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Irregular holonomic kernels and Laplace
transform

Masaki Kashiwara and Pierre Schapira

Abstract

Given a (not necessarily regular) holonomic Z-module .Z defined
on the product of two complex manifolds, we prove that the correspon-
dence associated with .2 commutes (in some sense) with the De Rham
functor. We apply this result to the study of the classical Laplace
transform. The main tools used here are the theory of ind-sheaves
and its enhanced version.
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1 Introduction

Perhaps the most popular integral transform in Mathematics is the Fourier
transform, or its complex version, the Laplace transform. It interchanges
objects living on a finite-dimensional vector space V with objects living on the
dual space V*. The kernel of this transform is e/®¥ and all the subtlety and
difficulty of this transform come from the fact that the Z-module on V x V*
generated by this kernel is holonomic but is not regular. In this paper, we
shall give tools to treat integral transforms associated with general holonomic
kernels and apply them to the particular case of the Laplace transform.

Let us be more precise. For a complex manifold (X, Ox) we denote by
Qx the sheaf of differential forms of top degree, by Zx the sheaf of (finite-
order) differential operators and by dx the complex dimension of X. We

D
use the usual six operations for sheaves and denote by Dg,, Df* and ® the
operations of direct image, inverse image and tensor product for Z-modules.



Here, a sheaf or a Z-module should be understood in the derived sense, that
is, in the bounded derived category of sheaves or Z-modules.
All along this paper, we shall use the language of ind-sheaves of [KS01]

and the six operations for ind-sheaves, (%), R.%hom, f~*, f', Rf. and Rf.
The main object of interest will be the ind-sheaf O% of holomorphic functions
with tempered growth, realized as the Dolbeault complex of the ind-sheaf
C;O’t of C*>*-functions with tempered growth. On an open subanalytic subset
U the sections of this last sheaf are functions which have polynomial growth
at the boundary, as well as all their derivatives. The history of the ind-
sheaf O% is closely related to the solution of the Riemann-Hilbert problem
for regular holonomic modules of [Ka80, Ka84]. Recall that the main tool
to solve this problem was the functor T'hom, which in the language of ind-

sheaves reads as R#om (+,0%).

We shall use the Sol and tempered Sol functors and the De Rham and
tempered De Rham functors for Zx-modules. Denoting by Q% the ind-sheaf
of tempered differential forms of top degree, these functors are given by:

Solx (M) = Rtom , (M, Ox), Soly (M) = Rotom , (A, 0%,
DRy (M) = Qx &, M, DRY (M) = O &, M.

Consider a correspondence of complex manifolds:

(1.1) . S
SN
X Y.

For a Zs-module . and a Zx-module .# one sets:

D
M0 L =Dg.Dff M L)

For ind-sheaves L on S, F on X and G on Y one sets

(1.2) LoG:=Rfy(L®g'G), V.(F)=Rg.RIhom(L,f F).

For the notion of being quasi-good or good and the categories Dgood(.@x) and

DY yo0d(Zx), see § 3.1.

Theorem 1.1. Let # € Dy ,,.4(Zx) and let £ € DY, ,o(Zs). Set L :=
Sols(ZL) and assume



(i) & is regular holonomic,
(i) f~tsupp(.#) Nsupp(Z) is proper over Y.

Then there is a natural isomorphism in D*(Cy):

(1.3) U (DR () [dy — ds] ~ DR (M 6.2L).

This result (which, to our knowledge, never appeared in the literature
under this form) is an immediate consequence of three deep results:
(i) the direct image functor Dg, commutes, under an hypothesis of proper-

ness, with the tempered De Rham functor,
(ii) the inverse image functor D f* commutes, up to a shift, with the tempered

De Rham functor,
(ii) the formula, in which 4" is regular holonomic and .# is coherent on X:

(1.4) R Ihom (Solx (AN), DR (M) ~ DR (M &N).

As a corollary, one gets (under the same hypotheses) the adjunction formula
of [KS01], in which G is an ind-sheaf on Y:

L L
(1.5) RHom (Lo G, QY &, .4) [dx — ds] =~ RHom (G, Q) ©,, (4 6.2)).

Note that a similar formula holds when replacing O% and Oy with their
non tempered versions Ox and Oy (and ind-sheaves with usual sheaves),
but the hypotheses are different. Essentially, .# has to be coherent, f non
characteristic for .# and Df*.# has to be transversal to the holonomic
module .Z. On the other hand, we do not need the regularity assumption
on .Z. See [DS96] for such a non tempered formula (in a more particular
setting).

However, if one removes the hypothesis that the holonomic module .Z is
regular in Theorem 1.1, formulas (1.3) and (1.5) do not hold anymore and
we have to replace O% with its enhanced version, the object 0% of [DK13],
and this is one of the main purpose of this paper. Let us briefly explain what
is OF.

In order to keep in mind the behavior at infinity of our objects, one
considers bordered spaces M, = (M, M), where M is open in M. A typical
example, which will play an essential role here, is the bordered space

R. = (R,R) where R := R LI {400, —00}.

4



For a commutative ring k and a “good” topological space M, denote by
D"(Iky;) the bounded derived category of ind-sheaves of k-modules. Then
one introduces the quotient category

DP(Iky, ) := D" (Ikyy) /{F; ky @ F =~ 0}.

(Note that when working with usual sheaves, one would recover the category
D"(kys) but the situation is different with ind-sheaves.) The six operations
on ind-sheaves are easily extended to ind-sheaves on bordered spaces.

Now consider the bordered space M x Ry, = (M xR, M xR) . Denote by
m: M x Ry, — M the projection. One defines the new category of enhanced
ind-sheaves on M by setting:

EP(Tky) := D (Tkyiwr., ) /{F; 7 'Rm,F ~4 F1.

The quotient functor DP(Ikyxr.. ) — EP(Iky;) admits a right and a left ad-
joint, denoted by R¥ and LP, respectively. This category EP(Iky) is closely
related to constructions initiated in Tamarkin [Ta08] (see also [GS12] for a
detailed exposition and complements to Tamarkin’s work). In particular it is

+
endowed with a new tensor product, denoted by ®, and a new internal hom,

denoted by £hom™. The four operations for enhanced ind-sheaves associated

with a morphism of manifolds f are denoted by Ef,, Efy, Ef~" and E f' and
one also uses the bifunctor RHom" with values in D" (k) (see Definition 2.15).
These operations enjoy similar properties to the one for sheaves.

Let X be a complex manifold, Y C X a complex hypersurface and set
U=X\Y. For p € Ox(*Y), one sets

Dxe? = Dx[{P; Pe? =0on U}, & = Dxe?(xY).
Then one introduces the object &% of EP(ICx) which plays a role analogous to
the objects O% but contains more information. Denote by i: X xR, — X xP

the natural morphism and denote by 7 € C C P the affine variable in the
complex projective line P. One sets:

0% =i Rtom , (54, Ok ,p)[2] € EP(ICx),
L
05 = Qx ®p, ok
One defines the enhanced De Rham and Sol functors by
L
DRS: D} oa(Zx) = EP(ICx), M — Q5 @, M,
Solf: (DY yooa(Zx))® = EP(ICx), M +— RAHom , (M, OF).

g-good



Then our main result is the following (see Theorem 4.9) which generalizes
Theorem 1.1 to the case where £ is no more regular.

Theorem 1.2. Let # € DY, 4(Zx), £ € DY, oq(Zs) and set L:=Sol5(Z).
Assume that £ is holonomic and that f~*supp (.4 )Nsupp(Z) is proper over

Y. Then there is a natural isomorphism in EP(ICy):

VE(DRE (M) [dx — ds] ~ DRE(# 0.2).

Note that in the course of the proof, we shall need to strengthen the
Riemann-Hilbert theorem of [DK13] and to prove the isomorphism for an
arbitrary holonomic Zx-module .# (see Theorem 4.5):

D
MR O% 5 Fhom™ (Sol§ (M), OF) in EP(12x).

The proof of this isomorphism, which follows from the same lines as in loc.
cit., is a main technical part of this paper. As an easy application of our
theorem, we obtain:

Corollary 1.3. In the situation as in Theorem 1.2, let G € EP(ICy). Then
there is a natural isomorphism in DP(C)

L
RHom®(L©6G, 0 ®,_.4)[dx — ds]

~ RHom® (G, OF &, (/4 5.2)).

Here o is an enhanced version of the convolution o in (1.2).

Next, we shall apply these results to the Laplace transform. For that
purpose, we need to treat first the Fourier-Sato transform, and its enhanced
version. Let V be a real finite-dimensional vector space of dimension n, V*
its dual. Recall that the Fourier-Sato transform, denoted here by 5%y, is an
equivalence of categories between conic sheaves on V and conic sheaves on
V*. References are made to [KS90]. In [Ta08], D. Tamarkin has extended the
Fourier-Sato transform to no more conic (usual) sheaves, by adding an extra
variable. Here we generalize this last transform to enhanced ind-sheaves on
the bordered space Vo, = (V, V), where V is the projective compactification
of V.. We introduced the kernels Ly := kg—(y and Ly, :== ky—_,, and



define the enhanced Fourier-Sato functors

EZy: EP(Tky.) — EP(Iky. ), EZ(F) =FoLy,

E7g: B (Iky,.) — EP(Ikyy ), S(F) = Fo L,
We easily prove that the functors E#y, and EZ¢. are equivalences of categories,
quasi-inverse to each other up to shift (see Theorem 5.2). Moreover the
enhanced Fourier-Sato transform is compatible with the classical one, that

is, we have a quasi-commutative diagram of categories and functors (in which
the vertical arrows are fully faithful functors):

Egzv

Eb(Tky, ) ——L = EP(Tky: )

(1.6) T T
S

Db, (ky) ———~ Db, (ky-).

Let now V be a complex vector space of complex dimension dy and let
V* be its dual. We denote here by V the projective compactification of V
and set Voo = (V, V), H=V\ V. We set for short X =V xV , U =V x V*
and consider the Laplace kernel

(1.7) & =0

U|Ix

Denote by Dy the Weyl algebra on V. As it is well-known, the Laplace kernel
induces an isomorphism Dy ~ Dy+, hence an isomorphism

(1.8) D (+H) 6 L ~ Do (+H") @ det V.
Then our main theorem on the Laplace transform (see Theorem 6.3) is:

Theorem 1.4. Isomorphism (1.8) induces an isomorphism
(1.9) “Fy(05,) ~ O, @detV[—dy] in D"((IDy)vs,).
As an immediate application (see Corollary 6.5), we obtain

Corollary 1.5. Isomorphism (1.9) induces an isomorphism in DP(Dy), func-
torial in F € EP(ICy_):

(1.10) RHom"(F, 05 ) ~ RHom" (5%(F), Oy, ) ® det V [—dy].



When restricting this isomorphism to conic sheaves on V, we recover the
main theorem of [KS97] which asserts that for an R-constructible and conic
sheaf F' € DP(Cy), the Laplace transform induces an isomorphism

(1.11)  RHom (F, O}) ~ RHom (3% (F), O%.) @ det V [—dy].

Several applications are given in loc. cit. and, by adding a variable, some non
conic situations are also treated with the help of this isomorphism in [Dal2].

Here, as an application of Corollary 1.5, we obtain the following result.
For an open subset U of V subanalytic in V and a continuous function ¢ on
U with subanalytic graph in V, we can define the ind-sheaf e*Db},. Roughly
speaking, it is the ind-sheaf of distributions u such that e %u is tempered.
Consider the Dolbeault complex

0,dy)

(112) eSDO‘\t/oo =0 — eﬂprE\_](O’O) i AU echbgv( = 0.

Assume that U is convex, ¢ is a convex function and denote by ¢* its Leg-
endre transform. Then, under some hypotheses, we prove that the complex
e?O4_(U) is concentrated in degree 0, the complex e ¥ O (V*) is concen-
trated in degree dy and the Laplace transformation interchanges these two
complexes (Corollary 6.15).

2 Enhanced ind-sheaves

2.1 Ind-sheaves

In this subsection and the next one, we recall some results of [KS01].

