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Abstract We adapt to the case of deformation quantization modules a for-
mula of V. Lunts [7] who calculates the trace of a kernel acting on Hochschild
homology.
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1 Introduction

Inspired by the work of D. Shklyarov (see [10]), V. Lunts has established in [7] a
Lefschetz type formula which calculates the trace of a coherent kernel acting on
the Hochschild homology of a projective variety (Theorem 4). This result has
inspired several other works ([2,8]). In [2], Cisinski and Tabuada recover the
result of Lunts via the theory of non-commutative motives. In [8], Polischuk
proves similar formulas and applies them to matrix factorisation. The aim of
this paper is to adapt Lunts formula to the case of deformation quantization
modules (DQ-modules) of Kashiwara-Schapira on complex Poisson manifolds.
For that purpose, we develop an abstract framework which allows one to obtain
Lefschetz-Lunts type formulas in symmetric monoidal categories endowed with
some additional data.

Our proof relies essentially on two facts. The first one is that the compo-
sition operation on the Hochschild homology is compatible in some sense with
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the symmetric monoidal structures of the categories involved. The second
one is the functoriality of the Hochschild class with respect to composition
of kernels. This suggest that the Lefeschtz-Lunts formula is a 2-categorical
statement and that it might be possible to build a set-up, in the spirit of [1],
which would encompass simultaneously these two aspects.

Let us compare briefly the different approaches and settings of [7], [2]
and [8] to ours. As already mentioned, we are working in the framework of
deformation quantization modules over complex manifolds.

The approach of Lunts is based on a certain list of properties of the
Hochschild homology of algebraic varieties (see [7, §3]). These properties
mainly concern the behaviour of Hochschild homology with respect to the
composition of kernels and its functoriality. A straightforward consequence
of these properties is that the morphism X — pt induces a map from the
Hochschild homology of X to the ground field k. Such a map does not exist
in the theory of DQ-modules. Thus, it is not possible to integrate a single
class with values in Hochschild homology and one has to integrate a pair of
classes. Then, it seems that the method of V. Lunts cannot be carried out in
our context.

In [2], the authors showed that the results of V. Lunts for projective va-
rieties can be derived from a very general statement for additive invariants
of smooth and proper differential graded category in the sense of Kontsevich.
However, it is not clear that this approach would work for DQ-modules even
in the algebraic case. Indeed, the results used to relate non-commutative mo-
tives to more classical geometric objects rely on the existence of a compact
generator for the derived category of quasi-coherent sheaves which is a classi-
cal generator of the derived category of coherent sheaves. To the best of our
knowledge, there are no such results for DQ-modules. Similarly, the approach
of [8] does not seem to be applicable to DQ-modules.

The paper is organised as follow. In the first part, we sketch a formal
framework in which we can get a formula for the trace of a class acting on a
certain homology, starting from a symmetric monoidal category endowed with
some specific data. In the second part, we briefly review, following [4], some
elements of the theory of DQ-modules. The last part is mainly devoted to
the proof of the Lefschetz-Lunts theorems for DQ-modules. Then, we briefly
explain how to recover some of Lunts’s results.

2 A general framework for Lefschetz type theorems
2.1 A few facts about symmetric monoidal categories and traces

In this subsection, we recall a few classical facts concerning dual pairs and
traces in symmetric monoidal categories. References for this subsection are |3,
Chap.4], [6], [9]



The Lefschetz-Lunts formula for DQ-modules 3

Let ¥ be a symmetric monoidal category with product ®, unit object 14
and symmetry isomorphism o. All along this paper, we identify (X @ V) ® Z
and X ® (Y ® Z).

Definition 1 We say that X € Ob(%) is dualizable if there is Y € Ob(%)
and two morphisms, n: 1y - X ®Y, e :Y ® X — 1¢ called coevaluation
and evaluation such that the condition (a) and (b) are satisfied:

(a) The composition X ~ 14 ® X " X oy e X 5 X 14 ~ X is the

identity of X.
idy ®n e®idy

(b) The composition Y ~Y @1y = 'YX QY =" 1¢®Y ~Y is the
identity of Y.

We call Y a dual of X and say that (X,Y) is a dual pair.

We shall prove that some diagrams commute. For that purpose recall the
useful lemma below communicated to us by Masaki Kashiwara.

Lemma 1 Let € be a monoidal category with unit. Let (X,Y) be a dual pair
with coevaluation and evaluation morphisms

1y BXRY, Y @ X 5 1.

Let f: 14 — X ®Y be a morphism such that (idx ®¢) o (f ® idyx) = idx.
Then f =n.

Proof Consider the diagram
ly — > XY
fl if@idx ®idy
X®YidmnX®Y®X®Y
}X@aew\‘/)
XY

By the hypothesis, (idX ®€®idy) o (f®idX (9 idy) =idx ®idy and (idX ReR
idy) o (idx ®idy ®n) = (idx ®idy ). Therefore, n = f.

