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SOME INSIGHTS ON BICATEGORIES OF FRACTIONS - III

EQUIVALENCES OF BICATEGORIES OF FRACTIONS

MATTEO TOMMASINI

ABsTrACT. We fix any bicategory &/ together with a class of morphisms
W, such that there is a bicategory of fractions & [W;}] (as described
by D. Pronk). Given another such pair (%, Wg) and any pseudofunctor
F : o/ — A, we find necessary and sufficient conditions in order to have an in-
duced equivalence of bicategories from .o/ [W;}] to A [W;;] . In particular,
this gives necessary and sufficient conditions in order to have an equivalence

from any bicategory of fractions </ [W;;] to any given bicategory .
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INTRODUCTION

In 1996 Dorette Pronk introduced the notion of (right) bicalculus of fractions
(see ), generalizing the concept of (right) calculus of fractions (described in
1967 by Pierre Gabriel and Michel Zisman, see [GZ]) from the framework of ca-
tegories to that of bicategories. Pronk proved that given a bicategory ¢ together
with a class of morphisms W (satisfying a set of technical conditions called (BF)),
there is a bicategory ¢ [W '] (called (right) bicategory of fractions) and a pseu-
dofunctor Uw : € — € [W_l]. Such a pseudofunctor sends each element of W
to an internal equivalence and is universal with respect to such property (see
Theorem 21]). In particular, the bicategory € [W’l} is unique up to equivalences
of bicategories.
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In [T2] Definition 2.1] we introduced the notion of right saturated as follows: given
any pair (¢, W) as above, we define the (right) saturation Wy, of W as the class
of all morphisms f: B — A in %, such that there are a pair of objects C, D and a
pair of morphisms g : C' — B, h : D — C, such that both f og and g o h belong
to W. Then we were able to prove that also (¢, Wgat) admits a right bicategory
of fractions ¢ [Ws_aﬂ, that is equivalent to € [Wfl]. This allowed us to prove the
following result (for the notations used below for bicategories of fractions, we refer
directly to [Prl § 2.2 and 2.3]).

Theorem 0.1. [T2| Theorems 0.2 and 0.3(A) and Corollary 0.4] Let us fix any 2
pairs (2, W) and (B, W g), both satisfying conditions (BF), and any pseudo-
functor F : of — PB. Then the following facts are equivalent:

(1) Fi(Wa) € Wz gats

(”) fl(w&z{,sat) - W%,sat;

(i¢) there are a pseudofunctor G and a pseudonatural equivalence k as below

F

4 B
Uw,, 7w U,
A (W] - s 2W;

(i) there is a pair (G,k) as in (i), such that the pseudofunctor p,, : o —
Cyl (55 [W;;D associated to k sends each element of Wy to an internal
equivalence (here Cyl(€) is the bicategory of cylinders associated to any given
bicategory €, see [Bl pag. 60]).

Moreover, if any of the conditions above is satisfied, then there are a pseudofunctor

G: ,Q%{W;;} — ,@[W;;Sm}
and a pseudonatural equivalence K : Uw, ,, o F = Go Uw,, such that:

e the pseudofunctor pz : o/ — Cyl (,%’ [Wé}satD associated to K sends each

morphism of W o to an mterngl equivalence;
e for each object Ay, we have Gy(Ag) = Fo(Aw);
o for each morphism (A, W, for) : Aoy — By in o [W;ﬂ, we have

G (Al s for ) = (FolAly), Falwar), Filfir) )

e for each 2-morphism

[Aédvvizfvvfzfaad;ﬂd} : (A}Qfﬂw}af’f;{) == (A;,Wig,f;)

in of [W;ﬂ, we have

’ng([Ai{’V}z{’Vi{aaWaﬁﬂf}) = {fO(A?z{)afl(Viz{)’fl(Vi{)a (0'1)
-1 -1
Ve, O F2(0)© (W) 9Ty, @ FaBe) @ (V) |
(where the 2-morphisms V] are the associators of F).
In addition, given any pair (G, k) as in (i), the following facts are equivalent:
(a) G: A (W' — B[W,'] is an equivalence of bicategories;
(b) G: AW — %’[ng}sat] is an equivalence of bicategories;



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS - III 3

Using the technical lemmas already proved in [T1] and [T2], in the present paper
we will identify necessary and sufficient conditions such that (b) holds. Combining
this with the previous theorem, we will then prove the following result.

Theorem 0.2. Let us fix any 2 pairs (o, W o) and (B, W g), both satisfying

conditions (BF), and any pseudofunctor F : of — B such that F1(W o) C W z gat.

Moreover, let us consider any pair (G,k) as in Theorem [ILI(iv). Then G is an

equivalence of bicategories if and only if F satisfies the following 5 conditions.

(A1) For any object Ag, there are a pair of objects Ay and Ay and a pair of
morphisms W}@ m Wg and W?@ in Wgsat, as follows:

W

Fo(Ag) Ay Ag.

(0.2)

A2) Let us fix any triple of objects AL, A%, Az and any pair of morphisms w
o =4 B
m Wg and WQg8 N Wz sar as follows

1 2
W W

Az Fo(A2%).

FolAy) (0.3)

Then there are an object A3,, a pair of morphisms w', in W and w2, in
W sar as follows

Ay Al

A%

and a set of data (Aly,zl,,2%,v5.7%) as follows

Az
W W
25
Fo(A) U % Ay I % Fo(A2)),
Fo(A3))

such that z', belongs to W g and both v., and v%, are invertible.

(A8) Let us fix any pair of objects By, Az and any morphism fg : Az —
Fo(Bu). Then there are an object Ay, a morphism for @ Ay — Be and
data (Aly, v, v%, az) as follows

| az Fo(Bw),

Ay
v;\’ Fo(Aw) —

F1(fer)

with v}@ n W, V?% in W g sar and ag invertible.

(A4) Let us fix any pair of objects Ay, Boy, any pair of morphisms fL,, f2,: Ay —
By and any pair of 2-morphisms v.,, 72, : fL, = f2,. Moreover, let us fix an
object A’y and a morphism zg : Ay — Fo(Aw) in Wag. If Fo(vL) xi,, =
Fo(v%)) * iy, then there are an object A', and a morphism zy : AL, — Ay
i Wy, such that *y}?{ * 1, = *yi, * 0y,
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(A5) Let us fiz any triple of objects Ao, Boy, Az, any pair of morphisms fL,, %
Ay — Bey, any morphism vg : Ag — Fo(Ay) in W and any 2-morphism

V%/_) ]:O(Ad) Fi(fy)
Az I az Fo(Ber)-
Vf,a\" ]:0(14%) —/]:1(]”;)

Then there are a pair of objects A',,, A'y, a triple of morphisms vg : A, —
Ay in Wy, 25 : Ay — Fo(AL,) in Wy and 2’y : A’y — Ag, a 2-morphism

vg{/—> e

A, 4 am\ By
W\_) » /fﬁf’

and an invertible 2-morphism

s Fo(dly) — 0
/—>
Ay J oz Fo(Aw),

\ Ag —/vg)

]

such that ag * iy, coincides with the following composition:

/

Z gz Fl(fi{)OV.@

Az
1
Y efl(f;)v\'@,z'gg

V# OZyp ]'-O(Ag{) F1(fer)

—1
(3 Oxp

I 1 Ver )22
e Flva)ma g oF ()

F1(ver)ozg \

Zgs

1
Aty FolAy) 4 0F, 0 Falaw) @ (05 ) FolBu)
Fi1(ve)ozg /
U g1 F1(f2)oF1(Ver)
I oz F1(f%),F1(ver) 28

— Fo(A) ;
Vg 0z Fi(f,
B B 1( 91) U, efl(f;),ng},Z,@

A
Zon “ Fi(f2)ova

(0.4)
(here the 2-morphisms of the form O are the associators of AB).

In this way we have established an useful tool for checking if any 2 bicategories of
fractions &/ [W;] and A [W;al} are equivalent: it suffices to define a pseudofunc-
tor F : &/ — A, such that F1(Wy) C Wz and such that conditions (ATl -

(A5) hold.

We are going to apply explicitly Theorem [I.2]in our next paper [T3|, where £ will
be the 2-category of proper, effective, differentiable étale groupoids and W 5 will be
the class of all Morita equivalences between such objects. The role of the bicategory
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o/ will be played by a 2-category (Red Atl) whose objects will be reduced orbifold
atlases; the class W, will be the class of all morphisms that are “refinements” of
reduced orbifold atlases (see [T3| Definition 6.1]).

In the second part of this paper we are going to consider the following result about
bicategories of fractions (a direct consequence of [Pr, Theorem 21]):

Theorem 0.3. [Pr] Let us fix any pair (o7, W o) satisfying conditions (BF), any
bicategory X and any pseudofunctor F : of — B. Then the following facts are
equivalent:

(1) F sends each morphism of W o to an internal equivalence of B;

(2) there is a pseudofunctor G : o [Wg}] — B and a pseudonatural equivalence
of pseudofunctors & : F = G olUw,,, whose associated pseudofunctor o/ —
Cyl(#B) sends each morphism of W o to an internal equivalence.

As a consequence of Theorem [0.2] we are able to improve Theorem [0.3] as follows.

Theorem 0.4. Let us fix any pair (o7, W o) satisfying conditions (BF), any bica-

tegory $B and any pseudofunctor F : of — B, such that F sends each morphism

of W to an internal equivalence of %. Let us also fix any pair (G,%) as in The-

orem [3(2). Then G : o [W;] — A is an equivalence of bicategories if and only

if F satisfies the the following 5 conditions.

(B1) Given any object Ag, there are an object Ay and an internal equivalence
en: Fo(Aw) — Az (i.e. Fy is surjective up to internal equivalences).

