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Abstract. — Given a smooth proper dg-algebra A, a perfect dg A-module
M and an endomorphism f of M, we define the Hochschild class of the pair
(M, f) with values in the Hochschild homology of the algebra A. Our main
result is a Riemann-Roch type formula involving the convolution of two such
Hochschild classes.

1. Introduction

An algebraic version of the Riemann-Roch formula was recently obtained by
D. Shklyarov [25] in the framework of the so-called noncommutative derived
algebraic geometry. More precisely, motivated by the well known result of
A. Bondal and M. Van den Bergh about "dg-affinity" of classical varieties, D.
Shklyarov has obtained a formula for the Euler characteristic of the Hom-
complex between two perfect modules over a dg-algebra in terms of the Euler
classes of the modules.

On the other hand, M. Kashiwara and P. Schapira [12] initiated an approach
to the Riemann-Roch theorem in the framework of deformation quantization
modules (DQ-modules) with the view towards applications to various index
type theorems. Their approach is based on Hochschild homology which, in
this setup, admits a description in terms of the dualizing complexes in the
derived categories of coherent DQ-modules.

The present paper is an attempt to extract some algebraic aspects of this
latter approach with the hope that the resulting techniques will provide a
uniform point of view for proving Riemann-Roch type results for DQ-modules,
D-modules etc. (e.g. the Riemann-Roch-Hirzebruch formula for traces of
differential operators obtained by M. Engeli and G. Felder [6]). In this
paper, we obtain a Riemann-Roch theorem in the dg setting, similarly as
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D. Shklyarov. However, our approach is really different of the latter one in
that we avoid the categorical definition of the Hochschild homology, and use
instead the Hochschild homology of the ring A expressed in terms of dualizing
objects. Our result is slightly more general than the one obtained in [25].
Instead of a kind of non-commutative Riemann-Roch theorem, we rather
prove a kind of non-commutative Lefschetz theorem. Indeed, it involves
certain Hochschild classes of pairs (M, f) where M is a perfect dg module
over a smooth proper dg algebra and f is an endomorphism of M in the
derived category of perfect A-modules. Moreover, our approach follows [12].
In particular, we have in our setting relative finiteness and duality results
(Theorem 3.16 and Theorem 3.27) that may be compared with [12, Theorem
3.2.1] and [12, Theorem 3.3.3]. Notice that the idea to approach the classical
Riemann-Roch theorem for smooth projective varieties via their Hochschild
homology goes back at least to the work of N. Markarian [17]. This approach
was developed further by A. Caldararu [3], [4] and A. Caldararu, S. Willerton
[5] where, in particular, certain purely categorical aspects of the story were
emphasized. The results of [3] suggested that a Riemann-Roch type formula
might exist for triangulated categories of quite general nature, provided they
possess Serre duality. In this categorical framework, the role of the Hochschild
homology is played by the space of morphisms from the inverse of the Serre
functor to the identity endofunctor. In a sense, our result can be viewed as a
non-commutative generalization of A. Caldararu’s version of the topological
Cardy condition [3]. Our original motivation was different though it also
came from the theory of DQ-modules [12].

Here is our main result:

Theorem. — Let A be a proper, homologically smooth dg algebra, M €
Dperf(A), f € HOInA(M, M) and N € Dperf(AOp), g € HOonp(N, N)
Then

L L
by (N & M, & f) = hhgen (N, g) Uk (M, f),

where U s a pairing between the corresponding Hochschild homology groups
and where hho(M, f) is the Hochschild class of the pair (M, f) with value in
the Hochschild homology of A.

The above pairing is obtained using Serre duality in the derived category of
perfect complexes and, thus, it strongly resembles analogous pairings, studied
in some of the references previously mentioned (cf. [3], [12], [26]). We prove
that various methods of constructing a pairing on Hochschild homology lead
to the same result. Notice that in [23], A. Ramadoss studied the links between
different pairing on Hochschild homology.
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To conclude, we would like to mention the recent paper by A. Polishchuk
and A. Vaintrob [21] where a categorical version of the Riemann-Roch theo-
rem was applied in the setting of the so-called Landau-Ginzburg models (the
categories of matrix factorizations). We hope that our results, in combination
with some results by D. Murfet [18], may provide an alternative way to derive
the Riemann-Roch formula for singularities.
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support. I am very grateful to Y. Soibelman for carefully explaining his article
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2. Conventions

All along this paper k is a field of characteristic zero. A k-algebra is a k-
module A equiped with an associative k-linear multiplication admitting a two
sided unit 14.

All the graded modules considered in this paper are cohomologically Z-
graded. We abbreviate differential graded module (resp. algebra) by dg mod-
ule (resp. dg algebra).

If Ais a dg algebra and M and N are dg A-modules, we write Hom$ (M, N)
for the total Hom-complex.

If M is a dg k-module, we define M* = Homj, (M, k) where k is considered
as the dg k-module whose 0-th components is k and other components are
Zero.

We write ® for the tensor product over k. If = is an homogeneous element
of a differential graded module we denote by |z| its degree.