The next proposition is well known. But, we do not the original reference.
A proof can be found in [3, Chap.4].

Proposition 1 If (X,Y) is a dual pair, then for every Z, W € Ob(¥), there
are natural isomorphisms

@ : Homy (Z,W ®Y) = Homg (Z @ X, W),
¥ : Homg (Y ® Z,W) = Homg (Z, X @ W)
where for f € Homy(Z,W ®Y) and g € Homg (Y @ Z, W),

O(f) = (idw ®¢) o (f @ idx),
¥ (g) = (idx ®g) o (n®idz).
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Remark 1 Tt follows that Y is a representative of the functor Z — Home (Z ®
X,14) as well as a representative of the functor W +— Homg(1ly, X @ W).
Therefore, the dual of a dualizable object is unique up to a unique isomor-
phism.

Definition 2 For a dualizable object X, the trace of f : X — X denoted
Tr(f) is the composition

1o o XY '8 Xey Sy e X 514,
Then, Tr(f) € Homg (1le, 1¢).

Remark 2 The trace could also by defined as the following composition
o d®f €
ly 2 XQY 2 Y RX =5 YRX = le.

These two definitions of the trace coincide because (id ® f)o = o(f ®id) since
o is a natural transformation.

Recall the following fact.

Lemma 2 With the notation of Definition 2, the trace is independent of the
choice of a dual for X.

Proof Let Y and Y’ two duals of X with evaluations ¢, ¢/ and coevalution 7
and 7. By definition of a representative of the functor Z — Hom¢ (Z® X, 1¢)
there exist a unique isomorphism 6 : Y — Y such that the diagram

Home (Z,Y") —2> Home (Z ® X, 1)

Hom¢ (Z,Y)
commutes. For Z =Y, the diagram, applied to idy, implies ¢ = ¢’ 0 (I @ idx).

Using Lemma 1, we get that n = (idy ®0~1) o /. It follows that the diagram

®id o
Xovy 2 xoy —2-vex
/ \
1¢ id®9 id®0 0®id 1¢

/ / /
X®Y WX(@Y —FY'®X

commutes which proves the claim.
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Ezample 1 (see [6, Chap.3]) Let k be a Noetherian commutative ring of finite
weak global dimension. Let DY(k) be the bounded derived category of the

L
category of k-modules. It is a symmetric monoidal category for ®. We denote
k

by DY (k), the full subcategory of D’(k) whose objects are the complexes with

finite type cohomology. If M € Ob(DZJ’c(k)), its dual is given by RHomy (M, k).
The evaluation and the coevaluation are given by

L
ev : RHomy (M, k)@ M — k
k
~ . L
coev : k — RHomy (M, M) <M @ RHomy, (M, k).
k

If we further assume that k is an integral domain, then k can be embedded
into its field of fraction F(k). If f is an endomorphism of M then the trace of
f

coev

k%" M @ RHomy (M, k) 7S M @ RHomy (M, k) % RHomy, (M, k) @ M <5 k

coincides with 3, (—1)! Tr(H' (idpxy ®f)). If f = ids, one sets

X(M) = 3 (=1 dimmgg (' (M),

2.2 The framework

In this section, we define a general framework for Lefschetz-Lunts type theo-
rems. Let € be a symmetric monoidal category with product ®, unit object
14 and symmetry isomorphism o. Let k£ be a Noetherian commutative ring
with finite cohomological dimension.

Assume we are given:

(a) a monoidal functor (-)* : € — € such that (-)% o (-)* =id¢ and 1% ~ 1¢
(b) a symmetric monoidal functor (L, &) : € — D(k) where £ is the isomor-

L L 3
phism of bifunctor from L(-)® L(+) to L(- ® -). That is L(X)® L(Y) 2
L(X ®Y) naturally in X and Y and L(1¢) ~ k,
(c) for X; € Ob(%) (i =1,2,3), a morphism

L
U LX) ® X9)® L(X, ® X3) = L(X; ® X3),

(d) for every X € Ob(%), a morphism
La, &k — L(X® X%,

these data verifying the following properties:
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(P1)

(P3)

(P3)

for X1, X3 € Ob(%¥), the diagram

U

L 1¢
L(Xl ® 1%) ®L(1<€ ® Xg) — L(Xl ®X3)
lz lid
L A
L(X1) ® L(X;) — > L(X1® X3)

commutes,
for X7, Xo, X3, X4 € Ob(%), the diagram

U®id
L L 2 L
L(X: ® X§)® L(X2 ® X§) © L(X3 ® X$) — L(X; ® X§)® L(X3 ® X4)

1d®L3J\L ig

L .
L(X; ® X$)® L(Xy ® X9) L(Xy ® XY)

vC

commutes,
the diagram

L
k—% (X @ X%)

