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I. INTRODUCTION AND OVERVIEW
A. Motivations

The purpose of this paper is to establish quantitative central limit theorems for some U-statistics on wavelets coef-
ficients evaluated either on spherical Poisson fields or on a vector of independent and identically distributed (i.i.d.)
observations with values on a sphere. These statistics are motivated by standard problems in statistical inference,
such as evaluation of the variance in density estimations and Sobolev tests of uniformity of the underlying Poisson
measure. Such problems are certainly very classical in statistical inference; however, we shall investigate their solution
under circumstances which are somewhat non-standard, for a number of reasons. In particular, we will focus mainly
on “high-frequency” procedures, where the scale to be investigated and the number of tests to be implemented are
themselves a function of the number of observations available, according to rules to be discussed below; for these
statistics, we shall establish quantitative central limit theorems by means of the so-called Malliavin-Stein technique.
Such a technique will allow, for instance, to determine how many joint procedures can be run while maintaining a
given level of accuracy in the Gaussian approximation for the sample distribution of the resulting statistics; as shown
in Sections ID2 and ID 3 below, a refined version of an argument contained in the classic paper by Dynkin and
Mandelbaum [9] will allow us to extend our quantitative result (in a fully multidimensional setting) to the framework
of U-statistics based on i.i.d. spherical observations.

As already mentioned, we shall assume that the domain of interest is the unit sphere S¢ C R%*t!. The arguments we
exploit can be extended to other compact manifolds, but we shall not pursue these generalizations here for brevity
and simplicity; however, on the contrary of most of the existing literature, our procedures can also be easily adapted
to cover "local” tests, i.e. the possibility that these spheres are only partially observable, as it is often the case
for instance in astrophysical experiments, cfr. for instance [37], see also the recent monograph [5] for several other
applications of spherical data analysis.

Malliavin-Stein techniques for Poisson processes have recently drawn a lot of attention in the probabilistic literature,
see for instance [6, 20, 21, 26, 29, 32], as well as the textbooks [27] and [7] for background results on Gaussian
approximations by means Stein’s method. As motivated above, our aim here is to apply and extend the now well-known
results of [29, 30] in order to deduce bounds that are well-adapted to the applications we mentioned; our principal
motivation originates from the implementation of wavelet systems on the sphere in the framework of statistical analysis
for Cosmic Rays data, as for instance in [16, 19, 34, 36]. As noted in [8], under these circumstances, when more and
more data become available, higher and higher frequencies (i.e., smaller and smaller scales) can be probed. We shall
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hence be concerned with sequences of Poisson fields, whose intensity grows monotonically; it is then possible to exploit
local Normal approximations, where the rate of convergence to the asymptotic Gaussian distribution is related to the
scale parameter of the corresponding wavelet transform in a natural and intuitive way. Similar arguments were earlier
exploited for linear statistics in [8]; the proofs in the nonlinear case we consider here are considerably more complicated
from the technical point of view, but remarkably the main qualitative conclusions go through unaltered.

B. TU-Statistics on the Poisson Space

We will now recall a few basic definitions on Poisson random measures and Stein-Malliavin bounds; we refer for
instance to [28, 31, 35] for more discussions and details. Assuming that we are working on a suitable probability space
(Q, F,P), the following definition is standard:

Definition I.1. Let (©,.A,\) be a o-finite measure space, and assume that A has no atoms (that is, A ({z}) = 0,
for every x € ©). A Poisson random measure on © with intensity measure (or control measure) X is a collection of
random variables {N (A) : A € A}, taking values in Zy U {+00}, such that the following two properties hold:

1. N (A) has Poisson distribution with mean X (A), for every A € A;

2. N(A1),...,N(A,) are independent whenever Ay, ..., A, € A are pairwise disjoint.

In what follows, we shall consider a special case of Definition I.1; more precisely, we take © = R x S?, with A = B(0),
the class of Borel subsets of ©. The symbol N indicates a Poisson random measure on ©, with homogeneous intensity
given by A = p x u. We shall take p(ds) = R-¢(ds), where £ is the Lebesgue measure and R > 0 is a fixed parameter,
in such a way that p([0,t]) :== Ry = R-t. Also, we assume that p is a probability on S? of the form p(dz) = f(x)dz,
where f is a density on the sphere. Given such an object, we will denote by N; (¢ > 0) the Poisson measure on
(S%,B(S?)) given by

Ny(B) := N([0,] x B), B € B(SY); (L1)

it is easy to verify that N; has control u; := Rypu.

Let us also review some standard distances between laws of random variables taking values in RY; the first two
(Wasserstein and Kolmogorov distances) will be only used in the univariate case. Given a function g € C'(R?), we
write ||g||Lip = sup ||Vg(z)||ra. If g € C2(RY), we set

r€R4e

Ms(g) = sup [[Hess g(z)|[op,
R4
where || - ||op indicates the operator norm.

Definition I.2. The Wasserstein distance dyw , between the laws of two random vectors X, Y with values in R? (¢ > 1)
and such that B || X||gq , E||Y||ge < 00, is given by:

dw (X,Y) = sup [E[g(X)]-E[g(Y)]].

g: llgllLip<1

Definition 1.3. The Kolmogorov distance di, between the laws of two random variables X,Y with values in R and
such that E|X|[,E|Y]| < oo, is given by:

drg (X,Y)=sup|P[X <z]-P[Y < z]|.

z€R

Definition 1.4. The distance dy between the laws of two random vectors X, Y with values in R? (q > 1), such that
E || Xz, E||Y]|ge < 00, is given by:

dy (X,Y) = 525 Eg (X)) =E[g()Il,

where H denotes the collection of all functions g € C? (RY) such that ||g||Lip <1 and Ma(g) < 1.

The concept of a U-statistic was introduced in a seminal paper by Hoeffding [15], and since then it has become a
central notion for statistical inference (see e.g., [33]). Let us recall a general definition, following [32].



Definition 1.5 (U-statistics). Consider a Poisson random measure N with controlv on (A, A). Fix k > 1. A random
variable F' is called a U-statistic of order k, based on the Poisson measure N with control v, if there exists a kernel
h € LL(v*) such that

F= > h@,...,%), (1.2)

where the symbol N;Z indicates the class of all k-dimensional vectors (z1,...,xr) such that x; € N and x; # x; for
every 1 <i#j<k.

As anticipated, in this paper we will focus, for all ¢ > 0, U-statistics on the g-dimensional sphere S? based on the
Poisson measure N; introduced in (I.1), corresponding to the case A = S%, with A the associated Borel o field, and

v =t = Rep.

As discussed in the introduction, we shall consider two classical issues in the statistical analysis of Poisson pro-
cesses, namely estimation of variance in density estimation and testing for uniformity of the governing measure. In
these two cases, a common form of statistic is

Uj = Z hj(z1, 22), (1.3)

2
(21,22)ENZ

where h;(, ) is a kernel in the space L? (ug?).