(B2) Let us fix any pair of objects Al,, A%, and any internal equivalence eg :
Fo(AL)) — Fo(A2,)). Then there are an object A3,, a pair of morphisms
W}Z{ : AE’Z{ — A}Z{ m Wy and sz{ : Af’z{ — Ai{ in Wy sat, an internal
equivalence ey : Fo(Al)) — Fo(A3,)) and a pair of invertible 2-morphisms as

follows:
e
52
m Fo(A2)
Fo(,) Ry = _
U 6% ]-"1(Wi¢) ]:O(Ag{)
idrya1)

(B3) Let us fix any pair of objects Boy, Ag and any morphism fg : Ag — Fo(By).
Then there are an object Ay, a morphism fo @ Ay — By, an internal
equivalence ez : Ag — Fo(Aw) and an invertible 2-morphism az : fz =
Fi(fer) o esm.

(B4) Let us fiz any pair of objects Ay, By, any pair of morphisms fL,, f2, :
Ay — By and any pair of 2-morphisms L, 7%, fL, = f%, such that
that Fo(vY,) = Fa2(v%). Then there are an object A, and a morphism
zo t Ay = A in Wy, such that o, xi,,, =72 *i,,,.

(B5) Let us fix any pair of objects Agr, Boy, any pair of morphisms fL,, f2,: Ay —
By and any 2-morphism ag : Fi(fL,) = Fi(f%). Then there are an object
A, amorphism vy + A", — Ay in W oy and a 2-morphism oy : fLove, =
f2, 0V, such that

QB *UF (vy) = 1/{3”9{ O Falaw) © (1/);;\,9{)
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Therefore, Theorem [0.4] fixes the incorrect statement of [Prl Proposition 24]: such
a Proposition was giving necessary and sufficient conditions such that G as above
is an equivalence of bicategories, but it turned out that such conditions were only
sufficient but not necessary (we refer to the Appendix for more details about this).

In particular, Theorem [0.4] implies the following result.

Corollary 0.5. Given any pair (o7, W o) satisfying conditions (BF) and any bi-
category B, the following facts are equivalent:

(a) there is an equivalence of bicategories o/ [W;}] — B;
(b) there is a pseudofunctor F : &f — A such that
o F sends each morphism of W o to an internal equivalence of #;

o F satisfies conditions (BI) — (BH).

Conditions ([A]) and (B]) simplify considerably in the case when & and £ are both
1-categories (considered as trivial bicategories). In that case, all the 2-morphisms
in those conditions are trivial, thus all such conditions are much shorter to write;
moreover, conditions (A4)) and (B4)) are automatically satisfied.

In all this paper we are going to use the axiom of choice, that we will assume from
now on without further mention. The reason for this is twofold. First of all, the
axiom of choice is used heavily in [Pr] in order to construct bicategories of fractions.
In [T1), Corollary 0.6] we proved that under some restrictive hypothesis the axiom
of choice is not necessary, but in the general case we need it in order to consider
any of the bicategories of fractions mentioned above. Secondly, even in the cases
when the axiom of choice is not necessary in order to construct the bicategories
o [W;ﬂ and % [W;al], we will have to use often Theorem [0.Il Such a result
was proved in [T2] using several times the universal property of any bicategory of
fractions ¢ [W 1], as stated in [Pr, Theorem 21]; the proof of that result in [P1]
requires most of the time the axiom of choice (since for each morphism w of W one
has to choose a quasi-inverse for Uw (w) in € [W~']), hence we have to assume
the axiom of choice also in this paper.

1. NOTATIONS

Given any bicategory %, we denote its objects by A, B,---, its morphisms by
fsg, - and its 2-morphisms by «, 3, -+ (we will use A, f¢,ag, -+ if we have
to recall that they belong to ¥ when we are using more than one bicategory in the
computations). Given any triple of morphisms f: A —- B,g: B—C, h:C — D
in €, we denote by 6}, 4,5 the associator ho (go f) = (hog)o f that is part of the
structure of ¢’; we denote by m¢ : foida = f and vs :idgof = f the right and left
unitors for ¢ relative to any morphism f as above. We denote any pseudofunctor
from € to another bicategory 2 by F = (Fo, F1,Fe, VI, 07) : € — 2. Here

for each pair of morphisms f, g as above, 1/};f is the associator from Fi(g o f) to
Fi(g) o F1(f) and for each object A, o is the unitor from Fi(ida) to idz,(a).

For all the notations about axioms (BF1) — (BF5) and the construction of bicate-
gories of fractions we refer either to the original reference [Pr] or to our previous
paper [T1].

We recall from [St, (1.33)] that given any pair of bicategories ¥ and 2, a pseu-
dofunctor M : € — 2 is a weak equivalence of bicategories (also known as weak
biequivalence) if and only if the following conditions hold:
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(X1) for each object Ag, there are an object Ay and an internal equivalence from
Mo(Ay) to Ay in Z;
(X2) for each pair of objects A, By, the functor M (A4, By) is an equivalence of
categories, i.e.
(X2a) for each morphism fg : Mo(Ag) — Mo(Bg), there are a morphism
f# : Az — By and an invertible 2-morphism ag : M;(f¢) = f2;
(X2b) for each pair of morphisms f}g, f% : A4 — B¢ and for each pair of 2-
morphisms ad, a2, @ fL = f2,if My(al) = Ma(aZ), then ol = aZ;
(X2¢) for each pair fL, fZ as above and for each 2-morphism ag : M (f1) =
M (f2), there is a 2-morphism ay : f& = fZ such that Ms(ag) =
ag.
Since in all this paper we assume the axiom of choice, then each weak equivalence of
bicategories is a (strong) equivalence of bicategories (also known as biequivalence,
see [PW] § 1]), i.e. it admits a quasi-inverse. Conversely, each strong equivalence
of bicategories is a weak equivalence. So in the present setup we will simply write
“equivalence of bicategories” meaning weak, equivalently strong, equivalence.

In the next 2 sections we will fix any set of data (&, W, B, W4, F) as in The-
orem [0.0)(i) and we will prove that conditions (X)) for the pseudofunctor M := G
are equivalent to conditions ([A]) for the pseudofunctor F. To be more precise, the
chain of implications that we are going to prove is the following;:

|

[ (o

Lemma [B.1] Lemma

'

\f Lemma

L]

Lemma [2.4] Lemma
(Ad) < (X21) (X2d) <
t Lemma [3.3] T t Lemma N
7
%

In the special case when F sends each morphism of W, to an internal equivalence
of % and W g is the class W g in of quasi-units of & (see [PP), Definition 3.3]), we
will show in Proposition 1] that each condition of type (A]) above can be replaced
by the analogous condition of type (B).

2. NECESSITY OF CONDITIONS (A1) — (A5)

In all this section and in the next one, we fix any 2 pairs (o7, W o) and (2, W %)
that satisfy conditions (BF) and any pseudofunctor F : of — B, such that F1(W o)

C W 2 ¢at; We denote by G:of [W;} — B [Wg%’}sat} the pseudofunctor mentioned

in Theorem LI In this section we will prove that conditions (X) for G imply
conditions (Al for F.

Lemma 2.1. If G satisfies (XI), then F satisfies (AI).

Proof. By (X)), given any object Ag there are an object A, and an internal equi-
valence e from Go(Ay) = Fo(Ay) to Ag in ’@[Wg_%’}sat]' By [T2, Proposition 0.1]
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applied to (%, W ), there are a pseudofunctor H : Z[W ' .| — B[W,'] and a
pseudonatural equivalence of pseudofunctors 7 : Uw,, = H olUw,, ., . Since ey is
an internal equivalence, then there is an internal equivalence in % [W;ﬁl}

Hl(Q@) : Hoo .7:0(142{) — Ho(Agg) (2.1)
Moreover, since 7 is a pseudonatural equivalence of pseudofunctors, then there are
internal equivalences

TFo(Ay) @ Fo(Aw) =Uw 00 Fo(Ay) —
— HoolUw 0 © Fo(Aw) = Ho o Fo(Aw) (2.2)

and

TAgm @ Az =UWg ..0(Az) — Ho oUw, .0(Az) = Ho(Az). (2.3)
Composing (22), (1) and any quasi-inverse for (Z3]), we get an internal equiva-
lence from Fo(Ay) to Ag in % [W']; then it suffices to apply [T2, Corollary 2.7]
for (B, Wg). O
Lemma 2.2. If G satisfies X2a), X2N) and X2d), then F satisfies (A2]).
Proof. Let us fix any set of data as in ([I3) with wl, in W4 and w% € W g ga.
By (X2a)) for M := G, there are a morphism f Al, — A%, in o/ [W_'] and an
invertible 2-morphism in %A {Wélsat}

C G (1) — (Amwla’s ).
Since Wz C W g sat and Wz at sat = Wz sat.sat (see [T2, Remark 2.3 and Propo-
sition 2.11(i)]), then by [T2, Corollary 2.7| for (%, W g sa;) we have that the tar-

get of ' is an internal equivalence in % {Wélsat}. Since ' is an invertible

2-morphism, then we conclude that also Gy (f,,): Fo(AL) — Fo(AZ) is an inter-
nal equivalence. So there are an internal equivalence g, : Fo(A%,) = Fo(AL)) and

invertible 2-morphisms in % [Wéls at} as follows

A@Z id]:O(A}Z{):>Q%O§1 (i&z{) and =B 51 (iﬂ)ogg@ﬁld}—o(Ai{)

(here the identity id g, AL) belongs to % {Wg}g}s&t}, so it is given by the triple
(Fo(AL), idr, (a1 idr,(ar)), and analogously for idz,(z,)). By (X2a) for g,
there are a morphism g : A%, — Al, in & [W_] and an invertible 2-morphism
Qg : él(gd) =9g,n% [ng}sat}. Let us denote by