Lay. iL(U)
L(X*®X)
commutes,
the composition
L id L g
LX) SR [(x @ X9 & L(X) S L(X)

is the identity of L(X) and the composition

idp(xa)y®Lay

L(X%) LX) & LX © X°) 55 LX)

is the identity of L(X*?),
the diagram

L XaL(Jng
LX®XVQLX*®@X) =k
LAX®,QT /
X

L(X*) & L(X).

cominutes,
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(P6) for X; and X5 belonging to Ob(%), the diagram

@]
X1®Xo

L((X; ® X9)@ L (X1 Xe) =
L(o)®L(o) /
Xo®Xq

L((X2® X1)") @ L(Xz ® X1)

k

H

commutes.
Lemma 3 The object L(X?) is a dual of L(X) with coevalution n := &~ !
L
L, and evaluation € := )Lé LX) Q@ L(X) — k.
Proof Consider the diagram

n®id L L id ®6
— LX) LX) ®L(X)

o

(X) I ea LX @ XS L(X) 5~

b
and the diagram

a id ®77 a
L(X") = [(X*) & L(X) & L(X") 2 LX)

o

L a
1d®LA doria ., LX) @ LX ®X?) U LX)

These diagrams are made of two squares. The left squares commute by defini-
tion of 7. The squares on the right commute because of the Property (P2). It
follows that the two diagrams commute. Property (P4) implies that the bot-
tom line of each diagram is equal to the identity. This proves the proposition.

The preceding lemma shows that L(X) is a dualizable object of D(k). We
set L(X)* = RHomy(L(X), k). By Remark 1, we have L(X)* ~ L(X?).
Let A: k — L(X ® X%) be a morphism of D®(k). It defines a morphism

éAL(X)M)L(X®Xa)(§)L(X)*X>L(X) (21)

Consider the diagram
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L @, ®id L T L
LX) L(X)* — " LX) LX) " L(X)*® L(X)

k< >k
L @ ®id L T L
LX)®L(X*) — T LX)®L(X*) — " L(X*)®L(X)
(2.2)

Lemma 4 The diagram (2.2) commutes.

Proof By Lemma 3, L(X?) is a dual of L(X) with evaluation morphism ¢ and
coevaluation morphism 7. It follows from Lemma 2 that the diagram (2.2)
commutes.

We identify A and the image of 1 by A and similarly for L, . From now
on, we write indifferently U as a morphism or as an operation, as for example
in Theorem 1.

Theorem 1 Assuming properties (P1) to (P5), we have the formula

TI‘(QS)\) =LA, XG%X L(O’)/\

If we further assume Property (P6) we have the formula

TI‘(@)\) = LAXa XéJX“ A

Proof By definition of @,, the diagram

L D, ®id L L
LIX)®L(X*) 7~ L(X)® L(X*) ™ L(X*) ® L(X) (2.3)

e AN

k k

A®n /
U®id
X

L L L L
LIX® X" ® L(X)® L(X%) — L(X)® L(X®) —> L(X*) ® L(X)

commutes.

Thus, computing the trace of @, is equivalent to compute the lower part
of diagram (2.3).

We denote by ¢ the map
U

Xa@X

L ®id L
LT LX9XYOLX 9 X) S k.

¢ L(X"®X) ~ k& L(X*® X)
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Consider the diagram

/ W\
id®RK

(2.4)

L(X ®X") & L(X) & LX) — > L(X ® X*) & L(X ® X%
Q%ldi 2 %
L R a
X) & L(X%) L(X ® X
i 3 L(o)
L a
L(X*) @ L(X LX*® X)

\/

This diagram is made of four sub-diagrams numbered from 1 to 4.

1. The sub-diagram 1 commutes by definition of 7,
2. notice that 8 = 1U by the Property (P1). Then the sub-diagram 2 com-

€
mutes by the Property (P2),
the sub-diagram 3 commutes because L is a symmetric monoidal functor,
4. the sub-diagram 4 is the diagram of Property (P5).

w

Applying Property (P4), we find that the right side of the diagram (2.4) is
equal to La, xa%x L(o)A.

By the Property (P6), La, X“%X L(o)\ = L(o)La, X@EJXG A and by the
Property (P3), L(0)Lay = LAy, the result follows.

3 A short review on DQ-modules

Deformation quantization modules have been introduced in [5] and systemat-
ically studied in [4]. We shall first recall here the main features of this theory,
following the notation of loc. cit.

In all this paper, a manifold means a complex analytic manifold. We
denote by C" the ring C[[A]]. A Deformation Quantization algebroid stack
(DQ-algebroid for short) on a complex manifold X with structure sheaf Oy,
is a stack of CP-algebras locally isomorphic to a star algebra (Ox/[[A]],*). If
Ax is a DQ-algebroid on a manifold X then the opposite DQ-algebroid A5
is denoted by Axa. The diagonal embedding is denoted by éx : X — X x X.