Let M be a locally compact space countable at infinity and let k be a
commutative Noetherian ring with finite global dimension. (In this paper,
all rings are unital.) Recall that Mod(k,;) denotes the abelian category of
sheaves of k-modules on M. We denote by Mod®(k,,) the full subcategory
consisting of sheaves with compact support. The category of ind-sheaves on
M is the category of ind-objects of Mod®(k,;). We set for short:

Tky; := Ind(Mod®(ky)),

and call an object of this category an ind-sheaf on M. We denote by “liﬂ”
the inductive limit in the category Iky;.
The prestack U +— I(ky), U open in M, is a stack.
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We have two pairs (ayy, epr) and (Bar, apr) of adjoint functors

LM
MOd(kM) <~— M —— I(kM)
Bm

If F' has compact support, ¢y (F) = F after identifying a category ¢ with
a full subcategory of Ind(%). More generally, tp(F) = “lim” Fyy where U
U

ranges over the family of relatively compact open subsets of M. The functor
oy associates hﬂFZ (F; € Mod®(kys), @ € I, I small and filtrant) to the

object “lim” F;. If k is a field, B (F) is the functor G +— T'(M; H'(D'G)®F).

e () is exact, fully faithful, and commutes with @,

e () is exact and commutes with l&n and hg,

e (3, is right exact, fully faithful and commutes with lig,
e «yy is left adjoint to ¢y,

e «yy is right adjoint to (£,

o a0ty = idyod(k,,) and ans o Bar = idyod(k,,)-

L
One denotes by ® and R.#Zhom the (derived) operations of tensor product
and internal J#om. If f: M — N is a continuous map, one denotes by f~1,
f', Rf. and Rfy the (derived) operations of inverse and direct images. One
also sets

R.#Fom = oy o RZhom - DP(Tky)°P x DP(Ikyy) — DP(ky).

2.2 Subanalytic topology

Here again, we recall some results of [KS01].

Assume that M is a real analytic manifold. Denote by Op,, the category
of its open subsets (the morphisms being the inclusions) and by Op,, the
full subcategory of Op,, consisting of subanalytic and relatively compact
open subsets. The site M, is obtained by deciding that a family {U;}c;



of subobjects of U € Op,, . is a covering of U if there exists a finite subset
J C I such that {J,;c;U; = U. One denotes by

(21) P M — Msa

the natural morphism of sites. Here again, we have two pairs of adjoint
functors (p32, par.) and (par, p3t)

PM x
Mod(ky;) < pyt — Mod(kyy, ).

PM

For F' € Mod(kyy), par F is the sheaf associated to the presheaf U — F(U),
U € Opy,, -

One proves that the restriction of pys, to the category Modg..(kys) of
R-constructible sheaves is exact and fully faithful. By this result, we shall
consider the category Modg..(kys) as a subcategory of Mod(ky,) or as of
Mod(kyy., ). Denote by Mod$, .(kas) the full subcategory of Modg_.(kys) con-
sisting of sheaves with compact support and set:

Ig_c(kps) = Ind(Modg . (kas)).
One defines the functor
(2.2) an,: Ir—c(kyr) — Mod(kyy, )
similarly as the functor ay,.
Theorem 2.1. The functor ayg, in (2.2) is an equivalence of categories.

In other words, ind-R-constructible sheaves are “usual sheaves” on the
subanalytic site. By this result, the embedding Mod§ .(kys) < Mod®(kyy)
gives a fully faithful functor I, : Mod(ky,) — I(kas). Hence, in the diagram
of categories

h Modg._.(kyr) — Mod(kyy., )
...._PM;.....V lIM

—

all solid arrows are exact and fully faithful. Omne shall be aware that the
square and the upper triangle quasi-commute but ¢y, # Ip; 0 pps, in general.
Moreover, p,s, is not right exact in general.

From now on, we shall identify sheaves on M, with ind-sheaves on M.
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2.3 Ind-sheaves on bordered spaces

In this subsection, we mainly follow [DK13].
A topological space is good if it is Hausdorff, locally compact, countable
at infinity and has finite flabby dimension.

Definition 2.2. The category of bordered spaces is the category whose ob-
jects are pairs (M, M ) with M C M an open embedding of good topological
spaces. Morphisms f: (M, M) — (N, N) are continuous maps f: M — N
such that

(2.4) T'; — M is proper.

Here 'y is the graph of f and I'; its closure in M x N.
The composition (L, L) < (M, M) ERN (N,N) is given by foe: L = N
(see Lemma 2.3 below), and the identity id,, v is given by idy.

If there is no risk of confusion, we shall often denote by My a bordered
space (M, M).

Lemma 2.3. Let f: (M,M) — (N,N) and e: (L,L) — (M, M) be mor-
phisms of bordered spaces. Then the composition f o e is a morphism of
bordered spaces.

One shall identify a space M and the bordered space (M, M). Then, by
using the identifications M = (M, M) and M = (M, M), there are natural
morphisms

M — (M, M) — M.

Note however that (M, M ) — M is not necessarily a morphism of bordered
spaces.
One often denotes by jy or simply j the natural morphism My, — M.
For two bordered spaces (M, M) and (N, N) their product in the category
of bordered spaces is the bordered space (M x N, M x N).

Definition 2.4. Let f: (M, M) — (N, N)_be a morphism of bordered spaces.
We say that f is semi-proper if the map I'y — N is proper.

Any isomorphism of bordered spaces is semi-proper.

Lemma 2.5. Let f: (M, M) — (N,N) and e: (L,L) — (M, M) be mor-
phisms of bordered spaces. If both f and e are semi-proper, then f oe is
SEMI-Proper.

11



Proof. Set for short Im(T, X, T'y) :=Im(T, x,; Ty — L x N) and consider
the commutative diagrams:

F_efof—c>ff and FeXMFf—C>ff
| o | | |
T,— - Tfo. —> Im(T% x Tj) —> .

The diagram on the left is Cartesian. Since the map a is proper, the map ¢
is proper. Since the maps b and ¢ are proper, the map d is proper. Q.E.D.

Let My, = (M, M) be a bordered space. Denote by i: M \ M — M the
closed embedding. Identifying Db(kM\ ) with its essential image in D" (k ;)
by the fully faithful functor Riy ~ Ri,, the restriction functor F' — F|y
induces an equivalence D"(k,;)/ Db(kM\M) =% DP(kys). This is no longer
true for ind-sheaves. Therefore one introduces

(2.5) DP(Iky,, ) == D" (Tky;) /D" Ty -
where Db(IkM\M) is identified with its essential image in D (Tky,).

The fully faithful functor DP(ky,) < DP"(Iky,) induces a fully faithful
functor

(2.6) D (k) < D (Tky, ).

We sometimes write DP (k) for the category D (k) regarded as a full
subcategory of DP(Tky_).

Recall that if .7 is a triangulated category and .# a subcategory, one
denotes by +.# and .#* the left and right orthogonal to .# in .7, respectively.

Proposition 2.6. Let M., = (M, M) be a bordered space. One has
D°(Ikyny) = {F €D°(Iky); ky ©F ~0}
= {F € D"(Iky) ; R#hom (ky, F) ~ 0},
“DP(Ikyg ) = {F €D(Iky); kM ®F = F},
D°(Ikg )" = {F €D"(Iky); F =% Rghom (ky, F)} .
Moreover, there are equivalences
D°(Ikn.,) == D°(Ikyy)*, F— Rshom(ky,F),
D°(Ikn.,) =% “D°(Ikyy,), F—ku®F,

quasi-inverse to the functor induced by the quotient functor.
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The functors ® and R.#hom in DP(Iky,) induce well defined functors (we
keep the same notations)

®: DP(Iky.) x DP(Ikyr ) — DP(Tknr., ),
R.Zhom : D" (Iky )P x DP(Iky; ) — D"(Ikyr).

Let f: (M, M) — (N, N) be a morphism of bordered spaces, and recall
that I'; denotes the graph of the associated map f: M — N. Since I'; is
locally closed in M x N, one can consider the sheaf kr ; on M x N.

Definition 2.7. Let f: (M, M) — (N, N) be a morphism of bordered spaces.
For F € D"(Iky;) and G € D"(Ikg), one sets

RfuF = Raay(kr, ® ¢ 'F),
Rf.F = Rgo.RAhom(kr,.q, F),
7'é = Raiy(kr, ®q ' G),

f'a = qu*thom(kpf,qz! G),

where ¢ : M x N — M and qs: M x N — N are the projections.

Remark 2.8. Considering a continuous map f: M — N as a morphism of
bordered spaces with M = M and N = N, the above functors are isomorphic
to the usual operations for ind-sheaves.

Lemma 2.9. The above definition induces well-defined functors

Rfu, Rf.: DP(Tky ypy) = D (Tky ),
F T DY (I ) — DTk y)-
The operations for ind-sheaves on bordered spaces satisfy similar proper-
ties as for usual sheaves that we do not recall here.

Note that if f: M., — N is semi-proper, then the diagram below quasi-
commutes:

RS,

D" (ky) —— D"(ky)
(2.7) l l
D (Tknr ) —% DP(Tky_ ).
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2.4 Enhanced ind-sheaves

Tamarkin’s constructions of [Ta08] are extended to ind-sheaves on bordered
spaces. We refer to [GS12] for a detailed exposition and some complements
to Tamarkin’s paper.

In this subsection, we recall results of [DK13] with a slight generalisation.
In loc. cit. the authors consider the bordered space M x R, where M is an
usual space. However, we shall need to consider situations in which M is
itself a bordered space.

Consider the 2-point compactification of the real line R := R LJ {#o00}.
Denote by P :=P!(R) = R U {oo} the real projective line. Then R has
a structure of subanalytic space such that the natural map R — P is a
subanalytic map.

Notation 2.10. We will consider the bordered space
R, := (R, R).

Note that R, is isomorphic to (R, P) as a bordered space.
Consider the morphisms of bordered spaces

(28) M, 41,42 Rgo — IRooa

where p(t1,t2) = t1 + t2 and ¢, g2 are the natural projections.
For a bordered space M., we will use the same notations for the associ-
ated morphisms

Ky 41,42 M, X]Rgo%Moo X Reo.

Consider also the natural morphisms

M, xR, —'—>M_xR
M.,

Definition 2.11. Let M, be a bordered space. The functors

+
®: DP(Iky, xr..) X DP(Iky xr..) — DP(Tkn xro ),
fh0m+: Db(IkMMXRw)Op X Db(IkMMXRw) — Db(IkMOOXROO)

14



are defined by
¥ ~1 1
K1 ® Ky = Run(q, K1 ®q, Ka),
Ihom™ (K1, Ky) = Rq1, RFhom (¢ K1, ' K>).

One sets

kii>0y = k{(w,t)eMxR; zEM, tER, t>0}

and one uses similar notations for kg—oy, Koy, Kp<oys Kp<oy, kpzoy, ete.
These are sheaves on M x R whose stalks vanish on (M x R)\ (M x R). We
also regard them as objects of DP(Iky__xg. ).

The category DP(Ikyxr..) has a structure of commutative tensor cate-

+
gory with @ as tensor product and ky;—oy as unit object.
One defines the full subcategory of D(Tky xr.):

ICiig = {K s 'R, K 5 K}
= {K;K =5 ' RmK}
= {K; there exists L € D*(Iky, ) with 7 'L ~ K}

+
= {K§ (kgz0y ® kp<oy) @ K O}
— {K , fhom-i_(k{tzo} @ k{tS0}7K) ~ O} .

Definition 2.12. The triangulated category of enhanced ind-sheaves, de-
noted by EP(Ikyy_ ), is the quotient category

E"(Iky,.) = D®(Tkn,oxz.. ) /1Cre =0
= D"(Ikm.xr. )/ {K; 7 'RmK =5 K} .

Similarly, one defines the category EP(k,;) as
(2.9) E’(ky) = D’ (kuxr)/ {K ;7 'Rm, K =5 K} .

Then EP(kyy) is a full subcategory of EP(Ikyy_).
One has the equivalences

(2.10) EP(Iky,) =~ TICu— =~ (ICu—o)*.

