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1. Parametrised problems of linear elasticity
2. Projection-based reduced order models

3. Error estimation
*  Constitutive relation error (CRE)
* Goal-oriented error bounds
4. Sampling strategies
* Two-field Greedy sampling strategy
* Goal-oriented (multi-field) Greedy sampling strategy

5. Numerical Example



CARDIFF

UNIVERSITY

i i 11 Institute of Mechanics
e Parametrised problems of linear elasticity pontiute of Mechanies

e Parametrised principle of virtual work
hy y . _
an (1) : e(v)dQ = be@)de+ "
a(uP(n),vip) = fvip), Yo e UQ), €D

* Constitutive relation t(11)
(1) = D) 1) S

t(p)vdl, Yv e U (Q),n € D

e(u(n) = (Ve () + Tur (1))
* Nonhomogeneous Dirichlet BC
u" (1) = w(z, 1), v 0N
e OQutputs (Quantity of Interest)

Q (') =" (), 1<i<n,
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* Parametrised data are given in the forms of separate variables

D(p, ) =3y (1)D,(x),  Vu€D,VreQ
t(p, ) = v, (1)t (2), Vu € D,Vz € 09
b(p,z) =S ()b (2), Ve DVreQ

w(p, ) =y (wwx), Ve DVee
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Displacement field

e Opportunities & collaborations
= Smooth and low-dimensional parametrically induced manifold Uh’O(Q;M)

» Parametric setting -> decouple computational tasks to 2 stages: Offline (once,
expensive) and Online (numerous, cheap) stages thanks to the affine

decomposition
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Stress field

e Opportunities & collaborations
= Smooth and low-dimensional parametrically induced manifold Sh’O(Q;,LL)

» Parametric setting -> decouple computational tasks to 2 stages: Offline (once,
expensive) and Online (numerous, cheap) stages thanks to the affine

decomposition
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 Separation of variables Greedy sampling

u'(p) = u'(p) =Y "a (e, +u(w), Yu 2, ={¢,,1 <n <N}

* Optimal generalised coordinates

(an>1§n§N = arg min (|| u"(p) —w () ||D(M)> -

Za 1) +uP (1)
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 Separation of variables Greedy sampling

0" (1) ~ 6(u) = 306, (1), + "W, Vi Z, = (3,1 < m < N}

Greedy sampling
* Optimal generalised coordinates

() ey = arg min (|| u'(p) —u*(p) ||D(M)>
ZO‘ 16, +u () N,N <« N
~ _ . h *
@)y = argmin (le" (@)= (), ]

Za +0"P (1)
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* Upper bound in energy norm: Error in the constitutive relation [Prager-
Synge ‘47][Ladeveze ‘85]

1) 00 100 = 860 Ly

)~

sp) AT oT(w) = D(w) s e(ut ()

ATE () =l o () = o) IF =0 (1) = w () gy +

ATE () =Mo" (1) = 6(1) [ 2l (1) = u" (1) [l

Related work in the context of PGD [Ladeveze et al. ‘11]
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* Using duality argument [Rozza et al. ‘08][Oden et al. ‘01]: for

noncompliant output, 1 <: < 1,

Qr (1) + R(#° (1)) = AP (AT (1) < QM p) <
Qr (1) + R(2°(1)) + ATE () AT (1)

A
Primal residual of dual/adjoint solution 1 1

CRE energy upper error bound

CRE upper error bound for dual/adjoint problem

 Special case: compliant output

Q' (1) < Q™(1) < Q (k) + ATRE(py?

QI (1) < QM) < Q7 (w)
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* Quantities of Interest (Qol) relative gaps:

@ w - ()
L/2(1 Q) |+ 1 Q@ (w )

gap, (:LL)

BSOS <:-+ r(=r) OGS

.
-~ >

-

“Uncertainty interval” for (). (uh(,u)>
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e Initialize the two reduced spaces: 2, = {¢(Nl)}
21 — {¢(:u1>}
« While ACRE,maX > 8t01

= Compute ACRE(,LL), Vi € =, .., tofind:

p* = arg max ARE(y) _

H < ‘:train

" Test 1: Z}{feffl = Zy U P(p™), recompute AfRE(,u*)
= Test 2: 2:']%6?:31 = Z. U ¢(u*), recompute ASRE ()

] ) o . ACRE( *)
= Actual enrichment depending on which “testing” set decreases H
the most

 end
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* Initialize the four reduced spaces: primal displacement, primal stress, dual
displacement and dual stress sets

tol
gap
= Compute gap; (), Vu € E ;1 < i < ng tofind:

(lu*ﬂ;max) — arg,ueE m%}éiSnQ gapl(’u) _

train?

