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Abstract

Using the multiple stochastic integrals we prove an existence and uniqueness result
for a linear stochastic equation driven by the fractional Brownian motion with any
Hurst parameter. We study both the one parameter and two parameter cases. When
the drift is zero, we show that in the one-parameter case the solution in an exponential,
thus positive, function while in the two-parameter settings the solution is negative on
a non-negligible set.
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1 Introduction

The significant amount of applications where the fractional Brownian motion (fBm) is used
led to the intensive development of the stochastic calculus with respect to this process
and its planar version. The study of stochastic differential equations (SDEs) driven by a
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fractional Brownian motion followed in a natural way. Let us consider (Bf');co,r] a fBm
with Hurst parameter a € (0, 1). Essentially, one can consider the SDE

dXt = O'(t, Xt)dBta + b(t, Xt)dt (].)
in two ways:

e the pathwise (Stratonovich) type (that is, the stochastic integral is considered in a
pathwise sense);

e the divergence (Skorohod) type (that is, the stochastic integral is of divergence type).

The first type of equations, which includes the rough paths theory and the stochastic calculus
via regularization, can in general be solved by now standard methods. We refer, among
others, to [1, 4, 6, 8, 12, 13, 16, 21]. The second type (Skorohod stochastic equations) is
more difficult to be solved. Even in the standard Brownian motion case (corresponding to
a =1/2), we have an existence and uniqueness result only in two situations:

e when o(s,X;) = o(s)X, with o(s) random: we then use an anticipating Girsanov
transform, see [2],

e when (s, X5) = 0(s)Xs and b(s, Xs) = b(s)Xs with o,b two deterministic functions: we
can then use a method based on the Wiener-It6 chaotic expansion.

This second approach will be considered in our paper. We will consider the stochastic
equation
X, = 1+/ aXS(SB?—i-/ bXsds (2)
[0,t] [0,]
where a, b are real numbers and the stochastic integral is understood in the Skorohod sense.
We first prove existence and uniqueness results in the one-parameter case (that is when
t € [0,T]) and in the two-parameter case (that is when ¢ € [0,7]? and with B® replaced by
a fractional Brownian sheet W with Hurst parameters a, B).

Of course, the fact that the above linear equation can be solved by using Wiener-1to
multiple integrals is not very surprising; it has already used in [17] for az > % Nevertheless,
we have to check some new technical aspects like: the proof of the case o € (0, %) or the
proof of the two-parameter case for any Hurst parameters o and 3.

More surprising is, as in the case of the standard Brownian sheet (see [15]), the
behavior of the solution of (2) when the drift b is zero: in the one-parameter case, the solution
is an exponential, hence positive, function while in the two-parameter case the solution is
negative on a non-negligible set. We also mention that, comparing to the standard case
when the Hurst parameters are %, new techniques like fractional Girsanov theorem and
estimations of fractional norms of the kernels appearing in the chaotic expression of the
solution of (2), are here needed. We refer to [19] for applications of stochastic equations
driven by fractional Brownian sheet to statistics.



We organized our paper as follows. Section 2 contains some preliminaries on frac-
tional Brownian motion and fractional Brownian sheet. In Section 3 we study the existence,
the uniqueness and the properties of the solution of equation (2) in both one-parameter and
two-parameter cases. Section 4 contains a technical proof.

2 Preliminaries

Consider (Bf);c(o,r) @ fractional Brownian motion (fBm) with Hurst parameter a € (0, 1)
and let us denote by R“ its covariance function

R%(s,u) = % (5% +u?™ — |s — u|*®) (3)
for every s,u € [0,T]. It is well-known that B® admits the Wiener integral representation
By = /Ot K%(t,s)dWs

where W denotes a standard Wiener process and
KO(t,8) = dg (t — 8)*72 + 5% 3 <> : (4)

do being a constant and F(z) = dq (3 — ) foz_l go—3/2 (1—(0+ 1)0‘_1/2) do.

