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1. Introduction

Let f:{0,1}" - R be an n-variable pseudo-Boolean function and let S be
a subset of its variables. Define the influence of S over f as the expected
value, denoted I;(S), of the highest variation of f when assigning values
independently and uniformly at random to the variables not in S (see [12]
for a normalized version of this definition). That is,

1 .
I1(5) = 59 Tg;\s(%?gf(“m ~min f(TUR)),
where N = {1,...,n}.! This notion was first introduced for Boolean functions

f:{0,1}" - {0,1} by Ben-Or and Linial [2] (see also [10]). There the influence
I¢(S) was (equivalently) defined as the probability that, assigning values
independently and uniformly at random to the variables not in S, the value of
f remains undetermined. Since its introduction, this concept has found many
applications in discrete mathematics, cooperative game theory, theoretical
computer science, and social choice theory (see, e.g., the survey article [11]).

When the function f is nondecreasing in each variable, the formula above

reduces to 1

I(S) = e % (FT08)- (D). (1)
The latter expression has an interesting interpretation even if f is not nonde-
creasing. In cooperative game theory for instance, where f(7") represents the
worth of coalition T in the game f, this expression is precisely the average
value of the marginal contributions f(7°u.S) — f(T') of coalition S to outer
coalitions 7' ¢ N \ S. Thus, it measures an overall influence (which can be
positive or negative) of coalition S in the game f. In particular, when S = {i}
is a singleton it reduces to the Banzhaf power index

1
-1

L;({i}) = 5

> (f(Tu{)-f(])).

TcN~{i}

Thus, the expression in (1) can be seen as a variant of the original concept
of influence that simply extends the Banzhaf power index to coalitions. We

!Throughout we identify Boolean vectors x € {0,1}" and subsets 7' ¢ N by setting
x; =1 if and only if ¢ € T. We thus use the same symbol to denote both a pseudo-Boolean
function f:{0,1}" - R and the corresponding set function f:2 — R interchangeably.



call it the Banzhaf influence index and denote it by ®g(f,S). Actually, this
index was introduced, axiomatized, and even generalized to weighted versions
in [13].

The Banzhaf interaction indexr [17], another index which extends the

Banzhaf power index to coalitions, is defined for a pseudo-Boolean function
f:{0,1}" > R and a subset S ¢ N by

(8) = 5 ¥ (Ash)(D), &)

TSN\S

where Agf denotes the S-difference (or discrete S-derivative) of f.2 When
|S| > 2, this index measures an overall degree of interaction among the vari-
ables of f that are in S. When f is a game, it measures an overall degree of
interaction among the players of coalition S in the game f (see, e.g., [5, 6, 7]).

It is known that the Banzhaf power and interaction indexes can be ob-
tained from the solution of a standard least squares approximation problem
for pseudo-Boolean functions (see [6, 8]). Weighted versions of this approx-
imation problem recently enabled us to define a class of weighted Banzhaf
interaction indexes having several nice properties (see [14]). However, we
observe that there is no such least squares construction for the Banzhaf in-
fluence index in the literature.

In this paper we fill this gap in the following way. In Section 2 we first
show that the Banzhaf interaction index can be obtained from a different,
more natural (but still elementary) least squares approximation problem.
Specifically, Ig(f,S) appears as the leading coefficient in the multilinear rep-
resentation of the best approximation fg of f by a pseudo-Boolean function
that depends only on the variables in S. We then prove that the Banzhaf
influence index ®g(f,.S) can be obtained from the same approximation prob-
lem simply by considering the difference fs(S) - fs(@). In Section 3 we in-
troduce a class of weighted Banzhaf influence indexes from the solution of a
weighted version of this approximation problem. We show that these indexes
define a subclass of the family of generalized values, give their most impor-
tant properties, and point out similarities between the weighted Banzhaf
influence index and the corresponding weighted Banzhaf interaction index.
In Section 4 we discuss the issue of representing pseudo-Boolean functions

*The differences of f are defined as Agf = f, Ay f(x) = f(x |z =1) - f(x | z; =0),
and Asf = A{z}AS’\{z}f forieS.



in terms of Banzhaf influence indexes. More precisely, we show that in the
generic weighted case any pseudo-Boolean function can be reconstructed, up
to an additive constant, from prescribed influences. By contrast, in the non-
weighted case only half of the information contained in the pseudo-Boolean
function can be reconstructed. This important observation fully motivates
the investigation of the weighted case, which therefore is not a straightfor-
ward extension of the non-weighted case. Finally, in Section 5 we present
an application of the weighted Banzhaf influence index in system reliability
theory and give a couple of concluding remarks.

2. Interactions, influences, and least squares approximations

In this section we recall how the Banzhaf interaction index can be ob-
tained from the solution of a standard least squares approximation problem
and we show how a variant of this approximation problem can be used to
define both the Banzhaf interaction and influence indexes.