Vg, G(as0ts) = G(e,) 6 (1)
the associator of G for the pair (g%,id) and by

g .5/ . .
EA}?{ : g1 (ldA.la{) — ldéo(Ai,) = ld]‘—o(AiJ)
the unitor of 5 for A}?{. Then it makes sense to consider the invertible 2-morphism

Rpi= (09 )71@(%1*@51%))®A@®Ei; 2 G (i) =G (9,00,

gﬂ’i_@
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By (X2H) and (X2d) for M := G, there is a unique invertible 2-morphism A, :
idg, =g of in o [W;ﬂ, such that g~2(Ad) = Ag. Analogously, there
is an invertible 2-morphism =, : sz °g9., = idA;. This proves that sz is an
internal equivalence in &7 [W;] By [T2], Corollary 2.7] for (o, W), we get that
necessarily f o has the following form

1 2
Wt Wy

=4y A3 4%),
with w}y in W, and Wi{ in W at. Now we use the description of le in The-
orem [I] and [TT, Proposition 0.8(ii)] for (%, W st); so we have that T',} is

represented by a set of data as in the internal part of the following diagram:

Az
wl, w2,
11}%
Fo(AlL)) bng 4dg U0 Fo(AZ)),
}m s Fr(wi,)
Fo(A2)

such that W}@ ou}g3 belongs to Wz st and both néa and 77?@ are invertible. Since
w, belongs to Wg C W g g, then by [T2, Proposition 2.11(ii)| we get that ul,
belongs to Wz ¢a¢. By definition of Wz cat, there are an object A’ and a morphism
te : A'% — Zgg, such that u}% otg belongs to W 4. Then in order to conclude that
(A2) holds, it suffices to define for each m = 1,2 27 := uJ ot and

m ._ pn—1 m . . m 1 m 2
Yo 1= 9}‘1(w;’; 2t ® (77@ *ztﬁ) ®9W$7u§7t% D Wgozg, = F1(Wlhy)ozz,.

(I
Lemma 2.3. If G satisfies (XI) and (X2a), then F satisfies (B3).

Proof. Let us fix any pair of objects B, Az and any morphism fg : Ag —
Fo(B). By (XI)) and Lemma 2] (A7) holds for F, so there are a pair of objects
Ay, Az and a pair of morphism wi@ in Wg and WQ@ in Wz at as follows

1 2
W Wz

P Ag.

Fo(Aw)

Let us consider the morphism in % {Wg_%’}sat} defined as follows

1 2
Wi faowg

£ 5= (Fo@u) A FolBar)).

By condition (X2al), there are a morphism f o Ay — By in o/ [W'] and an
invertible 2-morphism

ra: Gi(f,) =1,

in # [Wélsat] By the description of bicategories of fractions in [Pl § 2.2, f is
given by a triple (A, Wo, for) as follows
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I, = (Zd L Ay [ Bd)
with w, in W, so by the description of Gi in Theorem [Tl the source of 'y
is the triple (Fo(Awy), F1(We), Fi(fer)). By |T1, Proposition 0.8(ii)] for the pair
(€, W) := (%, Wg), F;al is represented by a set of data in £ as follows

Az
why w
Zl
B
Fo(Aw) U Az % Fo(Bw),
Z2
Fi(war) “ Filfur)

such that wi, oz, belong to W g ¢at and both 7%, and v are invertible. Since wl,
belongs to Wz C W g ¢, then by [T2| Proposition 2.11(ii)| we get that z), be-
10ngs to W 2 sat- Therefore, by axiom (BF2) for (%, Wz sat) (see [T2, Lemma 2.8]),
W@OZ% belongs to Wz cat. So by definition of W g ¢, there are an object A'

and a morphlsm ta: Ay — A@, such that vl := (w% 02)) ot belongs to W .
Since w2, 0z, belong to Wg/;,v sat, then by [T2] Proposition 2.11(ii)| we get that tg
belongs to W z gat.-

Using (BF5) for (2, W % at) (see again [T2, Lemma 2.8]) and (v%,) ™!, we get that
Fi1(wr)oz2, belongs to W g sat. In all this section we are assuming that F1 (W) C
W 2 sat, S0 F1(Wer) belongs to W g gar. Hence by [T2, Proposition 2.11(ii)] we get
that z%, belongs to W sat. So by (BF2) also the morphism v2, := 7%, o t 4 belongs
to Wz qat. Then we set

1 . .
=0 ()it © (vf% * Zt@) (9f%wo 2l * Zt@) Otz 00 ta
faovy = Fi(fa)ovy.
This suffices to conclude that (A3) holds for F. O

Lemma 2.4. If G satisfies (X20), then F satisfies (B4).

Proof. Let us fix any set of data (A, Be, £l £, 7Y ,,7%, Ay, 22) as in (A4) and
let us suppose that ]-'2(%1&) X0y, = .7-'2(%22{) *4,,. For each m = 1,2, we consider
the 2-morphism in &/ [W;]

FZ = {Ad)idAﬂ?idAd?iidAdOidAd5,Y.g *iidAd:| :
(A;z{,idAﬂ,f;{) - (A&z{;idAd;fi{)-

By the description of G- in Theorem [01] and the description of 2-morphisms in a
bicategory of fractions, see [Prl § 2.3], for each m = 1,2 we have

Go(T) = | FolAu), Filida,, ), Filida,, ).

-1
F . F
ida_, ida, © Fa (lidAd oidAd) ® ( idAﬁ,,idAﬁ,) ,
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-1
w;%wid“d © F2 (’Yg ¥ iidA“’) © (wg{vid“ﬂ) } -
= {70(14%),fl(idAd)vfl(idAd)vifl(idAd)ofl(idAd),]"2(79) *UF (ida,,) | =
= |:A/33’ 2%52%, Z‘.7:1(idAﬂ)OZ:;z;v Fa(vey) * izsa} :

Since F3 ('y%) * iy, = F2(v%) * i,,, then we conclude that Go (rL) = g}(Fi{) By
(X2h) for G, we get that I'\, = I'2,. Then by [T, Proposition 0.7] for the pair
(o7, W ), there are an object A’, and a morphism z. : A", - Ay in W, such
that

(’yl *iidAd) *izd = (72 *iidAd) *izd-
Then the claim follows immediately. ([

Lemma 2.5. If G satisfies (X2d), then F satisfies (AR).

Proof. Let us fix any set of data (Ay, Bey, Az, fL, 2/, va,az) as in (B5). Then
let us consider the 2-morphism in %4 {ng}sat}

[y = {A@,V@,V%,ifl(idAd)om,Oé@} : (]'—o(Agf),]'H(idAM),ﬂ(f;f)) =
— (FolAw), Filida,) (). (2.4)

We can interpret I'gg as a 2-morphism from G (A, id4,,, L) to Gi(Ay,idy,,, 2,
so by ([X2d) there is a 2-morphism

Iy (Ag{,idAd,f;{) — (Ag{,idAm,,f;)

in & [W;ﬂ, such that QQ(F,Q{) = T'g. We apply [Tl Lemma 6.1] for (&, W ),
o= iid%{ oida,, and I' := I'sy; then there are an object A’,, a morphism v :
A, — Ay in Wy and a 2-morphism v @ fL 0 (ida,, ovey) = f2 0 (ida,, ove),
such that I'g is represented by the data in the following diagram

ida_, for

Ay ey Ay A% By,
id ov
ida_, A OV 2
Aer (2.5)
where

[ _1 .. . y . . — . .
Eof ‘= eidAd,idAﬂ,Vg{ O} (11d4d01d149{ *Zvd) ®oldAd,1dA9{,v91 - Z(ldAd 01d4ﬂ)ovg-

If we denote by vy, the unitor id4,, o vy = v, then we can define

gy = (if; *vvd) O Yoy © (iféz *U;;) : f;ovdﬁf;ovd
and we get easily that

12 .
Ty = [A%,v%,v%,zidAM ovd,a%]
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So by (0.I) we have

Ga(Ter) = | FolAy), Fa(ver), Fa(ver),

—1
F - F
idAdan G‘FQ(ZidAdOVd) © ( idAd,V_@) 9

—1
Vi L, O Fo(aw) © (%W) } -
= []:0(14;{),~7:1(V;z¢),71(Vw),if1(idAd)of1(vd)a
—1
Vv, @ Falaw) 0 (vh L) | (2.6)

Now by (BF3) for (%, W) there is a set of data as in the upper part of the

following diagram
—_— }_0

—— 4=,
.Fl(Vg{) %

such that rg belongs to Wg and pg is invertible. Then using (Z6]) and the
description of 2-morphisms in [Prl § 2.3], we get

Go(Dyy) = [Z@,V@ 0S%, VB 0SB, I F (ida,,)o(ves 05)
(ifl(fx%{) * pgg) © 9]—" (£2), .7:1(Vg¢),r,3 (1/)]{-—5{7‘]@{ * ir%) © (‘72(045{) * ir%)Q

F . - . _
Q(wf;{,vd*“%) @9_7:1(f;)7_7:1(vd),r@@(’L]:l(f;)*pﬂl)}, (2.7)

Moreover, from (24) we get

I'g = [X@,Vgg 08%,Va OS@,ifl(idAd)o(V@ 0sz)>
1 .
efl(fd),vz@sz; © (agg * ZS%) © Hfl(f;),v;,g,S@ : (2-8)

Since g}(rd) = D', then using [T1] Proposition 0.7] for (2, W g sat) together with
(Z7) and (28)), we get that there are an object A’ and a morphism tg : Ay — Az
in W g gat, such that

1 . .
(efl(f_@)»V!,B»S} © (Otgg * ZS%) © 9f1(fé¢),v@,s%) Kl =
_ . _7- . .
o ((Zfl(f;) * pgg) © ofl(fg{) F1(Ver),re (’l/)fgfvvgf * Zr@) ® (]:2(0[%) * Zr@)Q

—1
@('l/);;yvd * ’Lr@) © ofl(f;{),fl(vg;/),rga ® (Z-Fl(f;{) ES pggl)) * itgg. (29)

By definition of W g 4at, without loss of generality we can assume that tg belongs
to W (and not only to W e) and that it still verifies (Z9). Then we define
a morphism zg = rgotg : Ay — Fo(A),) (this morphism belongs to Wz by
axiom (BF2)) and a morphism z/, :=sgotg : Ay — Ag. Moreover, we define an
invertible 2-morphism
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-1

- !
03 =0, oyt © (pgg * zt@) OOF, (v rote : F1(Var) 02 = Vaoiy.

