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Exact fluctuation theorem without ensemble quantities
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Evaluating the entropy production (EP) along a stochastic trajectory requires the knowledge of the system
probability distribution, an ensemble quantity notoriously difficult to measure. In this paper we show that the
EP of nonautonomous systems in contact with multiple reservoirs can be expressed solely in terms of physical
quantities measurable at the single-trajectory level with a suitable preparation of the initial condition. As a result,
we identify universal energy and particle fluctuation relations valid for any measurement time. We apply our
findings to an electronic junction model, which may be used to verify our prediction experimentally.
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I. INTRODUCTION

Nowadays experimental techniques enable the measure-
ment of energy and particle fluctuations in very small
systems such as single molecules, quantum dots, or electric
circuits [1-12]. These fluctuations have been shown to satisfy
universal constraints known as fluctuation theorems (FTs),
which generalize many former results derived near equilibrium
such as fluctuation-dissipation or Onsager-Casimir reciprocity
relations [13-28].

Most FTs are understood as special limiting cases of the
finite-time FT for the entropy production (EP) defined at the
trajectory level [21]. For a system in contact with several
energy and particle reservoirs this EP becomes the sum of
an entropy flow term describing the entropy changes in the
reservoirs due to energy and particles currents and a second
term describing the change of the system entropy along the
trajectory [21]. Contrary to the entropy flow, this second
term is expressed in terms of the initial and final system
probability distribution. Since these probabilities are ensemble
quantities evaluated at the trajectory level, their experimental
measurement has been possible only for systems with very few
degrees of freedom [10,12,29,30]. Furthermore, even when
measurable, these probabilities prevent the expression of the
EP solely in terms of physical observables measurable along
a single experimental trajectory.

Two types of specific setups have been previously consid-
ered to resolve this issue. The first one consists of a system
driven by a time-dependent force (i.e., nonautonomous) and
connected to a single heat reservoir. In this case the EP reduces
to the dissipated mechanical work and the FT reduces to the
celebrated Crooks FT [18,19], which has been successfully
exploited experimentally [1,2,8]. The second setup is made
of an autonomous system (no time-dependent force) in a
nonequilibrium steady state between multiple reservoirs. In
the long-time limit (in a large deviation sense) the FT for EP
reduces to a FT for energy and matter currents. This limit is
needed precisely to eliminate the system entropy contribution
to the EP. These so-called steady-state FTs [22,23,31] have
also been verified experimentally [7,32].

In this paper we show that the EP in general setups can
be expressed solely in terms of physical quantities directly
measurable at the single-trajectory level provided the initial
condition of the system is carefully prepared. These setups
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consist of systems driven by a time-dependent force, in contact
with multiple reservoirs, for which the initial conditions
correspond to equilibrium with respect to a reference reservoir.
We then establish a general finite-time FT for the work and the
energy and matter currents that reduces to the Crooks FT in the
presence of a single reservoir and a finite-time current FT in
the absence of time-dependent driving. Our FT is particularly
relevant for electron counting statistics experiments performed
in nonautonomous junctions [7,8,12].

II. FINITE-TIME FLUCTUATION THEOREM

We consider a system with a discrete set of energy levels
denoted by ¢,,(1;), controlled by a time-dependent parameter
As, and connected to v =1,...,N macroscopic reservoirs
with inverse temperatures f, = Tv_1 (kg = 1) and chemical
potentials w,. Our setup is schematically represented in
Fig. 1(a).

We start by defining the forward experiment. The system is
initially assumed at equilibrium with respect to a reference
reservoir denoted by v =1 at the value of the driving
parameter Xy. We denote its initial probability distribution
by pm'(ro). Such a state could be prepared by disconnecting
all but the reference reservoir and letting the system relax
to equilibrium [see Fig. 1(b)]. We will later return to more
realistic preparations of such a state. All the reservoirs are
then simultaneously connected to the system at # = 0 and the
driving parameter A, starts changing until time t, when it
reaches its final value A, . During this time, energy and particles
are exchanged between the system and the reservoirs and
mechanical work w;, (system energy changes induced by the
driving parameter) is performed on the system. After 7, all but
the reference reservoir v = 1 are simultaneously disconnected
from the system, which then reaches after a time t, the
equilibrium distribution pj,'(A;) with respect to the reference
reservoir. The entire duration of the forward experiment is
v/ =1+ 1., but we will later see that the disconnection
procedure and the subsequent equilibration from t to 7’ is
in fact not required for our final FT (9) to hold. We denote by
m the trajectory followed by the system between O and t’. The
EP along m during this forward experiment reads [23,33]