It is well known (see, e.g., [9]) that any pseudo-Boolean function f:{0,1}" —
R can be uniquely represented by a multilinear polynomial function

f = Z a(T)ur,

T<N

where up(x) = [I;ep z; is the unanimity game (or unanimity function) for
T ¢ N (with the convention ug = 1) and the set function a: 2V — R, called the
Moébius transform of f, is defined through the conversion formulas (Mobius
inversion formulas)

a(S) = Y (-DFFIAT) and  f(S) = Y a(T). (3)

TcS TcS
By extending formally any pseudo-Boolean function f:{0,1}" - R to

the unit hypercube [0, 1]" by linear interpolation, Owen [15, 16] introduced
the multilinear extension of f, i.e., the multilinear polynomial f:[0,1]* - R

defined by B
fx) = > a(S) [,

SEN ieS
where a is the Mdbius transform of f.
Denote by FV the set of pseudo-Boolean functions on N (i.e., with vari-
ables in N). Recall that the Banzhaf interaction index [7, 17] is the mapping
Ig: FN x 2NV —» R defined in Eq. (2). Extending the S-difference operator Ag

4



to multilinear polynomials on [0,1]?, we can show the following identities

(see [6, 16])
In(/.8) = (Ash)( f Asf(x)dx,

Where = stands for ( ey 2) Since the S-difference operator has the same

effect as the S-derivative operator Dg (i.e., the partial derivative operator

with respect to the variables in S) when applied to multilinear polynomials
n [0,1]", we also have

Io(f.8) = (DsN)(3) = [ Dsf(x)dx. 4

We now recall how the index Iz can be obtained from an approximation
problem. For k€ {0,...,n} define

Vi = span{ur:T <N, |T| <k},

that is, V} is the linear subspace of all multilinear polynomials g: {0,1}" - R
of degree at most k, i.e., of the form

g= > cT)ur, c(T)eR.
TcN
IT|<k

The best kth approximation of a function f:{0,1}® - R is the function
fr € Vi that minimizes the squared distance

S (fx) -9x) = X (F(T)-g(T)) (5)

xe{0,1}n TSN

among all functions g € V.
The following proposition, which was proved in [6] (see [8] for an earlier
work), expresses the number Ig(f,.S) in terms of the best |S|th approximation

f|5| of f

Proposition 2.1 ([6]). For every f:{0,1}" - R and every S ¢ N, the number
Ig(f,S) is the coefficient of ug in the multilinear representation of the best
|S|th approzimation fis of f.



An alternative (and perhaps more natural) approach to measure the in-
fluence on f of its ith variable consists in considering the coefficient of u;
in the best approximation of f by a function of the form

g = (@) ug + c({i}) ug

(instead of a function in V}), as classically done for linear models in statistics.
More generally, for every S ¢ N define Vg = {ur : T' ¢ S}, that is, Vg is the
linear subspace of all multilinear polynomials g: {0, 1}" — R that depend only
on the variables in S, i.e., of the form

g = T;SC(T)UT, o(T) eR.

The best S-approzimation of a function f:{0,1}" - R is then the function
fs € Vg that minimizes the squared distance (5) among all functions g € V.

We now show that Ig(f,S) is also the coefficient of ug in the multilinear
representation of fg. On the one hand, fg is the orthogonal projection of f
onto Vg with respect to the inner product

(1) = 52 % F(T)a(T) (©

On the other hand, it is well known and easy to prove that the 2" functions

vr(x) = [[(22; - 1), TcN,

€T

form an orthonormal set with respect to this inner product. Thus, the best
kth- and S-approximations of f are respectively given by

fe = Y (fivr)vr and fs = > (f,vr)vr. (7)
TcN T<S
|T|<k

These formulas enable us to prove the following simple but important re-
sult, which expresses the number Ig(f, S) in terms of the best S-approximation

fsof f.

3Note that the multiplicative normalization of the inner product does not change the
projection problem.



Proposition 2.2. For every f:{0,1}" - R and every S € N, the number
Ig(f,S) is the coefficient of us (i.e., the leading coefficient) in the multilinear
representation of the best S-approrimation fs of f.

Proof. Since Ig(f,S) is the coefficient of ug in the multilinear representation
of fis), from the first equality in (7) we obtain

IB(fus) = 2‘S|<f7'US>' (8>
We then conclude by the second equality in (7). O

Thus, combining Proposition 2.2 with Eq. (3), we immediately see that
the number Ig(f,S) can be expressed in terms of the approximation fg as

Is(f,8) = 3 (-1)FHTf5(T).

TcS

Recall that the Banzhaf influence index [13] is the mapping ®g: FN x2N —
R defined by
1
Pp(f,5) = on S| > (f(Tus)- (1)) (9)

TcN\S

Since the map f — ®g(f,S) is linear for every S € N, it can be ex-
pressed by means of the inner product (6). To this aim, consider the function
9s5:{0,1}" > R defined by

gs(x) = 25(1113—11(1—@)). (10)

Proposition 2.3. For every f:{0,1}" - R and every S ¢ N, we have
(I)B(fus) = <f7gS>

Proof. Using (6), we obtain

(r99) = o RAO- T D).

which is precisely the right-hand side of (9). O

From Proposition 2.3 we can easily derive an explicit expression for ®g( f, S)
in terms of the Banzhaf interaction index Iz. This expression was already
found in [12]. We first consider a lemma.