* While gap™* > ¢

Test 1: enrich RB primal displacement set, recompute gapzl, (™)

max

Test 2: enrich RB primal stress set, recompute gap? (1™)

max

Test 3: enrich RB dual displacement set, recompute gapg’ (u™)

Test 4: enrich RB dual stress set, recompute gap;1 (,LL*)maX

max

Actual enrichment depending on which “testing” set decreases
gap’ (u*),1 < j <4 themost

ZIH ax

* end
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* Dirichlet localisation problem

Macro-structure

div o™ (1) = 0

O_h (ILL) — D(/,Ll ) : G(uh (/,L) ) Effective elasticit{_ tensor DM

Effective stra;;l ™ = {pug, 3, pa}
Parametrised tensor field (affine) | Ny o=
u u u=eM(z-2)+u
2 4 — flon =
w(x, 1) = (z—7x), ve€ " =0
ILL4 ILL3 1 — Matrix
‘\‘3 i — Inclusions
1= %
e Outputs (Quantity of Interest) (R R MBS
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2 FEM mesh: 7728 nodes, 15184 linear
Al triangular elements N = 14196
1
0.81 = ¢ = 001-2_0 5
:LL—:LL_:LL177727G—1
— 0
06 2
- 1 1
0.4+ 1
:U“E:U’)\: Mlalaoag 72’)\: 1 \/5
0.2+ _ 0
J2
Einc
o . | p = —r €D =[01,10]

0 0.2 04 0.6 0.8 1.2

fQ e(uh’o(,u)) : D(p) : e(v)dQ) = — Qe(uh’p(,u)) : D(p) : e(v)dQ, YveU™(Q)

G"(u) = £° (uh(,u)) = ﬁfQZG : D(p) - e(u(p))d2  Compliant output

N () = 0 (' () \—512\ [ %, :D(s): e(u(u))dR Noncompliant output
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* FE displacement field with 1" = p* = 5,1, O,T
2
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1
e FE stress field with ©* = =|5,1,0,—
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* Two-field Greedy sampling algorithm

10° 18 : :
, | {0}
107k n 16
= = ||l {o}
& 10} 4% 14r
(1] 8
§ 1073_ LE'lQ-
g 107 '%10_
= gl
o 107°} <
5 M &t
P 1070k o=
ae] S 4t
= 107 Z ol
107° ' ' ' 0
0 10 20 30 40 5 10 15 20 25 30
Iterations Iterations
ACRE max __ mﬁax ACRE(M)
HEE ain
max ___ S
Eu o lglgii H u (,LL) u (,LL) HD( )
max _ h A
e, = max [ ") =5, .
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* Goal-oriented Greedy sampling algorithm

2

10 T T T T T 14 T .
0 — 1t
107 ¢ %12_ \:‘{épr}
1072 .45 o ‘:{cédu}
= o (| {o™}
\a 10 LE
g 2
. 2
g[ﬁ 107° ;
0] I | ‘
' H\m
o | | | | | o ANLULERERALLAT AR A RERATLATAL
0 10 20 30 . 40 50 60 5 10 15 20 25 30
Iterations Iterations

_ 2\Gr’+(uG) - Gr"(uG)\
\Gr’+(uG)\ + \Gr"(uG)\

max ___
gap, = max gap,
noes

gap, = gap(p?)

train

max

gap)™ = max gap,
—train r,+ A r,— A
o 2 = ()
gapjy = max {gap,,92p, | gap, = gap(') =

)\H(MA)‘ +

X"(MA)\
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Numerical results

lteration 1
— G (p); GV () ’
o G"(p) '
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031
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Numerical results
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e Speed-up?

10° : . . 10 : .
e —X=TF-RB
> — X=SCM-RB
. —X=CRE 2
g —X=5CM o) — — T\
= =
= =
o [
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5 ;
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o 8
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Conclusions
- A truly goal-oriented Greedy algorithm was proposed

- Faster online computations but looser bound compared with SCM
approach [Rozza et al. ‘08]

- Extend to time-dependent problems: linear parabolic PDEs
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Thank you for your attention!

Questions?
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Stress field

Displacement field

e Opportunities & collaborations
= Smooth and low-dimensional parametrically induced manifold Mh’O(Q;,LL)

» Parametric setting -> decouple computational tasks to 2 stages: Offline (once,
expensive) and Online (numerous, cheap) stages thanks to the affine

decomposition




