THE CODIMENSION-THREE CONJECTURE FOR
HOLONOMIC DQ-MODULES

FRANCOIS PETIT

ABSTRACT. We prove an analogue for holonomic DQ-modules of
the codimension-three conjecture for microdifferential modules re-
cently proved by Kashiwara and Vilonen. Our result states that
any holonomic DQ-module having a lattice extends uniquely be-
yond an analytic subset of codimension equal to or larger than
three in a Lagrangian subvariety containing the support of the
DQ-module.

1. INTRODUCTION

Problems of extension of analytic objects have been influential in
complex analysis and complex analytic geometry. In 1966, Serre asked
the following question in [20]. Let X be an analytic space and let S be
a closed analytic subset of X.

Si codim S > 3, est-il vrai que tout faisceau localement libre (ou
méme seulement réflexif) sur X — S est prolongeable? !

This question stimulated intense activity around problems of extension
of coherent analytic sheaves. One of the major results in this area is
an extension theorem due to Trautmann, Frisch-Guenot, and Siu (see
[4, 21, 22]) answering Serre’s question.

Theorem 1.1 (Frisch-Guenot, Trautmann, and Siu). Let X be a com-
plex manifold, let S be a closed analytic subset of X and j: X\ S — X
be the open embedding of X \ S into X. If F is a reflexive coherent
Ox\s-module and codim S > 3 then j,F is a coherent Ox-module.

In the 1970’s, Sato, Kashiwara and Kawai introduced and studied
systematically the theory of microdifferential systems (see [18]). The
codimension-three conjecture was formulated by Kashiwara at the end
of the 1970’s and based on his study of holonomic systems with regular
singularities. This conjecture is concerned with the extension of a holo-
nomic microdifferential system over an analytic subset of the cotangent
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X — S is extendable 7
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bundle of a complex manifold. It was recently proved by Kashiwara
and Vilonen (see [14]).

Theorem 1.2 ([14, Theorem 1.2]). Let X be a complex manifold, U
an open subset of T*X, A a closed Lagrangian analytic subset of U,
and Y a closed analytic subset of A such that codim, Y > 3. Let Ex
the sheaf of microdifferential operators on T*X and M be a holonomic
(Ex|uv\y)-module whose support is contained in A \'Y. Assume that
M possesses an (Ex(0)|p\y)-lattice. Then M extends uniquely to a
holonomic module defined on U whose support is contained in A.

The proof of the conjecture was made possible by the deep result
of Kashiwara and Vilonen extending Theorem 1.1 to coherent sheaves
over O% := Ox|[h]].

Theorem 1.3 ([14, Theorem 1.6]). Let X be a complex manifold, let
Y be a closed analytic subset of X and j : X \'Y — X the open
embedding of X \'Y into X. If N is a coherent reflexive Og(\y—module

and codimY > 3 then j,.N is a coherent Og(—module.

The techniques involved in the proof of this result are inspired by
ideas coming from deformation quantization (see [13]).

Deformation Quantization modules (DQ-modules for short) on sym-
plectic manifolds provide a generalization of microdifferential modules
to arbitrary symplectic manifolds (see [13]). It is therefore natural
to try to extend the codimension-three conjecture to holonomic DQ-
modules, and that is what we do here.

The case of DQ-modules is strictly more general than the case of mi-
crodifferential modules. Indeed, in forthcoming work, we will explain
how to recover the codimension-three conjecture for formal microdif-
ferential operators from the statement for DQ-modules (the converse
is not true). Although, our result is more general and does not depend
on the codimension-three conjecture for microdifferential modules, it
relies fundamentally on the tools elaborated by Kashiwara and Vilo-
nen and our proof follows their general strategy. The main difference
between the two approaches is that they are working in a conical set-
ting whereas we are not. Hence, we have to implement their strategy
differently.

One of the important aspects of the codimension-three conjecture for
microdifferential modules is that it provides essential information on
the structure of the stack of microlocal perverse sheaves through the mi-
crolocal Riemann-Hilbert correspondence (see [1], [2], [23]). However,
the interpretation of the codimension-three conjecture for holonomic
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DQ-modules in terms of perverse sheaves is not yet clear since the ana-
logue of microlocal perverse sheaves is not known for DQ-modules. It
is an interesting problem to define such objects.

Here are the precise statements of the results we are proving.

Theorem 1.4. Let X be a complex manifold endowed with a DQ-
algebroid stack Ax such that the associated Poisson structure is sym-
plectic. Let A be a closed Lagrangian analytic subset of X and Y a
closed analytic subset of A such that codimp Y > 3. Let M be a holo-
nomic (A%°|x\y)-module, whose support is contained in A\Y . Assume
that M has an Ax|x\y-lattice. Then M extends uniquely to a holo-
nomic module defined on X whose support is contained in A.

and

Theorem 1.5. Let X be a complex manifold endowed with a DQ-
algebroid stack Ax such that the associated Poisson structure is sym-
plectic. Let A be a closed Lagrangian analytic subset of X and Y a
closed analytic subset of A such that codimp, Y > 2. Let M be a holo-
nomic A-module whose support is contained in A and let M, be an
Al x\y -submodule of M|x\y. Then M, extends uniquely to a holo-
nomic A-submodule of M.

We hope that the submodule version of the codimension-three conjec-
ture for DQ-modules may have applications to the representation the-
ory of Cherednik algebras, via the localization theorem due to Kashi-
wara and Rouquier (see [10]).

Let us describe briefly the proof of the above statements. As we
already remarked, we follow the general strategy of Kashiwara and
Vilonen (see [14]). Keeping the notations of the theorems 1.4 and 1.5
and denoting by j : X \ Y — X the open embedding of X \ Y into
X, the problem essentially amount to show that j,M and j,M; are
coherent. This is a local question. By adapting a standard technique
in several complex variables in [18] to the case of DQ-modules, proving
the coherence of a DQ-module amounts to proving the coherence of the
pushforward of this module by a certain projection, the restriction of
which to the support of the module is finite. Taking the pushforward by
the aforementioned projection reduce the non-commutative problem to
a commutative one. Then it is possible to use Theorem 1.3 to establish
the coherence of the direct image of j,,M and j,M; by this specific
projection.

This paper is organised as follows. In the second section, we re-
view some notions of the theory of DQ-modules and prove a few facts
concerning holonomic DQ-modules that we will need later on. In the
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third section, we adapt the coherence criterion from [18] correspond-
ing to Proposition 4.1 and 4.4 of [14] to the case of DQ-modules. In
[14], it is indicated that the statements for microdifferential modules
can be proved by using the Weierstrass preparation and division the-
orems for microdifferential operators. In the case of DQ-modules, we
follow a different route. We first recall the corresponding statement for
coherent analytic sheaves and then lift these statements to the world
of DQ-modules. In the fourth section, we prove the analogue of [14,
Proposition 4.2] for DQ-modules. The proof is significantly more com-
plicated than in the case of microdifferential modules since the duality
theory for DQ-modules is entirely stated in terms of kernels and not
of morphisms. Thus, one has to identify the actions of all the kernels
involved in the duality with their corresponding operations on sheaves.
In the short fifth section, we adapt the reduction technique of [18] to a
non-conic setting and prove the version of the codimension-three con-
jecture for holonomic DQ-modules in the sixth section. Finally, in the
last section, we present a conjecture due to Pierre Schapira which ex-
tends the codimension-three conjecture for holonomic DQ-modules to
all Poisson manifolds.

Acknowledgments. I would like to express my gratitude to Masaki
Kashiwara and Pierre Schapira for many enlightening explanations. It
is a pleasure to thanks Iain Gordon for his support and many useful
discussions as well as Michael Wemyss, Thibault Lemanissier, Chris
Dodd, Gwyn Bellamy and Evgeny Shinder for useful conversation and
Will Donovan for proof-reading part of this paper.

2. DQ-MODULES

In this section, we recall and prove some results concerning the gen-
eral theory of DQ-modules.

We denote by C" := C[[h]] the ring of formal power series with
coefficients in C and by C™¢ := C((h)) the field of Laurent series with
complex coefficients. In all this section, (X, Ox) is a complex manifold.

2.1. DQ-algebras. In this subsection, we review some facts concern-
ing DQ-algebras.
We define the following sheaf of C"-algebras

O% = lim O %)((Ch/h"(:h).

neN
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Definition 2.1. A star-product denoted x on O% is a C"-bilinear mul-
tiplicative law satisfying
frg=> PBi(f g)h' for every f, g € Ox,
>0
where the P; are bi-differential operators such that for every f,g €
Ox, Py(f,9) = fg and Pi(1,f) = Pi(f,1) = 0 for ¢ > 0. The pair
(O% %) is called a star-algebra.

Example 2.2. Let U be an open subset of T*C" endowed with a
symplectic coordinate system (z;u) with z = (z1,...,2,) and u =
(u1,...,u,). Then there is a star-algebra (O, %) on U given by

frg=>"

aeN"

Rlel
- (02)(@29).

This star-product is called the Moyal-Weyl star-product.

Remark 2.3. On a symplectic manifold all the star-algebras are locally
isomorphic.