If X and Y are two manifolds endowed with DQ-algebroids Ax and Ay,
then X XY is canonically endowed with the DQ-algebroid Ax xy := AxXAy
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(see [4, §2.3]). Following [4, §2.3], we denote by - K - is the exterior product
and by -X- the bifunctor Axxy & (-K-):
A

xXAy

@ : MOd(Ax) X MOd(.Ay) — MOd(.AXXy).

We write % for the corresponding derived bifunctor.

We write Cx for the Axy xa-module dx,Ax and wx € Modcon(Axxxa)
for the dualizing complex of DQ-modules. We denote by D/,  the duality
functor of Ax-modules:

D'y, (-) == RHom 4, (-, Ax).

Consider complex manifolds X; endowed with DQ-algebroids Ax, (i =
1,2,...).

Notation 1 (i) Consider a product of manifolds X1 x Xo x X3, we write
it X123. We denote by p; the i-th projection and by p;; the (i,j)-th
projection (e.g., p13 is the projection from X; x X x X5 to X7 x Xo).
We use similar notation for a product of four manifolds.

(ii) We write A; and A;j instead of Ax, and AXiXqu and similarly with
other products. We use the same notations for CXi'

(iii) When there is no risk of confusion, we do note write the symbols pi_l

and similarly with ¢ replaced with ij, etc.
(iv) If K1 is an object of D°(C},) and Ko is an object of D*(CL;), we write

L
K1 <2>/C2 for Rp1ai(pis Ku C@ Pag KCa).

123

L
(v) We write @ for the tensor product over C".

3.1 Hochschild homology

Let X be a complex manifold endowed with a DQ-algebroid Ax. Recall that
its Hochschild homology is defined by

L
HH(Ax) =65 (Cxe LB Cx)E DY(C%).
We denote by HIH(Ax) the object RI'(X, HH(Ax)) of the category D°(C")
and by HHo(Ax) the C"-module H*(HH(Ax)). We also set the notation,
for a closed subset A of X, HHA(Ax) := TaxHH(Ax) and HHp 2(Ax) =
H(RL 4 (X3 HH(Ax))).

Proposition 2 There is a natural isomorphism

HH(Ax) ~ RHoma,, v (Wi, Cx). (3.1)
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Proof See [4, §4.1, p.103].
Remark 3 There is also a natural isomorphism
HH(Ax) ~ RHomu, , va (Cx,wx).
It can be obtain from the isomorphism (3.1) by adjunction.

Proposition 3 (Kiinneth isomorphism) Let X; (i = 1,2) be complexe
manifolds endowed with DQ-algebroids A,;.

(i) There is a natural morphism

L
RHom 4, ,. (wl_l, C1) XRHom4,,. (wgl, C2) = RHomA, 000 (wl_zl, C12).
(3.2)
(1) If X1 or Xo is compact, this morphism induces a natural isomorphism

/R HH(A) ® HH(As) = HE(A). (3.3)

Proof (i) is clear.

(ii) By [4, Proposition 1.5.10] and [4, Proposition 1.5.12], the modules
HH(A;) for (i = 1,2) and HH(A;2) are cohomologically complete. If X; is
compact, then the C"-module HH(A,;) belongs to D%(C"). Thus, the C"-

L
module HIH(A;) ® HH(A) is still a cohomologically complete module (see
CL

[4, Proposition 1.6.5]).

Applying the functor gr;, to the morphism (3.3), we obtain the usual Kiin-
neth isomorphism for Hochschild homology of complex manifolds. Since gr;, is
a conservative functor on the category of cohomologically complete modules,
the morphism (3.3) is an isomorphism.

3.2 Composition of Hochschild homology
Let A;; (i =1,2,j = i+1) be a closed subset of X;; and consider the hypothesis

p13 is proper on Ajo X x, Aas. (3.4)
We also set /112 o A23 = p13(p1_21/112 ﬁp2_31/123).
Recall Proposition 4.2.1 of [4].

Proposition 4 Let A;; (i = 1,2 j = i+ 1) satisfying (3.4). There is a
morphism

HH(Alga) gHH(Agga) — HH(Alga). (35)

which induces a composition morphism for global sections

L
LQJ :HHa,, ("412“) @ HH 4, ('A23”') — HHA, 5045 ('A13“)' (36)



12 Frangois Petit

Corollary 1 The morphism (3.5) induces a morphism

U HH(AY) B HH(A) — HH(A) (3.7)

pt

which coincides with the morphism (3.2).

Proof The result follows directly from the construction of morphism (3.5). We
refer the reader to [4, §4.2] for the construction.

We will state a result concerning the associativity of the composition of
Hochschild homology. It is possible to compose kernels in the framework of
DQ-modules. Here, we identify X; x X5 X X3. with the diagonal subset of
X1 X Xga X X2 X Xga.