By H(«) we will denote the Hilbert space associated to B defined as the closure of
the linear space generated by the indicator functions {1}y ,,% € [0,7T]} with respect to the
scalar product

(Lio.s Lo, r(a) = B (E,w). ()
The structure of H(«) depends on the values of the Hurst parameter . Let us recall the
following facts:

eif a € (1,1), then it follows from [18] that the elements of () may be not functions but
distributions of negative order. Thus it is more convenient to work with subspaces of
H(«) that are sets of functions. A such space is the set |H ()| of measurable functions
on [0,77] such that

T rT
[ il — v < oo
0 0

endowed with the scalar product
T T
b = aa=1) [ [ flag(e) = o~ 2dude ©)

We have actually the inclusions

L2([0,T)) € La ([0,T]) € [H(a)| € H(a). (7)



e if & € (0, 3) then the Hilbert space H(«) is a space of functions contained in L?([0, 7).
It contains the space of Holder functions of order o — ¢ with € > 0 and it can be
characterized by

H(a) = (K*)7H(L*([0,T7)) (8)

where the operator K* is given by

oK~

W(T’ s)dr. (9)

T
(K%ﬂﬁzKﬂf@M$+/(ﬂﬂ—w@)

A fBm being a Gaussian process, it is possible to construct multiple Wiener-Ito
stochastic integrals with respect to it. We refer to [14] for general settings or to [17] for
the adaptation to the fractional Brownian motion case. We only recall that the multiple
integral of order n (denoted by I,) is an isometry from U®" to L?(§2) where U is the Hilbert
space [H(a)| if o € (,1) and the Hilbert space H(a) if a € (0, 3).

We need to introduce the space D of stochastic processes that can be expressed
in terms of multiple stochastic integrals. That is, we denote by D the set of processes
u € L}(Q;U) such that for every ¢ € [0, 7],

wr =3 Lo(ful1))

n>0

where f,, € U®"H! is symmetric in the first n variables and

Z(”+ 1)!\|anZ,®n+1 < 0. (10)

n>1

It follows from [17] (for o > %) or [3],[10] (for o < 1) that if u € D" then u is Skorohod
integrable with respect to the fBm B and in this case its Skorohod integral is

5(”) = ZIn-i-l(fn) (11)

n>0

where fn means the symmetrization of f,, with respect to n 4+ 1 variables. Actually, in the

case a < % the expression (11) corresponds to the divergence integral in the extended sense
(see [3]).

Let us consider now the two-parameter case. Here, W®# is a fractional Brown-
ian sheet with Hurst parameters a, 3 € (0,1). Recall that W®# is defined as a centered
Gaussian process starting from 0 with the covariance function

B(WaPweP) = R, tu0)

1
=5 (820‘ + e — |s — u|2°‘) (tw + 020 — |t — v]w)

| =
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and it can be represented as

t s
WP = / / KOt u)KP (s,0)d W,
’ 0 Jo
where (Wy y)yvef0,7] 18 @ standard Brownian sheet and K is given by (4). Denote by
KYP(t,s) = K(t,u) K" (s,v)

and let H® (a, ) :== H® be the canonical Hilbert space of the fractional Brownian sheet
WP That is, H? is defined as the closure of the set of indicator functions {1o,x[0,s, 58 €
[0, T} with respect to the scalar product

(Ljo 4% [0,5)> Ljo.u)x[0.0] )32 = R*P(s,t,u,v) (12)

for every t, s, u,v € [0,T].

By the above considerations, we will have:

o if ,(0 € (%, 1), the elements of H?) may be not functions but distributions. Thus it is
more convenient to work with subspaces of H(®) that are sets of functions. We have

actually the inclusions
L*([0, 7)) c [H|®) c H® (13)

where

H|® = [H(a)| @ [H(B)]
and |H(«)| is defined by (6).

o if a, 3 € (0, %) then the canonical space H(? is a space of functions that can be written
as
HE = (K2)71 (L2([0,T]%)) < L*((0,T]) (14)

where K*? is the product operator K* ® K* and K* is given by (9).

e ifa € (3,1)and B € (0,3), then |H|? is not a space of functions and we will work with
the subspace |H(a)| @ H(B).