If A is a dg algebra we will denote by A°P the opposite dg algebra. It is
the same as a differential graded k-module but the multiplication is given by
a-b=(=1)l9ltlpa. We denote by A€ the dg algebra A ® A°P and by €A the
algebra AP ® A.
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By a module we understand a left module unless otherwise specified. If A
and B are dg algebras, A-B bimodules will be considered as left A ® B°P-
modules via the action

a®b-m= (=)l gmp.

If we want to emphasize the left (resp. right) structure of an A-B bimodule
we will write 4 M (resp. Mp). If M is an A ® B°?-modules, then we write
M®P for the corresponding B°P ® A-module. Notice that (MP)* ~ (M*)°P as
B ® A°P-modules.

3. Perfect modules

3.1. Compact objects. — We recall some classical facts concerning com-
pact objects in triangulated categories. We refer the reader to [20].
Let T be a triangulated category admitting arbitrary small coproducts.

Definition 3.1. — An object M of T is compact if for each family (M;);cs
of objects of T the canonical morphism

(3.1) P Homy (M, M;) — Homy (M, @HM;)

il icl
is an isomorphism. We denote by T7¢ the full subcategory of 7 whose objects
are the compact objects of T .

Recall that a triangulated subcategory of T is called thick if it is closed
under isomorphisms and direct summands.

Proposition 3.2. — The category T€ is a thick subcategory of T .
We prove the following fact that will be of constant use.

Proposition 3.3. — Let T and S be two triangulated categories and F and
G two functors of triangulated categories from T to S with a natural transfor-
mation « : F' = G. Then the full subcategory To of T whose objects are the
X such that ax : F(X) — G(X) is an isomorphism, is a thick subcategory of
T.

Proof. — The category 7T, is non-empty since 0 belongs to it and it is stable
by shift since F' and G are functors of triangulated categories. Moreover, the
category 7T, is a full subcategory of a triangulated category. Thus, to verify
that 7, is triangulated, it only remains to check that it is stable by taking
cones. Let f: X — Y be a morphism of 7,. Consider a distinguished triangle
in T

xLy oz xn.
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We have the following diagram

F(X) L p(Y) —— F(Z) — F(X[1])

axlz OlYil azl ax[l]il
G(f)

G(X) G(Y) G(2) G(X]1).

By the five Lemma it follows that the morphism «z is an isomorphism. There-
fore, Z belongs to T,. This implies that the category 7, is triangulated.

It is clear that 7, is closed under isomorphism. Since F' and G are functors
of triangulated categories they commutes with finite direct sums. Thus, 7, is
stable under taking direct summands. It follows that 7, is a thick subcategory
of T. O

Definition 3.4. — The triangulated category 7T is compactly generated if
there is a set G of compact objects G such that an object M of T vanishes if
and only if we have Hom7(G[n], M) ~ 0 for every G € G and n € Z.

Theorem 3.5 ([19, 24]). — Let G be as in Definition 3.4. An object of T is
compact if and only if it is isomorphic to a direct factor of an iterated triangle
extension of copies of object of G shifted in both directions.

Remark 3.6. — The above theorem implies that the category of compact
objects is the smallest thick subcategory of T containing G.

3.2. The category of perfect modules. — In this section, following [14],
we recall the definition of the category of perfect modules.

Let A be a differential graded algebra. One associates to A its category of
differential graded modules, denoted C(A), whose objects are the differential
graded modules and whose morphisms are the morphisms of chain complexes.

Recall that the category C(A) has a compactly generated model structure,
called the projective structure, where the weak equivalences are the quasi-
isomorphisms, the fibrations are the level-wise surjections. The reader may
refer to [10] for model categories and to [7, ch.11] for a detailed account on
the projective model structure of C(A).

The derived category D(A) is the localisation of C(A) with respects to the
class of quasi-isomorphisms. The category D(A) is a triangulated category,
it admits arbitrary coproducts and is compactly generated by the object A.
Theorem 3.5 leads to Proposition 3.7 which allows us to define perfect modules
in terms of compact objects.

Proposition 3.7. — An object of D(A) is compact if and only if it is isomor-
phic to a direct factor of an iterated extension of copies of A shifted in both
directions.
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Definition 3.8. — A differential graded module is perfect if it is a compact
object of D(A). We write Dpef(A) for the category of compact objects of
D(A).

Remark 3.9. — This definition implies immediatly that M is a perfect k-
module if and only if )", dimy H' (M) < oco.

A direct consequence of Proposition 3.7 is

Proposition 3.10. — Let A and B be two dg algebras and F : D(A) — D(B)
a functor of triangulated categories. Assume that F'(A) belongs to Dper(B).
Then, for any X in Dpert(A) , F(X) is an object of Dpert(B).

Proposition 3.11. — Let A and B be two dg algebras and F,G : D(A) —
D(B) two functors of triangulated categories and o : F = G a natural transfor-
mation. If ayg : F(A) — G(A) is an isomorphism then oy @ F(M) — G(M)
is an isomorphism for every M € Dperf(A).

Proof. — By Proposition 3.3, the category 7, is thick. This category contains
A by hypothesis. It follows by Remark 3.6 that 7, = Dperf(A). O

Definition 3.12. — A dg A-module M is a finitely generated semi-free mod-
ule if it can be obtain by iterated extensions of copies of A shifted in both
directions.