C. Spherical Needlets

In this section we will provide a short overview about the construction of needlet frames over the g-dimensional sphere;
further details can be found in [24, 25], see also [2, 3, 11, 13, 23] and [22], Chapter 10. From now on, we will use the
simplified notation L? (dz) = L? (S%,dz) to denote the space of square-integrable functions with respect to Lebesgue
measure on the sphere. It is well-known result that the following decomposition holds:

L% (dz) = @32 (Hy),

where H; is the restriction to S¢ of the homogeneous polynomials on R9+!, for which an orthonormal basis is provided
by the system of spherical harmonics {Y7 .}, _, 4, , of degree ¢, with dimension
=1,..., P

C+mny (0+2n, —1
dpg = — 1 ( Mlq >,nq =(q—1)/2.
Mg ¢

Given any f € L? (dz), the orthogonal projector over H, is provided in spherical coordinates by the kernel operator

deq

Prgf (2) =Y amYem(2), 2€S% am= | Yim(2)f(2)dz,
m=1 Sa

see for instance [38]. For z1,z2 € S9, the kernel associated to the projector Py 4 is given by

- 0+
Pra(2122) = 3 Ve (21) Y () = 1€ (21,22)),
a7 q

where (-,-) is the standard scalar product over RI™1, c}”‘” denotes the Gegenbauer polynomial of degree ¢ with
parameter 74, (see for instance [39]), and w, is the measure of the surface of the ¢-dimensional sphere, namely

o’
1y
(%)
We write Iy = @5207‘& for the linear space of polynomials with degree smaller or equal than ¢; as showed in [24], for

every integer £ = 1,2, ... there exists a finite set of cubature points {} € Q; C S? and corresponding weights {A¢},
such that, for f € ICy

Wq:

fleyde= Y Aef(€).

s {£te



Now let us fix a parameter B > 1; we will denote by {{;x},_ 1. = Qpapi+1), and {\ji },_ e the set of cubature

points and weights associated to the resolution level j: we recall that \jk &~ B9 and K; B‘“, where a =~ b indicates
that there exist two positive constants ci1,ca s.t. c1b™' < a < ¢b. Consider a real—valued function b on (0, 00), such
that (i) b(-) has compact support in [B~!, B]; (ii) b € C* (S9); (iii) for every £ > 1 Y ico b? (¢/B7) = 1. The set of
spherical needlets is then defined as

Vik(z \/_Z (BJ) T g (2, ¢50)), = € 6. (L4)

TlqWq

The needlet coefficients (of index j, k) are defined as follows

Bik ::/s [ (2) bk () dz
aq
and the following reconstruction formula holds, in the L? sense:

z) = Zﬁjk%‘k (2),z €89
The following localization property was established by [24] (see also [11], [13]): for any positive integer 7, there exists

K+ > 0 such that for any j, k and z € S¢

.
Kk B27

(L+B#d(z,&y))"

[k (2)] < (L5)

where d (-, -) is the geodesic distance on the sphere (i.e. for ¢ = 2 and 21, 22 € S9, d (21, 22) = arccos (21, 22)). Following
[25], from this localization result, the following bounds on the LP-norms hold:

Y ig( B —
¢ B < ol gy < GBI, (L6)

Remark I.1. In the sequel, for z1,zo € S, we shall also meet functions 7,/}55) (+,-) given by

¥ (21, 22) B—fJZbS (—) £33 000) (12 2)). (L7)

B7 ] mngwq

It is immediate to see that for any integer s > 0, the function b® (-) is compactly supported, nonnegative and it belongs
to the space C* (R): therefore, following the same arguments to establish the localization property in [24] and [12], it
can be shown that, for any T > 2, there exist a constant Cr > such that

C,B%
(1+ B%d((z1,2)))

¥ (1, )| <

)

and hence

wﬁs) (21,22) = O (B%J) .

D. Statement of the main results
1. Poissonized case

Throughout this paper, we shall assume that the function f in the governing Poisson measure is bounded and bounded
away from zero, e.g. m < f(z) < M for some m, M > 0 for all z € S9. Let us now consider first the vector of U-
statistics

v () = (U @) Ul ) (18)



where for any k =k;, i =1,...,d, we have

UP =1 S Wanlen) — ) (19)

: 2
(21,22)ENZ

and the needlet functions v, (-) are given by (I.4), for some fixed locations {&;,} € S9, ¢ = 1,...,d. Observe that
(I.9) has the form of (I.3) where, for 21,22 € S9, the kernel h; (-, -) is defined as

1

ul

hj(z1, 22) = Bjk (21, 22) i = — (Y5 (21) — Yjr(22))" (L10)
In the case u = 2, (1.9) provides the sample variance of the (de-Poissonized) random variables ¢, (X) (up to a
normalization factor), where X € S? has density f(-), while for u = 3, it provides skewness estimator. More precisely,
for uw = 2 it is a standard exercise to show that

O B I ACYICY S  EEY ST

ie., U;;) (t) provides an unbiased estimator for the variance of ¢, (X).

As a second application, we shall consider so-called Sobolev tests of uniformity, i.e. testing the null hypothesis

that the function f is constant over the sphere (that is, f(z) = wl, z € S7), as discussed for instance by [17], [18],
q

see also [14]; in these references, the corresponding statistics are built out of Fourier basis over manifolds, and in the

case of the sphere they would take the following form (compare [18], pp.1247 and following):

dg.gq
> aan, > > Yem(21) Yom (22) | - (1.11)
L142 (Zl,ZQ)GNi m=1

Here, {as} is a square-summable sequence introduced to combine the statistics evaluated at different multipoles ¢ into
a single value; actually the procedure discussed by [18] is slightly different as it includes in the sum also the diagonal
terms z; = zo, but it is simple to show that after centering the two alternatives are asymptotically equivalent. The
integral of spherical harmonics with respect to the uniform measure is obviously zero, so (I.11) provides a natural
statistic to test uniformity.

Our proposal exploits the same idea, with two modifications: we consider a needlet-frame, rather than a Fourier dic-
tionary, and we manage to provide asymptotic behaviour also for the single summands, rather than for the combined
statistics. More precisely, we advocate the usage of following vector of U-statistics

2 2 2
Uj(l) Ja (t) = (UJ(I) (t)"'”UJ(d) (t)> ’

where for any j = j;, e =1,...,d, we have
UP @)= 3 Dtk (21) vk () (112)

2
(21,22)ENZ k

Observe that (I.12) has the form of (I1.3) where the kernel h; (-, ) is defined as

hj(z1,22) = hj(z1,22) = Y ¥y (21) s (22) -
k

As for the spherical harmonics, it is readily seen that under the null hypothesis of uniformity, f (z) = Wy Lzesy,
we have

Ui (2) F () dz = — [ gy (2)dz = 0
Sq Wq Jsa

more generally, this integral is zero for all functions f (-) that are band-limited, i.e. when f € {@f:jOHg} i <i—1;

in this sense, needlets provide a natural building block to implement a Sobolev test of uniformity, and investigating
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single value.