Hence, we may regard EP(Iky) as a full subcategory of DP(Iky_xr. ) in
two different ways.
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Notation 2.13. The functors L¥, R¥: EP(Tky ) — DP(Iky, «r.,) are given
by:

+
LE = (k{tZO} Y k{tSO}) ® ( ° )7
R* = Jhom™ (kyso @ k<o, *)-

The functors LF and R® are the left and right adjoint of the quotient
functor D®(Iky_xr..) — EP(Iky ), respectively. They are fully faithful.
Note that for K € EP(Iky_ ) we have

Rm.REK ~ 0, RmLFK ~ 0,
R?T*LEK >~ R?THREK.

2.5 Operations on enhanced ind-sheaves

As in the preceding subsection, we recall results of [DK13] with a slight
generalisation, replacing usual spaces with bordered spaces.
The bifunctors

©: EP(Tky ) x EP(Tkyr ) — EP(Tkyi_),
Fhom™: EP(Tky )P x EP(Ikyr ) — E(Tkyr.,)

are those induced by the bifunctors é and £hom™ defined on DP(Iky_ k.. ).

+
Note that for any K € EP(Iky_) the composition k;>g @ K — K —
Fhom™ (ki>o, K) induces an isomorphism in EP(Tky)

Kiso @ K 2% Fhom™ (Kiso, K).

Such an isomorphism does not hold when replacing EP(Tky;_ ) with DP(Tky_, ).

Let f: My, — N be amorphism of bordered spaces. Denote by f: M., x
Ro — Ny xR, the associated morphism. Then the compositions of functors

(2.11) Rfy, Rf.: D°(Iky xr..) — DP(Ikn_xr..) — EP(Iky.. ),
(2.12) f7Y ' DP(Ikn e ) — DP(Iky . xr ) — EP(Tky )

factor through EP(Iky;_ ) and EP(Iky, ), respectively.
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Definition 2.14. One denotes by

Efu, Ef.: E°(Iky.) — EP(Tky),
Ef~', Ef": EP(Ikn.) — EP(Iky)

the functors induced by (2.11) and (2.12), respectively.

The above operations satisfy analogous properties to the operations for
sheaves.
One also defines similarly the external product functor

a . b b b
o X o : E (IkMoo) x B (IkNoo) — E (IkMooXNoo)>
hs B T |

where p; and p, denote the projections from M, x N to M, and N,
respectively.

Definition 2.15. One defines the hom-functor

(2.13) Fhom®™: EP(Iky_ )P x EP(Tky ) — DP(Ikyr)
Ihom® (K1, Ky) = R, R#hom (LE(K,), RE(K)),

and one sets

Hom" = ay o Shom® : EP(Iky )P x EP(Tky ) — DP(ky),
RHom" (K1, K5) = RI'(M; #om® (K., K>)).

Note that

Ihom® (K1, K,) ~ R, RShom (LE(K), LE(K))
~ Rm,RIhom (RF(K,), RF(K3))

and
Hom gy, (K1, K2) ~ H* (RHom" (K, K3)).

Remark 2.16. For z € M, let ¢, be the embedding pt < M given by
to(pt) = x. Let F € EP(ky;). Then F ~ 0 if and only if E¢;'F ~ 0 for all
x e M.
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E +
2.6 The functor kj, ® ()
Consider the objects of DP(Iky__ xg.. )

k{t>>0} = “lig” k{tza}> k{t<*} = “liﬂ” k{t<a}-

a——+00 a——+00

There are a distinguished triangle and isomorphisms in Db(Ikawa)
1
Kyxr = k{t>>0} — k{t<*} 1] +_>>
+ +
ki>—a) @ kies0y = Kis0y = Kpizay @ Kiesop, (a € Rxo).

Denote by kj; _ the object of E(Tky. ) associated with the ind-sheaf kjis.0y €
DP(Iky xr..). Note that

LP(kY, ) ~ kpsop, RP(ky) ~ ke [1).

Lemma 2.17. For F' € D*(ky «r..) and K € E(Iky ), there is an iso-
morphism in EP(Tky)

+ +
Ky, @ Jhom™ (F,K) =% Jhom™ (F, ky,_ ® K).
Proposition 2.18. Let f: M, — N4 be a morphism of bordered spaces.
(i) For K € EP(Iky.,) one has

Efu(kE, & K) ~kE_ @ EfuK.
(ii) For L € EP(Ikx_ ) one has
+ +
Ef'(ky. ®L)~ky, ®Ef'L,
+ +
Ef'(ky ®L)~ky ®Ef'L
Definition 2.19. One defines the functors

(2.14)  en,enr: DP(Ikyr ) — EP(Tkyr.,),
6M(F) :k}l?ﬂoo ®7T_1F, €M(F) :k{tzo}@)’ﬂ'_lF.

Note that
+
ex(F) ~ky, ®@em(F).
Proposition 2.20. The functors ey and €y are fully faithful.
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2.7 Enhanced ind-sheaves over an algebra

We need to generalize some definitions and results of the preceding subsec-
tions to the case where k is replaced by a sheaf of algebras. For simplicity we
only consider the case where M is a good topological space, not a bordered
space.

In the sequel, if .o/ is a sheaf of k-algebras on a space X, we shall denote
by DP(I(.«7)), or simply D"(L7), the derived category of ind-sheaves of .o7-
modules on X (see [KS01]). (In [KS01], it was denoted by DP(I(3.47)).)

Consider a good topological space M and the bordered space M xR,. As
above, we denote by m: M x R, — M and 7: M x R — M the projections.
Assume to be given a k-flat sheaf of algebras </ on M. For short, we set

%MXR — 7_1%.
One defines the categories:

D*(IeAixz.,) = D°(I#,g)/ {F € D° (LA g) ; F @ knixw = 0},
E'1#) = D"(LdAixe.)/{K;7 'Rm.K =5 K}.

We keep the notations 1, g, v as in (2.8) and denote by ¢: M xRy, x Ry, —
M the projection.

Definition 2.21. One defines the functors
+
(215) . ®£{ L Db(IJZ{I\/?EROO) X Db(IfQ{MXRw) — Db(IkMXRw)

+ L
N @, M= RM!!(QflJV@qflﬂCIz_{///)a
(216) fhom;(-, ')Z Db(IQ{MXRw) X Db(IfQ{MXRw) — Db(IkMXRw)
fhom;(,//ll, M) = Raq, Rﬂhomq,lﬂ(qgle//ll, w' M)

If o/ is commutative, these functors take their values in D" (LA, ).
On easily checks that the functors (2.15) and (2.16) induce functors (we
keep the same notation):

(2.17) & o BP(La) x B (1) — BV(Tky),
(2.18) Fhom™ (+,«): E(Le7) x E*(1e7) — E°(Tky).

If o7 is commutative, these functors take their values in EP(L<7).
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We shall also need to consider the functors:
L
(2.19) « ®,, «: D"(&?) x D"(LAixr..) — D" (Iknxr..)
(2.20) RA#om ,(+, +): D’ ()P x D"(1eArxr..) — D" (Ikyixr..)
which induce functors
L b/ o b b
(2.21) *®,°*:D (P) x E°(1LeZ) — E”(Iky)
(2.22) RA#om ,(+,«): D*(7) x E’(17) — EP(Iky).

If .o/ is commutative, these functors take their values in D”(La#yg ) or in
EP(1Le7).

3 Holomorphic solutions of Z-modules

3.1 %-modules

Reference are made to [Ka03] for the theory of Z-modules. The aim of this
subsection is simply to fix a few notations.

Let (X, Ox) be a complez manifold. We introduce the following notations
(most of them are classical).

e dx is the complex dimension of X, Zx the sheaf of C-algebras of holo-
morphic finite-order differential operators, 0x the invertible sheaf of
differential forms of top degree, Mod(Zx) the category of left Zx-
modules, D*(Zy) its bounded derived category.

o 1: D*(Zx) == DP(Z) is the equivalence of categories given by
L
M =Qx ®, M.

D D
e ® and X are the (derived) operations of tensor product and external

D L
product for Z-modules. Recall that A @ # = N ®, A in DP(0).

e For f: X — Y a morphism of complex manifolds, D f* and D f, are the
(derived) operations of inverse image and direct images for Z-modules.
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e The dual of .#Z € D(Zx) is given by

D]D)Xeﬂ = R,%”om%( (%, @X ®ﬁx Q?}_l)[dx]

e D2.(Zx), DY o0a(Zx) and D} 4(Zx) are the full subcategories of

D"(Zyx) whose objects have coherent, quasi-good and good cohomolo-

gies, respectively. Here, a ZPx-module .# is called quasi-good if, for

any relatively compact open subset U C X, .Z |y is a sum of coherent

(Ox|v)-submodules. A Zx-module . is called good if it is quasi-good
and coherent.

e For .# € DY, (Px), char(.#) is its characteristic variety, a closed
conic involutive subset of the cotangent bundle T*X. If char(.#) is
Lagrangian, .# is called holonomic. For the notion of regular holo-
nomic Zx-module, refer e.g. to [Ka03, §5.2]. We denote by D} (Zx)
and DY, (Zx) the full subcategories of D’(Zx ) whose objects have holo-

nomic and regular holonomic cohomologies, respectively.

Note that Dth(‘@X)7 Dg—good(gX)7 Dgood(‘@X>7 DEOI(‘@X) and DEh(‘@X) are
triangulated categories.

If Y C X is a closed hypersurface, denote by Ox (*Y") the sheaf of mero-
morphic functions with poles at Y. It is a regular holonomic Zx-module.

For .# € D*(2y), set

MY = M B Ox(+Y),

3.2 Tempered functions and distributions

In this subsection we recall some results of [KS96, KS01]. Here, M is a real
analytic manifold and k = C. As usual, we denote by é;f (resp. €};) the
sheaf of C-valued functions of class C*> (resp. real analytic), by Dby, (resp.
Pr) the sheaf of Schwartz’s distributions (resp. Sato’s hyperfunctions), and
by P, the sheaf of real analytic finite-order differential operators.

Definition 3.1. Let U be an open subset of M and f € €57 (U). One says
that f has polynomial growth at p € M if it satisfies the following condition.
For a local coordinate system (x1,...,x,) around p, there exist a sufficiently
small compact neighborhood K of p and a positive integer N such that

(3.1) SUD,ec kAU (dist(z, K\ U))N|f(z)| < 00,
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with the convention that if K NU = () or if K C U, then the left-hand side
of (3.1) is understood to be 0. It is obvious that f has polynomial growth at
any point of UU (M \ U). We say that f is tempered at p if all its derivatives
have polynomial growth at p. We say that f is tempered if it is tempered at
any point.

For an open subanalytic set U in M, denote by Cy"'(U) the subspace of
%y (U) consisting of tempered C*-functions.

Denote by DbY,(U) the space of tempered distributions on U, defined by
the exact sequence

0 = Tapnu(M; Dbyy) — T(M; Dbar) — Dy, (U) — 0.
Using Lojasiewicz’s inequalities, one easily proves that

e the presheaf C;":=U + C3y*(U) is a sheaf on M,,, hence an ind-sheaf
on M. One calls it the ind-sheaf of tempered C™-functions.

e the presheaf Db, :=U +— Db, (U) is a sheaf on Mj,, hence an ind-sheaf
on M. One calls it the ind-sheaf of tempered distributions.

Let F € D5 .(Cyy). One has the isomorphism
(3.2) ay RIhom (F, Db',) ~ Thom(F, Dbyy),

where the right-hand side was defined by Kashiwara as the main tool for his
proof of the Riemann-Hilbert correspondence in [Ka80, Ka84].

Definition 3.2 (See [DK13, Def. 5.4.1]). The category of real analytic bor-
dered spaces is defined as follows.

The objects are pairs (M, M ) where M is a real analytic manifold and
M C M is an open subanalytic subset.

Morphisms f: (M, M) — (N, N) are real analytic maps f: M — N such
that

(i) T4 is a subanalytic subset of M x N, and
(ii) Tj — M is proper.

Hence a morphism of real analytic bordered spaces is a morphism of bor-
dered spaces. Recall that jy: (M, M) — M denotes the natural morphism.
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Definition 3.3. Let M., = (M, M) be a real analytic bordered space. One
sets Dby, = j];[lDb‘;\Z.

If f: My, — N4 is an isomorphism of real analytic bordered spaces, then
Dbl ~ f7'DbY_ as object of DP(ICyr,).