N
Aislm|A] = In ped (10) — In pd (he) — Y Bugulmlr] (1)

v=1
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FIG. 1. (Color online) (a) Schematic representation of our setup.
(b) Idealized preparation of the initial state of the system, at
equilibrium with reservoir v = 1 and disconnected from reservoirs
v=2,...,N. (c) Schematic representation of the forward (solid
black line) and backward (dashed red line) protocols.

in terms of the equilibrium distributions

p,e,:]()\t) — ¢ P [Em()»z)—ll-lﬂm—@()»r)]’ )

where €,,(A;) and n,, denote the system energy and particle
number in state m and ®;(A,) denotes the equilibrium grand
potential with respect to v = 1. The first two terms in (1)
represent the change in the system entropy. The third one is
the entropy change in the reservoirs expressed in terms of the
heat g,[m|A] = Ae,[m|A] — p, An,[m|A], where Ae,[m]|A]
and An,[m|A] denote, respectively, the energy and matter
flowing from the reservoir v.

We now consider the backward experiment. The system is
initially in the final equilibrium state of the forward protocol
p,e,?()»f) and all the reservoirs are then reconnected. During
a time 7, the system is driven by the time-reversed driving
of the forward experiment A; = A;_, until it reaches its final
value A, = Ao. All reservoirs except the reference one v = 1
are then disconnected and the system is allowed to relax to the
equilibrium state ppi(A;) = pm(Ao). Again, we will see that
this last step is in fact not required for our FT (9) to hold.

A central result in stochastic thermodynamics is that the
EP (1) can be expressed as [19,21,23]

Ais[m|2] = In{P[m|2]/ P[f|A]}, 3)

where P[m|\] is the probability to observe a trajectory m

during the forward experiment and P[i|A] is the probability

to observe the time-reversed trajectory m during the backward

experiment. As aresult, EP satisfies the involution A;s (M|A] =

—A;s[m|A] under time reversal, which directly implies the
FT [21,33,34]

P(Ais)
n—=——-—=
P=Ais)

where P(x)and P(x) are the probability distributions of the EP

during the forward and the backward experiment, respectively.

We now make use of energy and particle number conserva-

tion at the single-trajectory level. Energy changes are separated
into contributions due to the driving parameter (mechanical

Ajs, “4)
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work) and the reservoirs (energy flows), while particle changes
are only due to particle flows

N
€m, Orr) = €my(h0) = wilm[A] + ) Ae,[m[A],  (5)
v=1
N
R, Or) = g (ho) = D Any[m|2]. (6)
v=1

Together with the equilibrium condition (2), we can rewrite
the EP as

N
Ais = fi(w; — AD) + Y (ALAe, + AlAn,),  (7)

v=2

where we omitted the trajectory dependence to lighten the
notation and introduced the thermodynamic forces

Aizﬂl_ﬂvv A?)ZIBV/’LV_IBII'LN (8)

associated with the energy and matter transfers, respectively.
We also defined the change in the reference grand potential
Ad; = O(r) — $,(0), which only depends on the initial
and final values of the driving parameter and thus does not
fluctuate. As a result, the FT for the EP can be written as

P(Biw, + YN, [ASje + A jr])
P(—prw, —t 0, [Asjc + Anjn])
_ Pwn i) (i)
P(w.{—jeh{—jr})

N
= Bi(w, — AD)+ T Y (ASjS+ALY) ()
v=2

=In

in terms of the energy and particle currents j$ = Ae€, /Tt and
JjI = An, /1, respectively, entering the system from reservoir
v. The first equality in (9) results from the fact that when
EP is a sum of odd terms under time reversal, a detailed FT
also holds for their joined probability distribution [35]. The
FT (9) is our main result. It holds for specific initial conditions
corresponding to equilibrium with respect to a reference
reservoir (2), but is valid for any time and is exclusively
expressed in terms of physical observables at the trajectory
level: the mechanical work performed on the system w, and the
energy and particle currents j§ and j.'. The generalization to
time-dependent temperatures and chemical potentials is given
in the Appendix.