The following definition is Defininition 3.1.2 and Definition 3.1.3 of [4].

Definition 3 Let K; € D’(A;je) (i =1,2, j =i+ 1). One sets

L L L
K1 ® Ky = (KiBK,) ® Cx,

Az Aazza

. L L .
=p K1 ® Aoz @ Py Ko,
P1s Araz PozaAaza

L L
’Cl)? Ko = Rp14!((lclg/c2) ® sz),

222

L L
’Cl;(k K2 = Rpua, (K1XK3) ® Cx,).

220
. L . . .
It should be noticed that ®, o and * are not associative in general.

L L
Remark 4 There is a morphism ﬁ@ Ko — K1 ® Ko which is an isomorphism
2 Ao
if X1 =pt or X3 = pt.

The following proposition, which corresponds to [4, Proposition 3.2.4],
states a result concerning the associativity of the composition of kernels in the
category of DQ-modules and will be useful for the sketch of proof of Proposi-
tion 6.

Proposition 5 Let K; € Db, (A;iq1)s) (i = 1,2, 3) and let £ € DS, (Ay).
Set A; = Supp(K;) and assume that A; X x,,, Aiy1 15 proper over X; X X;io
(i=1, 2).

i+1

L L
(i) There is a canonical isomorphism (K1 gl@)@ﬁ 5Ky 0 (KoXL).

(i3) There are canonical isomorphisms

L L L
(Kl SICQ) C3>IC3 (1 (IC1@IC2@IC3) o N (CQECg) :> ICl C2> (’CQ :C3>K:3).

224233
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The next proposition is the translation of Property (P2) in the framework of
DQ-modules.

Proposition 6 (i) Assume that X; is compact for i =2, 3. The following
diagram is commutative

HH(A122) 9 HH(Az3a) g HH(Az4e) o HH(A124e) 9 HH(Az40a)

| |

HH(A13a) gHH(Aszw) — > HH(A14a).

(ii) Assume that X; is compact for i = 1, 2, 3, 4. The preceding diagram
induces a commutative diagram

L L L
]H]H(-Al2“ ) [ ]H]H(Agga ) X ]H]H(A34a) ]H]H(,Alga ) 24 ]H]H(A24a )

| |

HH(A;30) & HH(Asga) HH(Ay40).

Proof (Sketch of Proof)

(i) If M € D(Ax) and N € D(Ay), we write MN for MXN and i* for
X; x ...x X;. For the legibility, we omit the upper script (-)* when
—_———

k times
indicating the base of a composition.
Following the notation of [4, §4.2], we set S;; := w;lgcja € Db, (Ajieja;)
and Kij = Ci@w]‘a S Dzoh(-Aiiaj“j)- It follows that

HH(Aije) = RHoma, a4, (S5, Kij).

We deduce from Proposition 5 (ii), the following diagram which com-
mutes.

HH(Aj20) gHH(.Azgu) gHH(AMa) RHom(S2 2% Saz, Ko 202 Ko3) g;H’H(AMa)

HH(Ar2:) 9 RHom(S23 o Sz, K23 S K34) RHom ((S12 o Sa3) S S34, (K12 S Ka3) S K34)

RHom(S12 S (Sa3 2 S34), K12 S (K23 2 K34)) - RHom((S12523534) 0 (C22aCs30), (K12K23K34) © (Co24C30)).

(3.8)
Following the proof of [4, Proposition 4.2.1], we have a morphism

Kij ;32 Kjk — Kik (39)
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constructed as follows

(Cowje) & (Cwne) =((Cioya) (Cuga)) & Cya

Ajja Ajjagiare

~((Ciwga)(wjeCy)) & Cjje

Ajjaijea

L
~(Ciwpawje) @ Cj

Ji®

1 AL g ~ o1
—[(Ciwr)p; 0. 82 ]gapj 015 A; < Py, (Ciwr) 2]

where D;“ is the quantized ring of differential operator with respect to A;

(see Definition 2.5.1 of [4]) and Qfl is the quantized module of differential
form with respects to A; (see Definition 2.5.5 of [4]). By [4, Lemma

L
2.5.5] there is an isomorphism .QJA %Aj[fdj] ~ (th» where d; denotes
D

the complex dimension of X;. This isjomorphism gives the last arrow in
the construction of morphism (3.9).

By adjunction between Rp;1 and p}, ~ p;,'[2d;] , we get the morphism
(3.9). Choosing i =1, j = 23 and k = 4, we get the morphism

(Clw4aw2a3a) o Cy3 = Crwye.
2232

There are the isomorphisms

(K12K23K34) ey (C224C33a) ~ ((Crwaewaaga )Cag) e (Ca32a34)
>~ (C1w4aw2a3a) 22032 C23.
Thus, we get a map

(K12K23K34) s (Ca2aC330) — K.