7



Lemma 2.4. For every S € N, we have gs =2 Y pcg |1)0dd VT-

Proof. Since the functions vy (7' ¢ N) form an orthonormal basis for F¥,
we have gs = Y ren(9s,vr) vr. Using (8), (10), and then (4), we obtain

(g5, vr) = 2 In(gs.T) = 271 (Drs)(3).

The result then follows directly from the computation of the derivative Drgg.

[
Proposition 2.5 ([12, Proposition 4.1}). For every f:{0,1}" - R and every
S c N, we have
14711
ou(f,9) = Y (5) (AT
TcS 2
IT| odd

Proof. By Proposition 2.3 and Lemma 2.4, we obtain

(I)B(fvs) = <f>gS> = 2 Z (quT>' (11>
lodd
We then conclude by (8). O

The following proposition gives an expression for ®g( f,S) in terms of the
best S-approximation fg of f. This proposition together with Proposition 2.2
show that the indexes Ig(f,S) and ®g(f,S) are actually two facets of the
same construction, namely the best S-approximation of f.

Proposition 2.6. For every f:{0,1}" > R and every S € N, we have

Pp(f,S5) = [fs(5) - fs(2).
Proof. By (7), we have
fs(S) - fs(@) = 7Z:S(J”,UT)(UT(S)—UT(Q)) = %(f,UT>(1—(—1)‘T|).

Using (11), we see that the latter expression is precisely ®g(f,S). O

Proposition 2.6 is actually one of the key results of this paper. Indeed,
as we will now see, it will enable us to define weighted Banzhaf influence
indexes from a weighted version of the approximation problem in complete
analogy with the way the weighted Banzhaf interaction index was defined in
[14].



3. Weighted influences defined by least squares

In [14] we investigated weighted versions of the best kth approximation
problem for pseudo-Boolean functions (e.g., to allow nonuniform assignments
of the variables). This study enabled us to define a class of weighted Banzhaf
interaction indexes. In the present section we show that the corresponding
weighted version of the best S-approximation problem described in Section 2
not only yields the same weighted Banzhaf interaction index but also provides
a natural definition of a weighted Banzhaf influence index.

Given a weight function w:{0,1}" - ]0, co[ and a pseudo-Boolean func-
tion f:{0,1}" - R, we define the best S-approximation of f as the unique
multilinear polynomial in Vg that minimizes the squared distance

Y wE)(fx) -9(x) = S w@(AT)-9(T)) (12)

xe{0,1}™ TeN

among all functions g € Vs.

Assuming without loss of generality that Y,y w(T) = 1, we see that
w defines a probability distribution over 2V. Considering the game theory
context, we can interpret w(7) as the probability that coalition 7" forms,
that is, w(7T) = Pr(C =T, where C represents a random coalition.

We also assume that the variables are set independently of each other. In
game theory, this means that the players behave independently of each other
to form coalitions, i.e., the events (C' 314) (i € N) are independent.* Setting

pi=Pr(C3i) =Yg, w(S), we then have

w(S) = [Iw T[] A-p), (13)

€S ieN\S

which implies 0 < p; < 1. Thus, the probability distribution w is completely
determined by the n-tuple p = (py,...,p,) € ]0,1[".

We now provide an explicit expression for the best S-approximation of
a pseudo-Boolean function. On the one hand, the squared distance (12) is
induced by the weighted FEuclidean inner product

(f.9) = ) wx)f(x)g(x).

xe{0,1}™

4In Section 5 we give a justification for this independence assumption.



On the other hand, as observed in [3] the functions vy p:{0,1}" > R (T' ¢ N)
defined by
vrp(x) = [] === (14)
N i \/pi(1=pi)
are pairwise orthogonal and normalized. This provides the following imme-
diate solution to the weighted approximation problem.

Proposition 3.1. The best S-approximation of f:{0,1}" - R is given by
fsp = Z (f,vrp)vrp. (15)

TS
From Proposition 3.1 we immediately deduce that the coefficient of ug
(i.e., the leading coefficient) in the multilinear representation of fs, is given

by
(f’ US,P)

[Ties VPi(1 - ;) 7

which is precisely the weighted Banzhaf interaction index introduced in [14]
by means of the corresponding kth approximation problem. In the non-
weighted case (i.e., when p = 1), Eq. (16) reduces to (8).

By analogy with Proposition 2.6 we now propose the following definition
of weighted Banzhaf influence index.

Definition 3.2. Let ®p ,: FN x 2V — R be defined as Pp ,(f,5) = fsp(5) -
fS,p(Q)-

We now provide various explicit expressions for ®p ,(f,S) in terms of the
weighted Banzhaf interaction index, the Mobius transform of f, and the f
values.

We start with the following result, which is the weighted counterpart of
Proposition 2.5.