We say that S is a subanalytic subset of M, if S is a subset of M
subanalytic in M.

3.3 Holomorphic functions with tempered growth

References for this subsection are made to [KS01]. We slightly change our
notations and write R#om , (4, «) instead of R#om, , (Bx. A4, *).

One defines the ind-sheaf of tempered holomorphic functions Q% as the
Dolbeault complex with coefficients in C;O’t. More precisely, denoting by X*
the complex conjugate manifold to X and by Xg the underlying real analytic
manifold, we set:

(3.3) O% = Ritom, (Ox:,C3").
One proves the isomorphism
(3.4) Oy =~ RJom, (Ox, Dby,).

Note that the object O} is not concentrated in degree zero in dimension > 1.
Indeed, with the subanalytic topology, only finite coverings are allowed. If
one considers for example the open set U C C”, the difference of an open ball
of radius R > 0 and a closed ball of radius 0 < r < R, then the Dolbeault
complex will not be exact after any finite covering.

Still denote by Ox the image of this sheaf in Mod(ICx). We have then
the morphism in the category D(ICx):

O;( — ﬁx.

Example 3.4. Let Z be a closed complex analytic subset of the complex
manifold X and let M be a real analytic manifold such that X is a complex-
ification of M. We have the isomorphisms

RA#om . (Cz, Ox) =~ Rl (Ox) (algebraic cohomology),

Rifomm (Cz, ﬁx) er(ﬁx)
RA#om . (D'xCur, Ox) =~ Dby,
Rstom, ¢ (D' CM, Ox) ~ B,
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where D : DP(Cx)° — D"(Cy) is the duality functor Ro#om (+,Cy).

Notice that with this approach, the sheaf Db, of Schwartz’s distributions
is constructed similarly as the sheaf %,; of Sato’s hyperfunctions.
The classical de Rham and solution functors are given by

DRy : D*(Zx) — D(Cy), M O &, M,
SOlXZ Db(@){)op — Db((C)(), M R,%”om_@x(,///, ﬁx),

and the tempered de Rham and solution functors are

DR, : D*(Zx) — D*(ICx), M Qe &, M,
Sol} : D*(2x)® — D"(ICx), M — RAom, (M,0%).
One has

SOZX ~ OéXgOl;(, DRX ~ OéXpRg(,
and it follows from [Ka84] that for . € D% (Zyx) one has
Soly (&) ~ Solx (&), DRY(Z)~DRx(ZL).
For .# € D®, (Zx), one has

Let us recall some functorial properties of the tempered de Rham and
solution functors.

Theorem 3.5 ([KS01, Theorems 7.4.1, 7.4.6 and 7.4.12]). Let f: X — Y be
a morphism of complex manifolds.

(i) There is an isomorphism in D*(I1(f~1%y))
! t L t
[ Oyldy] = Dy x ®, Oxldx].

(ii) For any A € DP(Zy), there is an isomorphism in DP(ICx)

DRy (Df* A )[dx] = f' DRy (A)[dy].
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(ili) Let .4 € Dy,q(Zx), and assume that supp .4 is proper over Y. Then

there is an isomorphism in D°(ICy)

DRy (Dfutl) = Rfy DR (A).
(iv) Let £ € Db, (Zx). Then there is an isomorphism in D*(12x)

O% &, & ~ RIhom (Solx (L), 0%).

In particular, for a closed hypersurface Y C X, one has
L
O;( ®ﬁx ﬁx(*Y) ~ R.Zhom (CX\y, O;()

3.4 Enhanced solutions of Z-modules

References for this subsection are made to [DK13].
Let X be a complex analytic manifold, Y C X a complex analytic hyper-
surface and set U = X \ Y. For ¢ € Ox(xY), one sets

Dxe? =Dx/{P;Pe¥*=00onU},
Efx = Dxe?(xY).

Hence Yxe? is a Yx-submodule of é"(}p‘ « and éa[ﬁ « is a holonomic Zx-module.
Moreover

(3.5) ("Dx &L ) (+Y) = &%
For ¢ € R, set for short
{Rep <c}:={r eU;Rep(x) <c} CX.
Notation 3.6. One sets
Clrepany = “lim” Cirepec} € D(ICx),

c——400

Ef x = RIhom (Cy, Crep<sy) € D*(ICx).

The next result (see [DK13, Prop. 6.2.2]) generalizes [KS03, Proposi-
tion 7.3] in which the case X = C and ¢(z) = 1/2z was treated.

25



Proposition 3.7. Let Y C X be a closed complex analytic hypersurface, and
set U= X\Y. For o € Ox(xY), there is an isomorphism in D(ICx)

DRE{(@@U_&) ~ Ef x[dx].
Recall that we have set P :=P!(R). In the sequel, one sets for short
P:=P(C).

We denote by 7 € C C P the affine coordinate such that 7|g = ¢, the affine
coordinate of R.
Consider the natural morphism of bordered spaces

1: X xRy = X xP.
L
Recall that r: D*(Zp) — DP(Zp") is the functor given by .#" = Qp R, M -
Definition 3.8. One sets:
L
Ox =1 (6p)" Oy, Oxyp)[l] > i Rotom ;, (6p, Oxp)[2] € E°(12%),
E L E ot & —r b (T 0P
Qx =Qx ®,, Ox =i (U op Ry @@Clp)[l] e E°(I1Z¢0).
One defines the enhanced de Rham functor and the enhanced solution functor
by
E b b E L
DRy : D(Zx) = E(IC), A —Qx®, A,
Soli : D"(Zx)® —E°(ICx), .4 — Rittom,, (M, 0x).
One defines similarly the functors DRY and Sol§ for right modules.
Note that
SOZ)E((%) ~ DRE((DDX,//)[—CZ)(] for «// € Dlgoh(‘@X)'

Theorem 3.9. There is an isomorphism in D°(ICxr..)

REOS ' (657 &y, Okeur) 1,
and there are isomorphisms in EP(19)
05 5 Ihom™ (Cysay, OF)
< Fhom™ (Cysay, O%) for anya >0

~  Zhom*(CE, OF) ~ CE @ OF.

26



Let ¢ € Ox(xY') be as above. By [DK13, Corollary 9.4.12], one has:

- + _
(3.6) SOZE((gU&) ~ CX ® Cpimney) = ™ Crr>reptay-
a—>+o00

Here {t = Re ¢} denotes {(z,t) € M x R;x € U, t = Rep(x)} and similarly
for {t > Rep + a}.
One can recover O from ¢'§%. Indeed, one has:

Proposition 3.10. For F € D*(Cy), one has the isomorphisms in DP(ICx)
RIhom (F,0%) =~ Fhom®(Cysey @7 'F, O%)

Fhom”(Cp—gy @7 'F, 0%)
~ Jhom®(CL @ 'F, 0F).

12

In particular, we have
0% ~ Fhom"(Cysey, O%).

For # € D ,04(Zx) recall that one sets

Solx (M) = Ritom , (M ,0x) € D"(Cx).
The next result follows from Theorem 3.5.
Theorem 3.11. Let f: X — Y be a morphism of complex manifolds.
(i) There is an isomorphism in EP(1(f~*%y))
Ef'0y [dy] =~ Dyex é@X O dx].
(i) Let A € D*(Zy). There is an isomorphism in EP(ICx), functorial in

N
DRE(DF*.A') [dx] ~ E f'DRE(A) [dy]

If moreover A € D2.,(Dy), there is an isomorphism in EP(ICx)

SolS(Df* ) ~ Ef S0l ().
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(ili) Let A € D ,.0a(Zx), and assume that supp.# is proper over Y.

There is an isomorphism in EP(ICy), functorial in A :
DRy (Df.M) = EfyDRY (A).
If moreover # € D®,_,(Dx), then

good

SolE(Df..) [dy] ~ EfySol () [dx].
(iv) Let & € Db, (Zx) and 4 € D*(Zx). Then
DRE(L & .4) ~ RIhom (- 'Solx (L), DRE(M)).

The next result will be of constant use in the next section.

Lemma 3.12. Let .# € D*(2%), & € DP(Zx), # € E’(1%x) and
assume that Shom™ (C%, ) ~ . Then we have the natural isomorphism

M G,y Thom™ (SolE(L), H') = Fhom™ (SolE(L), M &, H).

Proof. Since the morphism is well-defined, we may argue locally. We know
by [DK13] that there exists an object F' € D’(Cy,r) such that

SolE (L) ~ F & CE.
It follows from the hypothesis on .# that
Ihom™ (S0l (L), #) ~ Ihom™ (F, ),
Thom™ (Sl (L), M &, H) = Fhom™ (F, M &, K).
Indeed, we have

Ihom™ (S0l (L), M é%( H) = Ihom™ (F, Shom™ (C%,, .4 (%@X H)).

By [DK13, Proposition 4.7.5], we have C§ ® (.# é_@x H) = M é_@x (CE @
L L L
H) =M R, H, and fhoer(Cg},///@@X H) =M R, K.
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Hence, it is enough to prove the isomorphism
L L
MR, SIhom™ (F, #") == fhom+(F,,///®_@X H).
Let gp: X xRxR — X xR (k = 1,2) be the projection, o: X xRxR — X xR

the map (ty,ts) + t; —t; and i: X x R x R =+ X x R x R the inclusion.
Then we have

L L
M R, Ihom™ (F, x) M 2, RiiyRIhom (Rivo ™' F, @' )

12

L
~ Rq]”</// ®,  RIhom (Rz'ga_lF,q’g!Ji/)>
L
Rgiy RIhom (Rio ™' F, M @, @' H)

L
~ Rqi RIhom (Riso™'F, &' (A @y, H))

12

Shom* (F, M &,,_K).

Here the isomorphisms (1), (2) and (3) follow from Theorem 5.5.4, Theorem
5.6.1 (ii) and Theorem 5.6.3 in [KSO01], respectively. Q.E.D.

4 Integral transform for De Rham

4.1 An enhanced Riemann-Hilbert correspondence

Theorem 7.4.12 of [KSO01] (that is, Theorem 3.5 (iv) in this paper) is a refor-
mulation of a result of Bjork [Bj93]. The aim of this subsection is to extend
this result to the case where . is holonomic but not necessarily regular.
Note that we do not any more use Bjork’s result in the proof of Theorem 4.5
below. As we shall see, this last theorem generalizes the reconstruction the-
orem (Riemann-Hilbert) of [DK13] but of course, its proof deeply uses the
tools of loc. cit.

Lemma 4.1. Let v: X — Y be a closed embedding of compler manifolds.
There is a natural isomorphism

1 L Ey  ,F
E. (-@X—>Y®@Yﬁy)—ﬁx~
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Proof. Applying Theorem 3.11 (iii) with .Z = Zx we get

E L E
EL*ﬁX ~ -@X—>Y®gy ﬁy,
and the result follows. Q.E.D.

Lemma 4.2. There is a canonical morphism in EP(1Zx)
E L E E
Ox ®, Ox — Ox.

Proof. Consider the diagram in which ¢ and py (k = 1,2) denote the pro-
jections.

dk

X2 X xR, xR, B X x Ry,

| o

X xRy x X xR, " X x X xR,

plx

X x X X X Ry.

Denote by ¢q: X x R x R, — X the projection. One has

L
¢ 'RPO% ® ¢ 'RV 0%

e t0x
~ (¢, 'R¥O% @ ¢; 'R¥O%) éqfl(ﬁX@ﬁX) q ' Ox
~ 5 (5 RPOE © 5, REGE) 1 ) O
On the other hand, by [DK13, Prop.8.2.4], there is a canonical morphism
CEROE ~ Rjy(pi'REOE @5, RPOE)
— Of, .

By adjunction, we get the morphism

pr'REOE @p,'RF0E — p['RFOE ..
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Therefore, we have the morphisms
o~ L o~
4 1RE@>}E B -10y @2 1RE@>}E
~ . L
~ 6~ (p, 'RPO% @ p, 'RFO%) Op1(ox0x) 4

~ . L _
— 5 1:“’! RE@)EXX ®q71(ﬁx®ﬁx) q 1ﬁX

~ . L -~
N 2 B 1gy .5 P 'Ox)
L
~ 0 (REOR ok @iy P O)

~ ;' REO%,

where O is identified with 0, by the diagonal embedding 6: X — X x X
and the last isomorphism follows from Lemma 4.1.
The result then follows by adjunction. Q.E.D.

