=i2,. in M such that
X converges P-a.s. to some X € M. Since P € &, Proposition 2 implies

Poo(+,X) < liminfpe(-,X;) P—a.s..
k—yoo

Applying Fatou’s lemma, we obtain

ﬁm(a),X) = EP[pw('vx)]
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< Ep[liminf peo (-, Xy )]
k—so0
< liminf Ep[pe (-, Xx)]
k—yo0

= liminf Poo(®, Xy).
k—yoo

In the special case Xy =Y we see that Pe(0,X) < Po(®,Y) whenever X <Y
T (O, -)-a.5., and this implies Po (0, ) K To(®,-). O

Definition 8. Let us say that a monetary risk measure p on M has the Lebesgue

is a uniformly bounded sequence in M such that

limX; =X & —almost surely,
k—yoo

that is, the convergence takes place P-a.s. for any P € &. We denote by %y, the class
of all risk measures p € % which have the Lebesgue property with respect to 7.

Remark 3. For a monetary risk measure p on M, the Lebesgue property with
respect to & is equivalent to the Lebesgue property with respect to pointwise
convergence, that is, limy_,.. p(Xi) = p(X) whenever (X;)i=12... is a uniformly
bounded sequence in M such that limy_,., X;(®) = X (@) for any @ € Q. Indeed,
if lim,Hw)A(n = X Z-a.s. then the sequence converges 7l (®,-)-a.s. for each @ € Q,
and this amounts to pointwise convergence on €2, due to Lemma 4.

The following theorem shows that any risk measure p € %, is uniquely deter-
mined by its behavior on the Dynkin boundary, that is, by its restriction p to the
space M.

Theorem 1. Any risk measure p € %y has the form
p =p(—p), (40)
where p denotes the restriction of p to M.
Proof. Take p € % and any X € M. Since p € %, we have
p(=pn(X)) = p(X)

for any n > 1. The sequence (p,(X))s=1,5,.. is uniformly bounded by ||X
Proposition 2 shows that

, and

lim p, (-, X) = poo(-,X) & — almost surely.

n—oo

Now note that, for any @ € £, the equality

po(X) = [ pol X)Te(@.d) = ol @,X) = Pl X)
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holds 7..(®, -)-almost surely, due to Lemma 4. In view of the integral representation
(32), this implies peo(-,X) = Po(+,X) P-a.s. for any P € &2, and so we get

lim p,(+,X) = Poo(-,X) & — almost surely.

n—00

Applying the Lebesgue property of p with respect to &, we obtain

p(X) = lim p(—p,(-,X)) = p(=Pe (X)) = p(=Pe(:, X)),

n—oeo
and this proves the representation (40). 0O

Remark 4. If arisk measure p € Z has the Fatou property with respect to &7 but not
the Lebesgue property, then the preceding proof yields the inequality p < p(—pw).

Now suppose that the risk kernel P.. is such that each risk measure p..(®, ) has
not only the Fatou property but also the Lebesgue property with respect to the mea-
sure T..( @, -); this condition is clearly satisfied in the entropic case of Remark 1. In
such a situation we have %} # 0, and there is a one-to-one correspondence between
the class %y and the class ,@L of all convex risk measures p on M that have the
Lebesgue property with respect to pointwise convergence:

Corollary 1. If each risk measure P(®,-) has the Lebesgue property with respect
to the measure T (@, ), then we have

T =1{p(—p-.)|p € A1}, 1)
and in particular %y, # 0.

Proof. The inclusion ”C” follows from the preceding theorem. Conversely, if p €
%y, then p := P(—P«) clearly defines a convex risk measure on M which belongs
to the class Z. To see that p has the Lebesgue property with respect to &2 and thus
belongs to %, take a uniformly bounded sequence (X,) in M such that X,, — X
Z-a.s.. In particular, the convergence holds 7..(®, -)-a.s. for any @ € Q, and this
implies 1limy, e Peo (0, X)) = P (@, X ). Thus we have pointwise convergence of the
uniformly bounded sequence (Poo(-,X;))n=12,... in M. Since p belongs to Ry, we
get

Tim p(X,) = Tim p(—pa(, X)) = p(—pie(-, X)) = P(X).
This proves the converse inclusion ”2”. In particular we have % # 0, since 74 0.
Indeed, any probability measure P on the Dynkin boundary induces via

pO) = [(-x)aP @)

a convex risk measures p € ;. O

Corollary 2. A risk measure p € %y is uniquely determined by the local speci-
fication (py)yey if and only if the local specification (my )ycy admits no phase
transition, i.e.,
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%=1 < |2|=1. (43)

Proof. If | 2| =1 then F is trivial, M can be identified with R!, and there is only
one monetary risk measure on M given by p(m) = —m. Thus (41) implies | %, | =
1. Conversely, if |£?| > 1 then we can choose @, @, € Q such that 7.(®;,-) #
Moo (@3, +). Taking

A={0 € Q|M(0),) = fu(an,)} €.Z,

we obtain 7T.(®;,A) = 1 und 7.(@,,A) = 0 due to (30). But Pe (@, ) < Teo(@;, -)
for i = 1,2 by Proposition 4, and so we get Po (01, —14) = 1 and Po(02,—14) = 0.
This shows that the two risk measures p; := p;(®,-) € Z; do not coincide, and so
we have |Zr| > 1. O

The absence of a phase transition at the underlying probabilistic level implies
|2 = 1, but not |2| = 1, as illustrated by the following remark on the entropic
case.

Remark 5. Let us return to the special case of local law invariance in Remark 1,
where the local risk measures py(,-) are of the entropic form (19) with some
parameter (@) which depends on the tail field .%... For fixed o € Q, the measure
T (@, +) 18 ergodic on 7., and so we have

Bem) = B(@) i= [ Pu(§)m(@.d0)

for 7m.(®,-)-almost all n € Q. Thus the risk kernel Poo = TP in (35) takes the
form

1
(o)
Clearly, the convex risk measure po.(®, ) has not only the Fatou property but also
the Lebesgue property with respect to the probability measure 7.(®,-). Thus we
can apply Corollary 1 and Corollory 2.

In the absence of a phase transition we have & = {P} for a single random field
P. In this case, the .% -measurable function f reduces to the constant

A

pm((l),X) =

log/efﬁ(“’)x(")nw(a),dn). (44)

Bi= [ Bu(@)Pldo) € [0.)

and the unique risk measure p in %y is given by the entropic risk measure (5) with
respect to P and 3. In particular we obtain p(X) = Ep[—X]| for any function X € M.,
since X (-) = Ep[X] P-almost surely, due to the ergodicity of P on .%.. On the other
hand, the convex risk measures p.(®,) in (21) all belong to Z due to (22), and they
are different from p since regularity of the kernel p.. implies p.(®,X) = —X (@)
for any X € M.
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