Then identity (2.9) implies that ag * i,/ coincides with the composition (L)), so

(A5) holds. O

3. SUFFICIENCY OF CONDITIONS (A1) — (A5)

In this section we assume all the hypothesis and notations on &/, W o/, , W 5 and
F of the previous section and we prove that conditions (&) for F imply conditions

(]X]) for g~
Lemma 3.1. If F satisfies (A1), then G satisfies (XI).

Proof. Using [T2| Corollary 2.7] for (%, W 2 sat), |2, Proposition 2.11(i)] and the
fact that W C Wz g, we get that the data of ([0.2]) give an internal equivalence

in # {W‘%}sat} from Fo(Aw) = Go(AL) to Az, so condition (XI) holds for G. O

Lemma 3.2. If F satisfies (A2) and (B3), then G satisfies (X2a)).

Proof. Let us fix any pair of objects A/, By and any morphism

W fe

Az Fo(B))

f = (FolAw)

in & [W;@}S,&t}. We need to prove that there are a morphism f  : Ay — By in

of [W;}} and an invertible 2-morphism I' : le (id) = i% in # [W;ﬁsat}.

By definition of morphisms in % [nglsat}, the morphism wg belongs to W g gat,

so by definition of right saturated there are an object Zg; and a morphism w', :
Ag — Ag, such that wg o wy belongs to W 4. By (A3) applied to fgow/y,, there
are an object A’,, a morphism fo : A/, — By and data (A, v, vy, az) as
follows

‘U’ 0z ]:O(B,Q{%

A
V?E\> ]:O(A;{) /

F1(fer)

with vl in W, v%4 in Wy o and ag invertible. By (BF2) for (8, Wg), we have
that (wgowly) o vl belongs to Wg. So we can apply (A2) to the set of data

(W owig)oviy v,

Fo(Aw) A Fo(A%y)-

Therefore there are an object A2,, a pair of morphisms wo in W, and w’, in
W/ sat as follows

Ay

and a set of data in £ as in the internal part of the following diagram
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Ay
(W o wig)ovig vy
2
Fo(Aw) U7 Az % Fo(Ay),
%
]:1(sz) ’ fl(w;g)
Fo(AZ)

with z}, in W and both 72, and 72, invertible. Then we define a pair of invertible
2-morphisms in %A

1 = 971 | ®971

13—
Pz = WoB, Wi, Vig 02, Wog O WiV al, © (7%)
Fi(we) 072y = wago(wiyo(vigozy))

and

-1

2 ._p—1 -1 .
Pz = efgg,w’@,vé3 ozl © efggow:,ja,v},ja,zé3 © (a@ * ’Lzéa)@

. 23\—1 -1 F . .
OOF, (for) w2y 2ty © (Z-Fl(fgf) * (1) ) © efl(fd),]-'l(w;{),zf@ © (wfﬂ,w;f * Zzég) :
Filfor o Wyy) 022 = [ o (Wigo(vigorly)).

Then the following 2-morphism is invertible in %A [Wélsat}

L 1= (A, Win o(vha 07k plo, s :
G (4 wor, for 0wly ) = (FolA), Fr(was), Filfor 0wly)) = £
This suffices to conclude that (X2a)) holds for G. O

Lemma 3.3. Let us suppose that F satisfies (B4). Let us fix any pair of objects
Az, Bey and any pair of morphisms (A%, w5, 7)) : Aoy — B for m = 1,2 in
o [W;ﬂ . Moreover, let us fix any pair of 2-morphisms

re: (A}Z{,wi{,f;{) = (Ai{,wi{,fé) for m=1,2

in of [W;] and let us suppose that QNQ(F;) = EJQ(F;) Then TY, =T?2,, i.e. G
satisfies condition (X2H).

Proof. By [T1l, Proposition 0.7] for the pair (&, W), there are an object A3/, a

pair of morphisms V}Q{ : Af’z{ — A}y and vi{ : A‘:’Z{ — Ai{, an invertible 2-morphism

Qg i wl,ovl, = w? ov?, and a pair of 2-morphisms 7% : fL ovl, = f2 ov?, for

m = 1,2, such that

= A‘:’Z{,V}Z{,Vi{,a%,vg} for m=1,2. (3.1)

Then we have the following identity in % [ng}sat} :

-1
Fo(A%), Fr(vhy ), Fi (V) 0 e © Falear) © (65 0 )
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—1 _
@ Ga( =

Vo, @ 220500 (W) |
1
= | Fo(A%), FL(vey), Fi(v), vz 2 © Fa(ar) © (wvf;{,v;,) :

Ve 2 © Fa(v) © (%fé,v;{) _1} :

) =G(%)

Then by [T1, Proposition 0.7] for (%, Wzsat), there are an object AL, and a
morphism zt, : AL, — Fo(A43,) in W g g, such that

-1
(wf;,v; © F2(7er) © (Qﬂﬁ,,v;) ) K =

= (“/’f;,vg, © Fa(vey) © (z/fﬁf,v;{)_l) *ig . (3.2)

By definition of W g g, there are an object A%, and a morphism z%, : 4%, — AL,
such that z}, 0 z%, belongs to W 4. Then from ([3.2)) we get easily

‘FQ(f)éf) * 1,1 072 :‘72(7;22{) *Zzlo 0z2,"

Z2° %% #°%%

By (A4) there are an object A%, and a morphism z, : A%, — A3, in W, such
that v%, x4, , =~% xi,_; using (BI)), this implies easily that '}, =T?,. O

In order to prove that conditions (A imply also condition (X2c), we need firstly to
prove a preliminary lemma as follows:

Lemma 3.4. Let us suppose that (B4) and (AR) hold. Let us fiz any set of data
(A By Az, [Y, 2 v, az) as in (D) and let us suppose that ag is inverti-
ble. Then there is a set of data (A, Ay, Vs, 23,2, A, 0m) satisfying all the
conditions of (AB) and such that g is invertible.

Proof. Using (AF), there are a pair of objects Z;{, Af%,, a triple of morphisms
Vo + Ay = Ay in Wy, 25 @ Ay — Fo(A),) in Wy and Ty Ay, = Az, a
2-morphism

and an invertible 2-morphism

F1(Ver)

i

M\_)Agg—/

7. vV

such that ag * iz, coincides with the following composition:
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Zgp Ay Fi(fl)ova

]:l(fif) \U fl(fg{)vvslz,gg

VB OZg ]:-0(1 )
0 Vo) 7
VOr(51) 71 Gar) 20 FrfL YR (F)

}"1(?%/)0253
bvh 5, ©Fa@) 0 (Vh o) FolBa):
F1(Var )0z /
Fi(f2)oF1(Var)
fl(fd) F1(Ver) 228
Vg OZy Fi(£2)
s “ b 07 (12) ve 7,
A
# Fi(f2)ovs
(3.3)

~/
7]

Now we define a 2-morphism 'y : (Au,ida,,, fL) = (Aw,ida,,, f%) as the 2-
morphism represented by the following diagram

Ay

/ ~ fis/
Vs
dAJJ iz{ U, &g{ BQ{.
\ - 7
g{

Using ((LT), we get that Go(T'.) coincides with the class

~ -1
P Fi o) Pt 5,00 o500 Vs © @) © ()|
Now we consider the 2-morphism in % [Wé}sat] defined as follows
- : ) . 1
[ = {A@,V@,V@,lfl(ldAg{)ovaé@} : (J:O(Am),fl(ldAg),fl(fw))

— (FolAw), Filida ), F1(£2));
using the definition of 2-morphism in a bicategory of fractions (see [P1l, § 2.3])

together with the following diagram
Fo(Aw)

vV — Wd)
0

3

A’
Z
38

= Ad)

Fo(Aw)
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and (B3], we get easily that Go(I'yy) = T'.

Since ag is invertible by hypothesis, then it makes sense to consider the inverse for
T, defined as follows:

1. . -1
Iz = [A@,V%V%lfl(idw)ov%,agg }

Using again (&) on the set of data (A, By, A, %, fY, va,ay') and proceeding
as above, we get a 2-morphism I, : (A, idy, f2) = (Ay,idy, fL) in & [W;ﬂ,
such that G»(I",) =T','. Then

= -1 . @ ~5 /.

Gal sz Oly) = Iy Ol'g = Zgl(AdvidAdﬂf.i{) = O (Z(A“”idf‘gwf;f)) '
Since we are assuming condition ([A4]), then by Lemma we conclude that IV, ©®
Ty = i(Ad7idAd7f;1)' Analogously, we get that ',y @ T, = i(AxJJdAdeg{)' This
proves that 'y is invertible. So by [T1l Proposition 0.8(iii)] for (&, W), there
are an object A’, and a morphism p,, : A, — A’, in W, such that oy * i,
is invertible. Now we use axiom (BF3) for (%, Wg) in order to get data as in the
upper part of the following diagram

A
Z lis de
=
F / A7 A
o)~ Fold) 7 Az,

with zg in Wg and pg invertible. Then we define a morphism vy 1=V 0opy, ¢
A’ , — A (this morphism belongs to W by (BF2)) and a morphism z/, :=
750y ALy — Ag. Moreover, we define a 2-morphism

-1 ~ : .ol 2

Qg 1= ef;,%z,pd ® (a% * ’pg{) @9]«;{,;‘4@@{ D foy oV = o0V,
Such a 2-morphism is invertible because & * i}, , is invertible by construction. In
addition, we define an invertible 2-morphism oz : F1 (V) 0 2@ = vg oz, as the

following composition:

Fo(Al)

2% F1(Ver)=F1(Varopy)

1
4 afl(vd)afl(psz{)az.@
F1(poy)ozs

F1(¥er)oF1(Pey)
Fi1(Var)

Fo(Aw).