IB:P(f? S) =

(16)

Proposition 3.3. For every f:{0,1}" > R and every S € N, we have

Doy (f.S) - zIB,p(f,T>(H<1—pi>—(—1>'Tsz-). a7

TcS 1€l ieT
Proof. Using Definition 3.2 and Egs. (15) and (14), we obtain

Ppp(f,5) = %(favT,p>(1;[ﬂ\/%—(—l)T|g\/ﬁ). (18)

We then conclude by (16). O

10



Using the expression of the weighted Banzhaf interaction index in terms
of the Mdobius transform of f, that is,

Iep(f,8) = > a(T) [] pi (19)

T25 1€T\S

(see [14]), we can obtain the corresponding expression for the weighted Banzhaf
influence index. To this extent, recall the binomial product formula

Yo ITa [T b = JT(ai+bi). (20)

T<N €T ieN\T ieN

Proposition 3.4. For every f:{0,1}" - R and every S € N, we have

pp(f.5) = > aT) [] wi- (21)
TcN €T\S
TNS+

Proof. Combining (17) with (19), we obtain

Cpp(f,S) = RZ%T;%@(T)‘lT_[Rpi(l_I[%(l—pi)—l_II%(—pi))
- S n £ T a(I0-m-Te0h
Tii‘f@ i€l’\S  RcTnS ie(TnS)\R i€R i€eR

Using the binomial product formula (20), we see that the inner sum in (22)
becomes 1 - [T;cpng(pi — i) = 1. This completes the proof of the proposition.
O

Interestingly, Eqgs. (19) and (21) show that both I ,(f,S) and @5 ,(f,S)
are independent of those p; such that 7 € S.
A generalized value [13] is a mapping G: FN x 2V - R defined by

G(f.8) = > pi(f(Tus)-[f(T)), (23)

TcSN\S

where the coefficients pJ. are real numbers for every S ¢ N and every T ¢
NN S.

The following lemma gives an expression for G(f,S) in terms of the
Mobius transform of f. The proof is given in Appendix Appendix A.

11



Lemma 3.5. A mapping G: FN x 2V - R of the form

G(f.9) = Y apa(R). (24)
nsso

where a is the Mobius transform of f, defines a generalized value if and only
if the coefficients 3 depend only on S and RN\S. In this case, the conversion
between (23) and (24) is given by

s _ 5 5 _ R-T| .S
@ = >ooopd oand pio= Y (-D)FATIGE
T:R\NSCTcN\S R:TcREN\S

The following proposition shows that the weighted Banzhaf influence in-
dex ®pp is a particular generalized value.

Proposition 3.6. For every f:{0,1}" - R and every S € N, we have

Cpp(f,5) = ) pR(fF(T0S) - f(T)),

TcN\S

where the coefficients

pr = [Im II (-p) (25)

i€l e N~ (SuT)
satisfy the conditions p3. >0 and Yrcn.g p% =1.

Proof. Proposition 3.4 and Lemma 3.5 show that ®p ;, is a generalized value
with ¢3 = [Tiepug Pi- By Lemma 3.5 we then have

pr = > CDFITIeo= [ > T1 G

R:T<RENN\S i€R i€l RTSREN\S ieR\T
The result then follows from the binomial product formula (20). O

The coefficients p3. given in (25) coincide with those of the corresponding
expression for the weighted Banzhaf interaction index (see [14, Theorem 10]).
Therefore, we immediately derive the following interpretations of these coef-
ficients (see [14, Proposition 11]). For every S < N and every T'c N \ S, we
have

py = Pr(TcCcSuT) = Pr(C=SuT|C28) = Pr(C=T|CcN\S),

12



where C' denotes a random coalition.
For every S € N, define the linear operator og for functions on {0,1}" or
[0,1]™ by
osf(x) = f(x|x;i=1VieS) - f(x|z;=0VieS5).
For instance, when applied to the unanimity game uy (7' € N), we obtain

(26)

UTS » ifSﬁTi@,
osur = .
0, otherwise .

The next result gives various expressions for ®p ,(f,S) in terms of the
function ogf. Recall first that, for every function f:{0,1}" - R, we have

fp) = ) wx)f(x) = E[f(C)], (27)

xe{0,1}m
where C' denotes a random coalition (see [16] or [14, Proposition 4]).

Proposition 3.7. For every f:{0,1}" - R and every S € N, we have
Ppp(f,5) = (0sN)(p) = ). w(x)osf(x) = E[(os/)(C)], (28)

xe{0,1}"
where C denotes a random coalition.

Proof. The first equality immediately follows from Eqs. (21) and (26). The
other equalities immediately follow from (27). O

Interestingly, (28) shows a strong analogy with the identities (see [14,
Propositions 4 and 9])

Isp(f.8) = (Dsp) = 3 wx)Asf(x) = B[(Asf)(O)]. (29)

x€{0,1}m

We also have the following expression for ®p,(f,S) as an integral. We
omit the proof since it follows exactly the same steps as in the proof of the
corresponding expression for I ,(f,S) (see [14, Proposition 12]).