Definition 2.4. (i) A DQ-algebra Ay on X is a Cl-algebra locally
isomorphic to a star-algebra as a C"-algebra.
(ii) For a DQ-algebra Ay, we set ARe ;= Chlec @AX.

C

There is a unique C-algebra isomorphism Ax/hAxy — Ox. We
write og : Ax — Ox for the epimorphism of C-algebras defined by

This induces a Poisson bracket {-,-} on Ox defined as follows:
for every a, b € Ax, {oo(a),o0(b)} = oo(h*(ab — ba)).

Notation 2.5. If Ay is a DQ-algebra, we denote by Ay« the opposite
algebra AY. If X and Y are two manifolds endowed with DQ-algebras
Ax and Ay, then X x Y is canonically endowed with the DQ-algebra
Axy = AxXAy (see [13, §2.3]).

2.2. DQ-modules. We refer the reader to [13] for an in-depth study
of DQ-modules. In this section, we briefly recall some general results
that we will subsequently use.

Let (X,Ox) be a complex manifold endowed with a DQ-algebroid
stack Ax. We denote by Mod(Ax) the Grothendieck category of mod-
ules over Ay, by D(Ax) its derived category, by Modepn(Ax) the
Abelian category of coherent modules over Ay and by D’ (Ax) the

bounded derived category of DQ-modules with coherent cohomology
and if Z is a closed analytic subset of X we denote by Db, ,(Ax) the
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full subcategory of D%, (Ax) the objects of which are supported in Z.

We use similar notations for A'%-modules.

If Ay is a DQ-algebroid stack one can associate to it an algebroid
stack gr, Ax (see [13, p.69]). If Ax is a DQ-algebra, then gr, Ax ~ Oy.
This provides a functor

or, : D(Ax) — D(gr; Ax), M = ngr)/\/l.

We denote by for the forgetful functor for : Mod(A%%¢) — Mod(Ax)
the left adjoint of which is given by

(:)%¢ : Mod(Ax) — Mod(A%)
N = Al)‘;cg@ N.

Definition 2.6. Let M € Mod(Ax). We say that

(i) M has no h-torsion if the map M I Mis a monomorphism,
(ii) the module M is of uniform A-torsion if there exists k& € N such
that A* M = (0). The smallest such a k € N is called the index of
h-torsion of M and is denoted tor; (M),
(iii) M is of h-torsion if it is locally of uniform A-torsion.

Finally, we recall the following lemma.

Lemma 2.7. Let M € Modeon(Ax). Then M is the extension of a
module without h-torsion by a h-torsion module.

2.2.1. Duality theory for DQ-modules. We briefly recall the main fea-
tures of the duality theory for DQ-modules and refer the reader to [13,
Ch. 6] for a detailed study.

Let X be a complex manifold endowed with a DQ-algebroid stack
Ax. We denote by § : X — X x X the diagonal embedding of X
into X x X and set Cx := 0, Ax. The object Cx is an Ay x«-module
simple along the diagonal.

We denote by wy the dualizing complex for Ax-modules. It is a
bi-invertible (Ax ® Axa)-module. Since the category of bi-invertible
(Ax ® Aya)-modules is equivalent to the category of Axy xa-modules
simple along the diagonal we will regard wy as an Ay y«-module sim-
ple along the diagonal and will still denote in by wy. By [13, Theorem
6.2.4], we have

Lemma 2.8. Let X be a complex symplectic manifold. There is a
canonical isomorphism
Wy =~ CX [d)(]

of Ax xxa-modules.



We set

ax D(AX)? = D(Ax)
M — RHOIIlAX(M,Ax>.

We use a similar notation for A'%-modules.

Notation 2.9. (i) Consider a product of manifolds X; x X x X3, we
write it Xi23. We denote by p; the i-th projection and by p;; the
(1, 7)-th projection (e.g., p13 is the projection from X; x X¢ x X,
to Xl X XQ)
(ii) We write A; and A;j« instead of Ay, and Ax,« xo and similarly
with other products. We use the same notations for Cx .

Recall Definitions 3.1.2 and 3.1.3 of [13].
Definition 2.10. Let K; € D*(A;ja) (i = 1,2, j =i+ 1). One sets

L L L
,Cl @ICQ - (/Clﬁng) ® CXQ

As Agza

. L L i
=p Ky 1® Ajos 1® Doz Ko,

pyg Araz PygaAzza

L

K1 )?2 Ko = Rpa3, <IC1 % ’C2),
L

K1 ;("2 Ko = Rpis, (’Cl % ’C2)-

L L
Remark 2.11. (a) There is a morphism K, 39 Ko — K1 ® Ky which is
2 Ao

an isomorphism if X; = pt or X35 = pt.
(b) If the projection py3 : Supp(K1) x x, Supp(Ks) — X; x X3 is proper
then, ICl)? Ko ~ /Cl;(k ICs.

We have the following duality results.

Theorem 2.12 ([13, Theorem 3.3.6]). Let (X;, A4;) (i = 1,2,3) be a

complex manifold endowed with a DQ-algebroid A;. Let Z; be a closed

subset of X; x X;+1 and assume that Zy X x, Zs is proper over X; x Xs.

Set 7 = plg(pl_ngl ﬂp2_3lZQ). Let K:l S Dgoh,Zi(Ai(iJrl)a) (Z = 1,2)

Then the object Ky 9 ICo belongs to ch)oh’Z<A13a) and we have a natural
2

isomorphism

:412“ (]CI) XO wXZ“ ona ]D)f»423fl (ICQ) :> Di“lsa (,Cl )?2 ICQ)

2a
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Definition 2.13. (i) An Ax-module A is a submodule of an A2
module M if there exist a monomorphism u : N' — for(M) in
MOd(.A X)-

(ii) Let A/ be an Ax-submodule of an A%-module M. We say that
N generates M if p'°¢ is an isomorphism.

(iii) A coherent Ax-submodule of a coherent A%%-module M is called

an Ax-lattice of M if N/ generates M.

We recall the definition of good module and refer the reader to [13,
p. 74] for a thorough treatment of this notion.

Definition 2.14. (i) A coherent A%°-module is good if, for any rel-
atively compact open subset U of X, there exists an Ay |y-lattice of
M]y.

(ii) One denotes by Modgq(A%°) the full subcategory of Mod.on(A%Y)
the objects of which are the good modules.

(iii) One denotes by D%;(A%¢) the full subcategory of DZ ) (A%¢) the
objects of which have good cohomology.

The Theorem 2.12 extends to A'%-modules by replacing the category
DY, (Ax) with D} (A%°). Hence, we have the following statement for
Ale-modules.

Theorem 2.15. Let (X;,A;) (i = 1,2,3) be a complex manifold en-

dowed with a DQ-algebroid A;. Let Z; be a closed subset of X; x X; 4

and assume that Zy X x, Zs s proper over X1 X Xs. Set Z = plg(pl_lelﬂ

P Za). Let K; € Dbz, (Alfi1ye) (i = 1,2). Then the object K, 2 Ko
2

belongs to ng 7(AY) and we have a natural isomorphism
D gioe (K1) 0 WS o D yioe (Ko) 5 I g (K1 0 KCp).
g (K1) 9, a0 9, Dlagy, () = Dl (K g Ko)

2.3. Holonomic DQ-modules. In this subsection we will be con-
cerned with DQ-modules on complex symplectic manifolds. Thus, we
first recall some notions of symplectic geometry.

Definition 2.16. Let (X, w) be a complex symplectic manifold.

(i) A locally closed complex analytic subvariety A of X is isotropic
if there exists a dense open complex manifold A’ C A such that
w\ A = 0.

(ii) A subvariety A in X is co-isotropic if for every function f and g
such that f|p = g|a = 0 then {f,g} = 0 on A where {-,-} is the
Poisson bracket associated to the symplectic form w.

(iii) A locally closed complex analytic subvariety A of X is Lagrangian
if it is isotropic and co-isotropic.
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Following [13], we review the notion of holonomic DQ-modules. In
this section, X is a complex manifold of dimension dy endowed with
a DQ-algebroid Ax such that the associated Poisson structure is sym-

plectic and we set n = %X.

Definition 2.17. (i) An A%-module M is holonomic if it is coher-
ent and if its support is a Lagrangian subvariety of X.
(ii) An Ax-module N is holonomic if it is coherent, without A-torsion
and N'¢ is a holonomic A%*-module.

Recall the following lemma.

Lemma 2.18 ([10, Lemma 2.1]). Let r be an integer and M be a
coherent A-module so that Ext’y,.(M, A%) = 0 for any j > r.

Alee
Then HY, (M) = 0 for any closed analytic subset Y of X and any
J <codimY —r.

Holonomic DQ-modules enjoy the following properties.

Lemma 2.19 ([13, Lemma 7.2.2]). Let M be a holonomic A°-module.
Then I 1,. (M)[dx /2] is concentrated in degree zero and is holonomic.
X

Lemma 2.20. Let M be a holonomic A'%-module supported in a La-
grangian subvariety A of X andY a closed analytic subset of A. Then
H{ (M) =0 for 0 < j < codim, Y.