Let M be a good topological space, k a commutative unital ring and &7
a flat k-algebra on M as above.

Lemma 4.3. Let M € D*(&/), F € D*(1&Z°P) and G € D*(1&7). Then there
is a canonical morphism in DP(Tky):

(F%{KZ{M) ék RAtom ,(M,G) — F ff@ﬂ G.
Proof. We have
(F@M ) ék RA#om ,(M,G) =~ Fé%(M e%k RAom ,(M,G))
— F é% G.

Q.E.D.

Lemma 4.4. There exists a canonical morphism functorial with respect to

M € Db(.@X)

(4.1) M@ OE 5 Fhom* (SolS (M), OF) in B (12x).
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Proof. 1t is enough to construct the morphism
D E\E o JE E
(M R0%)® Solx (M) — O.
With the notations as in Lemma 4.2 we have
D + L
(M @ O%) @ Sol™ (M) =~ Run(q; (M @, RFOF) @ g, Sol5 (M)
N ~1(REGE L L IR E 5E
~ Run(qr ' (R¥O% @, Px ®, M) q RAom, (M ,R°0OY))
_1/pEHE & L -1
— Run (g7 (RPO% Qg DX) Qp1g 4 M
®RAom 1, (q L GRY0))
L L
= Run((67 ' REOE @1, 07 Dx) @1, qulRE@’)'?)
L
~ Ry (q7 'R Ox 16, ¢ 'RPO%)
~ 05, 0% OF.
Here, we have used Lemma 4.3. Q.E.D.

Theorem 4.5 (Extended Riemann-Hilbert theorem). There ezists a canon-
ical isomorphism functorial with respect to .4 € D (Dx):

(4.2) M D OE =5 Fhom™ (Sols.(), OF) in B (1%x).

Proof. We shall apply [DK13, Lemma 7.3.7|. Recall that this lemma summa-
rizes deep results of Mochizuki [Mo09, Mo11] in the algebraic case completed
by those of Kedlaya [Kel0, Kell] in the analytic case (see also [Sa00]).

All conditions of this lemma are easily verified except conditions (e)
and (f) that we shall check now.

(e) Let f: X — Y be a projective morphism and let .# be a good holonomic
Z-module such that (4.1) is an isomorphism. We shall prove the isomor-
phism:
(4.3) Df. //@@’E Ihom™ (Sols (Df..4 ), OF).
By Theorem 3.11 (i) we have

9}/%){ ®j Ef ﬁE[dY—dx]
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Therefore, using Lemma 3.12, we get:
L
Dy+—xQ,, Ihom™ (SolS (), OF)
~ Shom™ (Sol§ (M), E f'OF [dy — dx]).
Hence, using Theorem 3.11 (iii) :
L
Ef.(Zvex ®g, SJhom™ (Sol§ (M), O%))

~ Jhom™ (EfySol§ (M), OF [dy — dx])

~ Shom™ (Sol&(Df.4), OF).
Hence, the right hand side of (4.3) is calculated as

Ihom™ (SolE(Df. M), OF)
(4.4) L . . .
~ Ef(Dyx ®,,  Jhom™ (Solx (A ), 0%)).
On the other hand we have:
£ L £ L D
Qy ®, Dfdl ~ Oy ®, Dy Df. M
D
DRE(Dy @ Df, M)
D

~ DR (Df(Dx—y @ M),

12

where the last isomorphism follows from the projection formula of [Ka03,
Th. 4.2.8]. Hence

E L E b
Oy @, Dfidl =~ DRy (Df(Dx—sy @M))
D
~ Ef.(DRX(Zx—y @ .4)),
where the last isomorphism follows from Theorem 3.11 (iii). Since
. D £ L D
L L
~ (QE{ ®ﬁX %> ®-@X -@X—>Y7
we obtain
£ L £ L L
OF @, Dfedl ~Ef((OK ®, M), Dx—v),

33



which is equivalent to

D L D
(4.5) Dftl @ Oy ~Ef(Dyi—x ®, (M 20%)).

By comparing (4.4) and (4.5) and assuming that (4.1) is an isomorphism, we
get isomorphism (4.3).

(f)-(1) Let Y C X be a normal crossing divisor, U = X \ Y and ¢ €
['(X; Ox(xY')) a meromorphic function on X with poles on Y. We shall first
prove that (4.1) is an isomorphism when .#Z = @@(f‘ X

Recall that P = P}(C) and denote by P; and P, two copies of P. Let 7
be the inhomogeneous coordinate of Py, (k = 1,2). Let grx: X xRy xRy —

X X R, be the projection (k = 1,2). Consider the maps

X xR, x R, X xP, xRy — 2 L X P, x Py

J
‘11Xl O l”XxD’\

X x Ry, X X x Py X x Ry,

Set K := Sol%(.#). Then by [DK13, Prop. 9.6.5], we have

ITE E 5E D ot
R7xxp,, RFhom (¢ L*(K),R*Ox p,) ~ M & Ox p, -
On the other hand, we have

z"X RWXXpl*Rﬂhom(q_lLE(K), RE@EX?)
~ Rqix,j' RIhom (¢'LM(K),R*0%,p)
~ Rqix, RIhom (j7 ¢ 'LM(K), j' R O% p,).

Since
REﬁ)Expl S ((éicupz) ® OX><]P’1><]P’2)[1]
we obtain
. Dt
x (/// ® OXlel)

~ Rq1x, RIhom (j_lq_lLE(K)aj!&xP ((gcupz) ®j]p OXleleQ)[l])-
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L
By applying the functor (é‘a{fl)r ®g, *, we get the isomorphism
1

DB ~E o N 2 ot
%@R ﬁ ~ ZX <(®@(C|P1) ®9}P’1 ('ﬂ@OXX]P’l)) [1]
. —T1—T: r L
~ R,qu* R,thm (q;;LE(K),] : Z;(X]PH ((éa(czﬂ%"lx%’z) ®@[P1><]P’2 O;(XplXPz)[Q])'
Let fi: X x(C,Py)x(C,Py) — X x(C,P) be the morphism given by (7, 72)
71+ 7o, and let p: X X Ry, X Ry = X X R, be its restriction. Since
éa—Tl—’TQ r L Ot 2 ~ D~*é&—7’ T L Ot 2
( (C2|]P’1><]P’2) ®@]P’1 xPo X><]P’1><]P’2[ ] - ( H (CUP) ®@P1 xPg X><]P’1><]P’2[ ]
~ —T\T L
>~ U ((Cg)(c“p) ®_@P Og{xP) [1]7

we get

1. —T1—T; T L
3 e (G2 @y, Oktrr,) ) 2]

Hence we obtain

D
M RREOE ~ Rqix,RIhom (g LF(K), ' REOL)
~ Jhom™ (LF(K),RFOE).

(f)-(2) Let Y C X be a normal crossing divisor, U = X \ Y as in (f)—(1).
We shall prove that (4.1) is an isomorphism when . has a normal form along
Y. We keep the notations of [DK13, Lemma 9.6.6]. Recall from [DK13, § 7.1,
7.2] that X := Xy is the real blow-up of X along Y and w: X — X is the
projection.

Similarly to Lemma 4.4, we have a morphism

(46)  ZE, OF — Shom*(SolS(£L).6F) for amy £ € D).

Let us first show that (4.6) is an isomorphism when . = .. Note that
by [DK13, (9.6.6)],

(4.7) 7w I Cy ® SolE (M) ~ Ew L Sol& ().
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Since .#“ is isomorphic to a direct sum of modules of type (£U| X)” we may

assume that .#Z“ = A4 with A = 5[}1 - In this case we have proved the
isomorphism

L
(4.8) N @, Ox =5 Jhom™ (Sol3(N), O%)
in (f)-(1). By [DK13, Th. 9.2.2],

6")5( ~ Ew'RAIhom (n7'Cy, OF).

Applying the functor Ecw'R.Zhom (77 1Cy, *) to (4.8), we obtain

X

L D
M@, OF = N @OF =5 Jhom™ (SolS (M), OF).

Therefore (4.6) is an isomorphism for . = .#“.
Hence, we obtain

///® Ew ' Ihom™ (17 'Cy, OF) ~ M7 <§L§>%? 6")%
~ Shom™ (Sol% (A7), Ew'RIhom (n~'Cy, O%))
~ fhom+(7r w 1CU®SOZE(.//'W) Ew'0L)
~ Shom™ (Ew ' Sol& (M), Ew'OE)
~ Ew' Shom™ (Sol§ (), OF).

Here, we have used (4.7). Applying the functor Ew, we obtain

M & RIhom (x~'Cyy, OF)
~ RAIhom (n'Rw.Cx, Shom™ (Sol (), OF))

~ Jhom™ (7" 'Rew,Cyx %) SolS (M), 0%).

Since 7 Cy@8ol§ (M) =~ Sol% (M), we also have 7' Rw,C 3 @8ol§ (M) ~
Sol ().

Since RFhom (17 'Cy, O%) ~ Ox(xY)®, Ox and MR, Ox(xY)~ 4,
we obtain isomorphism (4.2).

Thus condition (f) is checked, and this completes the proof of isomor-

phism (4.2) for an arbitrary .# € DP_(Zx). Q.E.D.
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Corollary 4.6 ( cf. [DK13, Th. 9.6.1]). There are isomorphisms, functorial
with respect to M € Dy (Dx):

M BOL =5 ThomP(Sol (M), 6F) in D(1Py),
M 22 Hom™(Sol5 (), 0F)  in DX (Zx).

Proof. We shall apply the functor ﬂhomE(C{tZO}, *) to isomorphism (4.2).
The first isomorphism follows by Proposition 3.10. The second isomorphism
is deduced from the first one by applying the functor ay. Q.E.D.

4.2 Functoriality of the De Rham functor

Proposition 4.7. The enhanced de Rham functor has the following proper-
ties.

(i) Let f: X — Y be a morphism of complex manifolds and let N €
DY yood(Py). There is a natural isomorphism

DRY(Df*A) [dx] =~ Ef'DRY(A) [dy].
(ii) Let f: X — Y be a morphism of complex manifolds and let .# €

DY pood(Zx). Assume that f is proper on supp(.#). Then there is a
natural isomorphism

DRE(Df,.M) ~Ef.DRS (A).

(iii) Let X be a complex manifold and let £ € DY (Zx) and .# € D*(Zx).
There is a natural isomorphism

E D - + E E
DRY(ZL @ M) ~ Fhom™ (Solx (L), DR (A)).

Proof. (i) and (ii) follow from Theorem 3.11. Let us prove (iii). By Theo-
rem 4.5, we have an isomorphism in EP(1Z%x):

D
(4.9) L @0OE 5 Fhom™ (Sol% (L), 0%).
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L
Let us apply .#" ®,, *+ to both sides of (4.9). We have
r L D E D r L E
M@, (LR0%) = (ML) R, O
D
~ DRS (M ® %),
and, using Lemma 3.12,
r L + E E\ + E r Z E
M ®, Ihom™ (Solx (L), Ox) =~ Jhom™ (Solx (L), 4" ®, O)
~ Jhom™ (Sol5 (L), DRE ().

Q.E.D.

Consider morphisms of complex manifolds

S
f g
(4.10) ) / \Y

Notation 4.8. (i) For .# € D°___4(Zx) and £ € D°___ 4(Zs) one sets

g-good g-good

(4.11) MO L =Dg.(Df* M © L.

(ii) For L € EP(ICg), F € EP(ICx) and G € EP(ICy) one sets
LG =Ef(L&Eg™'G), FOL:=Eg(Ef'F®L),

(412) O¥(G) = LG, UE(F)=Eg, shom"(L,Ef'F).