As argued below, due to the real-domain localization properties of the needlet frames both (I.10) and (I.12) are
feasible and asymptotically justifiable in circumstances where the sphere S? is only partially observed, a situation
which takes place very often in practice. This means, for instance, that it may be feasible to test for uniformity of
the function f () even from observations which cover a fraction of the sky, as it is the case for most astrophysical
experiments ([16]).

Before stating our main results, additional notation is needed. For any given random vector X = (Xq,...,Xy),
we denote by X the normalized counterpart of X given by

X__(Xl—uz(Xl) Xd—mxd))

Furthermore, let Z; be a centered d-dimensional Gaussian vector with the identity definite covariance matrix. Our
first result covers the statistics defined in (I.10):

Theorem I.1. Let U;l) (t) be given by (1.8). Then, for any T > 2,

J

dy (U(” (t), Zd> =0 (B%th_% +B 3T 4 R;l) .

Therefore, taking j = j (t) such that j (t) @ and B%j(t)R;% = 0; (1), it follows that
— 00

U;l) (t) —d Zg.
As a consequence of this theorem, we immediately obtain the following corollary for d = 1.

Corollary I.1. For any given f and for any j,k,
dy (U;;) (t) .\ (0, 1)> -0 (Bﬂ'%R*%)
and

J

dx (U?,? (t) ,N(0,1)) -0 (Bj%R—%) '
Our second main result covers the statistics defined by (I.12):

Theorem 1.2. Let U](12;)~~~7jd t) = (Uf) t),..., Ujf) (t)) be a d-dimensional vector where the components are of the

form (1.12), with |j; — jir| > 2 for all i #4'. Then, there exists a constant Cy > 0 such that

d U/(Q_;_/ t), 7 =0 B%jiR_% B—%ji R_%
2 J1 jd()’ d | = max Tt + IR, .

Y J1se5dd

Therefore, for i =1,...,d, taking j; = j; (t) such that j; (t) 00 and B%ji(t)R;% =0 (1), it follows that
— 00
2
Uj1 _____ ja (t) —q Zq.
As a consequence of this theorem, we immediately obtain the following corollary for d = 1.

Corollary 1.2. For any given f and for any j,

du ((}J@ (1) ,N(0,1)> -0 (B%JR;%)

and



Remark 1.2. In Corollaries 1.1 and 1.2, the bound on the Kolmogorov distance is a direct consequence of [10, Theorem
4.1] and the proofs of these two results are omitted for the sake of brevity.

Remark 1.3. The results in both the theorems can be easily generalized to cover the case where the dimension d grows
itself with the "time” parameter t. The details are completely analogous to those given in related circumstances by [8],
and hence are omitted here for brevity’s sake.

Remark I.4. The rates in Theorems 1.1 and 1.2 are actually different and indeed the proofs of these results are based
on unrelated arguments. In particular, for Theorem 1.1, we shall show that the asymptotic behaviour is governed
by a stochastic integral belonging to the first Wiener chaos, while for Theorem 1.2, the dominant term is a double

, 1
stochastic integral with respect to the underlying Poisson random measure. The condition B%ﬁ(t)Rt 2 =04 (1) should
be interpreted as the requirement that "the effective sample size” diverges to infinity, as argued in related circumstances

by [8].

Remark I.5. The components of the vector U;l) (t) in Theorem I.1 are related to needlets evaluated at the same scale

—_~—

J, but around different locations (., . .., &k,) on the sphere; on the other hand, the components of the vector U]§121)---7jd (t)
in Theorem 1.2 are evaluated on the full sphere at different frequencies (ji, ..., ja). Both results are formulated under
the assumption that the sphere is fully observable. This is done, however, only for notational simplicity: as mentioned
earlier, exploiting the localization properties of the needlet construction it is simple modify the statements for the
case where these statistics are evaluated only on subsets of the sphere, the same convergence rates in the quantitative
central limit theorems remaining valid up to constants. The arguments are completely analogous to those exploited for

instance in [2], Section 7 in a Gaussian environment, and they are omitted here for brevity’s sake.

Remark 1.6. In Theorem 1.2 the assumption that |j; — ji| > 2 ensures that the limiting covariance matriz is exactly
diagonal; relaring this assumption makes the statement notationally more complicated but does not require any new
ideas for the proofs.

Remark 1.7. The expressions for the mean and variance in Theorem 1.2 can be provided in a very explicit analytic
form, for any fixed value of j. Moreover we have also the asymptotic convergence, for j,t — oo

1 (2) 7 (2)
quRtQE {U]( ) (t)} — v and BT Var {U]( ) (t)] — 27,
where
! ! /B b (w)ul~td (L.13)
V= —s—— u)u u. .
I nqw§ (g —2)! 1/B

It should be noted that the asymptotic variance is exactly twice the expected value, suggesting a natural interpretation

of the distribution of {UJ@) (t)} in terms of a generalized chi-square law with (real-valued) degrees of freedom diverging
to infinity.

2. A quantitative de-Poissonization Lemma

In what follows, we shall show that the explicit bounds stated in Theorem 1.1 and Theorem .2 can be extended, at
the cost of an additional factor, to the case of U-statistics based on a vector of i.i.d. observations, rather than on a
Poisson measure. Our main tool in order to achieve this task is a new quantitative version of an argument taken from
the fundamental paper by Dynkin and Mandelbaum [9], that we shall state in the general framework of U-statistics of
arbitrary order. Note that one could alternatively deal with the one-dimensional case by using general Berry-Esseen
bounds for U-statistics (see e.g. [4]); however we believe that our approach (which has independent interest) is more
adapted in to directly study multi-dimensional probabilistic approximations. In the statement of the forthcoming
Lemma I.1, we shall work within the following framework:

— X ={X; :i> 1} is a sequence of i.i.d. random variables with values in some measurable space (E, £);

— Let m > 1 be a fixed integer: we write {h,, : n > 1} to indicate a sequence of jointly measurable symmetric
kernels h,, : E™ — R such that E[h, (X1, ..., X;n)] = 0 and E[h, (X1, ..., X;n)?] < o0;



—{N, : n > 1} is a sequence of Poisson random variables independent of X, such that N(n) has a Poisson
distribution with mean n for every n;

— For every n > m, the symbol U,, denotes the Poissonized U-statistic

Up = > P (Xiy s oy X)),
1<i1vnsin <N (1)

where the sum runs over al m-ples (i1, ..., i) such that i; # i for j # k.