Proposition 3.13. — (i) Finitely generated semi-free modules are cofi-
brant objects of C(A) endowed with the projective structure.
(ii) A perfect module is quasi-isomorphic to a direct factor of a finitely gen-
erated semi-free module.
Proof. — (i) is a direct consequence of [7, Proposition 11.2.9].

(ii) follows from Proposition 3.7 and from the facts that, in the projective
structure, every object is fibrant and finitely generated semi-free modules
are cofibrant.

O
Remark 3.14. — The above statement is a special case of [27, Proposition
2.2].
3.3. Finiteness results for perfect modules. — We summarize some

finiteness results for perfect modules over a dg algebra satisfying suitable
finiteness and regularity hypothesis. The main reference for this section is
[27]. Most of the statements of this subsection and their proofs can be found
in greater generality in [27, §2.2]. For the sake of completeness, we give the
proof of these results in our specific framework.
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Definition 3.15. — A dg k-algebra A is said to be proper if it is perfect over
k.

The next theorem, though the proof is much easier, can be thought as a
dg analog to the theorem asserting the finiteness of proper direct images for
coherent Ox-modules.

Theorem 3.16. — Let A, B and C be dg algebras. Assume B is a proper
L
dg algebra. Then the functor -%- : D(A® B°?) x D(B® C°?) — D(A ® C°P)

L
induces a functor -%)- : Dpert (A ® BP) X Dpert(B ® C°P) — Dpert(A ® C°P).

Proof. — According to Proposition 3.10, we only need to check that (A ®
L

BP) @(BRCP) ~ AQBP®CP € Dpert(A®CP). In C(k), B is homotopically
B

equivalent to H(B) := @,,cz H"(B)[n] since k is a field. Then, in C(A ® C°P),
A ® B ® C°P is homotopically equivalent to A ® H(B°P) ® C°P which is a
finitely generated free A ® C°P-module since B is proper. 0

We recall a regularity condition for dg algebra called homological smooth-
ness, [15], [27].

Definition 3.17. — A dg-algebra A is said to be homologically smooth if
Ae Dperf(Ae).

Proposition 3.18. — The tensor product of two homologically smooth dg-
algebras is an homologically smooth dg-algebra.

Proof. — Obvious. O

There is the following characterization of perfect modules over a proper
homologically smooth dg algebra extracted from [27, Corollary 2.9].

Theorem 3.19. — Let A be a proper dg algebra. Let N € D(A).
(1) If N € Dperf(A) then N is perfect over k.
(it) If A is homologically smooth and N is perfect over k then N € Dpere(A).

Proof. — We follow the proof of [26].
(i) Apply Proposition 3.10.

(i) Assume that N € D(A) is perfect over k. Let us show that the
L
triangulated functor -(%)N : D(A°) — D(A) induces a triangulated functor
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L
-% N : Dperf(A®) = Dpert(A). Let pN be a cofibrant replacement of N. Then

L
A6§N2A6®ApN2A®pN.

In C(k), pN is homotopically equivalent to H(pN) := @,,cz H"(pN)[n]. Thus,
there is an isomorphism in D(A) between A ®; pN and A @ H(pN). The
dg A-module A ®; H(pN) is perfect. Thus, by Proposition 3.10, the functor

L
‘<§) N preserves perfect modules. Since A is homologically smooth, A belongs

L
to Dpert(A°). Then, A%)N ~ N belongs to Dperr(A). O

A similar argument leads to (see [27, Lemma 2.6])

Lemma 3.20. — If A is a proper algebra then Dpes(A) is Ext-finite.

3.4. Serre duality for perfect modules. — In this subsection, we recall
some facts concerning Serre duality for perfect modules over a dg algebra and
give various forms of the Serre functor in this context. References are made
to (2], [8], [25).

Let us recall the definition of a Serre functor, [2].

Definition 3.21. — Let C be a k-linear Ext-finite triangulated category. A
Serre functor S : C — C is an autoequivalence of C such that there exist an
isomorphism

(3.2) Home (Y, X)* ~ Home (X, S(Y))

functorial with respect to X and Y where * denote the dual with respect to
k. If it exists, such a functor is unique up to natural isomorphism.

Notation 3.22. — We set Dy = RHoma(-, A) : (D(A))°P — D(A°P).

Proposition 3.23. — The functor 'y preserves perfect modules and induces
an equivalence (Dperf(A))°P — Dperf(A°P). When restricted to perfect modules,
"yop © D'y ~ id.

Proof. — See [26, Proposition A.1]. O

Proposition 3.24. — Suppose N is a perfect A-module and M is an arbitrary
left A ®@ B°P-module, where B is another dg algebra. Then there is a natural
isomorphism of B-modules

(3.3) (RHom (N, M))* ~ (M*)® @ N

N
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Theorem 3.25. — In Dye¢(A), the endofunctor RHom (-, A)* is isomorphic
L

to the endofunctor (A°P)* @ —
A

Proof. — This result is a direct corollary of Proposition 3.24 by choosing
M = A and B = A. O

Lemma 3.26 and Theorem 3.27 are probably well known results. Since we
do not know any references for them, we shall give detailed proofs.

Lemma 3.26. — Let B be a proper dg algebra, M € Dpef(A® BP) and N €
Dpert (B ® C°P). There are the following canonical isomorphisms respectively

in Dpert (B @ C) and Dpert (AP @ C):

L
(34) B>'< %) RHOHIB@COP (N, B %) COP> ~ RHomCop (]\/v7 COp)
Bop

RHOmA®Bop (M, A &® RHOmCop (N, COp))

L
(3.5) ~ RHom ggcor (M %) N,A® CP).