By construction of the morphism (3.9) and of the isomorphism of Propo-
sition 5 (ii), the below diagram commutes

(K15 o Kag) o K Kus o Ksa (3.10)

| |

(K12K23K34) 24%4 (C22GC33G) ——> K4

| |

Ko S (Kas3 S Ksy4) Ko S Koy,

Similarly, we get the following commutative diagram



The Lefschetz-Lunts formula for DQ-modules 15

S13 S Sza L S12 o (S23 o S34) (3.11)

| Tz

Sy —— (512523534) 2 (C224C334)
| |
S12 08 (812 0 S23) 0 Say.
22 22 32

It follows from the commutation of the diagrams (3.10) and (3.11) that
the diagram below commutes.

RHom(S12 202 So3, K19 292 Ka3) gHH(A;;4a) HH(Ai30) gHH(A34a>

RHOIH((Slz 202 Sz:s) 302 534~, (K12 202 KZ:{) 3?2 K:s4) R'HOHI(SL:f ;2 534, Kis 302 K34)

{ l

RHom((S125923534) 0 (Ca2aCs34), (K12K23K34) 0 (Ca24C334)) HH(A
9 g1 (A14)

434 434

| T

R Si: S S34), K K K: R S Sou, K K
Hom( 12202( 29 34) 12202( 82 34)) Hom( 12 5 5, K12 o 24)

|

HH(A2) gRHom(Szg 2 Sa4, Koz 3 K34)

HH(A12) gHH(Az,l).
(3.12)

The commutativity of the diagram (3.8) and (3.12) prove (i).
(ii) is a consequence of (i) and of Proposition 3 (ii).

3.3 Hochschild class

Let M € D’ , (Ax). We have the chain of morphisms

N L
hhg : RHom g (M, M) & Dy (M);‘X) M

X

~ 6 Cxe ®  (MED (M)

-AXxXa

—>5_1(Cxa @% Cx).

AXxXa

We get a map

hh%, : Hom 4, (M, M) — ngpp( ) (X, HH(Ax)). (3.13)



16 Frangois Petit

Definition 4 The image of an endomorphism f of M by the map (3.13) gives
an element hhy (M, f) € ngpp(M)(X, HH(Ax)) called the Hochschild class
of the pair (M, f). If f = idr, we simply write hhy (M) and call it the
Hochschild class of M.

Remark 5 Let M € Dl]’c((Ch) and let f € Homen (M, M). Then the Hochschild
class hhen (M, f) of f is obtained by the composition

h L hy /83 h
C" — RHomgen (M, M) —M & RHomgn (M, C") 'S M @ RHomgn (M, CP)
Ch
— RHomgn (M, C™) & M — CP,
Cch

Thus, it is the trace of f in D*(C").

3.4 Actions of Kernels

We explain how kernels act on Hochschild homology. Let X; and X, be
compact complex manifolds endowed with DQ-algebroids A; and As. Let
A € HH((Aj20). There is a morphism

D : ]HIH(AQ) — IHIH(.Al) (314)

given by

L ; Y
H(As) ~ C & HIH(Az) S HH (A0 ) ® HIH(Ag) = HI(A, ).
If K is an object of D%, (A124) then there is a morphism
Pic : HH(A2) — HIH( Ay) (3.15)

obtained from morphism (3.14) by choosing A = hhy,,. (K). In [4], the authors
give initially a different definition and show in [4, Lemma 4.3.4] that it is
equivalent to the present definition.

We denote by w Xp the dualizing complex of the category D*(C%).

Proposition 7 Let X;, (i = 1, 2) be a compact complex manifold endowed
with a DQ-algebroid A;.

(i) The following diagram commutes.

-U-y-
12

L O
P HH(Are) @ HH(A124) ®p2 LHH(A) —Z w15 (3.16)

/
192

L
H(A120) @ HH(Aja2)

-



The Lefschetz-Lunts formula for DQ-modules 17

(i) The diagram

Uy
H(Aye) & HE( A ) ®]H]H(? cr (3.17)
. T

L
H(A12.) @ HH(Aja2)
commutes.

Proof (i) In view of Remark 4, only usual tensor products are involved.
Thus, it is a consequence of the projection formula and of the associa-
tivity of the tensor product.

(i) follows from (i).

The composition

hh

Ch o xa = RHome, . (Cx,Cx) —° HH(X x X9

induces a map
hh(Ay) : C" — HH(Ax « xa). (3.18)
The image of 1¢r by hh(Ax) is hhxy xa(Cx).
Proposition 8 The left (resp. right) actions of hhxyxe(Cx) on HH(Ax)
(resp. HH(Ax.)) via the morphism (3.6) are the trivial action.
Proof See [4, Lemma 4.3.2].
We define the morphism ¢ : HH(Ax x xa) — C" as the composition

hh(Ax)®id L Xa%x
%

L
H(Axaxx) ~C'@ HH(Axaxx) HH(Ax x xo) ® HH(Axaxx) — C.