Proof. Recall that n = %X. It follows from Lemma 2.19 that
Ext’y,. (M, A%) = 0 for any j > n.

loc
AX

Then by Lemma 2.18, HJ (M) = 0 for 0 < j < codim, Y. O

Lemma 2.21. Let n = d; and N be a holonomic Ax-module. Then
5:Etf4x (N, Ax) =0 for j <n and Ext’y (N, Ax) has no h-torsion.

Proof. Since N has no h-torsion, we have Supp(N'¢) = Supp(N).
Thus, the analytic set Supp(gr, N) = Supp(N') is Lagrangian. It
follows that

codim Supp(gr, N') = n.
This implies that

H/(gr, RHoma, (N, Ax)) ~ Extl (gr, N, Ox) = 0 for j < n.

Thus, by Proposition 1.4.5 of [13], Ext), (N, Ax) = 0 for j < n and
Exty (N, Ax) has no h-torsion. O
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Corollary 2.22. Let N be an holonomic Ax-module. Then the module
Exta, (N, Ax) is holonomic.

Proof. Tt is immediate that the module Ext 4, (N, Ax) is coherent. By
Lemma 2.21, it has no h-torsion. Moreover, [Ext 4, (N, Ax)]"¢ is holo-
nomic. U

Proposition 2.23. Let M be a holonomic A'-module such that it
has a lattice N'. Then Exty (Exty (N, Ax), Ax) is a lattice of M.

Proof. We set F = Ext’y (N, Ax). By functoriality, there is a mor-
phism
RHom, (F, Ax) — R?—[omAz)?c(.Aé?CﬁZ) F, Al
X

and

Al)?c%]: = Al)?cﬁé’:ctjx(./\f, Ax) ~ Sxt%}?c(/\/l,Al)?C).
Thus, we have a morphism
RHom 4, (F, Ax) — RHom yioe (Et e (M, Ay, Alee).
Since M is a holonomic module
RHom i, (Smtﬁz)?c (M, Ak, Al?) ~ M[—n).

Taking the degree n cohomology, we obtain a morphism

v Eath (Ext’y (N, Ax), Ax) — M
such that

lee . [Eatly (Exthy (N, Ax), Ax)]e — M¢ ~ M

is an isomorphism.

By Lemma 2.21 and Corollary 2.22, Ext? (Ext’y (N, Ax), Ax) has
no h-torsion. Thus, Ker v has no h-torsion. Hence, there is a monomor-
phism Kervy — (Ker ). Since, A% 39 is an exact functor, we have

X

(Kery)¢ ~ Ker(y'¢) and Ker(y¢) = (0). It follows that Kery =
(0). O

3. A COHERENCE CRITERION

The aim of this section is to establish Proposition 3.20 which is a
coherence criterion for DQ-modules. Recall that if X is a topological
space and F is a sheaf of Abelian group on X, the support of F denoted
Supp(F) is the complementary of the union of open sets U C X such
that F|y = 0. Following [14], we define the notion of p-finite sheaf.
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Definition 3.1. Let X and Y be two Hausdorff spaces and let p: X —
Y be a continuous map. Let F be a sheaf of Abelian groups. The
sheaf F is p-finite if the restriction of p to the support of F is a finite
morphism.

3.1. A coherence criterion: the case of Ox-modules. We prove
an equivalence between certain categories of Ox-modules and also a
coherence criterion for Ox-modules. We will use these results to de-
duce their analogue for DQ-modules. The statements of this subsection
should be compared with [7].

In all this subsection, we let D be an open subset of some CP, we set
X =D xC" and

p:DxC"— D
the projection D x C" 3 (y,2) — v.

We write Modon(Ox) for the category of coherent O x-modules on X
and we denote by Mod?;,"™(Ox) the full sub-category of Moden(Ox)
the objects of which are the p-finite modules.

We set Op[t] := Oplt,...,t,] and recall that the sheaf Oplt] is a
Noetherian sheaf of ring (cf. [8, Theorem A.31]).

The projection p : X — D clearly induces a morphism of ringed
spaces

(1.1 : (X, 0x) = (D, Opl]).

We consider the following functors

ps - Mod(Ox) — Mod(Oplt]) p*: Mod(Oplt]) = Mod(Ox)
F = pF G—0Ox ®@ p'G.

p~1Opl[t]
Proposition 3.2. The functors p* is left adjoint to p,.
Proof. Clear. O
Proposition 3.3. The functor p* is ezact.

Proof. This follows from the fact that Ox is flat over p~'Op]t] (cf. [15,
Example 4.11]). O

Notation 3.4. We denote by Mode,,—con(Oplt]) the full subcategory of
the category Mod.on(Oplt]) the objects of which are also Op-coherent
modules.

Proposition 3.5. If F € Mod?,,™(Ox), then p.F € Modo, —con(Oplt]).

coh

Proof. The sheaf p,F is clearly an Oplt]-module and it is Op-coherent
since plsupp(r) is finite. O

Proposition 3.6. IfG € Modo,, _con(Oplt]), then ptG € Mod?,™(Ox).

coh
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Proof. Since G is a coherent Op-module, it is a coherent Op|[t]-module.
Since Ox and Oplt] are coherent sheaves of rings, it implies that p*G
is a coherent O x-module.

Let y € D. Consider Anne,;(G) the annihilator of G in Op|[t]. Since
G is coherent, we have

Annp,(G)y = Anne,, | 11(Gy).

The t;, 1 < i < n define Op -linear endomorphisms 7; : G, —
Gy,m—t;-m, 1 <7 <nand G, is a finitely generated module over
Op,y. Thus, their exist monic polynomials w;,, € Op,[t;] such that
Wiy (Ti) = 0. This implies that w;, € Anne,, (G,). It is well known
that

Supp(p*G) = {x € X| Anno, (P*G). C m,}
where m, is the maximal ideal of Ox,. Since pf is exact and G is
coherent,

Annp, (p*G) ~ p* Anne,(G).
It follows that

SuPp(pﬁg) — {:L‘ S X|OX’I O®[t] Ann@D’y[t](gy) C mx}
D,y

This means that if an element x¢ = (4o, 29) of X belongs to Supp(p*G)
then, for every 1 < i < n, w;,(2) = 0. The w;,,(¢;) being monic
polynomials, they have a finite number of roots. This implies that
p~Y(y) is finite.

Let us prove that plg,pp(yg) is closed. Since being closed is a property
local on the base, it is sufficient to check that p|p : A — U; is closed
for a covering (U;);er of D.

Let yo € D and consider the polynomials w;,,(t;) € Op[ti], 1 <
¢ < n previously defined. There exists an open neighbourhood U
of yo such that the w;(t;) € Oplt;]|y are well defined and belong to
Anne,(G)|y. It follows immediately that they induce Weierstrass
polynomials w;(y, z;) € Annep, (p*G)|yxcn.

We set Z = {(y,2z) € U x C"wy(y,21) = ... = wn(y,2,) = 0} and
A = Supp(p*G) NU x C*. We have the following commutative diagram

pla

A——U

A

The map i, is a closed immersion. Thus, we are reduced to show that
p|z is a closed map. This follow immediately by repeated applications
of the Continuity of the Roots theorem (see [5, p.52]). O
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Lemma 3.7. Let (T, Or) be a closed analytic subspace of (X, Ox) such
that Ot is p-finite.
(i) If v € X and y = p(z), then for every x; € p~'(y), such that
v, #2,Ox, @ Op, =0.
Op yt]

(ii) p*p.Or ~ Or.

Proof. (i) It follows from Propositions 3.5 and 3.6 that p*p,Or is a
p-finite coherent O x-module. Thus,

(pﬁp*(,)T)z2 @ OX,:(: X OT,J:Z-
zi€p~1(y) Op .yl
is finitely generated Ox,-module. Moreover, Ox, is a Noetherian

ring. This implies that the module Ox , ®H(9T,zi is also a finitely
OD,y t

generated Ox ,-module. Since z; # x, there exists a polynomial P €

Op,ylt] such that P(z) = 0 and P(z;) # 0. Denoting by (P) the

ideal generated by P in Ox,, we have that (P)(Ox, ® Org,) =
o

D,y t
Ox o ®HOT’M and (P) is included in the maximal ideal of Ox,.
Op .yt
Hence, Nakayama’s lemma implies that Ox, ® Or,, =0.
D,y t
(ii) It is a direct consequence of (i). O

Theorem 3.8 below is well-known to experts and should be compared
with [7, Section 3]. We give a proof for the convenience of the reader.

Theorem 3.8. The functors

D+
Mod?, ™ (Ox) === Modo,, —con(Op|t])

coh
pt

are equivalences of categories inverse to each other.

Proof. Consider the morphism
(3.1) p'p.F — F.

