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Abstract— This paper presents the robust H . filter
design for stochastic systems with time-varying delay.
The aim is to design a stable linear filter assuring
exponential stability in mean-square and a prescribed
Ho performance level for the filtering error system.
Based on the application of the descriptor model
transformation and free weighting matrices, delay-
dependent sufficient conditions are proposed in terms
of linear matrix inequalities(LMIs). Numerical ex-
ample demonstrates the proposed approaches are
effective and are an improvement over existing ones.

Index Terms—exponential stability in mean-square,
robust H, filter, time-varying delay, linear stochastic
system, linear matrix inequalities(LMIs).

I. INTRODUCTION

In recent years, stochastic H, filtering and con-
trol problems with system models expressed by
Ito-type stochastic differential equations have be-
come a interesting research topic and has gained
extensive attention; (see [1]-[2] ), there have been
a lot of studies on H.,, control or state estima-
tion in deterministic systems, (see [3]-[4]). Robust
H, estimation problems for linear and nonlinear
stochastic systems were discussed by [1] and [5],
respectively.

This paper discusses robust H, filtering for
stochastic systems with time-varying delay. Here,
we focus on the design of a linear state estimator
such that the dynamics of the estimation error is
stochastically exponentially stable in mean square,
whose Lo -induced gain with respect to uncertain
disturbance signal is less than a prescribed level .
First, by extending the descriptor system approach
introduced in [6] for deterministic systems with
delay to the stochastic systems case. We represent
the stochastic systems in the equivalent descriptor
stochastic systems. Based on the equivalent de-
scriptor form representation, we introduced a new
type of Lyapunov-Krasovskii functional. Second,
we extended the idea introduced in [7] to stochastic

OThis work was supported in part by NSFC under Grant
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systems case. By using some zero equations, we in-
troduce some free weighting matrices. To guarantee
the existence of desired robust H., filters, Delay-
dependent sufficient conditions are proposed based
on LMI algorithm and the minimum -y obtained are
less conservative than corresponding results in the
literature. Numerical simulation example shows the
results are effective and are an improvement over
existing methods.

For convenience, we adopt the following nota-
tions:

Tr(A)(AT) Trace (transpose) of the
matrix A.
A>0(A>0) Positive semi-definite (positive

definite) matrix A.

L7 ([0, 00); R™) space of nonanticipative
stochastic processes ¢(t) with respect to filtration
F; satisfying

2 *° 2
615 =B [ oI de <o

L3 ([-7,0]; R™) the family of R™ —valued
stochastic processes 7(s), —7 < s < 0 such
that 7(s) is F o— measurable for every second and
J2 E ()| ds < 0o

E{} mathematical expectation operator
with respect to the given probability measure P.

II. MAIN RESULTS

Consider the following stochastic linear time-
delay systems

dz(t) = [Aox(t) + Agaz(t — h(t) + Bov(t)Jdd
+[Cox(t) + Coaz(t — h(t))]dB(t)
z(t) = (t),te[-T,0]
dy(t) = [Ai1z(t) + Argz(t — h(t) + Bo(t)|@)
+[Crz(t) + Craz(t — h(t))]dB(t)
z(t) = Lax(t) 3)

where x(t) € R™ is the state vector, the time
delay h(t) is a time-varying continuous function
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that satisfies
0<h(t)<rt “4)

and

h(t) <p <1 (5)

y(t) € R™ is the measurement output.o(t)is a
continuous vector-valued initial function and ¢ :=
{o(s) : =7 < s <0} € L} ([-7,0],R™).2(t) €
R is the state combination to be estimated, v(t) €
L7 ([0,00) ; R™) stands for the exogenous distur-
bance signal. A;, A;q, B;, C;, Ciq, i = 1,2,and L
are known constant matrices with appropriate di-
mensions. Where the variables 3(¢) is 1-D Brown-
ian motion satisfying E{d3(t)} = 0, E{dB(t)?} =
dt.

We take the following linear filter for the esti-
mation of z(t)

dep(t) = Ajxp(t)dt + Byrdy(t)
zp(0) = 0 (6)
z1(t) = Cras(t)

where x7(t) € R" 2(t) € R"the constant
matrices Ay, By, Cy are filter parameters to be
designed. denoting &7 (t) = [2T(t),x;T(t)] and
Z(t) = 2(t) — z¢(t), then, we obtain the following
augmented systems:

de(t)y = Ag(t) + Aqge(t — h(t)) + Bu(t))dt

HOE(t) + Cal(t — h(t))]dB(E) (D)
= L)

where

4 = Bfill jf}’jd:{fod 8}
B o= | gy | =1 ¢

o= [ b e b

Definition 1: System (7) with v(t) = 0 is said
to be exponentially stable in mean square if there
exists a positive constant « such that

1
Jim sup —log I lz@®)|? < —a
The objective of this paper is to seek the filter

parameters Ay, By and C'y such that the augmented
system(7) with v(t) = 0 is exponentially stable
in mean square, More specifically, for a prescribed
disturbance attenuation level v > 0, such that the
performance index

J= / Oo(sz — y2vTw)dt )
0

is negative V0 # v(t) € L7 ((0,00), R").