Note that we have a pair of adjoint functors

(4.13) ®F: EP(ICy) === EP(ICx): WE

Theorem 4.9. Let .# € D°_  (Zx), £ € D, .,(%s) and let L:=Sol5(L).

q-good g-hol
Assume that f~'supp(#) N supp(Z) is proper over Y. Then there is a
natural isomorphism in EP(ICy):

VE(DRS (M) [dy — ds] ~ DRE (M 0 L).
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Proof. Applying Proposition 4.7, we get:

D
DRE(M6.L) = DRE(D.(Df* M ©.2))
D
~ Eg.DRE(Df* M @ %)
~ Eg..%hom™ (Sol5(L), DRE(Df*.4))
~ Eg,fhom™ (L, Ef'DRE(A)) [dx — ds]
= UL(DRX(A))[dx — ds].
Q.E.D.
Corollary 4.10. In the situation of Theorem 4.9, let G € EP(ICy). Then
there is a natural isomorphism in DP(C)

L
RHom®(L oG, 0% ®, ) [dx — ds]

~ RHom" (G, O é% (///g.f))
Proof. Applying Theorem 4.9 and the adjunction (4.13), we get
RHom"(®7(G), DR5(#)) =~ RHom"(G, V[ (DR (A)))
~ RHom®(G, DRE(A 5.2)) [ds — dx].
Q.E.D.

Note that Corollary 4.10 is a generalisation of [KS01, Th.7.4.12] to not nec-
essarily regular holonomic Z-modules.

4.3 Generalization to complex bordered spaces

It is possible to generalize all the preceding results when replacing complex
manifolds with complex bordered spaces, as defined below.

Definition 4.11. The category of complex bordered spaces is defined as fol-
lows.

The objects are pairs (X, X ) where Xisa complex manifold and X C X is
an open subset such that X \ X is a complex analytic subset of X.
Morphisms f: (X, X ) = (Y, )A/) are complex analytic maps f: X — Y such
that
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(i) I'f is a complex analytic subset of X x Y and
(i) Ty — X is proper.

Hence a morphism of complex bordered spaces is a morphism of real
analytic bordered spaces.
Let X, = (X, X) be a complex bordered space. One sets

D*(9x..) = D"(Z5)/ { A s supp(tt) © X\ X} = D*(9y),
D} 004 (Zx..) i= Dl goou(Z5)/ {# supp(tt) ¢ X\ X}
Dlot(Zx.0) 1= Dioa (Z5)/ { s supp () € X\ X |

Dha(x..) i= Db(Z)/ {4 s supp(t) © X\ x

Dy st Zx..) 1= Dha(Px.)/ {4 s supp(tt) € X\ X}

Let f: Xoo = (X, X) = Yoo = (Y,Y) be a morphism of complex bordered
spaces. One sets

By = RP[Ff}(ﬁXxY) [dy].

Denote by p; and py the first and second projection defined on X xY. By
representing an object of D*(Zx_ ) by an object of D’(Z5) and similarly
with D*(%y,_), we define the functors:

Df*: DY(%y.) = D"(Zx.), A v Dpp(Dps' N & By),
Df.: D"(Zx.) = D"(%..), M — Dpy.(Dpy" Ml & By).
Also set:
(4.14) Dx_ —v.,, =By Ryto, ' o, Dy x. =% Dpriog P Q.

Lemma 4.12. Let A4 € D*(%y..) and let 4 € D*(Px..). Then

L
Df*e/V >~ Rpl*(-@Xoo—)Yoo Y —1JA p2 JV),

L
Df. M ~ Rps, (Dy, < x.. ®p;1@§ py ).
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Proof. After replacing the notations X and Y by X and }A/, this follows from
the formula, valid for .# € D*(2x) and £ € D*(Px.y):

L L L
.@Y(—XXY®@XXy(p1_1%®p;1ﬁX$) ~ pfl‘%r@p;lﬁxg'
Q.E.D.
Lemma 4.13. (a) The functor Df* above induces well-defined functors

Df*: D", .oq(Pv.) — DE..q(Zx..),

q-good q-good

Df*: DEO](‘@YOO> - DEO](‘@XOO>’

(b) Assume that the morphism f is semi-proper. Then the functor D f, above
induces well-defined functors

Df.: D2 pood(Zx.) = DY yooa(Dye),

q-good q-good

Df.: Dg-hol(@Xoo) - Dg-hol(@Yoo)-
The proof is obvious.

Definition 4.14. Let Xo = (X, X) be a complex bordered space and denote
by j: Xo — X the natural morphism. We set

(4.15) o%.=Ej 0%
We define similarly Q5 and we define the functors

DR _: D)

g-good

SOZE{O@ . DP

g-good

(Zx..) = E*(ICx..),
(Zx..)™ — E"(ICx..),

as in Definition 3.8.

Proposition 4.15. (i) Let f: Xoo — Yo be a morphism of complex bor-

dered spaces and let ¥ € DY 1(Dy..). There is a natural isomorphism

DR, (Df*A) [dx] = Ef DRE_ () [dy].

(ii) Let f: Xoo — Yo be a morphism of complex bordered spaces and let

M € D ,0a(Px..). Assume that f is semi-proper. Then there is a

natural isomorphism

DRS._(Df.M) ~Ef.DRS_(A).
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(iii) Let X be a complex bordered space and let £ € DY ((Px..) and M &
o good(.@_xw). There is a natural isomorphism

DRE_ (L & M) =~ Jhom™ (Sols_(L), DRE_(M)).

Proof. There exist a complex manifold Z and a proper morphism h: Z — ff
such that #X — X is an isomorphism. Hence, replacing (X, X) with
(X, Z) we may assume from the beglnmng that f: X — Y extends to a
morphism of complex manifolds f X =Y.

(i) Choose a representative A4 € D
tion 4.7 (i).

(ii) Choose a representatlve A" €D

qgood(-@A) of A4 and apply Proposi-

qgood(.@ ) of . Then Df,. 4 is repre-
sented by Df*(,///' ®RF[X](@}()). We have

D
DR (M @RI x)(O%)) ~ Ejx,Ejy'DRSG(A)
~ Ejx,DRS_(A4).

Applying Proposition 4.7 (ii), we get

~ D
DRY._(Dfot) ~ Ef.DRG (A @RI x(O%))
~ Ef.Ejx.Ejx'DRE(A)
~ Ef.DRS_(A4).

(iii) Choose a representative .#' of .4 as in (ii), choose a representative .Z”
of £ and apply Proposition 4.7 (iii) to .#" and Z". Q.E.D.

Consider morphisms of bordered spaces.

Suc
VN
Xoo Yo

Notation 4.16. (i) For .# € D} ,,.4(Zx.) and £ € D}

(4.16)

q- gOOd(‘@Soo) one sets

(4.17) MO L =Dg.(Df* M & L.
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(ii) For L € EP(ICg_ ), F € EP(ICx_ ) and G € E*(ICy_.) one sets

LEG = Efu(L & EgIG),

(4.18) .
PY(G)=LoG, VE(F)=Eg.Shom™ (L, Ef'F).

Here again, we get a pair of adjoint functors
(4.19) oF: EP(ICy, ) == EP(ICx_): ¥

Theorem 4.17. Assume that g is semi-proper. Let M € D} ,..4(Zx..), £ €
DY hoi(Zs.,) and let L:= Sol§ _(Z). Then there is a natural isomorphism in

EP(ICy..)
VE(DRE_ (M) [dx — ds| = DRE_ (4 5.2).

Note that, as particular cases of this result, we find a generalisation to
complex bordered spaces of Theorem 4.5 and Proposition 4.7.

Proof. The proof goes as for Theorem 4.9, using Proposition 4.15 instead of
Proposition 4.7. Q.E.D.

5 Enhanced Fourier-Sato transform

5.1 Enhanced Fourier-Sato transform

Let V be a real finite-dimensional vector space, V* its dual. Recall that the
Fourier-Sato transform is an equivalence of categories between conic sheaves
on V and conic sheaves on V*. References are made to [KS90]. In [Ta08],
D. Tamarkin has extended the Fourier-Sato transform to no more conic
(usual) sheaves, by adding an extra variable. Here we generalise this last
transform to enhanced ind-sheaves on V..

We set n = dimV and we denote by ory the orientation k-module of V,
i.e., ory = H™(V;ky). We have a canonical isomorphism ory ~ ory:. We
denote by Ay the diagonal of V x V.

We consider the bordered space Vo, = (V,V) where V is the projective
compactification of V, that is

V= ((VoR)\{0})/R".
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We shall work in the categories of enhanced ind-sheaves. If M, is a bordered
space and F' € DP(Iky;_), recall that in Definition 2.19 we set:

(51) €M(F) = 7T_1F ®k{t20} € Eb(kMoo)

Also recall that 7 is the projection M., x Ry, — M, and t is the coordinate
on R.

Recall (see (2.9)) that for a bordered space M., EP(ky,) is a full subcat-
egory of EP(Tky ).

We introduced the kernels

Ly := K= (zy)y € EP(kvxv+) C EP(Tkv_ xvs,),
LY = K{—— (o)} € EP(kvsv+) € EP(Tkyxvs, ).

Here, z and y denote points of V and V*, respectively.

(5.2)

Lemma 5.1. One has isomorphisms in EP(Iky_ xv..)

E
(5.3) o BEr ~
LV* oLy =% kAV* x{t=0} K ory [_n]

Proof. Of course, it is enough to prove the first isomorphism. Denote by
(x,y,2') a point of V x V* x V and denote by p the projection V,, x Vi x
Voo X Ry — Voo X Vo X Ry, We have in DP(Tky_ xv.xr..):

E _, +
LV e} LV* ~ Rp!!(kt:(x,y> & kt:_<xl7y>)

~ R,p!!(kt:(x—:c’,y>)
~ sz (kt:(x—m’,y>)7

where the last isomorphism follows from the fact that p is semi-proper (see
Diagram (2.7)).

The first morphism in (5.3) is deduced from the morphism ki, o,y —
K(s—ox{ti=0y. To check it is an isomorphism it is thus enough to calculate
the restriction of these sheaves at each fiber of V. x V xR — V x V (see
Remark 2.16).

The restriction of the left-hand side of (5.3). to (z,2") x R is

(5.4) kg @ory [l —n] ifx#a/,
' ki—oy ®ory [-n] if x =2
Since the image of kg in EP(Ik,;) is 0, we get the result. Q.E.D.

44



Now we introduce the enhanced Fourier-Sato functors

Eﬁv: Eb(IkVOO) — Eb(Ikv* ), Eﬁv(F) = FgLv,

oo

(5.5) E b b E E
g\‘;l E (Ikvoo) —E (Ikv;o), 9\3(1?) = FOLE\i/.

Applying Lemma 5.1, we obtain:

Theorem 5.2 (See [Ta08]). The functors E#y and EZ%. @ory [n] are equiv-
alences of categories, inverse to each other. In other words, one has the
isomorphisms, functorial with respect to F' € EP(Iky_ ) and G € EP(Iky: ):

EZS. 0 EFy(F) ~ F ®@ory [—n],
EFv 0 EZ0.(G) ~ G ®ory [—n].
Corollary 5.3. There is an isomorphism functorial in Fy, Fy € EP(Iky,_):

(5.6) RHom"(Fy, Fy) ~ RHom" (E%y (FY), B2y (FY)).

We shall give an alternative construction of E%#y. Denote by p; and p, the
projections from V x V* to V and V*, respectively and recall Notation 4.16
in which Soo = Voo X Vi, Xoo = Voo, Yoo = Vi, f =p1 and g = ps.

Corollary 5.4. The two functors E%y(+) and \11%3(-) ® ory [—n| are iso-
morphic.

Proof. The functor EZ.(+) ® ory [n] admits an inverse, namely the functor
EZv(+), and also admits \If‘%(-) ® ory [—n| as a right adjoint. Therefore,
these two last functors are isomorphic. Q.E.D.

For a bordered space M, denote by a;_: M, — pt the unique morphism
from M, to the bordered space pt.

Corollary 5.5. We have the isomorphism, functorial with respect to F €
EP(Iky, ) and G € EP(Iky):

EFu(Shom™ (F.Eay_(G))) ~ Shom* (EFY(F),Eayl (G))).
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Proof. One has the sequence of isomorphisms
Ihom™ (EFH(F), Ea\_,glo(G))) ®ory [n] ~ Lhom™ (EFG(F), Ea\!,goG)
~ Shom* (Epsy(L ® Ep; ' F), Eay. G)

~ Epy, Shom™ (LY, & Epi'F,Ep;Eay. G)

~ Epy,.Fhom™ (LY, Fhom™ (Ep;'F, Epl!Ea\!,wG))
~ Epy, Shom™ (L, Ep| Shom™ (F,Eay,_QG))

~ EZy(Fhom™ (F,Ea,_G)) ®@ory [n).