F1(Ver)oZep

—1
=7
VB:Z g2

Az

’ =
Z'3 =7 2005

Now we recall that ag * iz, coincides with diagram (3.3). Then it is not difficult
to prove that the set of data (A, A, Ve, 23,2, aw,05) satisfies the claim:
basically, one has to consider the composition of ([3.3) with iy_; then one has to
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insert in the center of such a diagram pg and uél, together with all the necessary
associators of A. O

Lemma 3.5. If F satisfies (A2), (B4) and (BF), then G satisfies (X2d).

Proof. For simplicity of exposition, we are giving this proof only the special case
when both & and B are 2-categories instead of bicategories. The interested reader
can easily fill out the details for the general case.

Let us fix any pair of objects A/, By and any pair of morphisms (A7, w", f7)
Ay — By in of [W;}] for m = 1,2. Moreover, let us fix any 2-morphism

Lo G (Abwh £l ) = Gi(A2. w2, 13)

in # {Wgalsat} . We need to prove that there is a 2-morphism I', : (A}Z{, W}Z{, f;{)
= (A2, w%, f2) in o [W_}], such that Go(Ty) = I'z.

By construction of % |:W;315at:| , I' is represented by a set of data as follows

Fo(AL)

Fi(wiy) . Fi(tl)
Vo

Fo(Aer) bz i M%/ Fo(Bw),

2
Vo

Fi(wl) Fi(f2)
Fo(A2))

(3.4)
such that F; (W}d) o th@ belongs to Wz st and 7y is invertible. We recall that in
all this section we are assuming that 71(W) € Wz sat, so Fi(w?) belongs to
W 2 sat for each m = 1,2. Therefore using [T2 Proposition 2.11(ii)], v, belongs to
W 2 sar. Hence, using the definition of right saturation there is no loss of generality
in assuming that the data in ([34) are such that vl, belongs to Wy and vz is
invertible. Moreover, using (BF5) for (%, W) and 7', we get that Fy(w?,) ovZ,
belongs to W z sat, hence also v%, belongs to W g ¢ by [T2, Proposition 2.11(ii)].
If we apply (A2) to the set of data

1 2
Ve Ve

Fo(AL) Az Fo(AZ),

we get an object Af’z{, a pair of morphisms V}d in W, and vi{ in Wy gat as follows

and a set of data in £ as in the internal part of the following diagram
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Az
V'IOE Ve
i
Fo(Al) I ol A, U 9% Fo(A2),
uzn
Fi(vl) F1(vi)
Fo(A2)

such that u/, belongs to W and both ¢, and ¢%, are invertible. Since ¢, is
invertible, then by (BF2) and (BF5) for (2, W) we get that F1(v.,) oug belongs
to Wg C Wy, Moreover, fl(vi{) belongs to W g gay because Fi(Wpy) C
W 2 sat, by hypothesis. So again by [T2], Proposition 2.11(ii)| we get that ug belongs
to Wz at. So by definition of right saturation there are an object A7, and a
morphism rgz : A — Z;, such that ug org belongs to W 4. Then we set:

. . . . -1
Vg = (’fl(w;) * oy * zr@) ©) (7@ * lu’%or@) © (lﬁ(w}?{) ACIE zr@) :

fl(W}Q{) o fl(V}?{) ougorg — fl(wif) o fl(vi{) 0oUgzOTz

and

. . . ) -1
g 1= (irs2) * S #ina ) © (08 %ingyora ) © (im(ry) * (8) 7 #ina)
Fi(fy) o Fi(viy) ougorg = Fi(fy) o Fi(ve)ougors.

Then if we use the following diagram

Ay)

Fol
Fi(vi)ougorg = vi
—1
1 .
] * 0y,
ldA’é ( .93) T Wy ot
: A
=

" "
AK@ A@

B
2 .
Oy *ir,
B T3
fl(vi()ou‘@ orgp /

Fo(AZ)

together with ([34]), we get easily that

Do = [l Falvly) ougoran, Fi(vy) ougora, gy (35)
Now we define

~ F ; -t / F ;

G = (W, Fiumors)  © 0l © (V] 01, ¥ingorn)

Fi(ftovl))ougorg = Fi(f% ov%)ougorg. (3.6)

Then we apply ([A3) to the set of data

3 I 1 1 2 2 ~
Ay B, @ SOV, [yoVey, Umorg, g,
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so there are a pair of objects A’,, A’,, a triple of morphisms u. : A/, — A3, in
W, 25 Ay — Fo(A,) in Wy and 72/, : Ay — A’ a 2-morphism

Al I ay By
ug{\—) Afzf £20v2,
and an invertible 2-morphism
) ()
Al dos Fo(42,),
Zig A% Uug org

such that:

&@ *ZZ/% = (ifl(f;OVﬁg) *O’gg) ® (’l/);-:g{OVQ Uy *ZZ@) ® (.FQ(O&IQ{) *ZZ@)Q

o

-1
@(’l/iffé{oviwud * ’L'Z%) [O) (ifl(f;{ov}z,) * 0'3_31). (37)

Using the interchange law on %, we get the following identity:

/ . 2
(657 *'nga =
Viz, 2, *Zu@or%oz;g) © (0@ *u) © (1/’f;,v; *ZUJJ)
B F . .
= (Y22, *lugorgony, ) O (ir (2o, ¥ 02 )O

—1
G(w]-%{ovi{,ud * ZZS@) © (]:2(0(»‘27) * Zzgé) © (wff;{ov}?{,ud * ’Lz%) ©

@ ( @

—1
; —1 F .
(imiyon *05') © (0F w1, *insoron,) =
. - _
= (Z]:l(fé)ofl(vi{) * U%) © (Q/Jfngi{ * Z.Fl(u‘d)oz‘%)G
—1
(i 5) 0 (o0 i) (i) o

-1
@(ﬁfﬁw\,; * ifl(uﬂ)ozﬁ,) © (ifl(f;{)ofl(v}?{) * U;;)- (3.8)

Since F is a pseudofunctor and since we are assuming for simplicity that o/ and %
are 2-categories, then for each m = 1,2 we have

F - F _ (s F F
(wfy,vg * Z-Fl(ug{)) © (wfyovﬁ,ugg) - (Z]'—l(f;) * wvg,ud) O] (wfyyvﬁoud)'
So by replacing in [B.8)) we get
-1
9{ [1/’,%,@ ouy, @ F2(ay) © (ﬂ’,@,v}ﬂ oud) } * im}Q

Q{i}'l(f;) * waiwuﬂ * Z_Z%)—l ©) (ifl(v;) * 0;31)} } (3.10)

Now we define an invertible 2-morphism
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Vo = {ifl(w;) * [(1/}5—291,1191 *izgg)_l ® (ifl(viz) % o’él) ® (qﬁ?@ *ir@ozé)} }@
G(’ye@*iu’@or@ozi@)G
@{ifl(wiy) * [( (d)i@)_l *ir%ozga) ® (i}'l(v;) *Jgg) ® (1/1\2{,]191 *izga)}} :
Fi(wl) o Fi(vl ouy) 0ozg = Fi(w?) o Fi(vZ 0ouy) 0zs.

Then by definition of v, and ~7, we have:

’Yf@ * @'Z,% = {ifl(Wf?z) * [(ifl(v;) * U@) © (w‘ﬁd»upf *izgg)} }@

—1
Ovg @ {ifl(w;{) * [(#}@,W * Zz,a) © (ifl(v;{) * Uél)] } (3.11)

Then let us consider the following set of data

o(A

1
Fo(Az)
Fi(vi)ougorg = Fi(vi ouu)oza
%
ngg , idAf@

3
A Az A

€%
fl(vi{)ou@ org = Fl(vfz{oud)oz%
2
Fo(Az)

o(A

where

—1
& = (W +ina) - © (im0 *03)
and
€2, = (i]_-l(vi{) *Jgg) © (w‘]’%{»“ﬂ *izga).

Using such data with B3]), (3I0), (3I1) and the definition of 2-morphisms in
§ 2.3], we conclude that:

Iy = [Af@,]:l(vjy oUy) ozg, F1(v2, 0uy) 022,75,

-1
(wff;,v;oud O Folay) © (wg,%{ouﬂ) ) *Zz,a} (3.12)

Now we consider the invertible 2-morphism

1
e F ; 7 F ; .
V& = (wwi{,v; OUgy *Zzga) © Y50 (ww;,v;{ O Uy *Zzga) :

Fi(wlovl ouy)ozg = Fi(w? ov2 oly)ozz.