Proposition 3.8. Let Fi,...,F, be cumulative distribution functions on
[0,1]. Then

Pop(£:8)= [ (5P dF (01)dF, (2,)

for every f:{0,1}" - R and every S ¢ N if and only if p; = fola:dFi(x) for
every i € N.

13



We now generalize Proposition 2.3 to the weighted case. To this aim,
consider the function ggp:{0,1}" - R defined by

gsp(x) = [[Z -T2

ieS Pi  jeS 1 —Di '

Proposition 3.9. For every f:{0,1}" - R and every S € N, we have

Oup(£.5) = (frgsn) = 3 w(x>f<x>(nﬂ—nl‘“) (30)

xe{0,1}" s Di s L-Di

and

X - .
2p(£8) = Y 0B [ oraopye. @
x€{0,1}m 1eNN\S
Proof. On the one hand, by substituting (14) into (18), we obtain @5 ,(f,S) =
(f95p), where

o) = 3 (T2 (0N 522
TcS \ 4T i ieT Di

Using the binomial product formula (20), we immediately see that 9s.p = 9S>
which proves (30).
On the other hand, for every x € {0,1}" we have

L —T; gS(X) T —r;
gsp(X)w(x) = gsp(x) [1pi (L-p)'™ = = [T i (L-p)'™,
ieN 1eN\S

which, when combined with (30), immediately leads to (31). O

We end this section by giving an interpretation of the Banzhaf influence
index ®p as a center of mass of weighted Banzhaf influence indexes ®p p,.

As already mentioned, the index ®p can be expressed in terms of $pp
simply by setting p = % However, by Proposition 3.6 we also have the
following expression

25(f.8) = [ @up(f.5)dp. (32

This formula can be interpreted in the game theory context in the same way
as the corresponding formula for the interaction index (see [14, §5.1]). We

14



have assumed that the players behave independently of each other to form
coalitions, each player i with probability p; € ]0,1[. Assuming further that
this probability is not known a priori, to define an influence index it is then
natural to consider the average (center of mass) of the weighted indexes over
all possible choices of the probabilities p;. Eq. (32) then shows that we obtain
the non-weighted influence index ®g.

The Shapley generalized value [12, 13] for a function f:{0,1}” - R and a
coalition S ¢ N is defined by

_ a(T)
PlfiS) = 2 TNgeT

TnS+

where a is the Mobius transform of f. Using (21) we obtain the following
expression for ®gp, in terms of ®p ,, namely

1
(£,9) = [ Pnp(f.5)dp. (33)

Here the players still behave independently of each other to form coalitions
but with the same probability p. The integral in (33) simply represents the
average of the weighted indexes over all the possible probabilities.

4. Weighted influences as alternative representations of pseudo-
Boolean functions

It is well known that the values Iz(f,S) (S € N) of the non-weighted
Banzhaf interaction index for a function f:{0,1}" - R provide an alternative
representation of f (see [6]). This observation still holds in the weighted
case. Indeed, combining the Taylor expansion formula with (29) yields (see

(14, Eq. (16)])
fx) = Y Inp(f.8) [T(xi—pi)- (34)
ScN €S
Thus, for every p the map f — {Igp(f,S):S c N} is a linear bijection.

In this section we discuss the issue of representing pseudo-Boolean func-
tions in terms of Banzhaf influence indexes. In fact, we compare the non-
weighted and weighted versions of the Banzhaf influence indexes and show
that they have different behaviors in terms of reconstruction of the original
pseudo-Boolean function from prescribed influences. In the non-weighted

15



version we show that the index is degenerate: roughly speaking, the val-
ues ¢p(f,5) (@ + S c N) encode only half of the information contained in
the function f. In contrast, in the weighted version, for a generic weight p
the values ®p,(f,5) (& # S < N) allow to reconstruct f up to an additive
constant.

The degeneracy of the non-weighted influence index ®g follows from lin-
ear relations among the linear functionals ®g( - ,.5) (S € N) on the space
FN. For instance, for every i,j € N we have g(; ;1 = gpy + g3, which, by
Proposition 2.3, translates into

Op( -, {i,j}) = ®e(- {i})+®e(-.{j}), ijeN.
The following result generalizes this linear dependence relation.

Proposition 4.1. For every f:{0,1}" - R and every S € N, we have

Isp(f,S) (vsp(S) — vsp(2)) 11 Vpi(l-pi) = 2(—1)‘5'_”' P p(f,T)
i€ Tc
(35)
Proof. Just apply the Mébius inversion formula to (17). O

Formula (35) shows that if p is such that (vs(S) —vsp(2)) = 0 for some
S € 2N\ {@}, the linear functional ®p,( - ,S) on the space FV is a linear
combination of the functionals ®p ,( -,7") for "¢ S. Moreover, by definition
we always have &5 ,( -, ) =0.