— For every n > 1, the symbol U], denotes the classical U-statistic

Ul = Z P (X ooy X)),

1<in,.im<n

where, as before, the sum runs over al m-ples (i1, ..., %m) such that i; # iy for j # k. It is easily checked that
E[Un] = E[U,] = 0.

Lemma I.1 (Quantitative de-Poissonization lemma). Assume that E[U2] — 1 for every n. Then E[U/?] — 1, and

E[(U, —U.)?=0n"'?), n— .

3. Applications to needlet-based U -statistics of i.i.d. observations

A direct application of Lemma 1.1 leads to de-Poissonized versions of the main results of the paper. In what follows, we
shall denote by {X; : ¢ > 1} a sequence of i.i.d. random variables with values in S, whose common distribution has a
density f with respect to the Lebesgue measure. As before, we assume that 0 < m < f(z) < M < oo, for every z € S.

We start with an extension of Theorem I.1. For every n, we write

where, for k=k;, i =1,...,d,
1 1 u
US (n) = i > We(Xi) — (X)),
1<ir#i2<n

that is, each U J(,i)(n)’ is obtained from (1.9) (in the case t = n) by replacing the Poisson measure on the sphere

A~ N([0,n] x A) with the random measure A — Y "', dx,(A), where §, stands for the Dirac mass at z.

Theorem 1.3. Under the above notation and assumptions, for any T > 2,
do (U;l) (n)", Zd> =0 (B%jnfé +B 3T 4 pl n71/4) )
Therefore, taking j = j (n) such that j (n) @ and B33(Mn=3 = o, (1), it follows that
—00

U;l) (n)l —d Zg-

Analogously to the notation introduced above, we shall write, for every n,

J1

2 2 2
U ) = (U( )(n), ...,U§d>(n)’)
where, for j = j,, a =1, ...,d,

UJ(Q)(TL)/ = Z ijk?(Xil )wjk(Xzz)

1<iy#ia<n  k

The following result extends Theorem I.3.



Theorem 1.4. Under the above notation and assumptions, assume in addition that |j; — ji| > 2 for all i #4'. Then,
there exists a constant Cq > 0 such that

do (U@)...,jd (n)/aZd) =0 (_maX_ (B%jin_% + B 343 +n_1/4)> .

VARTERD Jd
Therefore, fori=1,...,d, taking j; = j; (n) such that j; (n) 0 and B3ii(Wp=3 = o, (1), it follows that
—00

—_—~—

@

’
J1s--5Jd (n) —d Za.

Remark I1.8. The presence of the additional term n=/* in the bound of Theorems 1./ and .3 yields a phase transition
in the convergence to the normal distribution. Indeed, depending on how fast j(n) grows to infinity, the rate of

convergence could be given either by n=* or by B=21()  with an equivalence between those two rates when jln) =

log(n)
2qlog(B) "

Let us write

_ 9i(n)log(B) 1 _ qrj(n)log(B) 1
Sl(n) —Tg(n)—z and SQ(TL) —Tg(n)—z

Then, the rate of convergence in Theorem 1.3 will be given by B~23(7T whenever s1(n) = o(log(n)) and by n~1/*
otherwise. Similarly, the rate of convergence in Theorem I.J will be given by B~27(™) whenever so(n) = o(log(n)) and

by n~* otherwise.

E. Plan of the paper

The plan of this paper is as follows: the proofs for Theorems 1.1, [.2 are collected in Sections II and III respectively.
Section IV deals with the proof of Lemma I.1. Auxiliary results are collected in Section V, which is divided into four
parts, the first devoted to background results on Stein-Malliavin approximations in a Poisson environment, the second
concerned with some functional inequalities for needlet kernels, the third and fourth devoted to specific computations
for the two main Theorems.

II. PROOF OF THEOREM 1.1

Let us define G, (j) := [, ¥7; (2) f (2) dz and note that, from (L.6)
Gu () =0 (B7(37D). (1)

Example II.1. Assuming that f is constant, Gy (j) =0 and G2 () = Hz/ijH;(M).

Recall that we are considering the process UJQ) (t) = (U 1)

i (t), uh (t)), whose components, for k = kq, ..., kq,

s Uy
are given by

1
U;;i) (t) = ] Z (Yjk(z1) — Yjr(22))".
" (21,22)ENZ

From Lemma V.6, we have
E[U) (0] = RNy G) and Var [UR) ()] = BRI (5) + BIT22 ().

where
u

ri) =3 (1) 6w (60 6). (12)

r=0

rat) = 3 (2)(2) 66 Ganciyon ) (1.3)

P = 3 (1)(4)Garr )Gt ) ()

q,r=0 q
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Remark II.1. Note that T's;(j), i = 1,2, provides the variance of the components of order i in the Wiener chaos

decomposition of Uﬁ) (t) (see Lemma V.6).

Remark I1.2. Note in particular that using the notation for (compensated) Poisson random measure introduced in
Subsection V A, for u =2 we have that

% > Wik (1) = i (2))° = l/(sq)2 (i (21) — Wy (22))7 Ny (dz1) Ny (d22)

2
— %/ ($jx (21) = Vi (22)) Ny (d21) Ny (dz2) +/ (Wir (21) — bin (22))? e (dz1) Ny (d2s)
(59)? .
+% /(Sq)2 (w]k (21) — Vi (22))2 Lt (dzl) Lt (ng)
so that
E |1 > (ik (21) — sk (22))*| = R} Wik (2)° f (2) dz — ( b; (Z)f(z)dz)z
2 21,22 e e ! Sq i Sa ik .

Using Lemma V.7, we have that there exists a constant ¢ > 0 such that

o= lim Dy (j) B~73(=1),

J—o0

Therefore, from now we will consider the centred and asymptotically normalized counterpart of U J(;) (t), given by

UL ) = I (Rjea) + 1 (G)

where
S o (v (@) v, ()
RY?Bia(u=1)/24

. Jsa Sov—o (05T (2) 05 (y) e (dy)
R Biau=—1)/24

L? (Mfw) > ?ij,t (21,22) := (21, 22) —

)

L? (1) > ikt (2) =

Let Zgq ~ Nq(0,I) be a centered standard d-dimensional Gaussian vector and consider the following random vector

v (1) = (U;;Z (t),....U) (t)> = (0 G )+ B2 (B ) oo Ty @) + T2 (Bt ) -

Our strategy to prove Theorem 1.1 will be based on two steps: we shall bound the distance between the U-statistics we
consider and an approximating stochastic integral in the first Wiener chaos, and then bound the probability distance
between the latter and the limiting Gaussian distribution. In particular, we shall focus on the distance

i (U 0.20) =2 (15 0+ oy (). Z0).

where
Il,j (t) = (Il @jkl,t) g ,Il (fgvjkdyt)) and IQJ' (t) = (IQ (Ejkl,t) gooe ,IQ (%’jkd,t)) .