We prove that it is an isomorphism. We set T" = Supp(F) and we
define Oy = Ox/ Annp, (F). Let z € X and set y = p(z). Since p|r
is finite, we have
D,y
= @ OX,:c ® ‘Fxl
ziep~i(y) Op .yl

@ OX,:(: & OT,IZ' & «/T_‘:cz
Opyy[t] O

zi€p~'(y) T

12
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By lemma 3.7, Ox , ®HOT,xi = 0if x # x;. It follows that (p*p,F), ~
OD,y t

F.. Then the morphism (3.1) is an isomorphism.
Consider the map

(3.2) G — pp'G.

We prove it is an isomorphism.
Let y € D. Then the map (3.2) induces a morphism

(3.3) Gy = (P0G,

We construct the inverse of the morphism (3.3). Since plsupp(pig) is
finite, we have

(p*pﬁg)y = @ OX,xi ® gy = ( @ OX,zi) & gy-
e (y) Op 1] zi€pL(y) Op.uli

As already explained, the ¢;, 1 < ¢ < n define Op ,-linear endo-
morphisms T; : G, — Gy, v — t;-v, 1 < i < n and G, is a finitely
generated module over Op,. Thus, there exists monic polynomials
wiy € Opylti] such that w; ,(T;) = 0. Shrinking D if necessary (and X
since X = DxC"), weset Q = (Ox/(wy,...,w,)Ox) and denote by m
the cardinal of p~!(y). By the generalized Weierstrass division theorem
([5, Ch. 2 §4]) for any choice of m germsf; € Q,,, z; € p~'(y), i < j <
m, there exists a uniquely determined polynomial r» € Op,[t] whose
degree in t; is less than degw;, 1 < ¢ < n and such that the residue
epimorphism Ox ., — Q. maps r onto f; for all j = 1,...,m. We
define the morphism

¢ ( @ Oxz) ® Gy — Gy
z;€p~1(y) Op .yl
(f:m)xiep‘l(y) Qni—=rn

where r is the polynomial obtained via the generalized Weierstrass
division Theorem. It is immediate that ¢ is the inverse of the morphism
(3.3). This implies that morphism (3.2) is an isomorphism. O

We now prove the following coherence criterion.

Proposition 3.9. Let F be a Ox-module and assume that F is a p-
finite Ox-module. Then F is a coherent Ox-module if and only if p.JF
is a coherent Op-module.

Proof. (i) Assume that F is coherent. Since plgupp(r) is finite, p,F is

coherent.

(i) Assume that p,F is coherent. The functor p* and p, are adjoint.
We denote by ¢ : pfp, — id the co-unit of the adjunction and by
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n : id — p,p* the unit of the adjunction. Recall that the natural
transformation

pe ™ papip. =5 pt
is the identity. Thus p.c is an epimorphism of sheaves.
Let Q be the cokernel of €7 : p*p, F — F. By Propositions 3.5 and
3.6, p'p,F is a p-finite coherent Ox-module and Q is also a p-finite

sheaf since Supp(Q) C Supp(F). It follows that we have a right exact
sequence of p-finite sheaves

(3.4) Pp.F L F—Q—0.

Since all the sheaves in the exact sequence (3.4) are p-finite, we obtain
by applying the functor p, the right exact sequence

P D F S p. F — p.Q — 0.

Since p4eF is an epimorphism of sheaves, it follows that p,Q =~ 0 which
implies that @ ~ 0. Thus, €7 is an epimorphism. It results that F
is a locally finitely generated Ox-module and that Anne, (p*p.F) C
Anng, (F). Setting Op = Ox/ Annp, (p*p.F), it follows from the in-
clusion Anng , (p*p.F) C Anne, (F) that F is a Op-module. Moreover,

OX,:E & Fxl =~ OX,x & OT,:EZ' & -F:L"m

Op ylt] Opyli] OT»%‘

and by Lemma 3.7,
Ox, ® O, =0ifx; # 2.

Op ylt]
Then we have the following commutative diagram.

EF,x

(pﬁp*]:)x Fu

@ OX,z X «szﬂfz

2 €p~t(y) Opylt]

~

Hence, pip,F ~ F which implies that F is coherent. O

3.2. A coherence criterion: the case of DQ-modules. We now
focus our attention on DQ-modules and prove an analogue for DQ-
modules of Theorem 3.8 and Proposition 3.9.
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Let M be an open subset of C". We set X = T*M and denote by
p : T*M — M the projection on the base. We denote by Ay the
Moyal-Weyl star-algebra on X and define the algebra

By =0%, %C[h@l, o R0y
Then
Bé&c 20;}[[08 %) C[ah B ’8n]
Definition 3.10. We say that a Bjy;-submodule £ of a coherent Bl¢-

module N is a finiteness Bj,-lattice of NV if L is a By-lattice of N and
it is coherent as a O -module.

We denote by Modgq (BYy) the Abelian full-subcategory of Mod(B%f)
the objects of which are the BY-modules admitting locally a finiteness
lattice.

Let (z,u) be a symplectic coordinate system on X = T*M. Then

p: X —=>M

(r,u) — x.

We denote by Mod?, ™ (Ax) (resp. Mod?; "™ (Ale¢)) the full sub-category

coh coh

of the category Modeen(Ax) (resp. Modeon(A%€)) the objects of which
are the p-finite modules.

Remark 3.11. A coherent p-finite A'2-module M is holonomic.
We have a morphism of C'-algebras
plp Ol — Ax, pl(z;) = 2; for 1 < i < n.

There is also a monomorphism of C"-algebras from p~'Bj; to Ax de-
fined as follows.

(35) ’17/) : p_lBM — .A)(, Ti — I, h@l — U;.
We set
©’ :Mod(By) — Mod(Ax) P - Mod(Byy) — Mod(AY")
Ne—=Ax @ p'N N A @ p'N.
p~ 1By p716§\%C

Proposition 3.12. The functors p> and p, (resp. p* and p,) form the
adjoint pair (0, p.) (resp. (0%, ps))-
Proof. Clear. U

Proposition 3.13. The functor p’ (resp. p°) is exact.
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Proof. We need to prove that for every Bj;-module N

H'(Ax (}% p'N)Y=0 for i<O.
p~1Byp
which is equivalent to prove that for every z € X and every N €
H'(Ax.. é@ p N =0 for any i<O.
o~ B,

For that purpose, we adapt the proof of Theorem 1.6.6 of [13]. Let
ze X. Weset A= Ax., B =By, N =N,), Q= 0Ox,. and
R = O lth, ..., t,) and we recall that () is flat over R (see [15, example
4.11]). The problem reduces to show that Tor’ (A, N) = 0 for all i < 0.
Since, Tor commute with filtrant colimits, we can further assume that
N is a B-module of finite type. Furthermore, every finitely generated
B-module is an extension of a B-module without A-torsion by a module
of h-torsion. So, we just need to treat the case of modules without A-
torsion and the case of A-torsion modules.

(i) We assume that N has no A-torsion, then

L
grh(A%)N) ~ Q%N/EN.

L

Moreover, N is a finitely generated B-module. Hence, A%N belongs
L

to D}(A). It follows from Theorem 1.6.1 of [13] that A %) N is cohomo-

L
logically complete. Hence, Proposition 1.5.8 of [13] implies that A %) N

is concentrated in degree zero.
(ii)) We assume that N is of A-torsion. Clearly N = Upen+ Ny where
Ny = {n € N|W*n =0} and

L L
A®N1 2Q®N1 2Q®N1
B R R

L
Thus, A® N is concentrated in degree zero. By recursion, we ex-
B
tend this to all the Ni. Since Torp commutes with filtrant colimits
Torz (A, N) = 0 for ¢ # 0. It follows that for any finitely generated
L
module N, A® N is concentrated in degree zero.
B

The result for p? follows immediately since p? is the composition of

o’ with the exact functor Ci'* @ -. O
ck
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Proposition 3.14. If M € Mod”,™(Ax), then p,M is an object of
MOdOR’{—Coh(BM)‘

Proof. Let M € Mod®™. (Ax). The sheaf p, M is clearly a Bj;-module

p—fin
and by Grauert’s direct image theorem for DQ-modules (cf. [13, Thm
3.2.1]) p.M is O},-coherent. d
Proposition 3.15. IfN € Modpn _con(Bur), then PN € Mod?,;™(Ax).

Proof. The coherence of o’ is clear. Now, assume that A/ has no
h-torsion. Then

Supp(p’N) = Supp(gr;, p’N') = Supp(p*(N/AN)).
It follows that p’ AV € Mod?,™ (Ax).

coh
Let N be a module of h-torsion with tory(N) = 1. We have the
following isomorphism
PN~>Ax @ p N
p~1Bar
~ 0 X X ,071./\/'
P~ ONm[t]

~ p'N.

Thus, P’ is a p-finite Ax-module.

Let A be a module of A-torsion with tory(N) = k, k > 2. Every
Bys-submodule P of N with tor,(P) = 1 is p-finite. Assume that p"P
is p-finite for each Bj;-submodule P of N which is of uniform A-torsion
with tor,(P) = k — 1. Let Q be a By-submodule of N which is of
h-torsion with tor;(Q) = k. Then we have the following short exact
sequence

0—hQ — Q — Q/hQ — 0.

Moreover, p’ is an exact functor, then
0= p’(hQ) = p'Q = p’(Q/hQ) — 0.