Proof. — (i) Let us prove formula (3.4). Let N € C(B ® C°P). There is a
morphism of B°? ® C' modules

Uy : B* ®por Homygcop (N, B ® C°P) — Homgop (N, CP)

such that ¥y (d ®popr ¢) = m o (§ ® idgop) © ¢ where m : k @ C°P — C°P and
m(A®c) = A-c. Clearly, ¥ is a natural transformation between the functor
B* ®por HomB g cop (-, B ® C°P) and Homgep (-, C°P). For short, we set

F(X)=B" Bé?p RHompgcor (X, B® C®)  and G(X) = RHomeen (X, C°P).
If X is a direct factor of a finitely generated semi-free B ® C°P-module, we
obtain that RHom pgcor (X, B®CP) ~ Hompgcop (X, B®CP) and the BP®
C-module Homggcop (X, B® CP) is flat over B°P since it is flat over BP ® C.
By Lemma 3.4.2 of [9] we can use flat replacements instead of cofibrant one to
compute derived tensor products. Thus F(X) ~ B* ® gop Hompgcor (X, B ®
C°P).

Since BRC°P is a cofibrant C°P-module, it follows that the forgetful functor
from C(B ® C°P) to C(C°P) preserves cofibrations. Thus, X is a cofibrant C°P-
module. It follows that G(X) ~ Homeop (X, C°P). Therefore, ¥ induces a
natural transformation from F' to G when they are restricted to Dpers (BRCP).
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Assume that X = B ® C°P. Then we have the following commutative
diagram

\I/B®cop

B* ®por Homgon (B ® C°P, B @ C°P) Hom®ep (B ® C°P, C°P)

j ;

B* ®po» B ® C Hom} (B, Hom&., (C°P, C°P)
] |
B*®C = Hom} (B, C)

which proves that WU pgcop is an isomorphism. The bottom map of the diagram
is an isomorphism because B is proper. Hence, by Proposition 3.11, Wy is an
isomorphism for any X in Dpes(B ® C°P) which proves the claim.

(7i) Let us prove formula (3.5). We first notice that there is a morphism of
A ® C°P-modules functorial in M and N

© : Hom® g oo (M, A ® Homep (N, C°P)) — Hom®gcon (M ®p N, A ® C°P)

defined by ¥ — (¥ : m ®@ n — (m)(n)).

If M = A® B°® and N = B ® C°P, then it induces an isomorphism. By
applying an argument similar to the previous one, we are able to establish the
isomorphism (3.5). O

The next relative duality theorem can be compared to [12, Thm 3.3.3] in
the framework of DQ-modules though the proof is completely different.

Theorem 3.27. — Assume that B is proper. Let M € Dpe¢(A ® B°P) and
N € Dperf(B @ C°P). There is a natural isomorphism in Dpers(AP @ C)

/ L * L / ~ / L
aeper (M) ® B* 8 Dpgoor(N) = Diygoer (M QN).

Proof. — We have

/ L * L /
D' (M) ® B* ® D'(N)
Bop  Bop

L L
~ RHomgpor (M, A ® B°?) ® B* @ RHompgcer (N, B ® CP)
Bor  Bop

L
~ RHom ggpor (M, A ® B°P) B® RHomcon (N, C°P)
op
~ RHOmA®Bop (M, A (%9 RHOmCop (N, COp))

L
~ R,HOInA®Cop(M%)N7 A®CP).
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One has (see for instance [8])

Theorem 3.28. — Let A be a proper homologically smooth dg algebra. The
L
functor N +— (A°P)* %N, Dperf(A) = Dpert(A) is a Serre functor.

Proof. — According to Lemma 3.20, Dpef(A) is an Ext-finite category.
L
By Theorem 3.25, the functor (AOP)*(§>— is isomorphic to the functor

RHomy(-, A)*.  Moreover using Theorem 3.19 and Proposition 3.23 one
sees that RHomy4 (-, A)* is an equivalence on Dpe¢(A) and so is the functor

L
(A°P)* (%)-. By applying Theorem 3.27 with A = C =k, B = A, N =M
and M = RHom4 (N, A) one obtains

L
RHom, (N, (A)" & M)  RHom (M, N)".
OJ
Definition 3.29. — One sets Sa : Dperi(A) = Dperf(A), N = (AP)*Q N
for the Serre functor of Dperf(A).

N

The Serre functor can also be expressed in term of dualizing objects. They
are defined by [15], [1], [8]. Related results can also be found in [11]. One
sets:

wy' = RHomey (AP, ¢ A) = DL 4 (A°P),
wa = RHomy(wy ', A) = Dy (wy).
The structure of A°-module of wgl is clear. The object w4 inherits a structure
of A°P-module from the structure of A°°-module of A and a structure of A-
module from the structure of A°P-module of w;l. This endows w4 with a
structure of A®-modules.

Since A is a smooth dg algebra, it is a perfect A°-module. Proposition 3.23
ensures that w;l is a perfect A°-module. Finally, Proposition 3.19 shows that
w4 is a perfect A°-module.