Let us denote by V the Hilbert space: |[H|? if a,3 € (1,1); H® if a,8 € (0,4) and
[H(e)| @ H(B) if a € (3,1) and B € (0, 1).
We can of course consider multiple stochastic integrals with respect to the Gaussian

process W8, Here the multiple integral of order n, still denoted by I,,, will be a isometry
from V®" to L?(Q).



3 Linear stochastic equations with fractional Brownian mo-
tion and fractional Brownian sheet

Let us consider the following stochastic integral equation
¢ ¢
X;=1 —i—/ aXs0B —|—/ bXds, te][0,T], (15)
0 0
where a,b € R and the stochastic integral above is considered in the Skorohod sense. We

will first prove the existence and the uniqueness of the solution of (15), in the space D,
For a > 1 this has been proved in [17].

Proposition 1 The equation (15) admits an unique solution X € D" given by

X = 3" Lu(ful1)) (16)

n>0
where the kernels f,, are given by
fo(t) = e
and for everyn > 1, .
Faltiy .. to,t) = %ebﬁfgg] (t1 ... tn). (17)

Proof: The expression (17) of the kernels f,, follows from Proposition 3.40 of [17]. One
can also compute it easily by the recurrence relation

fot) =€, fultt,... tn,t) = afu_1(tr,. .., tn-1.ta)lpg(tn), ¥n > 1. (18)

We only then need to prove that f, € |H(a)|®" ™! (if & > 1) and f,, € H(a)®" ! (if a < 3)
and that the sum (10) converges.
If a > 3, this follows easily from the inclusion (7), since

| fnll eyt < est | full n2(o,yn1)

and we can reduce to the classical situation (a = %) where the result is known.

fa< %, then we need a new proof because the norm H(«) is bigger than the norm
L2, Let us show that the kernel f,, given by (17) (viewed as a function of n + 1 variables
t1,...ty,t) belongs to the space H(a)®"*!. Here we can adapt an argument used in [20].
We will show that

K*,n—l—lfn c L2([O,T]n+1)

where K*™ is the n times tensor product of K*. It holds, by applying first the operator K*
to the variables t¢1,...,t, and then to the variable ¢,

* an *
= S ()
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and therefore, since

||K*’n(1%ﬂ£])||i2([o,T]n) = ||K*(1[0,t])Hirzl([o,T]n) = 21

we get
*n+1 ’a’n *( bt 2na
I fall e qorny = BT (@) | 2201

_ |a’n H Z ‘ K* (tk+2om> ”LQ([O,T])'

tk+2om

Since for every k > 1, the function is Lipschitz, then we have, using (9)

T
| K™ <tk+2an> HL2([0,T]) < Cla,T)(k 4+ 2an) [/ KT, t)2t4na+2kdt
0

1/2
T T OK< 2
—|—/0 </t (r—t)—aT (r,t)dr) dt
< Clo, T)(k + 2an)TF+e@n+1),

This implies that
I full 2 o,y < cst I patanin), (19)
n!
The function f, being symmetric in the first n variables, we have

m—+1
Falte, . stmg1) = m+1 an (b bty s tm)

where t! .| means that ¢y, is on the position i. Clearly the bound (19) holds for fn- By
the above estimate, it is not difficult to see that the sum (10) is convergent because

> A+ DU fullFyayenss < cstz 0" r2a(zn+) < 0.

n>0 n>0

The uniqueness of the solution in D" is obvious because, if there are two solutions, then
the kernels of the chaotic expansion verifies both the relation (18). [ |