So, Supp(p"Q) C Supp(p’(hQ)) U Supp(p’(Q/hQ)) which implies that
0°Q is p-finite. In particular, o’ is p-finite.

Assume that N is of h-torsion. Thus, there exists an open covering
(Ui)ier of M such that tor,(N|y,) = k; with k; € N. We set p; :=
p pUil(Ui)' It follows from the previous cases that p)A|y, is ps-finite.
Since being finite for a morphism is a property local on the base, the
sheaf o’ is p-finite.

Let N € Modon _con(Bar). Then N is the extension by an object of
Modpn _con(Bar) of h-torsion of an object of Modpn _ o, (Bar) without

h-torsion. It follows from what is preceding that p’A/ is p-finite. 0
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The following proposition is the analogue for DQ-modules of [14,
Lemma 4.3].

Proposition 3.16. The functors

_fin Px
NIOCI{:)ohﬁ (AX) <T MOdOKl —coh (BM)
p

are equivalences of categories and inverse to each other.

Proof. Once again, we will use the fact that a coherent DQ-module is
the extension of a coherent DQ-module without A-torsion by a DQ-
module of h-torsion. Let M € Mod”,,"(Ax). The adjunction between
p« and p’ provides the map

(3.6) P oM — M.

(i) Assume that M has no h-torsion. Applying the gr; functor to (3.6),
we get

(3.7) 0 (M/EM) = (M/EM).
The module (M /AM) belongs to Mod?,™(Ox), thus by the Theorem

3.8, it follows that the morphism (3.7) is an isomorphism. Since M
and p’p,M are complete and have no A-torsion, it follows that the
morphism (3.6) is an isomorphism.
(ii) Assume that M is of h-torsion with tor;(M) = 1. Then we have
the following commutative diagram

ppM —— M

lz lz

prpM ——= M
which implies that the map (3.6) is an isomorphism.
(iii) If M is a module of A-torsion with tor,(M) = k, the fact that the
morphism (3.6) is an isomorphism is proved by recursion on the index
of h-torsion.
(iv) Assume that M is of h-torsion. Let z = (x,u) a point of X = T*M.
Consider the stalk of morphism (3.6) at z

(3.8) (P M), = M.,

If p~'(x) N Supp(M) = 0, it is clear that (3.8) is an isomorphism.
Assume that p~*(z) N Supp(M) = {z1,...,25}. Since M is coher-
ent we can find open pairwise disjoint neighbourhoods Uy, ..., U! of
21, ..., 25 such that U/ NU; = 0 for i # j and M|y is of h-torsion with
tors(M|yr) = ki. It follows from Proposition 8.5, that there exists an
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open subset V' of M such that p~(V) is an open neighbourhood of
21, ..., 25 and tory(M|p«y) = k with k = max;<;<s{k;}.

Using the fact that the morphism (3.6) is an isomorphism for h-
torsion modules with index of A-torsion equal to k, it follows that

(0" p M) p=10) = Mpm11r).-

is an isomorphism which proves the claim.
(v) Let M be a p-finite Ax-module. Then M is the extension of a p-
finite module without A-torsion by a p-finite module of A-torsion. Using
the preceding cases the result follows immediately.

The proof that the unit id — p,p’ is an isomorphism is simpler and
follows a similar path. O

Lemma 3.17. Let M € Mod”,™(A%) then, M is locally good on the
base i.e. there exists an open covering (U;)ier of M such that for every

i€ l, M|,~1w, is good.

Proof. If p~*(x) N Supp(M) = 0, then by Lemma 8.3, there exists
a neighbourhood W of = such that M|y xc» = 0 and 0 is a lattice
of M on W x C". Assume that p~'(z) N Supp(M) = {z1,..., 2}
Since M is coherent, we can find open pairwise disjoint neighbourhoods
Uj,...,ULof 21, ...,z such that U/NU] = 0 and such that M|y admits
a lattice M; for 1 <1 <'s. It follows from Proposition 8.5, that there
exists pairwise disjoint neighbourhoods Uy, ..., U, of z,..., 2 such
that U; C U] and such that if we write v; : U; — V x C" for the
inclusion of U; into V' x C" we have the isomorphism

Mlvxer = T 77 (Mlycen).
i=1

It follows immediately that J[;_; vi.v; L M, is a lattice of Mlyyen. O

The following proposition is the analogue for DQ-modules of [14,
Proposition 4.4].

Proposition 3.18. The functors

Modp—ﬁn (Al)?c) % MOdfgd(Bé\?[C)

coh
p

are equivalences of categories and inverse to each other.

Proof. Using Lemma 3.17 the proof of the proposition reduces to Propo-
sition 3.16. [

We will need the following coherence criterion (see [13, Theorem
1.3.6]) in order to establish Proposition 3.20.
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Theorem 3.19. Let (T,Or) be a complex manifold endowed with a
DQ-algebra Ar. Let M be a locally finitely generated Ap-module. Then
M is coherent if and only if " M /" M is a coherent Or-module for
any n > 0.

Proposition 3.20. (i) Let M be a p-finite Ax-module. Then M is a
coherent Ax-module if and only if p.M is a coherent O%;-module.

(ii) Let M be a p-finite A-module.

(a) If M is a coherent A*-module, then p, M is a coherent O} -
module.

(b) If p.M is a coherent O} ~module and has a coherent O%,-lattice
L such that L is a By-module, then M is a coherent A -module.

Proof. (i) The first direction is Proposition 3.14. Let us prove the
converse. Let M be a p-finite module and assume that p,.M is coherent.
We denote by € : p’p, — id the co-unit and by 7 : id — p,p’ the unit
of the adjunction (0°, p.). Recall that the natural transformation

P pup’p B
is the identity. Thus, p.c is an epimorphism of sheaves. By an argument
similar to the one of the proof of Proposition 3.9, we show that £, is
an epimorphism of sheaves which implies that M is locally finitely
generated.

The restriction of p, to the category Mod” ™ (Ay) is exact and the
sheaves M, A" M and h"M /h" "' M are p-finite. This implies that

ﬁnp*,/\/l/hn+1p*/\/l ~ p*(hnM)/p*(ﬁn+lM) ~ p*(hn./\/l/hn+1./\/l).

This means that the sheaf p, (A" M /A" M) is a coherent O%;-module
and hence, a coherent Oy-module since tory(p, ("M /A" M)) = 1.
By Proposition 3.9, i" M /A" M is a coherent Ox-module. It follows
from Theorem 3.19 that M is a coherent A x-module.

(ii) The point (a) is clear. Let us prove (b). Let M be a p-finite
module such that p,M is a coherent Og’joc-module and has a coherent
Oh -lattice £ such that £ is a Bj;-module. This implies that p’L €
Mod? ™ (Ax).

By an argument similar to the one of the proof of Proposition 3.9,

we obtain that the co-unit
(3.9) PpeM — M
is an epimorphism. Moreover, there is a canonical map

(3.10) PL— pip. M.
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Composing the maps (3.9) and (3.10), we get

(3.11) 0:pL— pipM— M.

Moreover, 6 : (p?L£)"¢ — M!¢ ~ M is an epimorphism. This implies
that (Im 6)"¢ ~ M. The Ax-module Im  is p-finite and the morphism
(3.11) induces the epimorphism p°£ — Im#. Thus, p, Im 6 is a locally
finitely generated O%,-submodule of the coherent O}**-module p, M.
It follows by [13, Lemma 2.3.13] that p, Im @ is a coherent O%,-module.

Then point (i) implies that Im 6 is a coherent Ax-module. Hence, M
is a coherent A%%*-module. O

Remark 3.21. If U is an open subset of X, the above criterion can
also be used to prove the coherence of a p|y-finite Ax|y-module M.
Indeed, if i : U < p(U) x C™ denotes the inclusion of U into p(U) x C*
then, by Corollary 8.2 .M is a pl|,w)xce-finite Ayxcn-module the
coherence of which is equivalent to the coherence of M.

4. A DUALITY RESULT

In this section, we prove the analogue for DQ-modules of [14, Propo-
sitions 4.2 & 4.6 |. We let X be an open subset of T*M and shrink-
ing M is necessary we assume that p(X) = M. We denote by Ay
the Moyal-Weil star-algebra on X and, on M, we consider the triv-
ial star-algebra Ay = O%. We endow M x X with the star-algebra
Ayixxa = O KAxa. Following page 61 of [13] the star-product on
Ayrxxa is given by

frg=> W(mRBP)(fg) forevery f, g€ Onxx
i>0
where the P; are the bi-differential operators defining the star-product
on Ax. and m is the multiplication of function on OF,.
Consider the projection p: X — M and define

Vo X XX = MxX 0p0 X = M x X

(z,5) = (p(x); 5) z = (p(x); ).
Notice that 6, = 7, 0 4. We define the morphism

'7; :’Y;IAMXX‘Z — Axxxa
f=fo Yp-
It follows from the formula defining the star-product on A,y x« and
Ax xa that ’y; is a morphism of C"-algebras.
The Ax ® Axe.-module Ax is bi-invertible. Thus, by [13, Lemma
2.4.1] 0,Ax has a structure of Ay xe.-modules. By adjunction, 7;
induces a morphism of algebra Ap/xxe — Y Axxxa which, in turn,
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induces on 7,6, Ax =~ d,.Ax a structure of Aj;«xe-module. Since 6,
is finite, 0,.Ax is a coherent Ajsy xo-module.