L
Proposition 3.30. — The functor w;lg)— is left adjoint to the functor

L
wg R —.
A

One also has, [8]

L
Theorem 3.31. — The two functors wATl%— and Sa from Dpet(A) to

Dpert(A) are quasi-inverse.
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Proof. — The functor S4 is an autoequivalence. Thus, it is a right adjoint of
its inverse. We prove that wgl % — is a left adjoint to S4. On the one hand
we have for every N, M € Dper¢(A) the isomorphism

(4) (N, Sa(M)) ~ (Homp . (4)(M, N))".

On the other hand we have the following natural isomorphisms

Homp

perf perf

71L *L 71L *
RHom 4 (w) (%)N,M) ~(M %wA %N)

~((wy')

=@

(N ©M"))*

RHome 4 (wyap, “A), (N @ M*))*
A, (N M"))".

~ RHom ge

Py

~ RHomAe
Using the isomorphism
HomDperf(Ae) (A, N® M*) ~ HomDperf(A) (M, N),
we obtain the desired result. ]
L L
Corollary 3.32. — The functors le ®@ - : Dperf(A) = Dpert(A) and wa @ - :
A A
Dpert(A) = Dpert(A) are equivalences of categories.
Corollary 3.33. — The natural morphisms in Dpers(A®)
A —RHomy(wy' wyt)
A— RHomA(wA, wA)
are isomorphisms.
L
Proof. — The functor wgl <§> - induces a morphism in D(A®)
1L 1L 1 -1
A~ RHomu (A, A) - RHom 4 (w) %}A,wA ®A) ~ RHomg(wy ,wy ).
A

L
Since wzl ® - is an equivalence of category, for every i € Z
A

Hom (A, Afi]) = Homu(wyt, wyt[i]).

The results follows immediately. The proof is similar for the second morphism.
O

Proposition 3.34. — Let A be a proper homologically smooth dg algebra.
We have the isomorphisms of A®-modules

L 1 71L
wA%)wA ~ A, wy (%)wA:A.
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Proof. — We have

L 4 —1 L 4
wA%”A ~ RHom 4 (w} ,A)%wA

~ RHom 4 (wy ', wyt)
~ A.

For the second isomorphism, we remark that

L
RHom 4 (w4, A) (%)wA ~ RHom (w4, wAa)
~ A,

and

L L
RHom (w4, A) ~ RHom (w4, A) %wA %w;l
:wgl

which conclude the proof. O

Corollary 3.35. — Let A be a proper homologically smooth dg algebra. The
two objects (A°P)* and wa of Dpert(A®) are isomorphic.

Proof. — Applying Theorem 3.27 with A = B =C = A°°, M = N = A°P,
L L

we get that w' %(AOP)* %wzl ~ W' in Dperf(A€). Then, the result follows

from Corollary 3.34. 0

Remark 3.36. — Since w4 and (A°P)* are isomorphic as A°~-modules, we will
use wa to denote both (A°P)* and RHom 4 (w} ", A) considered as the dualizing
complexes of the category Dperf(A).

The previous results allow us to build an "integration" morphism.

Proposition 3.37. — There exists a natural "integration' morphism in
Dpert ()

L
W Aop %) A — ]C
Ae
Proof. — There is a natural morphism & — RHom 4¢ (A4, A). Applying (-)* and

L
formula (3.3) with A = A° and B = k, we obtain a morphism A* ,(? A= k.

Here, A* is endowed with its standard structure of right A°-modules that
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L
is to say with its standard structure of left ©A-module. Thus, w gop g@ A~

L

A*® A — k. O
Ae

Corollary 3.38. — There exists a canonical map wa — k in Dpere(k) in-

duced by the morphism of Proposition 3.37.

4. Hochschild homology and Hochschild classes

4.1. Hochshchild homology. — In this subsection we recall the definition
of Hochschild homology, (see [13], [16]) and prove that it can be expressed in
terms of dualizing objects, (see [3], [5], [12], [15]).

Definition 4.1. — The Hochshchild homology of a dg algebra is defined by

HH(A) = AP f%’ A

L
The Hochschild homology groups are defined by HH,,(A) = H™"(A°P ? A).

Proposition 4.2. — If A is a proper and homologically smooth dg algebra
then there is a natural isomorphism

(4.1) HH(A) ~ RHom g (w ', A).
Proof. — We have
op L / / op L
A %AZ(DAeODeA(A ))%A
L
~ e (wiyh) 1(? A

~ RHom g (wy ', A).

Remark 4.3. — There is also a natural isomorphism
HH(A) ~ RHomye (A, wa).
It is obtain by adjunction from isomorphism (4.1).

There is the following natural isomorphism.

Proposition 4.4. — Let A and B be a dg algebras. Let M € Dpee(A) and
S € Dperf(B) and N € D(A) and T € D(B) then

RHomagp(M @ S, N @ T) ~ RHomy4 (M, N) @ RHompg(S,T).
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Proof. — clear. O
A special case of the above proposition is

Proposition 4.5 (Kiinneth isomorphism). — Let A and B be proper ho-
mologically smooth dg algebras. There is a natural isomorphism

Rap: HH(A) ® HH(B) S HH(A® B).