Corollary 2 Let X be a compact complex manifold endowed with a DQ-
algebroid Ax . The diagram below commutes.

]

H(Ax.) ® HH(Ax) —= C"

o
HH(Axaxx).

Proof 1t follows from Proposition 7 with X; = X5 = X, that the triangle on
the right of the below diagram commutes. The commutativity of the square
on the left is tautological.

id ® hh(A x )®id BJ( %
HH > Ch

HE(Ax.) & C' & HE(Ax) —— HH(Ax.) @HH(AXWW

L L hh(Ax)®K L
Ch"@ HH(Ax.) ® HH(Ax) HH(Ax » xo) @ HH(Axaxx)
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Finally, an important result is the Theorem 4.3.5 of [4]:

Theorem 2 Let A; be a closed subset of X; X X;y1 (i = 1 2) and assume
that Ay xx, Ay 1is proper over Xy x X3. Set A = A; o Ay. Let K; €
D?oh’Ai(AXixfo)(i =1, 2). Then

thlaa (’Cl 9 ICQ) = thma (ICl) LQJ th23a (ICQ) (319)

as elements of HHY (Ax, % Xga )-

Proof See [4, p. 111].

4 A Lefschetz formula for DQ-modules
4.1 The monoidal category of DQ-algebroid stacks

In this subsection we collect a few facts concerning the product ‘K- of DQ-
algebroids. Recall that if X and Y are two complex manifolds endowed with
DQ-algebroids Ax and Ay, X x Y is canonically endowed with the DQ-
algebroid Axxy := AxXAy. There is a functorial symmetry isomorphism

oxy (X x Y, Axxy) = (V x X, Ay xx)

and for any triple (X, Ax), (Y, Ay) and (Z, Az) there is a natural associativity
isomorphism

pxv.z: (AxKAY)RAZz > AxR(AyRAZ).

We consider the category 2.2 whose objects are the pairs (X, Ax) where
X is a complex manifold and Ax a DQ-algebroid stack on X and where the
morphisms are obtained by composing and tensoring the identity morphisms,
the symmetry morphisms and the associativity morphisms. The category 2.2

endowed with X is a symmetric monoidal category.
We denote by

v (X XY)X (X XY)" Axxyyx(xxy)ye) = (Y X X)X (Y x X)" Ay xx)x (v xX)a)

the map defined by v := 0 x 0.

In this situation, after identifying, (X x X®) x (Y x Y*) with (X x Y) x
(X xY)?, there is a natural isomorphism CxXCy ~ Cx«y and the morphism
v induces an isomorphism

V. (Cxxy) =~ Cyxx-
Proposition 9 The map ox y induce an isomorphism

oxox,y«(HH(Axxy)) = HH(Ay xx) (4.1)
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Proof There is the following Cartesian square of topological space.

o

XxY Y x X

i%{xy i&/xx

(X xY)x (X xY) 2= (Y x X) x (Y x X).

Then

L
o HH(Axxy) =~ 018 sy (Cix sy A® Cxxy)

X XY

L
= 5;1xX'U!(C(XxY)a ® Cxxy)
AX><Y

L
= 5;1xX(C(YxX)a A;® ) Cyxx).

The morphsim (4.1) induces an isomorphism that we still denote o,
ox - HH(Axxy) = HH(Ay « x).

The following diagram commutes

(e

HH(Axxy) HH(Ay «x) (4.2)

| |

HH(Ax) & HH(Ay) — HH(Ay) & HH(Ax ).

Proposition 10 There is the equality
o« hhxxxe(Cx) = hhxaxx(Cxa).

Proof Immediate by using Lemma 4.1.4 of [4].

4.2 The Lefschetz-Lunts formula for DQ-modules

Inspired by the Lefschetz formula for Fourier-Mukai functor of V. Lunts (see
[7]), we give a similar formula in the framework of DQ-modules.

Theorem 3 Let X be a compact complex manifold equiped with a DQ-algebroid
Ax. Let A € HHo(Ax x xa). Consider the map (5.14)

D, : H]H(Ax) — ]HIH(.A)()
Then
Tr(ch(@)\) = th“XX(CXa) @] A

XxXa
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Proof Consider the full subcategory 4 of 22 whose objects are the pair
(X, Ax) where X is a compact manifold. By the results of Subsection 4.1,
the pair (HH, &) is a symmetric monoidal functor.

The data are given by

(a) the functor (-)* which associate to a DQ-algebroid (X, Ax) the opposite
DQ-algebroid (X, Axa),

(b) the monoidal functor on € given by the pair (HH, R),

(c¢) the morphism (3.6),

(d) for each pair (X, Ax) the morphism hh(Ax).