Therefore replacing a pseudo-Boolean function f with the values @ ,( f, S)
(S € N) results in a loss of information which depends on p. Assuming a
total order on 2V, we may regard ®p, as the linear map ®pp,: FV - R?"

defined by
o (Ppp(f,8):ScN).

We can measure the degree of dependence among the functionals &g ,( - ,.5)
(S € N) by computing the rank rk(®p ) of ®p . Similarly, the resulting
loss of information corresponds to the kernel ker(®p ) of ®p .

Proposition 4.2. We have
ker(®pp) = span{vgp: S SN and vsp(S) =vsp(D)}

and

tk(Ppp) = 2" -{S SN :vgp(S) =vsp(2)}
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Proof. Combining (14) with (18), we obtain

0, if T ¢S,

vrp(T) —vrp(2), otherwise.

(I)B,P(UT,IH S) = {

Thus, if v7p(T) — vrp(D) =0, then vy, € ker(®p ). For the converse inclu-
sion, take f e FN. By (34), we have

f= 3 Ip(£,9) [TVl -p) v,
ScN €S
If feker(Ppyp), then Ip,(f,S) (vsp(S) —vsp(@)) =0 for every S € N by
(35). This provides the converse inclusion. The value of rk(®p ;) immedi-
ately follows. O]

We observe that the condition vgy,(.S) = vgp (@) also reads

[T(1-p) = D [Tns 2 (36)
ieS ieS
Since we have p € ]0,1[", this condition cannot be fulfilled when |S] is odd.
Therefore by Proposition 4.2 the rank of ®p, ranges within the interval
[27-1,27 — 1]. This motivates the following definition.

Definition 4.3. A tuple p € |0, 1[" is nondegenerate if for every S € 2N\ {@}
we have vgp(S) # vsp(9), Le., if tk(Ppp) = 27 — 1. Otherwise, it is said to
be degenerate. A tuple p is mazimally degenerate if rk(®p ) = 2771

Proposition 4.4. The set of nondegenerate tuples is an open dense subset
in ]0,1[™. For n > 3 there is a unique mazximally degenerate tuple, namely
pP=3.

Proof. For S + @, Eq. (36) is a nontrivial polynomial equation on the compo-
nents of the tuple p. This proves the first statement. To see that the second
statement holds we note that p is maximally degenerate if Eq. (36) holds for
every S such that |S| is even. In particular it must hold for S = {4, j}, so that
pi+p; =1 for all ¢, j € N. This implies p = 1 whenever n > 3. Finally, we can

2
easily check that for this tuple we have rk(®p ) =271 O

In the following two subsections we further analyze both the maximally
degenerate and nondegenerate cases.

Or equivalently, [T,.s(1-1/p;) = 1.
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4.1. Behavior of the non-weighted Banzhaf influence indexes
By Proposition 4.4 the non-weighted Banzhaf influence index ®p is max-
imally degenerate. Let us now interpret its kernel.

Definition 4.5. Let »:FNV — FN be the operator that carries f into f*
defined by f*(S)=-f(N\S). Set also S={feFN:f*=f}and A={f¢
X e ),

The spaces § and A can be described in terms of the functions vg as
follows.

Proposition 4.6. We have ker(®p) = A = span{vg : |S| even} and S =
span{vg : |S| odd}. The space FN is the direct sum of the orthogonal subspaces
S and A. For every S € N, we have gs € S. Finally, {gs :|S| odd} is a basis
of §.

Proof. On the one hand, by Proposition 4.2, we have ker(®g) = span{vg :
|S| even}. On the other hand, we clearly have v} = (-1)IS*vg for every
S € N. Therefore we have

span{vg : |S| even} € A and span{vs:|S| odd}cS. (37)

It follows that dim(A) > 27! and dim(S) > 2"~1. But since we have AnS =
{0}, we must have dim(A) = dim(S) = 2! and this proves the converse
inclusions in (37). This description of A and S proves the second assertion.
The last assertions follow easily from Lemma 2.4. ]

Combining Proposition 2.3 and Eq. (8) with Proposition 4.6 shows that
the linear functionals ®g( - ,S) with S ¢ N and Ig( - ,S) with |S| odd are
combinations of the functionals ®g( - ,7") with 7' c N and |T| odd. These
relations are given explicitly in the next proposition.

Let E,(z) denote the nth Euler polynomial and E, = 2"E,(3) the nth
Euler number.

Proposition 4.7. For every f:{0,1}" - R and every S € N, we have
(I)B(f7 S) =~ Z E|S|—|T\(0) 2|S|_|T| (I)B(f7 T) ) Zf |S| is even, (38>

TcS
|T) odd
and
Is(f,8) =281 N B @s(f.T), if |S| is odd. (39)
TcS

IT|odd
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Proof. By Proposition 2.3 we can prove (38) by showing that

gs = — Z E\SHT|(O) oISI-IT] qr, if |S’ is even, (40)
7SS
|T|odd

or equivalently (using the basic properties of Euler polynomials),

%Eww—m(o) 2 Mgr = 0. (41)

To see that (41) holds, we show that

> B (0) 2™ gr,0k) = 0, KcN.