4.2. The Hochschild class. — In this subsection, following [12], we
construct the Hochschild class of an endomorphism of a perfect module and
describe the Hochschild class of this endomorphism when the Hochschild
homology is expressed in term of dualizing objects.

To build the Hochschild class, we need to construct some morphism of
Dperf(Ae)-

Lemma 4.6. — Let M be a perfect A-module. There is a natural isomor-
phism
(4.2) RHom 4 (M, M) —> RHom g (wy*, M @ D/, M).

Proof. — We have

L
RHom (M, M) ~D/,M & M
A

L
o~ A°p§(M®Df4M)
~ RHom e (wy*, M @ D/, M).

Thus, we get an isomorphism

(4.3) RHom 4 (M, M) —= RHom 4¢ (w3 ', M @ I/, M).
O

Definition 4.7 — The morphism 7 in Dper(A€) is the image of the identity
of M by morphism (4.2) and € in Dperf(A€) is obtained from 7 by duality.

(4.4) n:wy' = MeD),M,

(4.5) e: MeD,M— A

The map 7 is called the coevaluation map and e the evaluation map.
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Applying /4. to (4.4) we obtain a map
Dye(M @ D'y M) — AP,
Then using the isomorphism of Proposition 4.4,

"e(M @Dy M) ~ Dy (M) @D jop (D'y M)
~ D) (M)® M,

we get morphism (4.5).
Let us define the Hochschild class. We have the following chain of mor-
phisms

L
RHomy (M, M) ~ ’AM%M

Ac
S AP © A
Ae
We get a map
(46) HomDperf(A) (]\47 M) — HH()(A)

Definition 4.8. — The image of an element f € Homp . (4)(M,M) by
the map (4.6) is called the Hochschild class of f and is denoted hh4 (M, f).
The Hochschild class of the identity is denoted hh4(M) and is called the
Hochschild class of M.

Remark 4.9. — If A=Fk and M &€ Dper(k), then

hhy (M, f) = _(=1)" Te(H'(f : M — M),

i

see for instance [12].

Lemma 4.10. — The isomorphism (4.1) sends hha(M, f) to the image of f
under the composition

RHom 4 (M, M) —= RHom 4¢ (wy ', M @ D', M) —"> RHom ¢ (w ', A)

where the first morphism is defined in (4.2) and the second morphism is in-
duced by the evaluation map.
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Proof. — This follows from the commutative diagram:
~ L / id4 ®e L
RHom 4 (M, M) A0p§(M®DAM) AOP?A

| |

RHom 4 (M, M) —= RHom ¢ (wy ', M @ D'y M) —— RHom ge (w ', A).
O

Remark 4.11. — Our definition of the Hochschild class is equivalent to the
definition of the trace of a 2-cell in [22]. This equivalence allows us to use
string diagrams to prove some properties of the Hochschild class, see [22] and

3], 5].

Proposition 4.12. — Let M,N € Dpert(A), g € Homa(M,N) and h €
Hom (N, M) then

hha(N, g o h) = hha(M, ho g).
Proof. — See for instance [22, §7]. O

5. A pairing on Hochschild homology

In this section, we build a pairing on Hochschild homology. It acts as the
Hochschild class of the diagonal, (see [12], [3], [5], [25]). Using this result, we
prove our Riemann-Roch type formula. We follow the approach of [12].

5.1. Hochschild homology and bimodules. — In this subsection, we
translate to our language the classical fact that a perfect A ® B°P-module
induces a morphism from HH(B) to HH(A). We need the following technical
lemma which generalizes Lemma 4.6.

Lemma 5.1. — Let K € Dper(A ® BP). Let C = A® B°. Then, there
are natural morphisms in Dpere(A®) which coincide with (4.4) and (4.5) when
B=F,

-1 L /
wy! = KODRK,
L L ’
. wp .
B B

Proof. — By (4.4), we have a morphism in Dpe(A ® B? ® B ® A°P)
wz! —» K @ DEK.



18 FRANCOIS PETIT

L
Applying the functor — ® B, we obtain
Be
-1 L ! L
we @ B—K@DsK @ B
BE BE
and by Proposition 4.4
we! 2wl @ wpl, ~ Wil @ D (B).
Then there is a sequence of isomorphisms
~ L ~ L
wy' ® RHompe(B,B) 5 w,;' ® (DB ® B) S w;' ® B
Be Be

and there is a natural arrow wzl 4] le ®@RHompe (B, B). Composing these

maps, we obtain the morphism

-1 -1 )k -1 L ey
Wyt = wy ®(]D)BEB§EB)—>WC ?@B%(KQ?DCK)EEB-

For the map (5.1), we have a morphism in Dperf(A ® BP ® B @ A°P) given
by the map (4.5)

K®DLK — C.

L
Then applying the functor — ® wpg, we obtain
Be

L L L
(K@D/CK)gi)wB — ngB o~ (A®B°p)§wB.
Composing with the natural "integration" morphism of Proposition 3.37, we
get
, L
(K®@DpK) @ wp — A
BE
which proves the lemma. O

We shall show that an object in Dpe,f(A® B°) induces a morphism between
the Hochschild homology of A and that of B.