Since we are assuming (A4]) and (AH]), then we can apply Lemma [34 on the set of
data:

/ / 1 1 2 2 =~
s A, @ Wy OV, Oly, WoO0VyOlUy, Zz, Y&

Then there~are a pair Sf objects Zd, Avgg, a t~riple of morphisms zy : Zd — A, in
Wy, ta: Ag — Fo(Ay) in Wy and t/, : Ag — Aly, an invertible 2-morphism
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1 1
Wy OV Ol

ey

Ay U Vet Ay

and an invertible 2-morphism

wi{ovi{oud

e Ry —— 2
Ay I va Fo(AL),
T
such that
Y * iy, = (ifl(w; oV, ouu) * M@) ® (lﬂfi{ ov2, o ¥ it@)G (3.13)

—1
G(}—Q(Vﬂ) * itgg) © (w‘@{ ovl, ouy,zy *itga) © (i]i(w; ovl ougy) * Vél)‘

Now we replace in ([FI3) the definition of 74 and we do a series of computations
analogous to those leading from B.7) to B.I0). So we get that

“Ygg*it’@ =
= {Z]:l(wi{) * [(ifl(nyollﬂ) * 1/33) [O) (’lpfg{ol]d,zﬂ * lt%)i| }@
—1
G{ {wvfi{,vﬁfoud 0 Zyy Q‘FQ(W@{) © (wv{;—}?{,VL{Ouﬂ ozd) i| *it%}G

-1
@{ifl(wéf) « K#}f}yow,zd *ztj) © (i;l(vgow) x y;;ﬂ } (3.14)

Moreover, using the interchange law on the 2-category %, we have:
F F N
(wf;,,vi,oud © Fao) © (ﬁff;i,v;oug{) ) *lygotl, =
= {ifl(fé) * {(ifl(Vé oug) * V@) © (w\g{ oz ¥ “sa)} }G
-1
G{ [wf;,v;oudozd © Fo(ove *iz,) © (wff;{,v;{oudozd) } * it@}@

-1
Q{Z-Fl(f;{) k {(wf;oud,zgg *Ztg) @ (ifl(v;{ougg) * I/él):| } (315)

Then we consider the following diagram

Fo(AL,)
Fi(vi ouy)ozg N wdoudozd)
1
W N .
A/@ AK@ ./.'.o(Ag{),
s
Fi(viy on)ors <= F1(vZ ot 0zy)

Fo(AZ))

where
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—1
v (F , , -1
Nea ‘= (wv;ouw,zg *’Lt@) O] (Z}‘l(viﬂ OlUg) *V% )

and

2 . (s F :
Nez = (Zfl(vfy ouy) * V%) © (wvéoudad * Zt%)'

Using (312), BI4), (310) and the previous diagram, we conclude that:

I'g = [IO(AV'Q{),J:l(V}Z{ Oy OZ%),]“l(Vi{ Olgy ©Zg),

—1
F F
djwfﬂ,vfﬂ Olgy 0%y Q‘FQ(VQ{) © (1/}w1 vl ouggozgg) ’

Vet
F ; F -1
wfé,vi{ OUygs 0Zgy 6‘72(04427 *ZZM) © (wféwv}z{ O Uy ozd) ] (316)

Then we define a 2-morphism in &7 [W;ﬂ as follows

~ 1 9 .
Iy = [Ad,vdOuﬂozﬂavdoudozda’ydaa%*’dei| :
1 1 1 2 2 2
(Agf,ng,fgf) = (Ap{,wd’fd)'

Using (BI6) and (01), we conclude that T'g = Go(T'sy); this proves that G satisfies
condition (X2d). O

Note that in the proof above the 2-morphism I',, is well-defined because . is an
invertible 2-morphism thanks to Lemma B4l (we recall that by [Prl, § 2.3] the data
defining a 2-morphism in a bicategory of fractions must satisfy such a technical
condition). This explains why we needed to prove such a result before Lemma

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem[0.3. Let us fix any pair (G, k) as in Theorem [0.Iiv). By that
Theorem, G : o [W;ﬂ — B [W;ﬂ is an equivalence of bicategories if and only

ifG: o [W;ﬂ - A ng}sat} is an equivalence of bicategories. Using Lemmas

from 2.1] to 23] if G is an equivalence of bicategories, then F satisfies conditions
(Ad) — (A5)). Conversely, if F satisfies such conditions, then G is an equivalence of
bicategories by Lemmas from B.1] to This is enough to conclude. O

In the remaining part of this section we are going to prove Theorem [0.4] and Corol-
lary

We recall (see [PPl Definition 3.3]) that a quasi-unit of any given bicategory £ is
any morphism of the form fgz : Az — A%, admitting an invertible 2-morphism to
ida,. We denote by W g min the class of quasi-units of %; it is easy to see that
(#, W 2 min) satisfies conditions (BF), so it makes sense to consider the associated
bicategory of fractions. Then we have:

Proposition 4.1. Let us fix any pair (o, W o) satisfying conditions (BF), and
any pseudofunctor F : of — B, such that F1(Wg) € Wgequiv- Then for each
i=1,---,5 the following facts are equivalent:

o F satisfies condition (Ad) when W g := W g min;

o F satisfies condition (B).
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Proof. We recall (see [T2, Lemma 2.5(ii)]) that the right saturation of W g min is
the class W g oquiv of internal equivalences of 2.

Clearly (BI)) implies (Adl) when W = W g 1in: it suffices to take Ay := Fo(Ay),
Wi := idg,(a,,) and w7 := ez (this makes sense since W cquiv is the right sa-
turation of Wz min). Conversely, let us assume that (AT)) holds for W g min; since
w, and w%, belong t0 W g min and W g cquiv respectively, then A%, = Fy(A.) and
w2, is an internal equivalence from Fy(A. ) to Ag, so (BI) holds.

Let us suppose that (A2) holds for W 2 min, let us fix any pair of objects A}y, Ai{
and any internal equivalence eg : Fo(AL,) — Fo(A2,) (i.e. any element of the right
saturated of W g min) and let us apply (A2) to the following set of data:

1 idfo(A}ﬁ,) 1 e 9
Fo(Ay) ——— Fo(Ay) — Fo(4%).

Then there are an object A%/, a pair of morphisms w!, : 43, — Al in W, and
wi{ : Ai’y — Afz{ in Wy st and a set of data in % as in the internal part of the
following diagram

Fo(Al)
2%
Fo(AL) L N Fo(A2)),
fﬂk " %wa
Fo(A2))

such that z}@ belongs to W min and both Yéa and 7% are invertible. Since
conditions (BF1), (BF2) and (BF5) hold for (%, W% min), then the morphism
Fi(wl,) o ey belongs t0 Wz min € Wz equiv. Moreover, Fi(wl,) belongs to
W % cquiv by hypothesis. So by [T2, Proposition 2.11(ii)] for (%, W 2 min) We get
that 6/33 belongs to Wz minsat = W &,equiv, 1-€. it is an internal equivalence of #.

Since z}% belongs to Wz min, then A7, = ]-'O(A}Qf) and there is an invertible 2-
morphism &4 : z}%, = id;o(A;). Then we define a pair of invertible 2-morphisms:

-1
0 =E20 UL © (Véa) D Fi(wey) o ey = idz, (a1

and

6% =750 (ie% * §é1) @wgg; e = F1(w2)) o€y

This proves that (B2) holds.

Conversely, let us suppose that (B2) holds and let us fix any triple of objects
Al A2, Az and any pair of morphisms wl, : Ag — Fo(AL)) in Wy i and w2,
Az — Fo(A2)) in Wz equiv- Since wl, belongs to W min, then Ag = Fo(AL))
and there is an invertible 2-morphism &5 : W}% = id gy AL)- Now let us apply
(B2) to the internal equivalence w2, : Fo(Al,) — Fo(A2%,). Then there are an
object A2,, a pair of morphisms wl, : A%, — Al in W, and w?, : A%, — A2,
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in Wy g, an internal equivalence ey : Fo(Al,) — Fo(A3,) and invertible 2-
morphisms 8%, : Fi(wl,)oel, = idz,(a1,) and 62, : w2 = Fi(w?,) oely. Then the
following diagram proves that ([A2]) holds.

Fo(Al) = Az
v idfo(A}K,) re
—1
FolAl) b (0) ©somg, Foldl) b 0m, Fo(A2).
Filwl) ’ Fi(w?)
Fo(A2,)

Now let us suppose that (B3]) holds and let us fix any pair of objects By, A and
any morphism fg : Ag — Fo(Bu). Then there are data (Ay, for, €2, a%) as in
(B3)). So (A3) for W i min is verified by the data (Ay, for, Az, 1da,, ez, azOTy, ).

Conversely, let us suppose that (A3) holds for W g i, and let us fix any set of data
B, Az and fg as before. Then there is a set of data (Ay, for, Alp, Vi, vy, az)
as in (A3). In particular, v, belongs to W g min, hence A’ = Ag and there is an
invertible 2-morphism £g : Véa = id 4, ; moreover V?% belongs to the saturation of
W % min, 1.€. it belongs to W gz equiv- Then the set of data (A, for, v%a, g © (i1, *
£5') © 7)) proves that (B3) holds.

Clearly (Ad]) for W g iy implies (B4)) in the special case when Al, = Fo(Ay) and
23 = id g, (a,,) (since this morphism belongs to Wz min). Conversely, let us assume
(B4) and let us fix any set of data (Au, fL, f%, 75,72, Ay, 22) as in (A&4). In
particular, zg belongs to Wz min, hence A’y = Fo(Aw) and there is an invertible
2-morphism &g : 2 = idx,(a,,). Since Fa(yl,) * iz, = Fa(V2) * iz, then using
&z we get that Fa(vl,) = Fa(7%/). So we can use (B4) in order to conclude that
(A4) holds for W g min.

Now let us suppose that (BE) holds and let us fix any set of data (A, Be, Az, [,
12, va, az) as in (A5) for Wy min. In particular, vg belongs to W g min, hence
Az = Fo(Aw) and there is an invertible 2-morphism % : vz = id g, (4,,). Hence
we can define a 2-morphism

G = 15,720 (17,12 762 ) © 02 0 (i, #6531 ) O3l ) 1 FilFY) = FulF2).

Then by (BE) for @z, there are an object A’,, a morphism v : A, — Ay in
W/, a 2-morphism o,y : fL ovy = f% 0v,y, such that

—1
agg*’l:]:l(vd) :’l/)f'EWVdQ‘FQ(OZQ{)@ (’l/)ff;,vg) .