In fact, we have

Corollary 1 The unique solution in D of the equation (15) is given by

2
X; = exp (an‘ - %t%‘ + bt) . (20)



Proof: Formula (20) was already proved in [9], page 117. But, to compare to the two-
parameter case, let us nevertheless show how (20) is obtained in the particular case where
b = 0. Consider the equation

t
Xy =1 +/ aX0By, tel0,T] (21)
0

and let, for every t € [0,T]

n>0

be the chaotic expression of X. Equation (21) can be rewritten as

S L (falst) =1+ a3 Trr (fu (%) () (22)

n>0 n>0

e~

where - represents n variables, x denotes one variable and f;, (-, %) 194 (%) denotes the sym-
metrization of the function f, (-, %) 1jg(*) in n + 1 variables.
By identifying the corresponding Wiener chaos, we easily get

fot) =1, fi(t1,t) = alpy(t)

and
2

a
Fa(ty t2,1) = (Lo.02) (t2) L0, (t1) + Lo 1) (1) Lo, (B2)) = - 1i0% (t1, 22).
By induction we will get for every n > 1
faltyta, o otn) = — 21[07;]1 Mgt = — [Ot](tl,...,t ) (23)
=0

where by f; we denoted the vector (t1,...,t,) with ¢; missing. Therefore, we can express
the solution of (21) as

a a?
Xo= Y4 (1) = e (aBE - gl ) (24)
n>0
where for the last equality we refer e.g. to [5]. [ |

Remark 1 In Skorohod setting, it is difficult, in general, to write an Euler’s type scheme
associated to the equation X; = zg + fot X5)0BS, even if @ > 1/2. Indeed, by using
the integration by parts for the Skorohod 1ntegra1 d and the Malliavin derivative D (see
[14]) 0(Fu) = Fo(u) — (DF,u)y ) and by assuming that we approximate X1y, by

Xijn + fk(%rl)/n 0(Xp/n)0Bg (as in the case a = 1/2), one obtains

g g

(n) a a T(n) v (n)
o) /n = Xk T (Xk/n)< (k1) /m Bk/n) o' (X DXL s Lo, (1) /] H(a)-

8



The problem is that the quantity DX ]5‘7;21 appears and that it is difficult to compute it
directly (without knowing the solution). Moreover, standard Euler scheme do not apply
here because the L?-norm of the Skorohod integral involves the first Malliavin derivative
which involves the second Malliavin derivative etc. and we cannot have closable formulas. In
the linear case, taking advantage from the fact that we know explicitly the solution, we can
see what the correct Euler scheme should be. Indeed, since we have DX}/, = a Xy /110, x/n]
(see Corollary 1 above), a natural Euler’s type scheme associated to (15) with b =0 is

ko 1\2H 1\ 21 1
n n n2H |-
In fact, it is not very difficult to prove that ()? fn)) converges in L2(€) if and only if o > 1/2
and that, in the case where o > 1/2, the limit is exp (an‘ — ﬁ) We refer to [11] for other

2
o (n) _ g0 () (pa o a” (n)
X(k+1)/n - Xk:/n + an/n (B(k+1)/n o Bk‘/ﬂ) - EXk/n

2
questions about schemes associated to stochastic equations driven by a fractional Brownian

motion.

As we have seen, the solution of (21) is an exponential, hence positive, function. We
will show that the situation is different in the two-parameter case.

Before that, let us consider the equation corresponding to (15) in the two-parameter
case

X, =1+ / aX 0WeP 4 / bX,.dr (25)
[0,2] [0,2]

where z = (s,t) € [0,T]? and WP is a fractional Brownian sheet with Hurst parameters
a, B € (0,1).