As previously announced, disconnecting all but the ref-
erence reservoir and letting the system relax in the forward
as well as in the backward experiment is in fact not needed.
All the fluctuating quantities appearing in the argument of
the probability distributions in (9) stop evolving during these
relaxation process, i.e., w) = j; = j =0forv=2,...,N.
As a result, the measurement of the mechanical work and of
the fluxes can be performed during any chosen time regardless
of the final state of the system and the type of driving.

The initial condition (2) can be prepared without discon-
necting the reservoirs by letting the system relax with all
temperatures and chemical potentials of the reservoirs set to
B and p . The latter are then simultaneously switched to their
nominal values §, and w, on a time scale shorter than that
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of the system dynamics. We show in the Appendix that such
switching is not affecting (9). Alternatively, one may directly
weight measurement outcomes along single trajectories with
the equilibrium distribution (2) in experimental situations for
which the initial state of the system is controlled.

In the presence of a single reservoir A = A7 =0, (9)
reduces to the Crooks FT [18,19] for the mechanical work
1n{P[m|)»]/P[ﬁ1|)~\]} = exp[B(w; [m|A] — A®)]. On the other
hand, in the absence of time-dependent driving our FT (9)
becomes equivalent to a current FT [22-24]

e [ in N
In —P({]_”}’{J”.}) =t ) (ASjS+ALjY). (10
P(l-ishi=i)) =
Remarkably, this FT is now valid at all times (due to our
choice of initial condition), while when initially at steady state
a long-time limit is needed.

For isothermal setups (B, = B for all v), our FT (9)

simplifies to

P(w)» + wc)
= =In
P(_wA - wc)

P(w)» s wc)

In =
P(—wy, —w.)

:ﬁ(wk +w. — Ady),

an

where the chemical work for transferring particles from one
reservoir to another is

N
We =7 (o — p1)j- (12)
v=2

Despite their very different nature, mechanical and chemical
work play the same role in this result.

III. MODEL SYSTEM

As a concrete application, we consider a single-level quan-
tum dot connected to two electronic reservoirs at equilibrium
with the same temperature but different chemical potentials.
We also assume that an external field drives the energy of
the single level as €, = € —acoswt with an amplitude a
and frequency w. The corresponding backward protocol for
a given measurement time t is & = ¢,_;. [f m = 0,1 denote,
respectively, the empty and filled single level, in the Coulomb
blockade regime the dynamics of the occupation probabilities
P 1s described by the master equation p,, = Zm wr Umm’ D
where Ty = =Y, D [24,36]. The Fermi golden rule
rate to charge and uncharge the dot are respectively given
by I'jp = Zv=1,2 wfi(e)and Loy = Z‘,:l_z vl = fu(e))in
terms of the tunneling rates y,, and the Fermi-Dirac distribution
function f,(x) = [1 4 exp B(x — ,)]~" of the reservoirs v =
1,2. Similar experimental setups have been considered in
Refs. [7,8]. Since the single-electron transfers and the dot
occupation can be monitored experimentally, these setups are
ideal to verify our predictions.

For this isothermal setup, we will explicitly verify the
FT (11) by numerically calculating the statistics of the
mechanical and chemical work using the generating function
techniques developed in Ref. [23]. The mechanical work
w; is the energy provided by the external field to lift the
energy of the single level when charged. When uncharged,
no mechanical work is performed by the field. The chemical
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FIG. 2. (Color online) Simulations of the chemical work distri-
bution P(w,.) (left column) and the mechanical work distribution
P(w;)dw, = P(w;, € [w,,w, +dw,]) (right column), along the
forward protocol and for three different measurement times t. Each
histogram contains 50 bins that span the support of the distribution.
WeusedB =1, u1 =1L u,=3,e=2,a=05w=1/2,y =15,
and y, = 1.4.

work we = tApjy, with Apr = 1y — puy, is in turn the energy
needed to transfer tjj electrons from reservoir v =2 to
reservoir v = 1.

Simulations of the chemical work distribution P(w,.) are
illustrated in the left column of Fig. 2 for several values of the
measurement time t. The chemical work takes discrete values
w, = kAp, where k is the number of particles transferred
from reservoir 2 to 1 during time t. The distribution spreads
and drifts as the measurement time t increases.

Simulations of the mechanical work distribution P(w;)
are depicted in the right column of Fig. 2. At short times,
1.e., for T « Fill,Fojl, electron transfers barely occur during
the measurement and the distribution is essentially P(w;) ~
pgqé(wx) + pfqé(wA — a cos(wt)). It becomes smoother as
electrons start to be randomly exchanged with the quantum
dot for increasing measurement times. The initial peaks
completely disappear for T > Fﬂ)l ,Fo_ll. This distribution has
a limited support determined by the minimum and maximum
work that can be done by the protocol on the quantum dot
during t.