Here the last isomorphism follows from the preceding corollary. Q.E.D.

5.2 Operations

Let f: V — V' be a linear map of finite-dimensional vector spaces. We denote
by n and n’ the dimensions of V and V', respectively. We denote by 'f the
transpose of f.

Proposition 5.6. Let F' € EP(Iky_ ) and let G € EP(Iky, ). Then:
(5.7) P (EfuF) =~ EYf'ER(F),
(5.8) “AESTIG @ory [-n]) ~ E'f "R (G) @ory [—n).

Proof. Consider the commutative diagram

Ph

/_m

V' x V" <—V x V'~ AV

! |
p’ll O Pl\fh \ O l“f

\YA 7 V ” VXV*TV*

(i) Let us prove (5.7). Using Eg™' Ly, ~ Eh™' Ly, we have

Epyy (Ep'EfuF @ Lyi) ~ Eph,(EguE (p1oh) ' F @ Ly:)
EpézzEg!!(Eh_lEpl_lF®Eg_1LV/)
Epy Egn(ER'Ep;'F @ ER™'Ly)
E(ph o g)!!Eh_l(Epl_lF ® Ly)
~ EYEpyy(Ep; ' F @ Ly).

12

12

12
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(ii) Let us prove (5.8). Applying (5.7), we obtain
EAv-E'f (EPvG) ~ Ef'E29.57.G ~Ef'G ®ory [-n].
Hence
EREZLES (EPG) ~ EFAEfTIG @ory [-n],
and the result follows since
EAEFS. K ~ K @ory [—n].
Q.E.D.

5.3 Compatibility of Fourier-Sato transforms

We shall compare the enhanced Fourier-Sato transform with the classical
one, for which we refer to [KS90, §3.7].

Recall that one denotes by Dg. (ky) the full subcategory of D"(ky) con-
sisting of conic sheaves. We shall denote here by 8%y (F) the Fourier-Sato
transform of F' € Dp, (ky), which was denoted by F” in loc. cit. The functor
SZy: Db, (ky) — DL, (ky+) is an equivalence of categories.

Recall that one identifies the sheaf kg~ with its image in D" (Tkyxr..)
and that the functor

v Db(kv) — Eb(Ikvw), €V(F) = k{tZO} ®7T_1F

is a fully faithful embedding (see Proposition 2.20).
Consider the diagram of categories and functors

EFy

EP(Tky_ ) EP (Tky: )
(5.9) T Tev*

S 7,
D2, (ky) ————— D&, (ky-).

Theorem 5.7. Diagram (5.9) is quasi-commutative.

Proof. Consider the morphism of diagrams (in which we denote by 7 any of
the projections X x R, — X, with X =V, V*, etc.):

V x V* x Ry V x V*

N SN

V* x Ry
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(i) We shall first construct the morphism, functorial in ' € Dg, (ky):
(5.10) EZv o ey(F) — ey 0 5%y (F).

Consider the sequence of morphisms in DP(ky«xg):

R (K (o) © 51 (Kizo) © 7 F)) 2 Rpoy(Kigs gy © 917 F))
= Rpo (K0 (e gy @py 7 F))
~ Rpa (Kpz0p @ Koz ey @7 g7 F)
~ Kizoy O 'Rz (Ko ey} @41 F).

The image of these morphisms in EP(Iky-) gives the morphism (5.10). To
prove that it is an isomorphism, we again argue in D®(Ky«xg).
By the exact sequence

0 = Kiiz(@y)>0p © Kjostz(a)y = Kpzea)y = Kpzoz@y)y = 0,
it is enough to show that for any (y,t) € V* x R,

RE(Vik{ost> (@)} ® F)) =0,
RFC(V; k{t2<m,y)>0} ® F) ~ (.

Denote by h: V — R the map h(z) = (z,y) and set G = RInF € D"(kg).
Then

RE(Vi K(ost>(ay)) @ F) = RI({A € R;0 > ¢ > A} G),

5.11
( ) RI.(V; K> (z.4)>0) QF)~RI.({N € R;0 <\ <t};@4).

Since F'is R*-conic, so is G and the vanishing of the right-hand sides of (5.11)
follows. Q.E.D.

5.4 Legendre transform

In this section, we shall make a link between the enhanced Fourier-Sato
transform and the classical Legendre transform of convex functions.
As above, V is a real vector space of dimension n.

Definition 5.8. Let f: V — R U {400} be a function.
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(a) We say that f is a closed proper convex function on V if its epigraph
{(z,t) e VX R;t> f(x)} is closed, convex and non-empty.

(b) We denote by Conv (V) the space of closed proper convex functions on
V.

(c) For f € Conv(V), we denote by dom(f) the set f~1(R) and call it the
domain of f. We denote by H(f) the affine space generated by dom(f)
and by dom®(f) the interior of dom(f) in H(f).

(d> We define f*: V: = RU {_'_OO} by f*(y) = Supmedom(f)(<x7y> - f(.flf))
and call f* the Legendre transform, or the Legendre-Fenchel conjugate
or the convex conjugate of f.

Note that
e the set dom(f) is convex and non-empty,

e the function f* is also a closed proper convex function, that is, belongs
to Conv(V*),

o f** = f. Hence, * gives an isomorphism Conv(V) =% Conv(V*).
Now we introduce the set:

E(f) = {v € V; there exists a € R such that f(z+v) = f(z) +a
for any z € V}
= {v € V; there exists a € R such that f(z +tv) = f(z) + ta
for any x € V,t € R}.

Denote by H* the orthogonal vector space to an affine space H C V*, that
is, H = {v € V* ; v| is constant}. Then

E(f) =H(f)"
In particular, dim E(f) = codim H(f*). In the sequel, we set:
(5.12) d(f) = dimE(f) = codim H(f*).
In the theorem below,
{t= f(@)}={(z,1) eV xRt > f(a)}
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is a closed subset of V x R and
{t > —f(z), € dom’(f)} :={(z,t) e VxRt > —f(x), x € dom®(f)}

is a closed subset of dom°(f) x R, and hence it is a locally closed subset of
V x R.

Theorem 5.9. For f € Conv(V), we have isomorphisms:

(5:13)  SAv(K(zs@)) = Kz (e —yedome ()} @ 0rn(p) [d(F)],
(5.14)  EAV(Kiez - p(a), sedome (1)) = Ko=)y ® 0rna(y) [— dim H(f)].

Proof. 1t is enough to prove the second isomorphism. Equivalently, it is
enough to prove:

"IV (K< f(a)aedom®(1)}) = Kii< s+ ()} ® 0Ty [— dim H(f)].
By the definition
EPv (Kt o) wedom® (£)}) = RD2K{t<— f(@)+ (e.9)wedom® ()} s

and we have a natural morphism
Kio ;1< @)+ (@), vedom® (1)} = Kizen(p), < =)}
This defines the morphism

P (K{i< - f(a) wedom®(1)}) = Kir<s=()} @ 0T n(py [— dim H(f)].

To check that it is an isomorphism, choose (y,t) € V* x R. Then

(S (K< — s () wedom® (1) () = REe(V; Kizedome (1) s t<— f(@)+ (0 })
N {oer ~dimH(f)] if {z € dom®(f) ;¢ < —(x) + (z.4)} # 0.

0 otherwise.

To conclude, notice that {x € dom°(f);t < —f(x) + (x,y)} # 0 if and only
if t < f*(y). Q.E.D.

Recall the notation (5.1).

50



Corollary 5.10. Let G C V be a non empty compact convex subset. Define
pa: V' = R by po(y) = infueq(x,y). Then

Efv(€M(kg)) ~ k{thg(y)} ®ory.
Proof. Define the function
f(x)=0ifz € G and f(z) =40 if x ¢ G.

Then f € Conv(V), f*(y) = sup,cq(z,y), dom’(f*) = V*, d(f) = 0 and
—f*(—y) = ps(y). Then the result follows from isomorphism (5.13). Q.E.D.

Corollary 5.11. Let U C V be a non empty open convex subset. Define
pr: V¥ = RU 400 by pfi(y) = sup,ey (@, y). Then

EEVm (E:M(kU)) ~ k{tZ;Dﬁ(y)} ®01"V [_n]
Proof. As in the proof of Corollary 5.10, define the function
f(x)=0if 2 €U and f(z) = +ocif v ¢ U.

Then, dom®(f) = U, H(f) = V, f* = pf; and the result follows from
isomorphism (5.14). Q.E.D.

We endow V with an Euclidean norm and denote by d the associated
distance.

Lemma 5.12. Let ¢ be a strictly decreasing convex function defined on R+
(e.g. p(t) = —logt or p(t) =t~ with A\ € Ry ), and let ) be an open convex
subset of V such that Q@ # V. Then the function o(d(z,V \ Q)) is a convex
function on Q.

Proof. Let z; € Q and a; € Ry (j = 1,2) with a; +ay = 1. Set zp =
a1z + asxy and r; = d(z;,V\ Q) (j = 1,2). It is enough to show that
¢(d(z0,V\ Q) < arp(r1) + asp(r2) or equivalently

d(wo,V\ Q) > 1o := <P_1(CL1<P(7”1) + @2<P(7”2))-
This is equivalent to saying that

{z;|x — x| <19} C Q.
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Since ¢ is convex, @(a1r1 + asry) < ayp(ry) + asp(ra) = p(rg). Since ¢ is
strictly decreasing, we have ajry + asre > 1. Let x = x¢ + y with |y| < 7.
Let us show that x € €.

Since |——y| <r; (j =1,2) and {2 ; [z — z;| <r;} C Q, we have
T
T+ —L—y e
J a1ry + CLQTQy
Hence Z?:l aj(z; + my) = 1o + y belongs to Q. Q.E.D.

6 Laplace transform

6.1 Laplace transform

Recall the Zx-module éaU_& and Notation 3.6. We saw in (3.6)

+
(6.1) Sol5 (&%) = Cx @ Cli—Reyy-

We shall apply this result in the following situation.

Let V be a complex finite-dimensional vector space of complex dimension
dy, V* its dual. Since V is a complex vector space, we shall identify ory
with C. We denote here by V the projective compactification of V, we set
H = V\ V, and similarly with V" and H*. We also introduce the bordered
spaces

Voo = (V,V), V5 = (V,V).
We set for short
X=UxV,U=VxV,Y=X\U.
We shall consider the function
e: Vx V' = C, o(z,y) = (z,y)
We introduce the Laplace kernel
(6.2) z = &Y.

Recall from Corollary 5.4 that the kernel of the enhanced Fourier transform
with respect to the underlying real vector spaces of V and V* is given by

L% :=K{—— Re(zy)} € E"(ICv_ xv2).
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Lemma 6.1. One has the isomorphism in EP(ICx)

(6.3) SolE (%) ~ CB & EjuLs,
where j: Voo x Vi — X is the inclusion.
Proof. This follows immediately from isomorphism (6.1). Q.E.D.

In the sequel, we denote by Dy the Weyl algebra on V. We also use the
(Dy s+, Dy )-bimodule Dyyy+—sy+ similar to the bimodule Zx sy of the the-
ory of Z-modules, and finally we denote by Oy the ring of polynomials on
V.

The next result is well-known and goes back to [KL85] or before.

Lemma 6.2. There is a natural isomorphism
(6.4) Dy (+H) 6 L ~ Do (+H") @ det V.

Proof. Using the GAGA principle, we may replace %5 (xH) with Dy, Zg- (xH)
with Dy-, .Z with Dyyy-e@¥ and thus Z(+H) 6.2 with

L L
(65) DV*<_V><V* ®DV><V* (DVXV*e<x7y> ®OVXV* DVXV*%V*)-
This last object is isomorphic to

L L
(,y)
(DV*<—V><V* D0y e DVXV*—)V) O e Dyxy«e™Y.