L
Let K € Dperf(A®BP). Weset C = A®BP? and S = K®(wp %)ID)’C(K)) €
D(A°¢ ® (B€)°P).
We have

SEwrl = KHuwr Gwp@De(K) S®B~KGuws®Da(K)
w ~ w w ~ w .
Be B B B BB ¢ Be B BB ¢

~ K

L
®
B
L
QDL (K
% Dlp(K)
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The map
(5.2) O HH(B) — HH(A).

is defined as follow.
L L
RHomp: (wp', B) — RHomc(s%w;, S<§B)

— RHom g (w} ', A).

The last arrow is associated with the morphisms in Lemma 5.1. This defines
the map (5.2).

5.2. A pairing on Hochschild homology. — In this subsection, we build
a pairing on the Hochschild homology of a dg algebra. It acts as the Hochschild
class of the diagonal, (see [12], [3], [5], [25]). We also relate ® i to this pairing.

A natural construction to obtain a pairing on the Hochshild homology of a
dg algebra A is the following one.
Consider A as a perfect k —¢A bimodule. The morphism (5.2) with K = A
provides a map
Dy HH(CA) — HH(K).
We compose ® 4 with K400 4 and get

(5.3) HH(AP) @ HH(A) — k.

Taking the 0 degree homology, we obtain

(5.4) () ) : (@ HH_,,(A°?) ® HH,(A)) — k.
nez

In other words (-,-) = H(®4) o H(& 400 4).

However, it is not clear how to express ®x in term of the Hochschild class
of K using the above construction of the pairing. Thus, we propose another
construction of the pairing and shows it coincides with the previous one.

Proposition 5.2. — Let A, B,C be three proper homologically smooth dg al-
gebras and K an object of Dpers(A ® BP).
There is a natural map

HH(A® B?) @ HH(B ® CP) - HH(A ® C°P)
inducing, for every i € Z, an operation

Up : @DHH_ (A ® B) @ HH, (B ® C°P)) — HH; (A ® C°P)
nez

such that for every A € HH;(B ® C°P), H'(®x ® id)(\) = hhagpor (K) Up .

Before proving Proposition 5.2, let us do the following remark.
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Remark 5.3. — Let M &€ Dpeys(A). There is an isomorphism in Dpere(k)

L L
WARQM >~ M ® wpop.
A Aop

The next proof explains the construction of Ug : @,,cz(HH_,,(A ® B°?) ®
HH,, (B ® C°)) — HH;(A ® C°P). We also prove the equality H (®x ®
ld)()\) = hhA®Bop (K) UB )\

Proof of Proposition 5.2. — (i) We identify (A ® B°?)°P and A°? @ B.
We have

HH(A® BP) ~RHom pege p(w g gop, A @ BP)
L L
~ RHom gegep(wy' @ wph 2 wher, A ® B°P 2 wpop)
op op

~ R,HOHlAe®EB((UZl & BOp’ A & LL)BOP).

Let Sap = w,' ® B and Tap = A ® wpop. Similarly, we define Spc
and Tgc. Then, we get

HH(A® BP)@HH(B @ CP)
~ RHomAe®eB(SAB, TAB) (29 RHomBe®eC(SBC, TBC)

L L
— RHOmAe®ec(SAB gﬂ Sgc, TAB %TBC)~
Using the morphism & — RHomep(B°P, B°P), we get
L
k— B @ wg .
Be

Thus, we get

L
wi' ®CP — (wy' ® BP) g%(wgl ® C°P).
We know by Proposition 3.37 that there is a morphism
L
wpopr & B — k.
Be
we deduce a morphism

L
(A X wBop) ](?;(B X CL)COP) —- A® wWgop.

Therefore we get

HH(A® B%®) @ HH(B ® CP) — HH(A® CP).
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Finally, taking the cohomology we obtain,
@(HH_n(A ® B°?) ® HH,,+;(B ® C°?)) — HH;(A ® C°P).
neL

(ii) We follow the proof of [12]. We only need to prove the case where C' = k.
The general case being a consequences of Lemma 5.4 (i) below. We set
P = A® B°P. Let a = hhagpor (K). We assume that A € HHy(B). The
proof being similar if A\ € HH;(B). By Proposition 4.10, o can be viewed
as a morphism of the form

Wagpe — K @ Dp(K) = A® BP.

We consider A as a morphism w]g,l — B. Then, following the construc-
tion of @, we observe that ®x () is obtained as the composition

wil KODLK -2 K®wp DK — A
A B P B BB P

We have the following commutative diagram in Dpe. (k).

-1
W

l

L
(wa' ® BP) & wy!

L
wa ® B? @ B
B(‘

Be
ll i \
4 L L _1 L L , L L
(Wiss BQ?P WEer) g%WB (Wagpor B(%D wper) g B (K @ DpK) B@;p wpop ) % B
L L A L L op L L
(K ®@uwp®DpK) ® wp (K ®wp®DpK) ® B (A® B* @ wpo) ® B
B Be B Be Bop Be
| | |
1 L A L L L L
KQuwp ®@wp®@DpK K®BRwp@DpK AQ®wpe ® B
B B B B B Be
L L l
KQupDpK A.
B B

This diagram is obtained by computing H?(®x)()\) and aU\. The left
column and the row on the bottom induces H(®)(\) whereas the row
on the top and the right column induces a U A. This diagram commutes,
consequently HO(® g )(\) = hhagpor (K) U .