The distributions for the mechanical and chemical work
P(w.) and P(w,) in general do not satisfy a FT for finite
time t. However, their joined distribution P(w.,w;) as well
as the distribution for their sum P(w. + w,) does satisfy the
FT (11). Numerical evaluations of the latter along the forward
and backward protocol by use of the generating function
techniques [23] are shown in the left column of Fig. 3.
The oscillations in these distributions can be understood by
noting that P(w; + w.) = Y, P(w; — kAu,kAp). Provided
the width of the mechanical work distribution is of order Au
or smaller, oscillations are to be expected. Moreover, for short
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FIG. 3. (Color online) The left column shows the probability
distribution for the sum of the mechanical and chemical work along
the forward (solid black lines) and backward (dashed red lines)
protocols for different measurement times t. The right column shows
explicit verification of the fluctuation relation (11). The quantity on
the ordinate is [(w;, + w.) = In[P(w;, + w,)/ P(—w;, — w,)] + BAD
and equals w; + w, when the FT is satisfied. The parameters are the
same as in Fig. 2.

measurement times, the distribution is identically zero on finite
subsets of the work axis due to the limited amount of work
that can be performed by the mechanical driving. The FT (11)
is explicitly verified in the right column of Fig. 3. Here again,
portions of work are missing at short times due to the limited
support of the mechanical work distribution.

IV. CONCLUSION

Various fluctuation relations have been derived in the recent
years, many of which lack a direct connection to experimental
observables. The FT derived in this paper is solely expressed
in terms of physical observables at the trajectory level and
generalizes the former experimentally relevant FTs to setups
involving time-dependent forces and multiple reservoirs.

ACKNOWLEDGMENTS

G.B.C. and M.E. were supported by the National Research
Fund, Luxembourg in the frame of Project No. FNR/A11/02.
A.L. was supported by the Lundbeck Fonden and The Danish
Council for Independent Research—Natural Sciences.

APPENDIX

We now consider the generalization of the FT (9) in the
presence of time-dependent inverse temperatures S,(¢) and
chemical potentials w,(¢) for v=1,...,N. The system is
assumed to be described by a stochastic master equation whose
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transition rates satisfy the local detail balance condition

rr (t
1 Do ®) _

G —Bu(O[Ae, — py(1)An,], (AL)

where A€, and An, denote, respectively, the amount of energy
and particles flowing out of reservoir v during the transition
from m’ to m.

A system trajectory m is a particular realization of the
stochastic process during which the system undergoes a
succession of transitions at times ¢; fori = 1, ...,k involving
an energy and particle number exchange A€’ and An' with a
given reservoir v. In the following we make the identifications
to = 0 and #+; = 7 and denote by €, (t) and n,,,, respectively,
the energy and particle number of the system in state m; at
time ¢.

We introduce the instantaneous energy and matter currents
out of reservoir v and the mechanical power, respectively, as

k

SO =17 Ast — 1), (A2)
ljl

=Tty Ans — 1), (A3)
tkzl

Wi (1) = Y ém, (D 1:(1) (A4)
i=0

in terms of the Dirac delta function §(¢) and step functions
Xi(t), which are equal to 1 for ¢ €]¢t;,t;+1[ and O otherwise.
The conservation laws (5) and (6) are then equivalent to the
constraints

N
() = () + Y ji), (A5)
v=I
N
) =) i) (A6)
v=1

in terms of the energy €(¢) and number of particles n(z) in the
open system at time ¢.

Using the expression (3) for the EP as well as (A1)—(A6),
we find that

Ais[m[{B, (1)}, {1, (1)}, ()]

Fm,',lm,' (tl)
Fm[m;,l (ti)

=t

= {ﬁl(t)[em,(t) - /'Ll(t)nmr]}t:O

k
=Inpy, —Inpy,, + Zln
i=1

- N
—/0 dry " B[ Js(t) — () ®)]
v=I1

T . d
= / dt[Bi()e(t)] — d—[ﬂl(t)m(t)n(t)]
0 t

: N
+ /0 di Y [ALDE ) + AL 0]
v=2

_ BiD1(T) + BrO)p (0) + / dt B (s (). (AT)

0
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Assuming that the inverse temperature and chemical poten-
tial of the reference reservoir v =1 is time independent,
we get

N

= Bi(w, — Ad) + / dr Y [ASw e
0

v=2

P(A;s)
n———m
P(—Ais)

+ AL (0) ) (@), (A8)

expressed in terms of the time-dependent thermodynamic
forces

AL = B = Bu(0), (A9)

A1) = Bu(O)pn (1) — Briny (A10)
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and the grand canonical potential difference

Apy = ¢i(t) — ¢1(0).