Since

L
Dy-—vxve Qg . Dvxv-—v = Dyxy- @ det V7,

*

the module (6.5) is isomorphic to Dy,y-e®¥ ® det V*. Finally, one remarks
that the natural morphism Dy« — Dyyy-e®¥ is an isomorphism.  Q.E.D.

In the sequel, we shall identify Dy and Dy« by the correspondence z; <>
—0y,, Oy, <> y;. (Of course, this does not depend on the choice of linear
coordinates on V and the dual coordinates on V*.)

Theorem 6.3. We have an isomorphism in DP((IDy)y- )

(6.6) CF(O5,) ~ O, @detV [—dy].

53



Proof. Set K = Sol§_ (). By Theorem 4.17, we have
U(DRS_ (M) [~dy) = DRE. (M 2.2).

+
By Lemma 6.1, K = Cf_ «vs. ® Ly« and by Corollary 5.4, the functor EZy
is isomorphic to the functor \I]Ei‘/ [—2dy]. Since

Shom™ (Cy_,DRY_(M)) ~ DRG_(A),
we have
U (DRG_ (M) = Vo (DRG_(M)).
Therefore
“F4(DRS_(M)) = DRS_(M 3 ZL) [~dy).

Now choose .# = P5(xH) and apply Lemma 6.2. Since DRY_(.#) ~ QF
and DR‘E/&) (A ]8.;2”) ~ Of  ®det V*, we obtain

“Fy(QF.) ~ 5, @det V* [—dy].
Hence, it is enough to remark that
Q5 ~ 05 ®det V* and QE,:O o~ 6"5& ®det V.
Q.E.D.

Remark 6.4. (i) Symbolically, isomorphism (6.6) is given by

E 7y (05 ) @det V* 3 p(x)dw — /ap(:)s)e_<x’y>dat € 6"5;0.

(ii) The identification of Dy and Dy is by:
Dy > P(x,0,) < Q(y,0,) € Dy-
= P(z,0,)e™" = Q*(y,9,)e ™Y
= P*(2,0,)e " = Q(y,0,)e” @)

Here Q*(y, 0,) denotes the formal adjoint operator of Q(y,d,) € Dy-.

o4



Applying Corollary 5.3, we get:

Corollary 6.5. Isomorphism (6.4) together with the enhanced Fourier-Sato
isomorphism induce an isomorphism in DP(Dy), functorial in F € EP(ICy,_):

(6.7) RHom"(F, 05 ) ~ RHom" ("%y(F), 03, ) ® det V [—dy].
As a consequence of Corollary 6.5, we recover the main result of [KS97]:

Corollary 6.6. Isomorphism (6.4) together with the Fourier-Sato isomor-
phism induces an isomorphism in D*(Dy), functorial in G € DR, (Cy):

(6.8) RHom (G, Oy) ~ RHom (°%(G), O4.) ® det V [—dy].

Proof. By Theorem 5.7 we have the isomorphism E%y(ey(G)) = ey-5Fy(G),
where ey is given in (2.14). Applying isomorphism (6.7) with F' = ey(G), we
obtain

RHom" (ev(G), €y ) ~ RHom" (ey-%(G), Oy, ) ® det V [—dy].
By Proposition 3.10, we have

RHom"(ey(G), 05 ) ~ RI(V; oy Ihom® (ey(G), 0y )
RI(V; ay RFhom (G, Oy))
~ RHom (G, Oy),

12

and similarly RHom® (ey-5%y(G), 0§, ) ~ RHom (*%y(G), O4.). Q.E.D.

6.2 Enhanced distributions

Let M be a real analytic manifold and consider the natural morphism of
bordered spaces

j: M xRy — M x P.
Definition 6.7 ( See [DK13, Def. 8.1.1]). One sets
Dby, = j' R#om , (68, Dby p)[1] € D’ (IChxz..),

and denotes by Db, the corresponding object of EP(I1Zy).
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Proposition 6.8 ( See [DK13, Pro. 8.1.3]). There are isomorphisms
REDVE, ~ Db], in D*(ICyxr..),
+
CY, @ DVE, ~ Db, in EP(12y).

Remark 6.9. Let X be a complex manifold and denote as usual by Xg
the underlying real analytic manifold to X and X°¢ the complex conjugate
manifold. Then

(6.9) OF ~ RAom ., . (7 Oxe, DY,).

Definition 6.10. Let U C M be an open subanalytic subset and let ¢: U —
R be a continuous map. We say that ¢ is of class (ASA) (almost subanalytic)
on U if there exists a C*°-function ¢): U — R such that

(i) ¢ is subanalytic on M, that is, the graph I'y, C U x R is subanalytic in
M x R,

(ii) there exists a constant C' > 0 such that |p(z)—v(z)| < Cforallx € U.
In such a case, we say that ¢ belongs to the (ASA)-class of .

Conjecture 6.11. Let U C M be an open subanalytic subset and let
p: U — R be a continuous map, subanalytic on M. We conjecture that
such a ¢ is always of class (ASA).

Let U and ¢ be as above with ¢ of class (ASA) and let us choose 1 as in
Definition 6.10. For an open subanalytic subset V' of M, we set:

(6.10) e Dbl (V) = {u € Dby (VNU); e¥u e Dy, (UNV)}.

The correspondence V' — e¥DbY, (V) defines a sheaf on Mj,, hence an ind-
sheaf on M. We denote this ind-sheaf by e~ ¢Dbt,.

Theorem 6.12. Let ¢ be a continuous function on a subanalytic open subset
U of M. Assume that ¢ is of class (ASA). Then the right-hand side of (6.10)
does not depend on the choice of 1 as soon as ¥ belongs to the (ASA)-class
of p. Moreover, we have isomorphisms in D®(1%y)

e ?Db', ~ jhOmE((C{tZ@(:v),meU}v Db5,)

(6.11) .
~ R?T* thom (C{t<¢(w) ;xeU} ijom%(@@ém), DbeP))'

In particular, these objects are concentrated in degree 0.
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Proof. (i) Since
+ +
Ch ® Cy, ~ C}; ® Cyy,,
we have
thmE(C{Q(p(x),er}, Dbg/[) ~ fhomE(C{tzw(x)ver}, 'DbE/[)

Hence, the fact that the right-hand side of (6.10) does not depend on the
choice of ¢ will follow from (6.11). Therefore, we may assume from the
beginning that ¢ is C* and subanalytic on M (see Definition 6.10 (i)).

(ii) Set W, = {(z,t) ;t < ¢(x);x € U}. It is enough to show
(6.12) e #Db},(U) ~ RHom (Cy, [1], Dby,).

(iii) Since Dby, p(M x P) — Db, p(W) is surjective, 9; — 1 acting on
Db, p(W) is surjective. It follows that the right-hand side of (6.12) is
concentrated in degree 0. Set for short

(6.13) S({t < ¢}) :={u € Dbar(U) ; €"ul{r<p(a)} is tempered on M x P} .
Then
Hom (Crcyp(ayy, R#Om (&7, Dbyyp)) ~ S{t < 0}).

(iv) Assume that v € I'(U; e ¥Dbj,). Let w € Db(M) such that wy, = e®u.
Then e'u = ¢!~ ?@w and e!~%®) is a C*®-function tempered as a distribution
on the set {(x,t) ;t < ¢(x)}. Therefore, u € S({t < p}).

(v) Assume that u € S({t < ¢}). Let w € Db(M x P) such that w|y<, =
e'ulf<yy. Let us choose a C*-function x(t¢) supported on {t € R[] < 1}
with [, x(t 4+ 1)e'dt = 1. Then x(t — ¢(z) + L)w = x(t — ¢(x) + 1)e'u and

efu = /Rx(t —¢(z) + Dwdt|y

is tempered. Q.E.D.

Lemma 6.13. Let U be an open subanalytic subset and let f: U — RU{+o0}
be a map such that the set {(x,t) e U xR ;t> f(z )} is closed in U x R
and is subanalytic in M x R. Then the ob]ects Ihom™(Cyi>payy, DV5,) and

RHom"(Cyss s()y, DVE;) are concentrated in degree 0.
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Proof. (i) We know that Rm, R#hom (Cy>f(x)y, Db}, ) is concentrated in
degree 0. Then fhomE(C{tZ @)}, Db5;) is represented by the complex

Rﬂ'* R.-Zhom (C{th(:B)}a Dbg\/[xﬁ) ﬂ) Rﬂ'* R.-Zhom (C{t>f(gc )} DbeR)

concentrated in degrees —1 and 0. Hence, it is enough to check that the
operator 0, — 1 acting on Rm, RFhom (Cyi> f(2)y» Db &) is a monomorphism.
This follows from

{u € Doy (U x R); (9, = 1)u = 0, supp(u) C {t = f(x)}} = 0.

(i) Similarly, the complex RI'(M; Rm.Ro#0om (Cys 2y, Dbgwxﬁ)) is concen-
trated in degree 0 and the operator 0, — 1 acting on this object is injective.
Q.E.D.

6.3 Examples

In this subsection, we shall give some applications of Corollary 6.5 by using
Theorems 6.12 and 5.9. As above, V is a complex vector space of dimension
dy. We shall often identify V with the underlying real vector space of real
dimension 2dy.

Theorem 6.14. Let f € Conv(V). Then
(i) We have an isomorphism
RHom"™(Cpiz sy}, O, [dv]
~ RHom"™ (Cys— p+(—y),—yedom®(f)} @E&)) ® detV
by the Laplace isomorphism (6.7).

(i) Assume further that f is subanalytic on V and dom®(f*) is an open
subset of V*. Then, these objects are concentrated in degree 0.
Proof. (i) follows from Corollary 6.5 and Theorem 5.9.
(ii) The object @5 _ is represented by the Dolbeault complex

(0,0) 8

0F ~Dbl'"" =0 - DIl —Dpr " S0,

in which Dby "’ stands in degree 0. Then it follows from Lemma 6.13
applied with M = V that RHom"(Cys )y, OF ) [dv] is concentrated in
degrees [—dy, 0] and RHom"™(Cyys_ p+(—y) —yedome ()}, O . ) is concentrated
in degrees [0, dy]. Q.E.D.
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Let U C V be an open convex subanalytic subset and let p: U — R be
a continuous function. We assume that ¢ is of class (ASA) on V. We define
the object Ol € D"(ICy) by the Dolbeault complex:

[ t (0,0) ¢ (0,dy)
(614) ecpov =0— e“prV = s = e‘PDbV v = 0.

Hence, RI'(U; e#O¢) := RHom (Cyp, e#Og) is represented by the complex

0 = Db, "V(U) & - D" () = 0.

Corollary 6.15. Let U be an open convex and subanalytic subset of V. Let
w: U — R be a continuous function and assume that ¢ is convex and of class
(ASA)on V (see Definition 6.10). Let ¢ € Conv(V) be the unique function
such that ¢y = ¢ and dom®(p) = U. Then

(a) RI(U; e¥0y) is concentrated in degree 0 and its 0-th cohomology is the
space e¥OL(U) = {ue Oy(U); e ?u is tempered in V}.

(b) Assume moreover that ¢* is of class (ASA) on V and dom(g*) = V*.
Then RI'(V*, e‘“”*(’)%*) is concentrated in degree dy and the Laplace tra-
nsform induces an isomorphism between the space e“”O%(U) and the space

H* (RD(V*e™? OL.)).

Proof. This follows from Theorems 6.14 and 6.12 applied to the function ¢*.
Q.E.D.

For an open subset 2 of V, we set for short
do(z) = d(z, V\ Q),

and consider the Dolbeault complex (6.14) in which ¢(z) = dg(z)™ (A €
Qo). For a subanalytic open subset U of 2, we get the complex

0 — eda@ Dyt @01y 2y ..
(6.15)

. i edg(x)’k'DbgV(OvdV)(U) =0

Corollary 6.16. Let Q2 and U be open convex subanalytic subsets of Vo, with
UcCQ, and let X € Qsg. Then, if do(x)~> is of class (ASA), the complex
(6.15) is concentrated in degree 0 and its 0-th cohomology is the space

—A

ele” OL(U) := {u € Oy(U) ;: e~y is tempered in V} :
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Proof. Apply Corollary 6.15 with ¢(z) = dg(z)~*. This function is convex
by Lemma 5.12. Q.E.D.
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