We will denote now by D2 the class of functionals that can be represented as a serie
of multiple stochastic integrals with respect to W# (that is, D2 ig the two-parameter
equivalent of D). In the next proposition, we show that (25) admits a unique solution in
this space:

Proposition 2 Let us denote by A, the set {(z1,...,zn) € (R*)" : 3o € &y, 2,01y < ... <
za(n)} (in the one-parameter case: A, = R"™). If z € A, we consider 0 = o, € &,, such
that z25(1) < ... < Zg(n)-

The equation (25) admits an unique solution X € D2 given by X, = >, oo In(fu(:, 2))
where

fu(z1y ey 2n,2) = %ho(b(s—soz(n))(t—tgz(n)))><1An(21,...,zn)lgg](zl,.u,zn)

26
X [Ti<jcn ho(b(so. (j) = So.(j-1)) (to. () — to.(i-1)) (20

with z = (s,t), zi = (s;,t;) and ho(z) = > .7, (582. We also used the convention that
0.(0) =0 and z = (0,0).



Proof: We only prove the algebraic part (26) of the Proposition. Indeed, the fact that
the kernels f,, belongs to V®"*! did not present new difficulties with respect to the proofs
of Propositions 1 and 3. Thus, we return to these proofs for this point. Let us write

X, = Z%In (fu(+2)) -

Here, I, is the n-order Wiener-It6 multiple integral with respect to the fractional Brownian
sheet W*# and f, € L? ([0,T]*"). ;From (25) we have that fo(z) = ho(bst) and for n > 1,

fn(21, s 2, 2) = afu—1(21, s 20) o 2 (20) + b o (21, .oy 2n, m)dr.
0,z

Let n = 1. We therefore have
fl (2’1, Z) =a ho(bsltl)l[o’z](zl) + b/[ ] fl(Zl, T‘)dT
0,z

and
f1 (21, Z) = ahg(bsltl) ho (b(s — 81)(t — tl)) 1[07,2](21)
hence (26) is satisfied. If n = 2 it holds that

—_~—

1
fa(z1, 22, 23) Lp ;1 (23) = 3 (aho(bsit1) ho (b(s2 — s1)(t2 — 1)) Lo<z <zp<z

+a ho(bsat2) ho (b(s1 — s2)(t1 — t2)) Lo<zp<z <z2) -

Since
fa(z1, 22, 2) = afi(z1,22) 1,2 (22) + b [ }fl(zw")d?“
0,z
we deduce that
2
a
fa(z1, 20, 2) = 5 (ho(bsit1) ho (b(s2 — s1)(t2 — t1)) ho (b(s — s2)(t — t2)) Lo<z <2<z

+ho(bsata) ho (b(s1 — s2)(t1 — t2)) ho (b(s — s1)(t — 1)) Lo<zp<zi <)
and again (26) is verified. The above computations can be easily extended to an induction
argument. [}

Let us now discuss the case b = 0:
Proposition 3 The equation

X, =1+ / aX oWeP . 2 e0,T)? (27)
[073]

admits an unique solution X € D2 given by X, = Ym0 In(fn(s, 2)) where
an

Ci=1

10



Proof: Let us write

X, = Z Ly (fu(2)) -

n>0

(From the equivalent of relation (22) in the two-parameter case, we obtain

fo(z) =1, fi(p1,2) = alp,(p1)

and in general relation (28) holds. Since A,, # (R?)" (recall that A, is defined in Proposition
2), note that this last expression is not equal to %1%2} (p1,...pn) as in the one-parameter
case (see Corollary 1).

Let us now prove that the kernel f, belongs to the space V"1, When the Hurst
parameters « and 3 are bigger than %, then we can use (13) and then refer to the standard
case of the Brownian sheet. We will thus only discuss the case o, 5 < %; the case a > % and

0 < % will be a mixture of the other two cases. We use the induction. We will illustrate
first the case n = 2. We check that 1)y .)(22)1jg .,](21) belongs to H® This actually

reduces to proving that
Lio 4 (t2) 1045 (t1) € H(c)®.