A. Delay-dependent H, filtering

Before presenting the main results, we first give
the following lemmas.

Lemma 1: Given scalars 7 > 0 and p < 1, the
system (7) with v(t) = 0 is exponentially stable
in mean square, if there exist symmetric positive
definite matrix P > 0,Q > 0,Z > 0,R > 0,
and appropriately dimensioned matrices V;, T; and
Y, (i = 1,2,3,4;5 = 1,2,3,4,5) such that the
following LMI holds.

'y The Ths Ty ™Y1 Y

*  Tgg Tag Ty 712 Y5
* * F33 F34 TY3 Y}) 0
* * Tw 1Y% Yi <
* * * *x —TR 0
* * * * * —7
(10)

where an ellipsis * denotes a block induced easily
by symmetry, and

Iy = NMA+ATN + 1O+ CTTF +Q+ Y1 + YT

Iy = NAg+ AN + 100y + CTTT — vy + YT

3 = P-N+A'NI + O] +vF

Iy = AN/ —-Ty+CTT] +Y[

Ty = NyAq+AIN] +ToCou+ CITY — (1 - p)Q
-Y, - V)

Ty = —No+ ATNS +CIT - Y

Iy = AINF -4 CTTI —Y[F

33 = —N3— NI +7R, T3y=—-N{ — T3

Ty = P-TF -Ty+71Z2
Proof: For convenience, set
q(t) = AL(t) + Agg(t — b)) + Bu(t)(11)
g(t) = CEt) + Catlt — h(t)) (12)

then system (7) becomes the following descriptor
stochastic systems

dE(t) = q(t)dt+ g(t)dp(t)
o= L&)

13)

Choose a Lyapunov-Krasovskii functional for sys-
tem (13) to be

4
V(t) = ; Vi(t)
in which

i(t) = €07 Pe()
= [ e
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s)dsdf

/_T /+9
b = [ i /w tracelg”(s)Z

where P,Q,Z, R are symmetric positive definite
matrices with appropriate dimensions. L be the
weak infinitesimal operator of (13), the Newton-
Leibniz formula provides

(9(s))dsdo

cw-en) = [ aist [ glans

(14)
For appropriately dimensioned matrices NV;, Y; and
T; (i=1,2,3,4) , equations in (11) - (12) ensure
that

2" (O + €7 (t -
«[Ag(t) + Agg(t = h(t) + Bu(t) - q(t)] =0

2@@m+éﬁumn+f@%+faﬁ
« |G + Caglt = h(1) - g(1)] = 0

2|7 (% + " (= hD)Ya + " (s + 9"
=0

(16)

[€(t) =&t —h(t) —x—<] = (17)
¢
TA — Ads >0 (18)
t—h(t)
where %T = ft w47 (5)ds, T =
I it 9" (s)dB(s), = ()YR Y Ty(t).

Adding the terms on the left of (15)-(18) to
L,—oV , Moreover, by Lemmal[8], for any matrix
Z >0

2T ()Ys <t )Y Z Y Tnt) + <7 Zs
then L,

t
Lu_oV < T (£)2n(t) — / OR-167ds
t—h(t)

—oV can be expressed as

¢
7/ trace [g" (t)Zg(t)] ds + <" Zs
t—h(t)
where

0" () = € (0,67 (¢ = h1).a" (1), 67 () |

E = I'+7YRYWT+yz'y?
© = (Y +4q"(s)R

YT — [ Y'lT Y'lT Y'lT Y'lT ] (19)
'y Tip Tz Ty
_ ¥ Dag Taz T'ay

I B * * F33 F34 (20)
* * * F44

B()Na +q" (6)N; + " (E)N4]

()74

Since
t
E("Zs)=F trace |
t—h(t)

9" (t)Zg(t)] ds

It follows that

EL,—V(t) < En"()2n(t) (1)
By Schur’s complement, = < 0 is equivalent to

LMI (10).