We denote by DY g (Ax) the full subcategory of D’(Ax) the objects
of which have p-finite cohomology and define the functor

p* :Mod(Apsa) — Mod(Axa)
Ni=p N @ Ay

p~ 1AM

Lemma 4.1. Let M € DY  (Ax) and N € D*(Ape). Then

5p*“4xf M ~Rp.M,
NAO 5p*AX >~ LP*N

Proof. These formulas are direct consequences of the projection for-
mula. 0

Lemma 4.2. Let M € Dcohp ﬁn(AXa) (Tesp in ngp ﬁn(AlOC )) Then
we have the following isomorphisms

(41) (wpe o D/

.AMa AMXXO‘

(0pAx)) o M= p M in Degy (Anre),
(42) (W o Dy (p*.AlOC)) o M= p.M in ng(Aloc)

AZJ\OICG MxXa .A oc

Proof. We prove formula (4.1). Let N € D%, (Apsa). We have

RHomy,,, (N, (whsa L. Dy, e (0peAX)) A M) ~

~ RI'(M,RHomy,, (N, (wpsa 0 Dy e (0peAX)) 0 M)).

and
RHom,,, (N, (whra L Dg, 0 xa (5p*AX))A§>{a M) ~

L
g]D):‘lMa('/\/’) ® [(WM“ Ai DAMXX“((SP*AX))A?@ M]

A]y[a

ND’AMQ(/\/) & RpM*((wMaAO Dy, o (0peAX)) @ P M)

Apra an Axa

/ L /
2HJDM*(29341}1),41]\/,(‘(/\/) & (WM‘IASN]DAMX)(Q((SP*AX)) ® pxeM)

1
Py Anra praAxa
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Applying RI'(M; ), we get

L L
RO(M:Rpars (P Daye V) © (D, (@are 0 0pAx))  ®  praM))

pa Anra ME praAxa
L L
~RO(M x X;pyi Dy, (N) @ (wae 0 Dy (0pAx)) & pxeM)
Py Anra Anra 8 P;(%z Axa

L L
~ RO Rpxa (03 Dlaya V) © (winre 0 Dy, o (0eAx)) ©  pxaM))

_ Apx xa .
Py Anra pxaAxa

Anx xa
1 x
Pyr AJ\I“ Ma pxaAXa

L L
~ RI(X; (D, (N) @ (wae o D’ (0peAx))  ®  pxeM))

L
ZRF(X’ [D.lA]wa(N))AO Whge AO Di‘lﬂ4xxa<5p*'AX)] A%a M))

M Ma

Applying Theorem 2.12, we obtain

RT(X; (Dl (V) 0 ware o D

L
Ma Apra A x xa (5P*AX)] .A(%a M)) =
:RF(X;ID&XQ(/\/'AO 6P*AX))A(§ M)
~ RHom 4, (Lp*N, M)
= RHOIH-AMa (N7 R P*M)

It follows from the Yoneda Lemma that

(Whse O ]D);lMan(dp*.AX))Ao M ~Rp. M.
M@ xa

The construction of the morphism (4.2) is similar. First, one as-
sumes that N € D%;(A%°) and instead of using Theorem 2.12, one uses
Theorem 2.15 and get the desired isomorphism. 0

Finally, we get the following duality result which is the analogue for
DQ-modules of [14, Proposition 4.2].

Proposition 4.3. Let M € Modg(;lﬁn(AX) (resp. in Modggﬁn(Al)?c)).
Then we have

(4.3) plath (M, Ax) ~ Ext’é%?(p*/\/(, on),
(4.4) peEthipee (M, AYY) 2 Eath T (.M, O3).

where n = dx /2 = dyy.

Proof. We only prove formula (4.3), the proof of formula (4.4) being
similar. Applying Theorem 2.12 with X; = M, X5 = X and X3 = pt,
K1 = 6, Ax and Ky = M € Deon p—fin(Ax) and using lemma 4.2, we
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get that
Dl (peM) > Dy (SpuAx © M)
= Do () g, wxe © Diy(M)
~ Wiga W, wme o Dy xa (0peAx) © Dy (M)]dx]
= wige O Dy xa(GpeAx) o Dy (M)]dx — du]
~ p Dy (M)ldx — dur].

Taking the cohomology and using the fact that p : Supp(M) — M
is finite, we get that

plath (M, Ax)) ~ Sxt’ég(p*/\/l, o).

We will need the following result (see [3], [17]).

Theorem 4.4 (Popescu, Bhatwadekar, Rao). Let R be a reqular local
ring, containing a field, with mazimal ideal m and t € m \ m2. Then
every finitely generated projective module over the localized ring Ry =
R[t™] is free.

As a consequences of Proposition 4.3 and Theorem 4.4, we get the
analogue for DQ-modules of [14, Proposition 4.6].

Proposition 4.5. Let M € Mod?,™(A%¢). The sheaf p,M is locally

oy coh
free over Oy°.

Proof. The question is local on M and p-finite coherent modules are
locally good on the base. Then there exists an open covering (Uj;);e; of
M such that for every i € I, M|,-1(y,) is good. Once, one has restricted
M to such an U; the proof is exactly the same as in [14, Proposition
4.6]. We include it for the sake of completeness.

By Lemma 3.11, M is holonomic. Then

Extﬁl)?c(M,Al)?c) =0 fork # dQX
It follows from Proposition 4.3 that
Sxtléyoc (peM, 0%y =0 for k # 0.
By taking the stalk at m € M, we get that
(4.5) Extgm (peMyn, Of%) =0 for k # 0.
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The ring (’)]r(/[lifl is a Noetherian ring with finite global dimension.
This combined with equation (4.5) imply that p,M,, is a finitely gen-
erated projective module.

It follows from Theorem 4.4 that p.M,, is a finitely generated free
module. Since p,M is a coherent O"**-module, this implies that p, M
is a locally free sheaf. O

5. GEOMETRIC PRELIMINARY

Let X be a complex manifold and Z be a closed analytic subset of
X and p € X. We denote by C,(Z) the tangent cone of Z in X at p.
We refer the reader to [24] and [11] for a thorough study of the notion
of tangent cone and to [16] for a gentle introduction.

The following result can be found in [19, Ch. IIT Proposition 1.1.3].

Proposition 5.1. Let X be a complex manifold, let Z be a closed
analytic subset of X and let p be a point of X. The set Cy(Z) is a
closed analytic (even algebraic) subset of T, X, conic for the action of
C* onT,X.

Lemma 5.2 ([24, Lemma 8.11)). Let X be a complex manifold, let Z be
a closed analytic subset of X andp € X. Then dim C(Z) = dim, Z. If
Z is of constant dimension near p then, C,(Z) is of constant dimension.

The next proposition is a special case of [6, Proposition 3.2.3].

Proposition 5.3. Let (X,p) be a germ of analytic space of dimen-
sion dx, (Y,q) be a germ of complex manifold of dimension dx and
f:(X,p) = (Y,q) be a germ of analytic map. If d,f : (Cp(X),0) —
(1,Y,0) is finite, then f: (X,p) — (Y,q) is finite.

We will need the following result to prove Proposition 5.5.

Lemma 5.4 ([12, Lemma 7.3]). Let X be a complex manifold, Y be
a closed complex subvariety of X and f : X — C be a holomorphic

function. Set Z := f~1(0),Y":= (Y \ Z)N Z. Consider a p-form n, a
(p—1)-form 6 on X and set

w=df N0+ fn.
Assume that w|ly = 0. Then 6|y =0 and |y = 0.

Proposition 5.5. Let (X,w) be a symplectic complex manifold, A be
a closed isotropic analytic subset of X and p € A. The tangent cone
Cp(A) of A at p is an isotropic subset of the symplectic vector space
(TpX, wp).
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Proof. We adapt the proof of [12, Proposition 7.1] to our needs. Let
(x;u) be a local symplectic coordinate system on X such that

p = (0;0), wy =Y du; A da;.
i=1
Consider the deformation to the normal cone Xp of X along p. We
have the following diagram

q

X X, ——=C

p~——q(p).
Let (x;¢,t) be the coordinate system on X,. Then
q(z; € t) = (2;88),
T,X = {(536,1) € X,Jt = 0},
Cp(A) = ¢~ (A)\ t1(0) N £71(0).
The last isomorphism is a direct consequence of the sequential descrip-

tion of the tangent cone.
Taking the pull-back of w by ¢, we get

¢ w = zn:d(tfi) Adx; = dt A (Zn: & N dx;) +tzn:d€i A dx;.

=1 =1 =1

The form ¢*w vanishes on (¢ '(A)),e. Hence, by Lemma 5.4 the
form 7, d&; A dz; vanishes on C,(A) which proves the claim. O

Proposition 5.6 ([9, Proposition 1.6.1]). Let (E,w) be a symplectic
vector space and let A be an isotropic homogeneous analytic subset of
E. Then there is a Lagrangian linear subspace A such that ANX C {0}.