Using the definition of @y and the coherence axioms on the bicategory 2, this
implies that

Q% ¥ iF (vor) = OF1(12) v Fi(var) © {ifl(f;,) * [(@; * ifl(vm)@

—1 —1
OVF (var) © ”fﬂvm)} } O r2). A iy,
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—1
F F :
@{ {wf;,w O Folay)© (wf;{,w) } * zidfo(%)} ®© efl(fé{),fﬂvjy),id}_om,g{)@

. —1 . —1
Q{Zfl(f;;,) * |:ﬂ-]:1(v91) OUF (var) © (5% * Zfl(vxy))“ © efl(fé{),v&g,}'l(vd)'

Then (A3) for W min is satisfied if we set Ay = Fo(Al,), zz = idr,a,),
2y = F1(ve) and

0% = (é%’l * i]:l(vd)) GU.;ll(V.a{) OTF (ver)-

Conversely, let us suppose that (AR) holds for W g i, and let us fix any set of data
(Aw,Bey, fL, 2, %) as in (BY). Then let us apply (AF) in the case when we fix
Ag = Fo(Aw), vag = idz,(4,,) and we replace ag with W;ll(f;) Gag® TE (fL)-
Then there are a pair of objects A’,, A%,, a triple of morphisms vy : A, — Ay
in Wy, 2 : Ay = Fo(A',) in Wy min and zy, : Al — Fy(Aw), a 2-morphism
Qgy - f;{ OVy = f; o vg and an invertible 2-morphism og : Fi(vy) 0 2@ =
idr,(a,,) ©Z, such that

1 . .
(75liz) @02 O 7rn)) * ity = 05,2 ity © (712 02 )©

-1
—1 F F ;

@9}.1(@)1]_.1(\/9{),2% ©) ((ﬂv;vw O Falax)© (1/1&,%{) ) * ZZ@)Q
OOF (1) Fr(ver) im @ (if1<f;> * 01%»1) © 0%, (4.1)

Fir(fi)idry(a,,) 2o

Since zg belongs to Wz min, then A, = Fy(A,) and there is an invertible 2-
morphism {z : 2 = idx,(ar,). Using the coherence axioms for the bicategory %
several times, we have:

QB *UF (vy) =
= (i}‘l(f;) * (Wfl(vd) ©) (i].-l(vd) *5@))) ® (ifl(f;) * aggl)Q
®(OA@ *lidry(a,) oz/ﬂ)Q
o(irsy 08) © (irn * (im0 *63") 0750) ) =
= (”E(f;) * (”ﬂ(vd) © (iﬂ(vd) * 5@))) © (imf;) * %El)Q
OOF (125 rn ity © ((”}f(fgf) ©oz® ”E(f;)) * U) O 07 (52, idro )2 ©
Q(iﬂ(f;,) * 0@) © (ia(f;) * ((ia(w) *53}1) © ”}fW))) =
€D (ifl(f;) * (ﬁfl(vgg) © (i]-'l(vd) * 5@)))6
D05 2 mrtvrn @ (U © Polae) © (vF:,0,) ) ¥ina )@
05 (1), Fi(vr) 2 © (iﬂ(f;,) * ((iﬂ(vd) * 5531) © F}fW))) -

— (s —1 F
= (Zfl(f;,) * w;l(vﬂ)) OO (1), Frtvar)idrgay © (@fg{,vd © Falaw) ©

a - - 1 _
Q(wf;{,vjy) ) * Zid}_o(Ag{)) © efl(fgg)J:l(Vﬂ)vidFU(Ad) © (’fl(f;{) * 7T]—H(vjy)) -

-1
= U, O Fa(a) © (v, )
So we have proved that (B3] holds. O



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS - III 27

Then we are ready to give the following;:

Proof of Theorem [0 By [T2, Lemma 2.5(iii)] for € := %, the pseudofunctor

uWSB,min B — B {Wg_@}min}
is an equivalence of bicategories. Let us fix any pair (G,%) as in Theorem [I3(2);

then it makes sense to set

Lim U, oG o [WH — 2[W5, |

and

p = QUW@ minagJ/{Wd @ (Zuwge,min *E) : uw%,min ° ‘F = ‘C Ouwg{'

By hypothesis the pseudofunctor &/ — Cyl(#) associated to % sends each mor-
phism of W, to an internal equivalence, hence so does the pseudofunctor & —

Cyl (,@ {W;alminD associated to iy, * K, hence so does the pseudofunctor as-

sociated to p. So the pair (L, p) satisfies Theorem [IL1(iv) when Wz := Wz min.
Therefore, by Theorem [I.2] £ is an equivalence of bicategories if and only if F
satisfies conditions (AJ)) — (A5) when W := Wz nin. So by Proposition 1] £ is
an equivalence of bicategories if and only if F satisfies conditions (BI)) — (B3)).

Moreover, since Uw, ... is an equivalence of bicategories, then G is an equivalence
of bicategories if and only if £ is an equivalence of bicategories, i.e. if and only if
and only if F satisfies conditions (BIl) — (BE). O

Lastly, we are able to give also the following proof:

Proof of Corollary [l Let us suppose that (a) holds, i.e. let us suppose that there
is an equivalence of bicategories G : .o/ [W;,l] — 8. Then we define F := Goltw , :
o — AB. Since Uw,, sends each morphism of W, to an internal equivalence, so
does F. Moreover, we set

K= Z.Eouwﬁ, : F=GolUw,.

So the pair (G, %) satisfies the conditions of Theorem [1.3(2), hence by Theorem [I.4]
we get that F satisfies conditions (BI)) — (BE). So we have proved that (a) implies

(b).

Conversely, let us suppose that there is a pseudofunctor F : & — £, such that
Fi(Wa) € Wz equive Therefore, there are a pseudofunctor G:o [W;ﬂ — A
and a pseudonatural equivalence & as in Theorem [I.3)(2). If we further assume that
F satisfies conditions (BI) — (BH), then by Theorem [I.4] we conclude that G is an
equivalence of bicategories, so we have proved that (b) implies (a). O

APPENDIX

Let us fix any pseudofunctor F : &/ — % sending each morphism of W, to an
internal equivalence. As we mentioned in the introduction, Theorem [0.4] fixed some
problems appearing in [Prl Proposition 24]. As Theorem [0L4] also [Pr, Propo-
sition 24| deals with necessary and sufficient conditions such that F induces an
equivalence of bicategories from &7 [W;ﬂ to #. However, such a statement is par-
tially incorrect. The existence a problem in such a statement was already mentioned
in [R1, Remark before Proposition 1.8.2] and [R2, Remark after Proposition 6.3],
but with no further details. For clarity of exposition, in the next lines we describe
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where the problem lies exactly. We recall that [Pr, Proposition 24| states the fol-
lowing: having fixed any F : &/ — % such that F1 (W) C W g cquiv, one should
have an induced equivalence from &/ [W;ﬂ to & if and only if F satisfies the
following 3 conditions.

(EF1) F is essentially surjective, i.e. for each object Ag there are an object Ay
and an isomorphism tg : Fo(Aw) = Az.

(EF2) For each pair of objects Ay, By and for each morphism fg : Fo(Aw) —
Fo(Bg), there are an object A’,, a morphism fo : A", — B, a morphism
weo A", — Ay in Wy and an invertible 2-morphism ag : Fi(fo) =
fmoF1 (Wpf>§-

(EF3) For each pair of objects A, By, for each pair of morphisms fL,, f2,: A, —
B,y and for each 2-morphism ag : Fi(fL) = Fi(f2), there is a unique 2-
morphism oy : f;{ = f;, such that Fa(ay) = ag.

One can easily see that such conditions are too strong than necessary: clearly (EFT)

must be relaxed by allowing not only isomorphisms but also internal equivalences.

But most importantly, (EF3) is definitely too much restrictive. This can be seen eas-

ily with a toy example as follows: let us consider a 2-category ¢ with only 2 objects

A, B, only a non-trivial morphism v : A — B and only a non-trivial 2-morphism

v :idp = idp (together with all the necessary identities and 2-identities). This

clearly satisfies all the axioms of a 2-category and we have v # 4q, but v iy, = iy,

since there are no non-trivial 2-morphisms over v. Then we set W := {v,id4,idg}
and it is easy to prove that (¢, W) satisfies axioms (BF). Then following the con-
structions in [Pr}, § 2.3 and 2.4], we have

Uw 2(7) = [BaidBaidBviidBv'Y} = |:A7V7V7iva’y*7:v:| =
= |:A7V7V7iv;7:v:| = [B;idBvidB;iidgviidB} = Uw 2(tidp)-

So the pseudofunctor F :=Uw : € — € [Wfl} does not satisfy the uniqueness
condition of (EF3). However, if we consider the pair (G, %) given by G := idgw-1)
and K := iy : Uw = idgw-1]oUw, then such a pair satisfies Theorem [0.3(2)
and is such that G is an equivalence of bicategories. This proves that condition
(EE3) is not necessary, hence that [Prl, Proposition 24| has some flaw.

Actually, conditions (EFTI) — (EE3) are sufficient in order to have that G is an
equivalence of bicategories. We are going to prove this in the remaining part of this
Appendix.

Lemma 4.2. Let us fix any pair (o7, W o) satisfying conditions (BF), any bicate-
gory A and any pseudofunctor F : o/ — B, such that:

o F sends each morphism of W o to an internal equivalence of A;
e F satisfies conditions (EE2) and (EE3).

Moreover, let us fix any morphism for : Boy — Ay, such that F1(for) is an internal
equivalence in B. Then there are an object Coy and a morphism go : Coy — By,
such that for 0 ger belongs to W oy and Fi(ger) is an internal equivalence.