Applying the triangle inequality, we obtain

do ((ED (t),Zd> <d, ((E” (t), I (t)) +da (I, (t), Za)
<k| 2

UD (1)~ 1y O |+ (1 (). Z0) = [y 03] + o (11 (1), Za)

Rd
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Our task is then to study the asymptotic behaviour of these two summands. Consider now the d-dimensional random

vector U;l) (t), where d < Kj is fixed: following Proposition V.4, it holds that

Qi B [Ty (gjk e (2)) 5 I (Gjia,e (2))] = 52

We shall show that

. ([;J(v) ®. Zd> . <4d}§2u2]\4 : .dOTMB*%J'T _ LYo 03§M4B%j> |
o mes (1 +infr, 2k, d (Eky s ks ) 8 cm R?
Indeed,
- 217 (5 ~ CrMu,o
e s = \l kl;—lE G (D) B G (D5 d/ﬁ#ksz Ii L0 (L+ BHd (&, , &))"
<d sup L Crituo = Ay ().

k1#ko=1,...,d mcg (1 =+ iIlfkl;,,g]€2 1,..d B2Jd (fjuagjv))

4Cy, Md 1
s = (14o(7)) =m0

On the other hand

E (112 (0] < Z [

Finally,

2 (U9 0.20) < () + 42 0+ L 3 [ G M G M G ) e 2

k1,k2,ks=1

2 mﬁ

<AL () + A2 (t) +

M3 o Ol 9, Ol

z q
8 REB¥(wigs, 7,
Following Lemma V.3, we have

\/ 21 CguM4 BQJ
8 cgm Rz ’

ds <5]<v1> ) ,Xd> < Ay (1) + As (1) +

as claimed.

III. PROOF OF THEOREM 1.2

In this section, our purpose is to study the statistic

where for any j = j;,1=1,...,d,

UP (6= > D ik (1) e (22) -

(Z17Z2)€Ni k

Recall that here we are focussing on Sobolev tests of uniformity, and hence we are assuming the Poisson governing
measure is given by

E [Ny (dz)] = pi (dz) = Ry f (2)dz = E:dz (I11.1)
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This yields
R
| @t = 3 [ iz =0

Using this fact along with Proposition V.1, we have

U (¢ (Z Djok @ Vjok ) +

2

D ik @ P
k

r2(p?)

Let ;4 be given by

Bitl
-1 N\ LC4n, (L+q—2
Vi = (w0 BY) D b (§> —nq( , ) (IIL.2)

¢=Bi—1 Mla%q

From the standard zero mean property of Wiener—It6 integrals, we have that, for any j =j;,i=1,...,d,

2
[ 0] - ey,

L2 (1?)

and again from the properties of stochastic integrals w.r.t. Poisson random measure

Var (UJ@) (t)) =E llzz <Z Yk ® 1/13‘1@)] =2
%

Hence, using Lemmas V.8 and V.9, we obtain

2
(I11.3)

Z Vik @ Pjk
k

L2 (n??)

Var {UJ@) (t)} = 2R?B%Y~; .

We can hence focus on the normalized statistics

— U® (t) — R2BY+, N
U;Q)(t):: j ()g t %7(1:[2(# ),
RtB2J \/ 2’)/]‘7(1

where

Zk Yik (21) Yk (22)
Rthj V2%,

Observe that the variance of U ;2) (t) is identically equal to 1 as j grows to co. Therefore, in order to prove Theorem

L? (u?) > ﬁj,ti (21,22) =

1.2, it remains to check that ﬁjﬁt satisfies the five conditions in Proposition V.3, for all j = j;,7 = 1,...,d. Before
doing so, notice that the kernel h;; can be rewritten as

~ 0+
hjﬂg(zl, 22) = (RtB2J 2’7]7(1) Zb2 (BJ> nqCé"‘I) (<21, 22>) ;

NqWq

as pointed out in Lemma V.4. Condition 1 in Proposition V.3 is hence automatically satisfied by construction.
For Condition 2, following Lemma V.5, we obtain

‘ h

Jst
NqWq

4
4 a5 —4 ;. N\ AL+ nq 500 Y
_ 27 . 2qj; 2 * q ~(nq a5 ®2
L4 (u?) = (RtB vV 2’7],1;) B ‘/Sq (;b (BJ) —CZ (<21, z9)) B L (d,zl7 dZQ)

=0 (R;*B*Y).
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Now for Condition 3, as

(R #t ) (21, 22) = (RtB%j\/mq)*QRt / MBI ( éﬂ) Gt o) (1, a)) | da

W,
S 01,0y \i=1,2 Mla%q

1 q —2 Vi g_’_
:E(V%’”Bﬂ) zg:b4(331) R (CIENE

NqWq
we obtain, using Lemma V.5 again,

2 q —4 .
3, ‘LQ(M§2) = (RthJ /2’}/]‘),1) B‘U/

15
hj,t*l h‘t
S

NqWq

2
<Zb4 ( ) €+77qc 7q) (<21,22>)B_gj> dzydzo
)2 Bi
=0 (B Y).

For Condition 4, we start by observing that

(s ¥ i) () = Bu (ReBE /275, /Z Hb?(BJy”qc"q’« a)) | da

01,00 \i=1,2 Mg
pa C4ng (L+q—2
— Mg q—
( ’ q) (= %J: 1 BI Mla%q ¢
where we used (see [1], eq.22.4.2)
. {+42n,—1 L+qg—2
e’ (1) = ( . ) - ( ; ) (IIL.4)
Therefore,
2 4 Y trg-2\)
5 7 - 2 - j + Mg hegi (£ T4~
hje %3 hj =R;?(B¥\/27;4) B (> v |—= B % / d
H gt *2 Mt L2 () t ( 2 7]1‘1) a B3 ) gwg / s pie (dz)

=0 (R;").

For the fifth and last condition, let 1 < i1 # i < d. We clearly have

as by assumption we have |j;, — ji;| > 1 and hence, it is enough to exploit the orthogonality properties of Gegenbauer
polynomials. Gathering all these estimates together yields

@ (VP 0.2.) =0 BY¥R* 4B % +R ?
2 Tlseees jd()’ d — ‘max + + + ’ )

The proof of Theorem 1.2 is hence concluded.