TcS

If | K| is even, then (gr,vk) = 0 since gr € S and vi € A by Proposition 4.6.
If |K| is odd, then by Lemma 2.4 we have (gr,vgx) =2 if K ¢ T, and 0,
otherwise. Thus, it remains to show that

Z E\S|—\T|(0) 21171 = 0, for odd |K|
T:KcTcS
Using the classical translation formula for Euler polynomials, we can rewrite
this sum as

S| K] _ t
255 (TN (Y B a0) = 29 B ()

and the latter expression is zero since |S| - |K| is odd. This completes the
proof of (38). Eq. (39) can be proved similarly. O

According to the results above, the influences ®g(f,S) (S ¢ N) of a
function f € FV determine only the orthogonal projection of f onto S. On
the other hand, due to Eq. (40), not all vectors in R2""" are influences of a
function in FV : the best we can do is to build a unique function in S with
prescribed “odd” influences. This is done in the following result.

Proposition 4.8. For every set {ir € R:|T| odd}, the unique function fs €S
such that ®g(fs,T) =ip for every T € N, |T| odd, is given by

1 )
fs =5 X ( > ES|T|ZT)US-
ScN TcS
|[Slodd  |T]odd

19



Proof. By Proposition 2.3, the conditions required on fs € § reduce to the
equalities (fs,gr) = ir for odd |T|. Proposition 4.6 then ensures existence
and uniqueness of fs. Since the set {vg :|S| odd} is an orthonormal basis for
S we can write

fs = Y (fs,vs)vs.

ScN

|S]odd
For odd |S], by (8) we have (fs,vs) = 27151 Ig(fs,S) and then we compute
Is(fs,S) by using (39). O

4.2. Behavior of the weighted Banzhaf influence indezes

The properties of the weighted influence index ®p, for a nondegenerate
p are completely different from those of the non-weighted influence index
®p. By Proposition 4.2, for a nondegenerate p the kernel of ®p, is one-
dimensional and reduced to the constant functions. Moreover, the functionals
$p (- ,8) for S # @ are linearly independent. Therefore, we can build a
function f from its influences @ ,(f,.S) for S # @, up to an additive constant.
Requiring a prescribed value of f on the empty set, or a prescribed interaction
Iz p(f, ), allows us to build a unique function. This is the aim of the next
result.

Proposition 4.9. Assume that p € ]0,1[" is nondegenerate and consider a
set function i:2N — R. There exists a unique function f € FN such that
Ppp(f,S5) = i(S) for every nonempty S € N and Igp(f, @) = i(@). It is
given by

f= i) Y oy 3 (D)),

S+ US,p(S) - USp(Q) TcS

There exists a unique set function g € FN such that ®pp(g,S) = i(S) for
every nonempty S € N and g(@) = i(@). It is given by

g = i@+ Y Usp ~ Usp(D) Z(_1)|S|—|T\Z-(T)'

S+@ US,P(S) - US,p(g) TcS

Proof. We compute f by substituting (35) in (34). Then we have immediately
9=f-f(2)+i(2). 0
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5. Application and final remarks

We now end our investigation with an application of the concept of
weighted Banzhaf influence index in reliability engineering. We also give
a justification for our independence assumption, introduce a normalized in-
fluence index, and derive tight upper bounds on influences.

5.1. An application in system reliability theory

Consider a system made up of n interconnected components. Let C =
{1,...,n} be the set of components and let ¢:{0,1}” - {0,1} be the struc-
ture function which expresses the state of the system in terms of the states of
its components. We assume that the system is semicoherent, i.e., the struc-
ture function ¢ is nondecreasing in each variable and satisfies the conditions
#(0,...,0) =0 and ¢(1,...,1) = 1. We also assume that, at any time, the
component states Xi,..., X, are statistically independent. The reliability of
every component i € C' is then defined as the probability p; = Pr(X; = 1).
For general background on system reliability theory, see, e.g., Barlow and
Proschan [1].

According to the definition given by Ben-Or and Linial [2] (as recalled in
the introduction), for every subset S of components, the index

I¢(S) = (I)B((b,S) = 27i|5|

>, (&(TuS)-o(T))

TcC\S

measures, at a given time, the probability that the state of the system is
undetermined once the state of each component ¢ not in S is set to one or
zero with probability p; = 1/2.

In practice, however, the probabilities Pr(X; = 1) and Pr(X; = 0) need
not be equal. The weighted version ®p ;, of the Banzhaf influence index then
provides a straightforward generalization of Ben-Or and Linial’s definition
to the general case of arbitrary reliabilities py,...,p,. More specifically, the
weighted index

Cpp(0,9) = D, pP(e(TuS)-o(T)),

TcC\S
where

i = [lp ] (-p),

€T eC\(SuUT)
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(as described in Proposition 3.6) precisely measures, at a given time, the
probability that the state of the system remains undetermined once the state
of each component ¢ not in S is set to one with probability p; and to zero
with probability 1—p;. In a sense this probability measures, at a given time,
the influence of the subset of components in S over the system. When S
reduces to a singleton {i} and p; = 1/2, we retrieve the classical Banzhaf
power index, also known in reliability theory as the Birnbaum structural
measure of component importance.