Corollary 5.7. Let (E,w) be a symplectic complex vector space of finite
dimension. Let A be Lagrangian analytic subset of E and let p be a point

of N. Then there exists a linear Lagrangian subspace A\ of E such that
ANC,(A) C {0}.

Proposition 5.8. Let (E,w) be a complex symplectic vector space of
finite dimension, let U be an open subset of E, let A be a closed La-
grangian analytic subset of U and let p € A. There exists a linear La-
grangian subspace A\ of E, an open neighbourhood V' of p and an open
neighbourhood M of w\(p) the image of p by the canonical projection
™ E — E/), such that the map

pi=mM V=M

is finite when restricted to ANV,
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Proof. Since U is an open subset of a £, we identify T,U and E. It
follows from Proposition 5.1 that C,(A) is an algebraic subset of E conic
for the action of C* on E. By Corollary 5.7, there exist a Lagrangian
linear subspace A of E such that C,(A) N A C {0}. The quotient
map 7, : F — FE/X induces a germ of analytic map p : (A,p) —
(E/X, m\(p)). We consider the differential d,my : (C,(A),0) = (E/X,0).

Since d,p = my, we have
(dpp)~'(0) = 3 (0) N Cyp(A) C {0}

Thus, the germ of map d,p : (Cp(A),0) — (E/A,0) is finite and
dim, A = dim £/ which implies that the germ of analytic map p :
(A,p) = (E/X, mA(p)) is finite. O

6. THE CODIMENSION-THREE CONJECTURE

Asindicated in the introduction the strategy to prove the codimension-
three conjecture for DQ-modules is to reduce the non-commutative
statement to a commutative problem where it is possible to apply The-
orem 1.3 due to Kashiwara and Vilonen.

6.1. Proof of the Theorem 1.4. The aim of this subsection is to
prove the codimension-three conjecture for DQ-modules. Let us recall
Theorem 1.4.

Theorem. Let X be a complex manifold endowed with a DQ-algebroid
stack Ax such that the associated Poisson structure is symplectic. Let A
be a closed Lagrangian analytic subset of X, and'Y be a closed analytic
subset of A such that codim, Y > 3. Let M be a holonomic (A'g|x\y)-
module, whose support is contained in A \'Y. Assume that M has
an AX|X\y—lattice. Then M extends uniquely to a holonomic module
defined on X whose support is contained in A.

Let X, A, Y and M as in Theorem 1.4. We write j : X \ YV — X
for the open embedding of X \ Y into X.

6.1.1. Unicity of the extension. We prove the unicity of the extensions
of M to X. As in [14], we have

Proposition 6.1. Let M’ be an extension of M. Then M’ is isomor-
phic to j.M.

Proof. Let M’ be an extension of M. We have the following exact
sequence.

0—HY (M) = M = ji "M — H, (M) = 0.
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By definition of an extension, j ' M’ ~ M. The above exact sequence
becomes

0— HY(M) = M — j.M — Hy (M) = 0.

Since, codim, Y = 3, it follows by Lemma 2.20 that Hi (M’) ~ 0 for
i = 0,1. This implies that M’ ~ j,M. O

6.1.2. The support of the extension is Lagrangian. As in [14], we have

Proposition 6.2. The support of j.M is a closed Lagrangian analytic
subset of X.

Proof. The module M is holonomic. Thus, Supp(M) is a complex
analytic Lagrangian subset of X \ Y and Supp(j..M) = Supp(M).
By the Remmert-Stein theorem the set Supp(M) is a closed analytic
subset of X of dimension dx /2 and is isotropic since the closure of an
isotropic subset is isotropic. O

6.1.3. Proof of the coherence. The only thing that remain to prove is
that the A'-module j,M is coherent. We will need the following
proposition.

Proposition 6.3. Let X be a compler manifold and Y be a closed
analytic subset of X and j : X \'Y — X be the inclusion of X \'Y into
X. If N is a coherent reflexive OQ\Y—module. Then

(j*N)loc ~ ,]* (Nloc>.
Proof. By adjunction between j~! and j,, we have
i RN = N

Then
JTHCRYy ® JN) = C @ N.
X\Y ci
Finally we get a canonical map ¢ : (5,N)"¢ — j,(N).

Since N is reflexive, it has no torsion and in particular no h-torsion.
Thus, the morphism ¢ is a monomorphism.

The morphism ¢ is an epimorphism. Indeed, let U be a connected
open subset of X and u € (j,(N"¢))(U). Locally on U \ 'Y, there exist
n € N such that h"u € N. Let us show that this is true globally.

Let ¢, : N'¢ — N /BN with n € N. Assume that there exist
x € U\Y such that ¢,(u), = 0. Set v = ¢,(u). Let us show that
supp(v) is open in U \ Y. There is the following isomorphism

Nloc/h—nN ~ U h—mN/h—nN

meN
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Thus, locally v belongs to some h~"N /h~"N. Moreover, h-™N /i~ "N
are Ox\y-modules without Ox\y-torsion this implies that the support
of their sections is open. Thus, the support of v is a union of open
sets which implies that supp(v) is open. The set Y is a closed analytic
subset of U different from U. Thus, U\Y is connected. The support of
v is open and closed and is different form U\ Y by assumption. Hence,
we have supp(v) = (. This implies that v € A""N (U \ ' Y). It follows
that ¢ is an epimorphism. O

We now address the question of the coherence of j, M. Let us briefly
recall the setting. We consider a complex symplectic manifold X, A
is a closed Lagrangian analytic subset of X and Y is a closed analytic
subset of A such that codim, Y > 3. The problem of showing that a
certain DQ-module is coherent is a local problem. Thus, we just need
to work in a neighbourhood U of a point p € Y. As pointed out in
[14], we can assume, by working inductively on the dimension of the
singular locus of Y that p is a smooth point of Y.

Shrinking U if necessary, we can assume by Darboux’s theorem that
U is an open subset of a symplectic vector space (F,w). Then by
Proposition 5.8, we know that there exists a Lagrangian linear subspace
Aof E, an open neighbourhood V' of p in U and an open neigbhourhood
M of my\(p) in E/X such that the map p : V' — M is finite when
restricted to A N'V. By shrinking U, we can assume that U = V
and that Y is smooth. As p is an open map we can also assume that
M = p(U). We set N = p(Y), then the map

ply : Y = N
is an isomorphism and codim N > 3. We denote by p’ the restriction
of pto U\ p~}(N), that is
o :U\p '(N)— M\ N.
Writing ¢ : U\ p~'(N) < U\ Y for the inclusion, we have the
following Cartesian square

U\ p (V)

M\ N—— M.
J

Since A is a linear Lagrangian subspace of F, we can find a symplectic
basis (e1,...,en; f1,..., fn) of E such that f; € X for 1 < i < n.
Let (x,u) be the coordinates system associated to this basis. Then
p(z,u) = z. Finally, we can assume that the star-algebra on U is
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the Moyal-Weil star-algebra since on a symplectic variety all the star-
algebras are locally isomorphic. Then we are in the setting of subsection
3.2 and section 4.

We set Y/ = p~!(N) and we consider the restriction of M and N to
U\ Y’ and still write M and N for their restriction. By assumption
M has a lattice N on U \ Y’. Since M is holonomic, it follows from
Proposition 2.23 that the module

N = gthlU\Y/ (gxtzU\Y, (N, .AU\Y/)7 .AU\Y/)

with n = dx /2 is a lattice of M. Moreover, using Proposition 4.3 we
have the isomorphism

PN = platly | (Exth, (N, Avy), Avyyr)
0 0 hy b
~ SwtOZI\N(gxtOX{\N(’O;N’ O1), O1p).

Then p/ N’ is the dual of a sheaf. Thus, it is reflexive since the dual
of a sheaf is always reflexive. By Proposition 3.20, p,l N’ is a coherent
OE\N—module. Applying Theorem 1.3, we obtain that j.p N’ is a
coherent O%;-module. By Proposition 6.3, (j.p.N)°¢ ~ j'((p.N)P)
and using the projection formula, we have
Oty © PN = pL(AlTy © N)
M\N U\Y’

~ p M.

We have just shown that the Bj,-module j.p N is a O} -lattice of
the O%°°-module j.p'M and it is also a By-submodule of j/p. M.

*

Moreover, we have the following commutative diagram

p«(j 0 )M —— jip M

J

pu(j 0 i) N — LN

It follows that p.(j o7).M has a coherent O% -lattice which is also a
Bj-submodule of p,(j oi).M. By Proposition 3.20 (ii) (b), it follows
that (j 04),M is coherent.