IV. PROOF OF LEMMA I.1

Using the classical theory of Hoeffding decompositions as in [6, Section 3.6] and [9], we infer that there exist nonnegative
constants u(n,!) € [0,00), 1 <1 < m < n such that

m

V() = 35 0, and Var(w) = 3 (4t

=1 =1



from which we deduce immediately that Var(U}) — 1 and also that each mapping n — (})u(n,l), ! ,m
necessarily bounded. We will now adopt the usual falling factorial notation, namely: np = n(n —1)---(n — 1+ 1).
Reasoning as in [9, p. 785], one infers that

E[(U, — U.)?] = zm: (7) u(n, 1) {1 L 2b(n, l)} ,

=1 U]

where b(n,l) :=e™" Z;io %T ("P) (?)71. Since n!/ny — 1 = O(1/n), the conclusion is achieved once we show that

1—b(n,l) =0(1/y/n), l =1,...,m. Elementary computations yield that

. n nP nl . n—l nP . n nP 1

ol
p=n—I+1 p=0 p: p=n—I+1 "

By virtue of a standard application of Stirling’s formula one has that, for [ =1, ..., m,
n
nP
—n oo pL/2
> e,
p=n—I+1

and the desired conclusion follows at once.

V. AUXILIARY RESULTS

Fix a Poisson measure N; with control u, t > 0. Consider an integer i > 1 as well as a symmetric kernel f € L?(u}):
we shall denote by I;(f) the usual Wiener-It6 integral of order i, of f with respect to N;. See for instance [28, Chapter
5] for a detailed discussion of this concept.

A. Gaussian approximations using Stein-Malliavin methods

The following crucial fact is proved by Reitzner & Schulte in [32, Lemma 3.5 and Theorem 3.6]:

Proposition V.1. Consider a kernel h € L1 (u¥) such that the corresponding U-statistic F in (1.2) (for the choice
N = N;) is square-integrable. Then, h is necessarily square-integrable, and F admits a chaotic decomposition of the
form

F:/ h(xlaaxk)duf—’—zll(hz)u
zk i=1

with

k

l>/ h’(xlv"';I’L;Ii+la"'axk)dufii7 (xlv"'v‘ri)eziv
Zk—i

hi(arl,...,a:i)_<

for 1 <i<k, and h; =0 for i > k. In particular, h = hy and the projection h; is in L1?(u) for each 1 <i < k.

We need also to recall two upper bounds involving random variables living in the first Wiener chaos associated to the
Poisson measure N. The first bound was proved in [29], and concerns normal approximations in dimension 1 with
respect to the Wasserstein distance. The second bound appears in [30], and provides estimates for multidimensional
normal approximations with respect to the distance do. Both bounds are obtained by means of a combination of the
Malliavin calculus of variations and the Stein’s method for probabilistic approximations. In what follows, we shall use
the symbols N(f) and N(f), respectively, to denote the Wiener-1t6 integrals of f with respect to N and with respect
to the compensated Poisson measure

N(A) = N(A) - p(A), AeB(©),

where we use the convention N(A) — u(A) = oo whenever p(A) = oo (recall that p is o-finite). We shall consider
Wiener-Ito integrals of functions f having the form f = [0,¢] x h, where ¢t > 0 and h € L?(S?,v) N L*(S%,v). For a
function f of this type we simply write

N(f) = N([0,] x h) := Ni(h), and N(f) = N([0,t] x k) := Ny(h).
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Proposition V.2 (Gaussian approximations in the linear regime ([29], [30])). Under the assumptions and notation
of this section, let h € L*(S%,v) := L*(v), let Z ~ N(0,1) and fiz t > 0. Then, the following bound holds:

A (F1(1).2) < [1= WM |+ [ P
q
For a fixed integer d > 1, let Z; ~ Ny (0,%) where X is a positive definite covariance matrix and let

Fy= (P, Fra) = (Ni (hea) oo, N (o)

be a collection of d-dimensional random vectors such that h; , € L2(u). If we call I'; the covariance matrix of Fy, then

d (F,Y) < |71, 112, 1% = Dell .6, + S ||2 IHZ 1%, / hei ()] |he s (2)] [he ke (2)] e (d) - (V1)
i,5,k=1

_ d? \/
<=7, 112, 1= = Tl s + e 1H2 HEHOPZ/S [ei ()] e (d)
i=1 7>

where || - ||op and || - || &.s. stand, respectively, for the operator and Hilbert-Schmidt norms.
Remark V.1. The estimate (V.1) is a direct consequence of Theorem 3.3 in [30].

Proposition V.3 (Gaussian approximations in the quadratic regime ([29], [30])). Let d = dy + da, with di,ds > 1
two integers and Let Zg ~ N (0,14). Assume that

Fj=(Fj1,...,Fja) = (T (g51) - L1 (gjar) T (hj1) oo T2 (hyay)) s

where the symmetric kernels gj1,...,9j.dy, Rj1s---, N4, Satisfy the following conditions: for k = 1,...,d1, gk €
L2 () VL3 (pg); for k =1,.. S do,hjk € L? (,u;?2) is such that (a) for 1 < ki,ks < da, hj i, x5 hjk, € L? (ut), (b)
Rk € L* (12, () [hjpy | %5 |hgea s |Rjiter | %3 [Pk | and [y gy | %9 |k, | are well defined and finite for every value of
their arguments and (d) it holds that, for 1 < ki, ko < da,

/Sq \//Sq 2k, (21, 22) W2 ) (21, 22) e (d22) g (dz1) < o0

Assume that the following five conditions hold:

1. fork=1,...,dy, ng’k||L4(#t) —0;
2. for k=1,...,dy, |‘hjxk||L4(;L§2) — 0;
3. for 1 <k < ds, ||hjx+} hj,k||L2(M£@2) — 0, where (hyp %} hig) (21, 22) = [io By (21, 23) hjg (22, 23) pe (d2);

4. for 1 <k <ds,

Bk s J,;CHLQ(#)%O where (hj g x5 hjr) (2) = Jgo b3y (2,0) e (da);

5. for 1 < ky,ky < d, E[Fj, Fjp,] — 6,2

Then F; converges in distribution to Zgq and

do di da
2 2 2
S (hgs # Bikalay 8 Ik # hika I gageen) ) +5 D0 D 5 1gik # bkl 72,
k1,ke2=1 ki=1ko=1
do

+dlz|\g]7k||p(m)+8d22|\h]7k||L2(M®2 (|\h],k||L4(M®2 + V2 || ¥ mHLz )
k=1

do (Fj, Za) <

N~
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B. Functional inequalities for needlets kernels

We present here some functional inequalities which are necessary for our main arguments. The first Lemma is basically
a consequence of (I.6). For z; €S9, 1 =1,...,D, let

D D
Q:{’Ul,...,’l}pi Z’Ui:V,’Ui#’Uj VZ#]} and Lv(Zl,ZQ,...,ZD): Z CU1,.~~7UDij/€ (Zl)vl
i=1

{'Ul ..... 'UD}GQ i=1

Lemma V.1. For C,, as defined in (1.6) and denoting by 6§ the Kronecker delta function, it holds that

< Y e (HOUI> pia(3v-D+s2,87)