5.2. On the independence assumption

We have made the important assumption that the variables are set inde-
pendently of each other. From this assumption we derived condition (13).
Let us now show that this assumption is rather natural.

For every probability distribution w such that p; = ¥ g, w(S) € ]0, 1[, the
best {i}-approximation of f:{0,1}" - R with respect to the squared distance
(12) associated with w is given by

fay = (fivgye) v + (1),

where vy p(x) = (2;-p;) [\/Pi(1 = p;). Therefore, we can define the power /influence
index associated with w by

oy fvae) w(TO{i}) oom ey - @)
L ) = SRt Td;m( 2 pero - 29 )

However, we know from the literature on cooperative game theory (see, e.g.,
[4, 18]) that “good” power indexes should be of the form

TcN{i}

It follows that the index I,,(-,{i}) is of the form (42) if and only if % =
w(T
Proposition 5.1. The index I,,(-,{i}) is of the form (42) for every i e N if
and only if (13) holds.

for every T'c N \ {i}. Thus, we have proved the following result.

6Indeed, the functions 1 and viy,p form an orthonormal basis for V.
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5.8. Normalized index and upper bounds on influences

Since the index ®pp is a linear map, it cannot be considered as an abso-
lute influence index but rather as a relative index constructed to assess and
compare influences for a given function.

If we want to compare influences for different functions, we need to con-
sider an absolute, normalized influence index. Such an index can be defined
as follows. Considering again 2V as a probability space with respect to the
measure w, we see that, for every S ¢ N the number ®p,(f,S) is the covari-
ance cov(f,gsp) of the random variables f and gsp. In fact, denoting the
expectation of f by E[f] = f(p) (see (27)), we have

(I)B,p(fas) = <fagS,p> = (f_E[f]aQS,p_E[gS,pD = COV(f7QS,p)

since E[gsp] = gsp(P) =0 and (E[f], gsp) = Ppp(E[f],5) = 0.

To define a normalized influence index, we naturally consider the Pearson
correlation coefficient instead of the covariance.” First observe that, for every
nonempty subset S ¢ N, the standard deviation of gg, is given by

(43)

o(gsp) = \/H‘*H

ieS Di zeS1 pz

In fact, since ggp € Vg, we have

0*(gsp) = cov(gsp: 9sp) = Pop(9sp:S) = 9sp(S) ~ 9sp(2),
which immediately leads to (43).

Definition 5.2. The normalized influence index is the mapping
r{f:{0,1}" > R:o(f) #0} x (2~ {2}) - R

defined by
cov(f,gsp)  Pp(f,S)

o(f)olgsp)  o(f)o(gsp)

By definition the normalized influence index remains unchanged under
interval scale transformations, that is, r(af +b,5) =r(f,S) for all a >0 and

r(f,5) =

"This approach was also considered for the interaction index (see [14, §5]).
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b e R. Thus, it does not depend on the “size” of f and therefore can be used
to compare different functions in terms of influence.

Moreover, as a correlation coefficient, the normalized influence index sat-
isfies the inequality |r(f,S)| < 1, that is,

P8 (f,5)
o(f)

The equality holds if and only if there exist a,b € R such that f =aggp +0.

Interestingly, this property shows that (43) is a tight upper bound on the
influence of a normalized function f/o(f). Thus, for every nonempty subset
S ¢ N, those normalized functions for which S has the greatest influence are
of the form f = (2 ggp +¢)/0(gsp), where c e R.

< J(QS,p) :
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Appendix A. Proof of Lemma 3.5

Proof of Lemma 3.5. Using the definition of the Mobius transform in (23),
we obtain

a(hs) - % p%( S a(R)- za<R>)
TcN\S RcTuS RcT
. Za(R)( S oo Y p)
RcN T:R\NSCTcN\S T:RCTcN\S

which shows that G has the form (24) with the prescribed ¢3.
Conversely, substituting (3) into (24) and assuming S # @, we obtain
>, apa(R) = Y iy (CLIFITAT) = 3 AT Y, (DGR

RSN RSN T<R TcN R2T
RNS+& RNS+ RNS+&

Partitioning every R into R’ = R~ .S and R” = Rn S, the latter expression
becomes

>, f(my Y > (F)FHRIET G
TcN TNScR'cN\S TnScR'cS
R+
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Since our assumption on the coefficients ¢% implies g3, pv = ¢35, the latter
expression becomes

ST Y (COEISG Y (RS,
TcN TNScR/'cN\S TAScR"cS
R+

where the inner sum equals (1 - 1)1 if Tn S # @, and -1, otherwise.
Setting 7" = T'\ S for every T containing S, the latter expression finally
becomes

5 (1R qzlus) (F(T' 0 8) - 1(T7).

T'CNN\S ( T'CR'CNN\S

which completes the proof of the lemma. O
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