Let us apply the operator K*?3 in three steps: first to the variable ¢;, then to the variable
t and then to t9. It holds that

| K3 (L0, (82)10,15] (1)) H%?([O,T}i”) = |K*? (t%al[&ﬂ (t2)) H%Q([O,TP)
= |[K5 (BT = t2)*) 172017

and to conclude we refer to Proposition 3.6 in [3]: it is a straightforward consequence of
Lemma 4.3 in [3] that (T — t2)?*(B)? belongs to the extended domain of the divergence
and therefore its expectation is in H(«).

We will show now that the kernel l%gil(ﬁi)l[oﬂ(pi) has a finite norm in H

by assuming that the result is true for n variables. It suffices to check that the function of
n + 1 (real) variables

(2)®n+l

Lo.4(tn) 1[04, (tnt1) - - - Ljg 451 (1)

belongs to H(a)®" ! or, equivalently, the operator K*"*! applied to the above function is
in L2([0, T]"*1). By applying first the operator K* to the variable ¢; it holds that

K™ (Lo, (tn) o] (1) - - - o) (1)) H%Q([O’T]"H)
= B (Lo (tn) Lo ) (bt ) - o) (E2)83%) 122 (0 27y
= K (83%9(t2)) |1 Z2(p0.17)

where the function t9 — g(tg) = ||I(*’n_1 (1[0’15] (tn)l[o,tn](tn-i-l) - 1[0,t3} (tg)) H%Q([O,T]"*l)
belongs to H(«a) by the induction hypothesis. Now, we refer to the proof of Proposition 3.6
in [3] for the fact that g(-)E (B.2) has a finite norm in H(a).

11



It can actually be proved as above that

@n—1 cr
g5 (Ai) 110,21 (Pi) |y enss < g

for every n where C' is a positive constant. Now we can finish as in proof of Proposition 1.
|

We will need the following Girsanov theorem. Its proof will be given in the Appendix.
Lemma 1 For any e > 0, the process

st
wele=wol - = (29)

has the same law as a fractional Brownian sheet with parameters c, B under the new prob-
ability P: given by

dpPe 1 B 1 1 2
= — [/[/ ’ _— B F .
dP €xp (8 7T 252 /[O,T]Q < o, ( ( )) (p)) dp) (30>

where F(t,s) = ts and K, g is the operator associated to the kernel of the W5,

The solution of the equation (27) has a different behavior comparing to the one-
parameter case (Corollary 1). We prove actually below that the solution of (27) is almost
surely negative on a non-negligible set. Note that the same problem has been studied in
the case of the standard Brownian sheet in [15].

Proposition 4 Let X be the unique solution to (27) in the space D2. Then
P{there exists an open set A C [0,T]? such that X, < 0 for all z € A} > 0. (31)

Remark 2 It seems that the following statement is also true: there exists an open set
A C [0,T]? such that
P{X, <0 forall z€ A} > 0.

A way to obtain it would be to prove that we have (keeping the same notations as in the
proof of Proposition 4)

E| sup |th — I"Lo(—ast)‘2 —e00
s5,t€[0,T ’

instead of (35). Although it seemed possible to us to show this more restrictive convergence,
we prefered, for the simplicity, only to prove (31).

12



Proof of Proposition 4: Note that the deterministic equation

g5t =1+ /0 ) /0 " (. 0)dudy (32)

admits the unique solution g(s,t) = ho(ast) with ho(z) = >_,~q (z )E and that the function
ho satisfy the property: there exists an open set I = (—(3, —«) such that hgo(z) < —6 <0
for any x € I (see [15], page 231).

Suppose a > 0, fix N > 0 and define the open set

A ={(s,t),a<ast <(3,0<s,t<N}.