The FT (AS8) is the generalization of (9) when considering
time-dependent temperatures and chemical potentials in all
the reservoirs.

As announced in the paper, a sudden switch in the
temperatures and chemical potentials of all but the reference
reservoir does not contribute to the EP appearing on the
right-hand side of the FT (A8). Indeed, since the switch is
performed on a time scale shorter than the typical time scale
of transfer processes between the reservoirs and the system, all
the currents remain zero during the switch jS(t,) = jI(t,) =
w;, = A¢; = 0. Weimplicitly assumed that the relaxation time
scale of the reservoirs is much shorter than all other relevant
time scales.

(Al1)

[1]1 J. Liphardt, S. Dumont, S. B. Smith, I. Tinoco, and
C. Bustamante, Science 296, 1832 (2002).

[2] D. Collin, F. Ritort, C. Jarzynski, S. Smith, I. Tinoco, and
C. Bustamante, Nature (London) 437, 231 (2005).

[3] F. Douarche, S. Ciliberto, A. Petrosyan, and I. Rabbiosi,
Europhys. Lett. 70, 593 (2005).

[4] A. Imparato, F. Sbrana, and M. Vassalli, Europhys. Lett. 82,
58006 (2008).

[5] T. Fujisawa, T. Hayashi, R. Tomita, and Y. Hirayama, Science
312, 1634 (2006).

[6] S. Gustavsson, R. Leturcq, M. Studer, T. Shorubalko, 1. Thn,
K. Ensslin, D. C. Driscoll, and A. C. Gossard, Surf. Sci. Rep.
64, 191 (2009).

[7] B. Kiing, C. Rossler, M. Beck, M. Marthaler, D. S. Golubev,
Y. Utsumi, T. Ihn, and K. Ensslin, Phys. Rev. X 2,011001 (2012).

[8] O.-P. Saira, Y. Yoon, T. Tanttu, M. Mottonen, D. V. Averin, and
J. P. Pekola, Phys. Rev. Lett. 109, 180601 (2012).

[9] A. Alemany, A. Mossa, . Junier, and F. Ritort, Nat. Phys. 8, 688
(2012).

[10] S. Ciliberto, A. Imparato, A. Naert, and M. Tanase, Phys. Rev.
Lett. 110, 180601 (2013).

[11] S.Ciliberto, A. Imparato, A. Naert, and M. Tanase, J. Stat. Mech.
(2013) P12014.

[12] J. Koski, T. Sagawa, O.-P. Saira, Y. Yoon, A. Kutvonen,
P. Solinas, M. Mottonen, T. Ala-Nissila, and J. Pekola, Nat.
Phys. 9, 644 (2013).

[13] G. N. Bochkov and Y. E. Kuzovlev, Zh. Eksp. Teor. Fiz. 72, 238
(1977) [Sov. Phys. JETP 45, 125 (1977)].

[14] D. J. Evans and D. J. Searles, Phys. Rev. E 50, 1645 (1994).

[15] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74, 2694
(1995).

[16] C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997).

[17] J. Kurchan, J. Phys. A 31, 3719 (1998).

[18] G. E. Crooks, J. Stat. Phys. 90, 1481 (1998).

[19] G. E. Crooks, Phys. Rev. E 60, 2721 (1999).

[20] J. L. Lebowitz and H. Spohn, J. Stat. Phys. 95, 333 (1999).

[21] U. Seifert, Phys. Rev. Lett. 95, 040602 (2005).

[22] D. Andrieux and P. Gaspard, J. Stat. Phys. 127, 107 (2007).

[23] M. Esposito, U. Harbola, and S. Mukamel, Phys. Rev. E 76,
031132 (2007).

[24] M. Esposito, U. Harbola, and S. Mukamel, Rev. Mod. Phys. 81,
1665 (2009).

[25] M. Campisi, P. Hanggi, and P. Talkner, Rev. Mod. Phys. 83, 771
(2011).