{v1,...,up}EQ i=1

/(S ) o LV (217225 B aZD) /L®D (dzlvd'sz . 'adZD)
q

Proof. Easy calculations lead to

/( ) DLV (217225"-52D)IM®D (dzlvd'sz"'vdZD)
Sa

S/ |Ly (z1,22,...,zD)|u®D (dz1,dza,...,dzp)
(89) P

D
S Z Cyq,..., vp H/ |1/}gk Zz (dzz) S M Z Cyy,..., [3J5) H ||¢J||]I€jk1 (dz) *

{v1,...,up}EQ {v1,...,up}€EQ =1

For any 1, it follows from (I.6) that
|mﬂmgwﬂgcwyﬂ%*)ﬁw¢01 if v = 0 = ¢, g l2(5 1) Fask ]
Therefore we obtain

/ LV (21,2’2,...,ZD)/L®D (dzl,dZQ,...,dZD)
(87) P

<M Z Coron (H Cvi> quzle[(%—l)-i-ﬁgi]

{v1,...,vp}€Q

=M Z Cyy,..., vp (ﬁcvl> B‘U( V- D+ZD 50 )

{v1,...,vp}€Q

Now let Q C Q, Q # &, and for any set {vi,...,up} € Q write Zioy,.wpy = i vi =0, v; € {v1,...,vp}} and

Zo = maxe, oo1ed

Corollary V.1. There exists C' > 0 such that

< ' pia(3V-D+No).

/( ) DLV (217225"-7ZD)IU®D (dzlvd'sz"'adZD)
Sa

Proof. We have

/ DLv(Zl,Zg,...,ZD)[L@D (le,dZQ,...,dZD)
(89)

< D ( Cw) pui(3V-D+s2, 5

{v1,...,up}EQ

< ' MBY(EV-D+E M Bia(3V—D+No)

Lemma V.2. Forany j, k1 #ko=1,...,K;, 7> 2, n1,n2 > 1, we have

1 >
min(ny,n2)7 | °
§jk17§jk2)) e

(n1+mn2) .
/ 1/}]]“1 sz (2) p(dz) < OTvamwnzB( i 1)qJ < s
(1+ B2id(



Proof. As in [8], we split the sphere into two regions
S1={z€8% d(z,&k,) > d &k, &Gkn) /2) and Sy ={z2 €S2 d(2,&5k,) > d (§ikr» Eika) /2}
so that S C S; U S3. On the other hand, we have by (I.5) that there exists 7 > 2 such that
B™ 25 B2 25
se (L+B%d(2,&1,))"" (1+B3d(2,&,))

Bm4i Br23i
/ 75 niT a5 w42
S1 (1+B2Jd(27§77€1)) (1+szd(z’§jk2))

dz

/ G () (2) p(d2) < KT

naT

< ,{21 tn2 pr

Bni3gJ B™2327J
+/ = o — mrdz | .
Sa (1+szd(27§jk1)) (1+B2Jd(27§jk2))

Now, observe that

(n1+n3) / 1 1
2 ’ q 5 niT q,; naT dZ
S1 (1+B§Jd(za€jk1)) (1+B§‘7d(za€jk2))

+ .
(ng 2"2) aj

B 1
S q noT q andZ
(14 B27d (&, Ejy)) s, (1+ B27d(z,&,))
B or B2 4l /,, s o BT ai p-ai ( /°° ydy )
= (1+B§]d(€jk1;€jk2))n2‘r 0 (l—I—B%j@)an . (1+B%jd(€jkl,€jk2))mf o l4+ym7
2B 9 g=ai ( /1 wdy /°° ydy ) 27CB aj g=aJ
T U+ BYd (G 61)" o THymm T THymT ) T (L4 BYA (1))

The same result is obtained for S5, so that

(n14ng) - (ny+n2)
2 2
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/ 1/}7191 sz (2) p(dz) < CT-,M-,m,mB((m;nz)_l)dq < g : T + 7; !
(1 +B§Jd(§jk17§jk2)) (1 +B§Jd(§jk17§jk2))

(n1+mng) .
S CT.M.n1 HQB( 1; * 71)(1‘] < 1 3 ( ) ) K
y , 5 q . min(ni,n2)7
(14 B23d (&, Ejiy))

as claimed.

Lemma V.3. It holds that

/ ’wykl ‘ ’w]kz ‘ "‘/J]k?’ ’dz <dC, ,‘<;I”quu7
k1,ko2,ka=1

Proof. Following similar arguments to those in [8], we have

S [ o e Ol 45, Na=<03 [

ki1,ko,ks=1 B(Ejx,B~ad)

(Z [ (2) )3 dz,

so that there exists 7 > 2 such that
d

d 9 9
uB—u_] ) u B3 uj
NEASE pua. RS S|
k=1 k=1 (1+B27d(€]k, )) b eegBen, B (B (&, 6))

For & & B(&x, B™9), z ¢ B (&, B™%), using the triangle inequality yields d (&x,&x) + d (§k, 2) >
Using the fact that d (&x,&x) > d (§k, 2) and 2d &k, E5x) > d (2,€;x), we obtain

d 90 d
K.

n27'>

d (Zang)'

dz

uB2ul 1 u Bguj
uT S - q - uT
Z ! (B37d (&1, €)) Z _meas (B (&, B~Y)) /B@M,Bw‘) (B29d (&, &50))

k: & ¢B(§jx, B9 k: &p¢B(§ix,B~9)

' pduj
< K B2Y,
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where we applied [2, Lemma 6]. We obtain ZZ

v (2)‘ < k/B2% uniformly over z € S?. Finally, in order to have

d 3
/ (ZW% <Z)|> dz < dCy)" BY",
Sq &

it is enough to check that

> 0 0 O b ) e < o3 [ i s < acme

k1,k2,k3=1

Lemma V.4. For z1,2z0 € S4, it holds that

Z?/)Jk 21 7/Jgk 22 Z (BJ) €+77¢IC nq)(<21,22>).