For every € > 0, consider
Xe—1+ / = XSO,
[0,2]

Thanks to Corollary 1, we know that the solution X< of (3) is given by

= 3L (ful2)

n>0

where the kernels f,, are given by f, (p1,...,pn,2) = % Zl 1 Op] (ﬁi)l[o,z](pz‘)- Let us
consider the equation

acYFdWw P — / aYfdr (33)

[0,2]

YE=1+ / EYEAWEPE =1 + /
[0,2] [0,2]

and recall that, by Lemma 1, W®#< ig a fractional Brownian sheet under P.. Now, we
observe that

K = supsup E |YZ]? < co. (34)
e>0 =z

In fact, to show that (34) holds is not difficult because it follows from Proposition 2 that
the kernel of order n appearing in the chaotic expression of the solution of (33) are of
the form &™ multiplied to the kernel of order n of the solution of (33) with ¢ = 1. Then,

K <sup, FE |Y21’2 < 00.
Now, by (32) and (33) we have, for z = (¢, s),

— ho(—ast) :—a/ / s — ho(—auv)) dvdu+a£/ / Y‘ivdWﬁ"’f

and using the bound (34) and the Gronwall Lemma in the plane we obtain

sup E UYZSt ho(— ast)ﬂ —e0 0. (35)
5,t€[0,T]

13



Since ho(—ast) < —4 for (s,t) € A, it follows that
P (Y; <0) —c—0 1, uniformly on z € A.
Thus, for every € > 0 small enough
P(YF<0)>0, VzeA

and -
P.(Y;<0)=P(X;<0)>0, VzeA.

Since Wgﬁcﬂ has the same law as c‘f‘cg W ;ﬁ as process, we get that X¢, is equal in law to

X2 28 So, for € > 0 small enough,
P (X a8, <0) >0, Vz=(s,t) €A

and the conclusion follows. [ |

4 Appendix

Proof of Lemma 1: The conclusion will follow from the Girsanov theorem for the frac-
tional Brownian sheet (see Theorem 3 in [7]) if we show that the functions F(s,t) = st
belongs to the space [otaB+s (LQ([O, T]Q)) or equivalently,

K, 5 (F(-) € L*([0,T]%).

Q,

To show this, we will need the expression of its inverse operator in terms of fractional
integrals and derivatives (see e.g. [7])

2h 1
K Lh(t,s) = 107257 2137220 (t%as%ﬁiat> LBy (36)
and 2
1
Kﬁ@@ﬂmwﬁmﬁw%&%%ﬂﬁ) 08> 1. (37)
Here,
Pﬂﬂxyw:1/“/?x—mw4@—vw*fwvme
’ F@‘)Nﬁ) o Jo ’
and

By _ 1 0’ o f(u,v) udv
D=1 @) Huwm—mM@AACPMW—wd“

with I' the Euler function.
For o, B € (0,3) we have
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K LF(ts) = 12735/ 310073 (pimesi )

1 1

1 1 ¢ s 1 1 1
= t°‘2352/ / (t—u)fi*auifo‘(s—v)fi*ﬂvifﬁdvdu
F(% —a)F(% = B) 0 Jo

and this belongs to L?([0, T]?).
If a,8 € (%, 1) then by (37) we can write

K LF(t,s)
_ by hpe bk (thoashR) (1
1, 3
= (o303 3 1 3 t2 182 -
L5 —a)l'(5 = B) [tv257 2

+a—§/t t30g3 =B _ 33 Bdu
s8=3 Jo (t—u)‘”%
ok i,
o=z Jo (s—v)m'%
Ham oo b [ [ el et et e
2 2" Jo Jo (t —u)*ta(s —v) T2

Since

t  i—a P

t2 —u2

/ voTw —du = c(a)tldo‘,
0o (t—u)*t2

it is not difficult to see that the above function is in L2([0,T]?).
If a € (0,1) and 3 € (3, 1), then we have

1

t
K LF(t,s) = C(a,B)t° 2 / (t—u)" 2 “u2 "y
’ 0

xs27F 4 (8 — dv

1) /s tp—0g3 =B _ 3—ay3 B
27 Jo (s — v)ﬁ”%

and the conclusion is clearly a consequence of the above two cases. The proof of Lemma is
done. |
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