Proof. Since F1(fo) is an internal equivalence, then there are an internal equiva-
lence €4 : Fo(Aw) — Fo(Be) and an invertible 2-morphism g : F1(for) 0 €2 =
idr,(a,)- By applying (EE2) to Fi(fo) o€z : Fo(Aw) — Fo(Aw), we get an
object A/, a morphism mg : A, - A, a morphism uy : A, - Ay in Wy
and an invertible 2-morphism vz : Fi(mgy) = (Fi(fw) 0 €x) o Fi(uy). Then we
consider the following invertible 2-morphism



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS - III 29

N% = VF (u,) © (é@ * ifl(u;{)) Oz Fi(ny) = Fi(ug).

By (EE3), there is a unique 2-morphism 7. : mg = U, such that Fa(ny) = ne.
Again by (EE3) we get that 7. is invertible since 74 is so. Since ug belongs
to W, by construction, then by (BF5) for (&, W) we conclude that also m
belongs to W .

Now we apply again (EE2) to the morphism €4 o F1(uy) : Fo(A',) = Fo(Bu). So
there are an object Cyy, a morphism go/ : Coy — By, a morphism zy : Coy — A;{
in W, and an invertible 2-morphism dz : Fi(g9w) = (€% o Fi(uw)) o F1(zw).
Then we consider the following invertible 2-morphism:

-1
R F -1, - .
05 = ( rng{,zg;/) © (7@ * Z]-H(Zg)) © (9]:1(fa¢)7€937-7:1(ug¢) * Z}—I(Zd))Q

. Fooo.
@9]:1(fxz¢)7€330]:1(ua¢),]:1(zﬂ) © (Z]‘—l(fd) * 5@) © wfﬂ,gﬂ :

fl(fg{ o gg{) = fl(mg{ o ZQ{).

By (EL3), there is a unique 2-morphism oo : fo © gor = Mgy © Ze, such that
Fo(o) = og. Moreover, again by (EEF3) we get that o is invertible. Now
both mg and z. belong to W, hence by (BF2) for (o7, W ), so does their com-
position. Then by (BF5) applied to 0, also the morphism f. 0g. belongs to W .

Since fo © gor belongs to W, then by hypothesis we get that F1(fo 0 gor) is an
internal equivalence of . Therefore we get easily that also Fi(fe) o F1(ger) is an
internal equivalence. Since Fi(fe ) is an internal equivalence by hypothesis, then
by [T2, Lemma 1.2] we conclude that Fi(g.) is an internal equivalence. O

Proposition 4.3. Let us fix any pair (o, W) satisfying conditions (BF), any
bicategory Z and any pseudofunctor F : o — B, such that:

e F sends each morphism in W o to an internal equivalence of A;

o F satisfies conditions (EF1), (EF2) and (EF3).

Then F satisfies conditions (BI) — (BA), hence by Corollary there is an equi-
valence of bicategories <f [W;ﬂ — AB. In other terms, |Prl, Proposition 24| lists

sufficient (but not necessary) conditions for having an induced equivalence from
o (W' to 5.

Proof. Clearly (EET]) implies (BIl).

Let us prove (B2), so let us fix any pair of objects A!,, A2, and any internal equiva-
lence eg : Fo(AL)) = Fo(A2,). Then by (EE2) applied to e, there are an object
Ai{, a morphism Wi{ : Ai{ — A}?{ in W/, a morphism Wi{ : Ai{ — Ai{ and an
invertible 2-morphism ag : Fi(w?,) = eg o Fi(wl,). Since F sends each mor-
phism of W, to an internal equivalence, then Fj(wl,) is an internal equivalence.
Then by [T2, Lemmas 1.1 and 1.2] we conclude that also F;(w?,) is an internal
equivalence in 4. Then by Lemma [£.2] applied to sz{, there are an object A; and
a morphism vz : A%, — A3, such that w2, o v belongs to W, and Fi(vy) is
an internal equivalence. Again by Lemma applied to v, there are an object
A5, and a morphism 7. : A5, — A%, such that v oz, belongs to W,. Using
the definition of right saturated, this proves that w2, belongs to W gat.
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Since F(wl)) is an internal equivalence, then there are an internal equivalence e, :

1 3 : : : 1. 1 :
Fo(Ag,) = Fo(Ay,) and an invertible 2-morphism 0z, : F1(w,,) 0 €l = idz,a1).
Then we define an invertible 2-morphism as follows:

2 -1, . 1y—1 -1 2
05 = (a% *ze/%) Obey, 7 (wl)) e, @ (Zegg * () ) On,, : eg = Fi(wi)oey.

This proves that (B2) holds.

Now let us prove that condition (B3] is satisfied, so let us fix any pair of objects
By, Ag and any morphism fg : Ag — Fo(By). By (EEI) there are an object
A and an isomorphism tg : Fo(Ay) — Ag. Let us apply (EE2) to the morphism
faota : Fo(Aw) — Fo(Bu). Then there are an object A’,, a morphism fu :
A’ , — B, a morphism w. : A, = Ay in W and an invertible 2-morphism
0z : F1(for) = (fo ots) o Fi(Wa). Since F sends each morphism of W, to
an internal equivalence, then there are an internal equivalence wg : Fo(Ay) —
Fo(A’,) and an invertible 2-morphism £z : idz,(a,,) = F1(Ww) o wg. Then we
define an internal equivalence

em =wgoty 1 Ag — Fo(AL)

and an invertible 2-morphism as follows

g = 9—1 IFNO) ((5;3,1 *iwg) *’L't;}l) ® (ef@ot@J:l(wﬂ),W@ *it;a1)®

Fi(fer) Wity

, , -1 , -1
Q((’f@ot@ *5@) * 'Lt;al) © (ﬂfﬁot% * 'Lt;al) © Of@,t%t;al Omp -
fa = Fi(fo)oexs.

This proves that (B3]) holds. The proof that (B4) and (B3] hold is a direct conse-
quence of (EE3). O

Remark 4.4. The already mentioned [Pr, Proposition 24| is applied in [Pr| only
for what concerns the sufficiency of conditions (EF) — (EE3). Hence even if such
conditions are only sufficient but not necessary, Proposition [4.3]shows that the error
in [Prl, Proposition 24] does not affect the rest of the computations in [Pr].

Remark 4.5. Let us consider the special case when 4 = &/ [W;] and F :=

Uw . In this case, one can consider the pair (G,®) given by G := id’d[w—l] and
of

R =luy , Uw,, = G oldw,,. This pair satisfies Theorem [I3(2) and G is an equi-

valence of bicategories, so Theorem [I.4] tells us that Uy, satisfies conditions (B)).

As a check for the correctness of Theorem [I.4] we want to verify by hand that result.

In this case, clearly (BI) holds since Uy, is a bijection on objects. Now let us prove
(B2), so let us fix any pair of objects A}y, Ai{ and any internal equivalence e from
AL, to A%, in & [W_']. By [T2, Corollary 2.7] for (&, W ), ez is necessarily of
the form

1 2
W 3 Wy

ez = (A A3, %),

with wély in W, and wi{ in Wy gat. Then we define an internal equivalence
eyt AL, — A3, in B = o/ [W_]] as follows:
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1 id 43

W o
¢y = (AL A3, 4%).

Moreover, we define a pair of invertible 2-morphisms in # = & [W;ﬂ:

1. 3 s 1 -1 -1 .
(533 = {AW’IdA;’W'Q{’UWiJ @WW}?{ QFWL{C'idAB ”UW}J @TFW}?{ GWWL{‘)idAB :| :
=4 =4

1 o 3 1 . 1 . 1 . s
Z/[WdJ(WQ{)Oe@ = (Ad,WdoldAi{,WdoldAi{) — (Ad,ldA}J,ldAiJ) _ldA}z{
and

2 . [ 43 : -1 -1 )
0 = [Ad,ldA:;,ldA:;,WW;oidAg T2 oid s } :
o o
3 1 . 2 . _ 2 /
ep = Ay, Wy oldys , wooidys | =Uw,1(Wey) o €.

This suffices to prove that (B2) holds for Uy, . Condition (B3 is a direct condition
of the definition of morphisms in a bicategory of fractions.

In order to prove (B4), it suffices to use [T1, Proposition 0.7] in the special case
when (¢, W) := (o/, W), Al = A2 = Ay, w! = w? :=ida,,, a := lida,, oida,,
and Y™ 1= 7 *dia, ,, so that I'" = Uw,, 2(v) for m =1, 2.

Lastly, let us prove (BE), so let us fix any pair of objects A, By, any pair of
morphisms fL, f% : Ay — By and any 2-morphism 'y, from (Ay,ida,,, fL) =
Uw,, 1(fL) to (Ag,ida,,, f3) = Uw,, 1(f%) in & [W_']. By [T2, Lemma 6.1]
applied to a := iidAQ{ oida,, there are an object A’, and a morphism vz : A", —
Az in Wy and a 2-morphism v : fL o vy = f% 0 vy, such that

/ .
FQ{: Adavdavdalid;‘dovggafyd}-

Hence, using [Prl pagg. 259-261] and the description of Uy, we have that

Do x ’Ll/{wd,l(vgf) =Tl *Z(A;{,idA/ 7Vg{)

is represented by the following diagram

Ay

id oid 1
Al Al faove

id 4/
A

) e . . / ).
U Uidy oidy Joidy Al b v *dia,,

id 4/
A

id 4,/ oid 4/
Ay Ay

Ay

. . U
Moreover, for each m = 1,2, a direct check proves that the associator wfgfd for
Uw ,, is represented by the following diagram:
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A
of
. OV
id 4/
o

A;{ “ i(f:;ovd)oidA;{ Bgy.

id 4/
A

id 4,/ oid 4/
A A

Therefore, it is easy to see that the composition

Uw . Uw,, \ !
(0 Ol * ity 1 (ver) © (1/1 ) (4.2)

f2 Ve Y v

is represented by the diagram

/

o
1 ov
idy Jorover
Al $dia,, oid, A, b v * iy, By,
i -
fszVd
/
Ay

i.e. (£2) coincides with Uy, 2(Ver) (see [Prl § 2.4]), so (BE) holds for Uw .
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