We consider the analytic set Y” = Y" N A. Since, the restriction of
p to A is a finite holomorphic map it follows that codim, Y” > 3. We
denote by [ : U\ Y” — U\ 'Y the inclusion. We now remember that
we had implied the restriction of M to U \ Y’ i.e. that M stands for
i~ M. First, notice that

(Gol) Yiyim M~ Y i M~ 17T M.
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Then Proposition 6.1 implies that
et M 2 Gl 0TI ML

We claim that [,I7'M ~ M. Indeed, Y” \ Y is an analytic subset
of U\ 'Y such that codimp\y (Y"”\'Y) > 3. The module "' M satisfies
the hypothesis of Theorem 1.4, moreover M is an extension of [~! M
to U\ Y. It follows from Proposition 6.1 that M =~ [,I"'M. This
implies that j,M ~ j,l,I7' M. This proves that j,M is a holonomic
A-module.

6.2. Proof of the Theorem 1.5. The aim of this section is to prove
Theorem 1.5. As explained in [14], it is easier to prove an equivalent
version of this statement for quotient of a given module. We state this
version below.

Theorem 6.4. Let X be a complex manifold endowed with a DQ-
algebroid stack Ax such that the associated Poisson structure is sym-
plectic. Let A be a closed Lagrangian analytic subset of X, andY be a
closed analytic subset of A such that codimp Y > 2. Let M be a holo-
nomic (A%)-module whose support is contained in A and let My be a
Al x\y -module which is a quotient of M|x\y. Then Im(M — j . M,)
is a coherent A'%-module.

Proof. The proof is formally the same as the proof of [14, Theorem 5.1].
All the results needed for the DQ-modules version have been proved
earlier in this paper. O

7. A CONJECTURE OF PIERRE SCHAPIRA

DQ-modules are defined on any complex Poisson manifolds. The two
extreme cases of Poisson brackets are on one hand the trivial bracket
and on the other hand the case of non-degenerate Poisson brackets
that is to say the case of symplectic manifolds. Furthermore, it appears
from the proofs of the codimension-three conjecture for holonomic DQ-
modules and holonomic microdifferential modules that holonomicity
should be thought as a shifted version of reflexivity. Indeed, if M is
an holonomic DQ-module over a DQ-algebra Ay, then

M S Ertyor (Extyoe (M, ARF), ARF).

This has led to the following conjecture which extends the codimension-
three conjecture for DQ-modules on symplectic manifolds to DQ-modules
on any complex Poisson manifolds.
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Definition 7.1. Let (X, Ay) be a complex manifold endowed with a
DQ-algebroid Ax and M a coherent Ax-module. We say that M is
d-reflexive if

(i) M has no h-torsion,
(ii) Extly, (M, Ax) =0 for j < d,
(it)) M = Eatdy\ (Exth, (M, Ax), Ax).

Conjecture 7.2 ((Schapira)). Let (X, Ax) be a complex manifold en-
dowed with a DQ-algebroid Ax. Let'Y be a closed complex analytic
subset of X such that codimx Y > d+ 3 and denote by j: X \Y — X
the open inclusion of X \'Y into X. Let M be a coherent Ax|x\y-
module. If M is d-reflexive, then j,M is a coherent Ax-module.

The proof of the codimension-three conjecture for holonomic DQ-
modules cannot be adapted to prove this statement. Indeed, the proof
relies on the fact that locally on a complex symplectic manifold there
is up to isomorphism only one star-algebra. A possible approach would
be to, first prove the theorem for a first order associative deformation
of Ox and then to extend it to DQ-algebras by techniques similar to
the one used in the proof of [14, Theorem 1.6].

There is also the following weaker conjecture

Conjecture 7.3 ((Schapira)). Let (X, Ax) be a complex manifold en-
dowed with a DQ-algebroid Ax. LetY be a closed complex analytic sub-
set of X such that codimx Y > d+ 3 and denote by j: X \Y — X the
open inclusion of X \'Y into X. Let M be a coherent AY°| x\y -module.

Assume that M has Ax\y-lattice and that €xtf410¢(M,Al§C) =0 for
X
j #d. Then j,M is a coherent A -module.

8. APPENDIX

In this appendix, we collect facts, well-known to the specialists, con-
cerning p-finite sheaves. We include them for the sake of completeness.

Lemma 8.1. Let X and Y be two first countable, Hausdorff spaces,
p: X — Y be a continuous map, U be an open subset of X and F
be a closed subset of U such that p|p is proper. Then F is closed in

P (p(U)).

Proof. Let (un)nen be a sequence of points of F' converging towards
a point I € p~!(p(U)). Since p|p: F — Y is closed, p(F) is a closed
subset of Y. Thus, the limit p(l) of the sequence (p(uy,))nen belongs to
p(F). Consider K = {p(un) }nenU{p(l)} C p(F'). It is a compact subset
of Y and p|r is proper thus p|z'(K) is compact and thus is closed in
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p~H(p(U)). Moreover, for every n € N, (u,) € p|z' (K). Thus, [ € F.
It follows that F' is closed in p~(p(U)). O

A direct consequence of the above result is the following statement.

Corollary 8.2. Let X and Y be two first countable Hausdorff spaces,
U an open subset of X, p: X — Y a continuous map and i : U —
p~ Y p(U)) the inclusion of U into p~'(p(U)). Let F be a sheaf of
Abelian groups on U such that plswpr) @ a finite map. Then i, F

is @ plp-1(py)-finite sheaf.

Lemma 8.3. Let X and Y be two Hausdorff spaces. Letp : X — Y
be a continuous map, R be a sheaf of rings and F be a p-finite sheaf
of R-modules on X. If y € Y is such that p~'(y) N Supp(F) = 0 then
there exist an open neighborhood V' of y such that (p«JF)|v = 0.

Proof. Since p|supp(r) is finite, p(Supp(F)) is closed in Y. Consider the
open set V = “p(Supp(F)). Then, y € V and p~' (V) N Supp(F) = 0.
It follows that p,F|y = 0 which proves the claim. O

Recall the following elementary result concerning finite maps (see [5,

Ch 2 §3]).

Theorem 8.4. Let S be a Hausdorff space and let f - S — T be a finite
map. Let x1,..., ¢ be the distinct points of a fiber f~'(y), y € f(95)
and let U7, ..., U] be pairwise disjoint open neighbourhoods of x1, ..., x;
in S. Then any neighbourhood V' of y contains an open neighbourhood
V' of y with the following properties:

(1) Up:=U; N f~YV),....,U :=U/n f~YV) are pairwise disjoint

open neighbourhoods of x1,...,x; in S.
(2) f~YV) =U._, Uj; in particular f(U;) CV for all j.
(3) All of the induced maps fu,v : U; — V are finite.

Proposition 8.5. Let X and Y be two Hausdorff spaces and p : X —
Y be a continuous map. Let R be a sheaf of rings and F be a p-
finite sheaf of R-modules on X. Let x1,...,x; be the distinct points
of a fiber p|§jpp(f) (y) with y € plsuppr) (Supp(F)) and let Uy, ..., U]
be pairwise disjoint open neighbourhoods of x1,...,x; in X such that
UNUj] =0 fori+#j and set Q) = U/ Nsupp(F) for 1 <i <t. Then
any neighbourhood V' of y contains an open neighbourhood V' of y with
the following properties:

(1) U :==U/Np (V) and Q; := Q. N p~ (V) are pairwise disjoint

open neighbourhoods of x1,...,x; respectively in X and S.
(2) p (V) Nsupp(F) = U=, ©; for 1 <j <t
(3) All of the induced maps pq,v : Q5 — V are finite.
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and if we denote by v; : Uy — p~ (V) the inclusion of U; into p~(V),
there is an isomorphism of R|,-1(y)-module

t
o 'F|p*1(V) — H%*%'_l(f'p*l(V))'
i=1
Proof. Let F be a p-finite sheaf of R-modules. We write S for the
support of F. It is a closed subset of X. By assumption p|g: S — Y
is finite. Let x1,...,2; be the distinct points of a fiber p|3'(y), v €
p(X) and let Uj,...,U/ be pairwise disjoint open neighbourhoods of
T1,..., 2 in X. We set ) :=SNU/ for 1 <i <t Then by Theorem
8.4, there exists an open subset V' of V'’ such that
(1) U; :=U/Nnp (V) and ; := Q. Np~ (V) are pairwise disjoint
open neighbourhoods of z1, ..., z; respectively in X and S.
2) pH(V)NS=U_,Q;for1 <j<t
(3) All of the induced maps pq; v : 2; — V are finite.
Let v; : U; — p~ (V) be the inclusion of U; into p~* (V). The ad-
junction between 7;, and v; ' provides a natural map

Flo-r1vy = vy (Flpr00)-

This induces a map

t
(8'1) ¢ ]:|p—1(V) - H’Yi*’yfl(flp—l(v))'
i=1
Let 2 € SNp (V). Since U] NU] = 0 for i # j, there exists a unique
Jo such that z € Q;, C U;,. This implies that ¢, is an isomorphism.
Now, assume that z € p~(V) does not belongs to SNp~*(V). Since

we have Supp(viy;  (Flp-1v))) = ﬁip_l(v), it follows that

t
Fa H[’Yi*”Y;l(f’p‘l(V))]m ~ 0.
i=1
It results that ¢, is an isomorphism. Thus, ¢ is an isomorphism of
sheaves. ]
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