[26] C. Jarzynski, Time (Springer, Berlin, 2013), pp. 145-172.

[27] U. Seifert, Rep. Prog. Phys. 75, 126001 (2012).

[28] C. Van den Broeck and M. Esposito, arXiv:1403.1777 [Physica
A (to be published)].

[29] S. Schuler, T. Speck, C. Tietz, J. Wrachtrup, and U. Seifert,
Phys. Rev. Lett. 94, 180602 (2005).

[30] C. Tietz, S. Schuler, T. Speck, U. Seifert, and J. Wrachtrup,
Phys. Rev. Lett. 97, 050602 (2006).

[31] A. Imparato and L. Peliti, J. Stat. Mech. (2007) L02001.

[32] Y. Utsumi, D. S. Golubev, M. Marthaler, K. Saito, T. Fujisawa,
and G. Schon, Phys. Rev. B 81, 125331 (2010).

[33] M. Esposito and C. Van den Broeck, Phys. Rev. Lett. 104,
090601 (2010).

[34] G. Verley and D. Lacoste, Phys. Rev. E 86, 051127 (2012).

[35] R. Garcia-Garcia, D. Dominguez, V. Lecomte, and A. B. Kolton,
Phys. Rev. E 82, 030104 (2010).

[36] U. Harbola, M. Esposito, and S. Mukamel, Phys. Rev. B 74,
235309 (2006).