Set \g = )\min(_E)y A = )\min(P)7by 21

EL,—oV(t) < =XEnT (t)n(t) < —XoBxT (t)z(t)

(22)
From the definitions of V'(¢), ¢(t) and g¢(t), there
exist positive scalars a1 ap such that

Az@) SV(E#) <o IIx(t)||2+oz2/ ; 2 (s)II” ds
t—271
(23)
Choose a scalar ag > 0 such that
ao(ag + 2007?07 < )y 24

(t)Y4] *then, by Ité differential formula, for t, > 27, it

has

t
BV (1) — Ee™0V (ty) = E / Lyo(e0°V (5))ds
to

< E/ e [ag (o [|z(s)]?

to
+a2/ , l(u) | du) = Xo [|z(s)[*)ds
By (23) and (24), getting

Jim sup +log B |a(0)]* < ~a
which implies system (13) is exponentially stable in
mean square. The proof of Lemma 1 is completed.
|
Theorem 1: Consider the system (1)-(3) with (4)
and (5). Given scalars 7 > 0 and p < 1, for a
prescribed v > 0, the H,, performance J <0
holds for all nonzero v(t) € L7 ((0,00), R™), if
there exist symmetric positive definite matrix P >
0, >0,Z>0,R >0, scalars h; > 0,e; > 0 and
appropriately dimensioned matrices S; W; and Y;
(i=1,2,3,4) satisfying the following LMI

r v v K F

*x —TR 0 0 0

* * —Z 0 0 <0 (25
* * x = 0

* * * * =20
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If a solution of the LMI exists then the filter that
guarantees the estimation error level of 7 is given 2

1
FIG

16

by (6) with rl,
Ap=S;'X4,By = S;' X5 and Cy .
where I' and Y are defined in (19) and (20), 5
respectively , 13
P=| V5 | K= 8 26) T,
N,B 0 ,
and T2
Lt rz Tl 12 3
v | Tn e[ ] e o
M, = hiS14g+hATST + hi XoA) + hlAlTXQTF§4
+e1W1Co + e1Cf Wi + e1 X304
+e1CT X5 + Q1 + Y1 + Y/, T3,
I, = Xy +hALST + i ATXT +eCiWd Tl
+e10] X§ + Q2 + Y1z + i} Tl
It = mXs+hX] +Qs+ Y+ Y 2
Iy = hiS1Ag+hi XoArg + ho AT ST + th{Xig?G
+e1WiCoa + 1 XsCra + esCIWE 1o
Yo CTXT — Yy + YL F;z
I, = hoAJS] + hoA] XT + eaCq Wi rl,
+e2C X{ — Yia + Yl s,
I%, = hi1S340q +h1XsA1q + hoX] + et W3Co4
+e1X6C1a — Y13 + Yah i
Tl = hoX{ —Yi+Ysh o
I, = P —hSy +hsATST + hyATXT o
+esCTWT + esCTXT + Y -
T2, = Py— S+ hsATST + hyATXT “
+e3CITWT + esCTXT 4+ YL -
44
Fl
I3, = PI —hSs+hs X! +Ys, F‘fi
T, = Py—hiSqi+hsXP +Y4, 16
I, = hAYST +hATXT — ey
e, CTWE e, 0T XT + Y
I3, = hAJST +hATXE — ey
+esCF Wi + e, 0T X + Y
3, = mX —eWs+YL
Iy = hX! —eW,+Y)]
I, = X! —eW,+Y]
F%5 =

Y;

L

h1S1Bo + h1X2Byq

h1S3By + h1X5B;

hoS1Aog + haXoArg + ho ALST + ho AT, XT
+eaW1Coq + €2 X3C1q + e2Co Wi
+eaCly Xy — (1 — p)Q1 — Ya1 — Yy
ho AL, ST 4+ ho AT XT + eyl W)
+eCTXe — (1 — 1)Q2 — Yag — Yoi
—(1 = u)Q3 — Yoy — Y3,

—hoSy + h3 AL, ST + hs AT, XT
+e3CogWi +esCly X3 — Vi)

—hoSy + ha AL,ST + hy AT, XT
+esCouWy + esClyX{ — Vi

—hySs — Yah, T5: = —hoSy — Y3,

hy AL, ST 4 hy AT XT + ey CTWE
e, O XT — eaWy — V1

hy AL, ST 4 hy AT, XT 4 e,CTWT
+e4C’1‘FdX6T — e Wy — Yf;

—eaWs — Yo, T9y = —eaWy — Y,
721,155 = 7Ya2, Tas = 7Ya3, T55 = 7Yo4
h2S1Bo + he X2 B4

hoS3By + hao X5B;

—h3S; — h3ST + 7R,

—h3Ss — h3ST + 7Ry

—h3Sy — h3ST 4+ 7R3

—hyST — e3Wy, T3, = —hyST — e3Ws
—hyST — e3Ws, T3, = —hyST — esW,

Y31, T35 = 7Y39, [ = 7Ya3, T3 = 7V34
h3S1Bo + h3X2B1,T5¢ = h3S3Bo + h3 X5 B1
P — €4W1T —eW1 4+ 124