7 MqWq
Proof. First observe that
0\ 4 +n
S ) = 3 3 | T1 0 () omech? (G6u) ) Ao
k £1,62 \i=1,2 Mlq%q

Using the cubature formula over the sphere (see [24]) along with the self-reproducing property of the Gegenbauer
polynomials (see for instance [39]), we have

b1 414

NqWq

-1
ZC (21, €0)) CI) ({22, €0)) Mg = /S ™) ((z1,651)) C <"q><<Z2,§jk>>dx=( ) C1 (21, 20)) 622,

where d; is the Kronecker delta function. The statement follows immediately. |

Lemma V.5. For any s € N

N LA+ 4y ! iq(n—2)
g b® ? dzodzy = BIin . 2
/<sq>2 ( : <B]> T ¢ ) | dada o ) V-2

Proof. For any s € N, observe that the integrand in (V.2), up to a factor B/, behaves as the n-th power of z/JJ(-S) (2)
defined in (I.7), as stated in Remark I.1. Hence we have

N\ L+ 0g 4y ! s)
E b? (—) — By (2,2 dzodz
/(sq)2 ( 7 BI ) newg ¢ (21, 22)) 2051 = Hw

) =0 (B77),

C. Auxiliary results related to the proof of Theorem 1.1

Lemma V.6. For any j, k, let U;;) (t) be given by (1.9) and, let T'y (§), a1 (j) and Tag (j) be given respectively by
(I1.2), (I1.3) and (I1.4). It holds that

E[UR ()] = BT1G) and Var (U (1)) = RTa(5) + RETs())
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Proof. We can easily observe that

u

Pl = L2 (e e ana = w3 (1)6w 016 6) = R G)

r=0

On the other hand,
1 2 2
Var (U2 (8)) = llggell7a ) + sl ey

where

"L (u
L? (u,‘?2) S hjk: (21,22) — Z (z)wﬂk "(21) ¥ji (22)  and L? () 2 gjn: 2+ A hjk (z,a) pg (da) .
i=0 !
We hence have

o3t 32 = R [ @ ()unr e, (j)>2u(d2)—R? > (e w66 [ v @

s,7r=0

= \s)\r
and
" 2
2 U u— r 2
Ihsrlin = [, . (_()w o) U (Zz)> B (de )
u 2 u
u u—r T (% u . .
= ( )%k (21) ¥k (22) 1$? (dz1,dz) = R} Z < > < >Gs+r (7) Gau—(s4r) (J)
(Sq)®2 r=0 r s,7r=0 s r
= RiT3(j).

Lemma V. 7 Let T1 (§), Ta1(j) and Taa (j) be given respectively by (11.2), (IL.3) and (11.4). Then, there exist

1) 2 2
Cu,ms Cu m,c2u - Céu Mo éu)m, Céu{M > 0 such that

cumBET (1405 (1)) < 01 ()] < Cuon B (1405 (1)),

0 B (14 0; (1)) < [Tt (5)] < O3y B3O (1405 (1)),

CQu m

) BT (140, (1)) < [To2 (7)] < O BEC=D (14 05 (1)) -

CQu m

Proof. From (I1.1), we have that

Ty ()l =

Using Corollary V.1, we obtain
D1 ()] < CuGu (5) (1 +0; (Gu () < Cun B (14 0, (1)

and

u

Zl()mur ()6 )]

r=1

) > 2mcquq(%_1) (1+0;(1)).

Ty () = <2|G
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Likewise, it holds that

Do ()] < Gau (7) (140 (Gu (7)) < C8,) 3 B7ECD (1405 (1))

and
Ta1 (7)) = ebh) B2 (14 05 (1)) .
Finally,
e5?) BT (140 (1)) < [Taz ()] < O 3 B3~V (1405 (1)),
as claimed. [ |

Proposition V.4. Let ¥;; = {X;; (k1,k2) : k1,ke =1,....d} be a d x d positive definite matriz such that

Ejit (kr, ko) = E[1 (ke (2)) 5 11 (gira (2))] = (Gika (2) 5 Gika (2)) 2,0, -

Then, there exists a constant Co pr,+ such that

Co,m
Yoin g (b1, ko) — 62 < Zo M7 _.
J(t),t( 1 2) ki — (1+B%]d(§jkl,€jk2))

Therefore, as j (t) T 09
—00

Hm X ¢ (K1, ko) = 0,2

t—o00
Proof. Following [30], we have that for 1 < k1, ks < d,

-~ - 1
<gjk179jkg>L2(m W/ (/ h]kl (2172’2) Mt (de)/S hj]gz (2’1,23) Mt (d23)) Mt (dzl)

o—2BJqu o?Bialu—1) l ( . ;kfl (2) Gi, (J’)) <l§) (Z)w;,; (2) Gy, (j)) u(dz)]
= a2Baqu o2 Bia(u=1) z“: zu:( )( ) i (7) Gia ( / U (2) P (2) dz

11 012 0

M

B(%¥ -1 1 1
< CT,M,u,U - — - T < C-,—7M7u)g - o= | -
Bia(u=1) (1 + B%Jd(gjklagjkz)) (1 + B%Jd(gjklvgjb))
From Lemma V.2, we hence have

CT,M,u,(T

(1 + B%jd(éjkuéjkz))

‘<§j“’§jU>L2(ut) <

uT

as claimed. [ |

D. Auxiliary results related to the proof of Theorem 1.2

Lemma V.8. Let v; 4 be given by (I11.2). We have that
2
= ’YjﬁthQqu-

L2 (n??)
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Proof. In view of (IIL.1), we have

_Z< Wi (2 wz()ut(dz))Q—(‘lRt (/ Vit (2) Yk (2) d2 )

L2(,u§’ ) k1,k2

2

Hence, from Lemma V.4 we obtain

(/ "/J]kl w]kz ( > Z / d]]kl 21 w]kl (22) w]kz (Zl)w]kz (22) dz1dzo

k2

2
12
:/ 1+”‘Jc”q (21, 22)) | dzadz
(89)* MlqWq
4 +77q>/ (n) ()
= C) ' ((z1,22))Cp" ({#1, 22)) dz1dz
421:1 ( (BJ> Ngwq ) Jsixsa O ((21,22)) Cp, " ({21, 22)) dz1d2o

L+ 10g H(ny) /
—C," dz.
Z <B]> NqWq @ Sa

Using (II1.4), we obtain

2
S © 2,13 p <é> £n+wnq <€ + 2Zq - 1) — R2BY,,
k 12(0?) f =
|
Lemma V.9. Let v; 4 be given by (II1.2). Then, there exist positive constants c1,c2 > 0 such that, for all j >0
1 <vjq < co. (V.3)

Moreover, as j — 00, vj.q = Vq, Where v is given by (1.13).

Proof. The inequality (V.3) is easily proved by rewriting 7, , in the framework of the Remark I.1 and using Lemma
V.5. Indeed, for Lemma V.4 and considering (II1.4)

(mq)
(41 11 0N L+n,C" (1)
qj 4 q 77q 41 - i indd
Vig = (wgBY) E b (BJ) nqwqc (1) = (nqwg) B Zlib <Bj) Bi Bila2)"

Now, for all the values of j, we have that

demen s () e
Likewise,
B'+0(B7) < g;;—j% <B+0(B7), (V.5)
and
< % > vt (é) <d. (V.6)
4

Combining (V.4), (V.5) and (V.6), we obtain (V.3). On the other hand, up to factors of smaller order, (I11.2) is a
Riemann sum of the integral in (I.13), so that

. b4+ng (0+q—2
qJ 4 Z 9 =
Jim ) 0 () S (%) =
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