0
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We now give some properties of this operation.
Lemma 5.4. — Let A, B, C and S be proper homologically smooth dg alge-
bras, Aapor € HH;(A ® B°P). Then
(i) Upo(Usa®id) =Uyg o (id®Up) = Uagpor.
(7i) hhagaor(A) Ua Aapor = Aaper and Agpor Up hhpgpor (B) = Aaper.

Proof. — (i) is obtained by a direct computation using the definition of U

(ii) results from Proposition 5.2 (%) by noticing that ®4 and ®p are equal
to the identity.
U

From this natural operation we are able to deduce a pairing on Hochschild
homology. Indeed using Proposition 5.2 we obtain a pairing

(5.5) U: EP(HH_,(A°P) ® HH,,(A)) — HHo(k) ~ k.
neL

To relate the two preceding constructions of the pairing, we introduce a third
way to construct it. Proposition 5.2 gives us a map

Uea : @HH_,(A°) @ HH,(°A)) — HHy (k) ~ k.
ne”

Then there is a morphism
H_,(A°) @ HH,(A) — k
)\®,Uz — hhAe(A) UEA (/\®/,L)
Using Proposition 5.2, we get that
H (®4) (A ® p) = hhge(A) Ueg (A ® p).
By Lemma 5.4, we have
hhAe(A) Ueg ()\ X ,u) == ()\ Ua hhA@Aop(A)) Ua 1%
=AU pu.

This proves that these three ways of defining a pairing lead to the same pair-
ing. It also shows that the pairing is equivalent to the action of the Hochschild
class of the diagonal.
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5.3. Riemann-Roch formula for dg algebras. — In this section we prove
the Riemann-Roch formula announced in the introduction.

Proposition 5.5. — Let M € Dyeri(°A) and let f € Homy (M, M). Then
L L
hhk(AgM, ida gf) = hhe(A) Uhhey (M, f)

Proof. — Let A = hhes(M, f) € HHy(°A) ~ Hom(eA)e(we_j,eA). As previ-
ously, we set B = ¢A. We denote by f the image of f in Hompge (wgl,M ®

L L
D' M) by the isomorphism (4.2) and by ida Q% f the image of id 4 (E%f by the

L
isomorphism (4.2) applied with A = k and M = A® M. We obtain the
B

commutative diagram below.

1 L _1 L L , A L L L ,
Wy, ARQwy Quwp @ DpopA ARBRwp DA —k
B B B B B B
L , L L,
AG(M @D M) & wp & Digop A
— |
ida ® f
€A
(A® M) ® Dj(AG M)
B B
L L L
The map wk_l — A®w§1 Rwp ® Dgop A is obtained by applying Lemma
B B B

5.1 with A=k, B=°A, K = A. Then,

_1 L, L 4L L _,
wk %A%DBOPAZA%U)B %CL)B%DBopA.

L L L
The morphism A® B®wp @ Dgep A — k is obtained as the composition of
B B B
L L L L L
ARB@wp®Dpop A~ AQuwp @ Dgop A
B B B B
with
L L,
(5.6) A%MB%DBOPA — k.

The morphism (5.6) is the map (5.1) with A=k, B=°A, K = A.
The vertical isomorphism is obtained by applying Theorem 3.27 with A =
C=k, B=B®° M=M and N = A.
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By Lemma 4.10, the composition of the arrows on the bottom is
L L
hhy (A %M,idA (?i‘f) and the composition of the arrow on the top is

HO(® 4 (hhe (M, f))). Tt results from the commutativity of the diagram
that

bhy(A & M,ida & f) = H(®.) (hhea(M, 1))
Then using Proposition 5.2 we get
hhk(Ae%M, idAé%f) — hhe (A) ULthea(M, f).
O]

We state and prove our main result which can be viewed as a noncommuta-
tive generalization of A. Caldararu’s version of the topological Cardy condition
[3].

Theorem 5.6. — Let M € Dpes(A), f € Homa(M,M) and N €
Dperf(A°P), g € Hom o (N, N). Then

L L
b (N & M, g & f) = hhaer (N, 9) U (M, f).

where U is the pairing defined by formula (5.5).

L L
Proof. — Let u be the canonical isomorphism from A 63 (N®M) to N % M.
By definition of the pairing we have

(b gon (N, ), A (M, 1)) = HY(@4) 0 B (Spom.4) (Wb aon (N, 9) & Bha (M, )
= hhye(A) Uhheo(N © M, g ® f)

L L
— hhk(Ag)‘(N@M),idA g(g®f))

L L
:hhk(Ag(N®M),u_1 ° (9@ f)ou)

L L
=hhy(N@M,g® f).
A A
The last equality is a consequence of Proposition 4.12. ]

Remark 5.7. — By adapting the proof of Proposition 5.5, we are also able
to obtain the following result that should be compared to [12, Theorem 4.3.4]

Theorem 5.8. — Let A, B, C be proper homologically smooth dg algebras.
Let K7 € Dperf(A®B0p), K5 € Dperf(B ®C0p), fi€ HOmA®Bop(K1,K1) and
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f2 € Hompgcor (K2, K3). Then

1]
2]

L L
hh ggcor (K1 %K% fi ® f2) = hhagpor (K1, f1) Up hhpgcor (K2, f2).
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