We check the properties requested by of our formalism:

i) the Property (P1) is granted by Corollary 1,

(ii) the Property (P2) follows from Proposition 6,

(iii) the Property (P3) follows from Proposition 10,

(iv) the Property (P4) follows from Proposition 8,

(v) the Property (P5) follows from Proposition 2,

(vi) the Property (P6) follows from the construction of the pairing.

— —

Then the formula follows from Theorem 1.

Corollary 3 Let X be a compact complex manifold endowed with a DQ-
algebroid Ax and let K € D’ (Axxxa). Then

TI'CH,(QK) = th“XX(CX“) U thXX“(’C)'
XxXa
Proof Apply Theorem 3 to ®x.

Corollary 4 Let X be a compact complex manifold endowed with a DQ-
algebroid Ax and let K € DIC)Oh(AXXXa). Then

L
Tren (@) = x(RT(X x X% Cxe ®@ K)).

Axxxa

Proof By Corollary 3, we get that
Tr(cn(@,c) = hhxaxX(CXa) @) thXXa(IC).
XxXa
Applying Theorem 2 with X; = X3 = pt and X = X x X® we find that

L
th”’XX(CX”') XEXLL thXX”’ (K:) = hhpt(RF(X X Xa, CX”' AX(%XQ IC)
By Remark 5, it follows that
L L
hhy(RT(X x X%Cxe  ® K) = x(RO(X x X%Cxe  ©& K)).

Axy xa Axxxa

L
Finally, we get that Tres (@) = x(R[(X x X% Cxa & K)).

XxXa
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4.3 Applications

We give some consequences of Theorem 3 and explain how to recover some of
the results of the paper [7] of V. Lunts and give a special form of the formula
when X is also symplectic.

Theorem 4 ([7]) Let X be a compact complex manifold and IC an object of
Dlgoh(OXxX)' Then,

SO (- 1) Te(H (@x)) = X(RT(X x X;0x & K)).

P Oxxx

Proof We endow X with the trivial deformation. Then, we can apply Corollary
4 and forget h by applying gr,. We recover Theorem 3.9 of [7].

Proposition 11 Let X be a compact complexr manifold endowed with a DQ-
algebroid Ax and let K € D°, (Axxxa). Then

coh
TI“(@;C) = Tl‘(égrh;().
Proof Remark that
X(RHom 4 (wy', K)) = x(RHomgy, 4y ((gr;wx'), &, K)).
Then, the result follows by Corollary 4 and Theorem 4.

It is possible to localize Ax with respect to 2. We denote by C((%)) the field
of formal Laurent series. We set A® = C((h)) ® Ax. If M is a Ax-module
we denote by M!°¢ the A°-module C((h)) ® M.

Corollary 5 Let X be a compact complex manifold endowed with a DQ-
algebroid Ax and let KK € D®, (Axxxa). Then,

coh

Z(—l)iTr(Hi(sl’);C)) = /Xa* ch(gr, K) Utdx (TX)

where ch(gr, KC) is the Chern class of grj, K, tdx (T X) is the Todd class of the
tangent bundle TX and 6" is the pullback by the diagonal embedding.

Proof By Corollary 4, we have Tr(®x) = x(RHom 4, (wy',K)) and
X(RHom.a, (wy', ) = x(RHom ge (1), K'9)).

By Corollary 5.3.5 of [4], we have

X(RHom gioe ((wx!)1°, K1) = [,  ch(6.:0x) U ch(gry, K) Utdxxx (T(X x X)).

Applying the Grothendieck-Riemann-Roch theorem, we have

Z(—1)Z'Tr(Hi(q'>,<)) :/ ch(gr), K) U 8, tdx (T X)

X

= / §* ch(gr, K) Utdx (TX).
X

%
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We denote by dx the complex dimension of X. In the symplectic case, we
have according to [4, §6.3]

Theorem 5 If X is a complex symplectic manifold, the complex HH(AKR) is
concentrated in degree —dx and there is a canonical isomorphism

Tx t HH(AR) 5 CY1(dx].
TX
We refer the reader to section 6.2 and 6.3 of [4] for a precise description

of 7x. According to [4, Definition 6.3.2], the Euler class of a Ag°-module is
defined by

Definition 5 Let M € D? (.Al)?c). We set

coh
eu(M) = x (hhx (M)) € HEX | 10 (X5 Cx)

and call eux (M) the Euler class of M.

Therefore, we have the following

Proposition 12 Let X be a compact complex symplectic manifold and let
K e ch)oh(AXxX“)' Then,

S T @) = [ ene) Uen(*)
P XxX

where U is the cup product.

Proof Tt is a direct consequence of [4, §6.3] and of Theorem 3.

Remark 6 Similarly, it is possible to apply the results of Section 2 to the case
of dg algebras to recover the Lefschetz-Lunts formula for dg modules.
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