052119-5


http://dx.doi.org/10.1126/science.1071152
http://dx.doi.org/10.1126/science.1071152
http://dx.doi.org/10.1126/science.1071152
http://dx.doi.org/10.1126/science.1071152
http://dx.doi.org/10.1038/nature04061
http://dx.doi.org/10.1038/nature04061
http://dx.doi.org/10.1038/nature04061
http://dx.doi.org/10.1038/nature04061
http://dx.doi.org/10.1209/epl/i2005-10024-4
http://dx.doi.org/10.1209/epl/i2005-10024-4
http://dx.doi.org/10.1209/epl/i2005-10024-4
http://dx.doi.org/10.1209/epl/i2005-10024-4
http://dx.doi.org/10.1209/0295-5075/82/58006
http://dx.doi.org/10.1209/0295-5075/82/58006
http://dx.doi.org/10.1209/0295-5075/82/58006
http://dx.doi.org/10.1209/0295-5075/82/58006
http://dx.doi.org/10.1126/science.1126788
http://dx.doi.org/10.1126/science.1126788
http://dx.doi.org/10.1126/science.1126788
http://dx.doi.org/10.1126/science.1126788
http://dx.doi.org/10.1016/j.surfrep.2009.02.001
http://dx.doi.org/10.1016/j.surfrep.2009.02.001
http://dx.doi.org/10.1016/j.surfrep.2009.02.001
http://dx.doi.org/10.1016/j.surfrep.2009.02.001
http://dx.doi.org/10.1103/PhysRevX.2.011001
http://dx.doi.org/10.1103/PhysRevX.2.011001
http://dx.doi.org/10.1103/PhysRevX.2.011001
http://dx.doi.org/10.1103/PhysRevX.2.011001
http://dx.doi.org/10.1103/PhysRevLett.109.180601
http://dx.doi.org/10.1103/PhysRevLett.109.180601
http://dx.doi.org/10.1103/PhysRevLett.109.180601
http://dx.doi.org/10.1103/PhysRevLett.109.180601
http://dx.doi.org/10.1038/nphys2375
http://dx.doi.org/10.1038/nphys2375
http://dx.doi.org/10.1038/nphys2375
http://dx.doi.org/10.1038/nphys2375
http://dx.doi.org/10.1103/PhysRevLett.110.180601
http://dx.doi.org/10.1103/PhysRevLett.110.180601
http://dx.doi.org/10.1103/PhysRevLett.110.180601
http://dx.doi.org/10.1103/PhysRevLett.110.180601
http://dx.doi.org/10.1088/1742-5468/2013/12/P12014
http://dx.doi.org/10.1088/1742-5468/2013/12/P12014
http://dx.doi.org/10.1088/1742-5468/2013/12/P12014
http://dx.doi.org/10.1038/nphys2711
http://dx.doi.org/10.1038/nphys2711
http://dx.doi.org/10.1038/nphys2711
http://dx.doi.org/10.1038/nphys2711
http://dx.doi.org/10.1103/PhysRevE.50.1645
http://dx.doi.org/10.1103/PhysRevE.50.1645
http://dx.doi.org/10.1103/PhysRevE.50.1645
http://dx.doi.org/10.1103/PhysRevE.50.1645
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.74.2694
http://dx.doi.org/10.1103/PhysRevLett.78.2690
http://dx.doi.org/10.1103/PhysRevLett.78.2690
http://dx.doi.org/10.1103/PhysRevLett.78.2690
http://dx.doi.org/10.1103/PhysRevLett.78.2690
http://dx.doi.org/10.1088/0305-4470/31/16/003
http://dx.doi.org/10.1088/0305-4470/31/16/003
http://dx.doi.org/10.1088/0305-4470/31/16/003
http://dx.doi.org/10.1088/0305-4470/31/16/003
http://dx.doi.org/10.1023/A:1023208217925
http://dx.doi.org/10.1023/A:1023208217925
http://dx.doi.org/10.1023/A:1023208217925
http://dx.doi.org/10.1023/A:1023208217925
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1103/PhysRevE.60.2721
http://dx.doi.org/10.1023/A:1004589714161
http://dx.doi.org/10.1023/A:1004589714161
http://dx.doi.org/10.1023/A:1004589714161
http://dx.doi.org/10.1023/A:1004589714161
http://dx.doi.org/10.1103/PhysRevLett.95.040602
http://dx.doi.org/10.1103/PhysRevLett.95.040602
http://dx.doi.org/10.1103/PhysRevLett.95.040602
http://dx.doi.org/10.1103/PhysRevLett.95.040602
http://dx.doi.org/10.1007/s10955-006-9233-5
http://dx.doi.org/10.1007/s10955-006-9233-5
http://dx.doi.org/10.1007/s10955-006-9233-5
http://dx.doi.org/10.1007/s10955-006-9233-5
http://dx.doi.org/10.1103/PhysRevE.76.031132
http://dx.doi.org/10.1103/PhysRevE.76.031132
http://dx.doi.org/10.1103/PhysRevE.76.031132
http://dx.doi.org/10.1103/PhysRevE.76.031132
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1103/RevModPhys.81.1665
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1103/RevModPhys.83.771
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://dx.doi.org/10.1088/0034-4885/75/12/126001
http://arxiv.org/abs/arXiv:1403.1777
http://dx.doi.org/10.1103/PhysRevLett.94.180602
http://dx.doi.org/10.1103/PhysRevLett.94.180602
http://dx.doi.org/10.1103/PhysRevLett.94.180602
http://dx.doi.org/10.1103/PhysRevLett.94.180602
http://dx.doi.org/10.1103/PhysRevLett.97.050602
http://dx.doi.org/10.1103/PhysRevLett.97.050602
http://dx.doi.org/10.1103/PhysRevLett.97.050602
http://dx.doi.org/10.1103/PhysRevLett.97.050602
http://dx.doi.org/10.1088/1742-5468/2007/02/L02001
http://dx.doi.org/10.1088/1742-5468/2007/02/L02001
http://dx.doi.org/10.1088/1742-5468/2007/02/L02001
http://dx.doi.org/10.1103/PhysRevB.81.125331
http://dx.doi.org/10.1103/PhysRevB.81.125331
http://dx.doi.org/10.1103/PhysRevB.81.125331
http://dx.doi.org/10.1103/PhysRevB.81.125331
http://dx.doi.org/10.1103/PhysRevLett.104.090601
http://dx.doi.org/10.1103/PhysRevLett.104.090601
http://dx.doi.org/10.1103/PhysRevLett.104.090601
http://dx.doi.org/10.1103/PhysRevLett.104.090601
http://dx.doi.org/10.1103/PhysRevE.86.051127
http://dx.doi.org/10.1103/PhysRevE.86.051127
http://dx.doi.org/10.1103/PhysRevE.86.051127
http://dx.doi.org/10.1103/PhysRevE.86.051127
http://dx.doi.org/10.1103/PhysRevE.82.030104
http://dx.doi.org/10.1103/PhysRevE.82.030104
http://dx.doi.org/10.1103/PhysRevE.82.030104
http://dx.doi.org/10.1103/PhysRevE.82.030104
http://dx.doi.org/10.1103/PhysRevB.74.235309
http://dx.doi.org/10.1103/PhysRevB.74.235309
http://dx.doi.org/10.1103/PhysRevB.74.235309
http://dx.doi.org/10.1103/PhysRevB.74.235309