Py — e,W3 — esWa + 725

P3 — €4W4T — 64W4 + TZ3
7Y, T% = 7Vao, [ = 7Yy, T35 = 7V04

h4S1By + h4XgBl, Fif} = h4S3Bg + hy X5B1

R; ?],i:1,2,3,4
= [ L —Cy] (28)

Proof:  First by the proof of the Lemma 1,
we can deduce that the augmented system (7) with
v(t) = 0 to be robust exponential stable in mean
square. Second, we prove J < 0.for all nonzero

Y11, I3y = 7Y12, T = V13, Ti5 = 7Yi9(t) € L2 ((0,+00), R™) with £(¢,0) = 0,Note
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that for any 7" > 0 A = [1 2],L:[3 4],31:1
T . 105 0 _ _
) = B [0 = et G = =[] gy [ r-cu=ln 2]
0
T ) ) ) For the simple choice of hy = 0.7, ho = 0.41, hg =
< E/ HZON™ =77 [v@®I” + LoV(E®R), 0dthy = 0.2,e1 = 0.5, ez = 0.3,e3 = 0.1,e4 =
0 0.5, e5 = 0.01,
" The minimum achievable noise attenuation level
_ B /T n(t) v n(t) dt obtained in [10] is v = 0.6074, However, applying
- o L v®) v(t) the delay-dependent criterion of Theorem 1, we
T rt . obtain that the minimum achievable bound on the
—E / / ORO" dsdt noise attenuation level is 7, =8x10~7 (for 7 =
0 Jt=h(t) 0.1, u = 0.3), which is far smaller than the result
Where F and K are defined in (26), and obtained in [10].When we take v = 0.6074, the
- ~ corresponding filter matrices obtained by Theorem
v - [ E _F2[ } 1 and [10] respectively are
) o ~9.7029  1.1090 ~0.1195
S = T+rVRYTH+YZT YT+ KRG Ar = | gogs1 94364 | 0 Br T | 01562
Therefore, if ¥ < 0,then Cy = [ 0.0399  0.0965 ] (33)
R ) and
<
JI) = —Amin E/ (@I + o))t A _ [ 03065 25820 1 o [ 01797
Fo7 | 44618 —5.0860 | © 77 T | —0.5045
S (= E/ o))t <0 C; = [ —2.8091 —3.4756 ] (34)
for any nonzero v(t) € L2 2((0,+00), R™),which ~ Set the initial conditions as z(0) = [0.1,0]7 2y =

yield J(t) < —Amin(— fwvmﬁm<01f

we take

v n[ 3 ][ B
Ti—ez[%; W4] 1,2,3,4 (31
- [2g]r[r 2]
[0 e[ 2] e

Substituting (8) and (32) into (29), and letting
SoAy = X1, S2By = Xo,WoBy = X3,5,A5 =
X4, S4By = X5,WyBy = X then ¥ < 0 is
equivalent to (25). From our assumption, Ay =
S4_1X4, By = S4_1X5,and an H, filter is con-
structed as in the form of (6), and the proof of
Theorem 1 is completed. |

III. NUMERICAL SIMULATION

Consider the stochastic time-varying delay sys-
tem[10] with parameters as follows:

0 3 —0.4545

Ao = {—4 —5}’30_{ 0.9090 ]
0.1 0

Agy = { 02 02 ] ;A =05 03]

[0.04,0]7 respectively. The exogenous disturbance
input v(t) is set as random noise and v(0) = 0.1.
Fig.1 give the time responses of the system states
and filter states for the filter (33) with v(¢) = 0.
It shows the filtering error system (7) is exponen-
tial stable in mean square with v(¢f) = 0.Fig.2
show the time response of the function w(t) =

S NESIP ds /5 [o(s)][*ds with v(e) # 01t
is seen that the maximum value of this function
is less than 0.25, which reveals that the H,, per-
formance level v/0.25 = 0.5 is much less than
the prescribed level 0.6074. Therefore, we can see
that the designed H,, filter meets the specified
requirements. When v(¢) # 0,the time responses
of the system states x1, x2 and filter state z 1, T o
for the filter (33) and (34) are displayed in Fig.3
and Fig.4 respectively. The simulation results imply
that the desired goal is well achieved. Moreover,
our method is better than the method in [10].

IV. CONCLUSION

The problem of robust H, filtering for stochas-
tic systems with time-varying delay has been ad-
dressed in this paper. LMI-based technique, ex-
ponentially stable in mean square linear filter are
designed which guarantee Lo gain to be less than
a prescribed level v > 0.Delay-dependent sufficient
condition for stochastic system is presented, the
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Fig. 1. The time responses of state = and x ¢ Fig. 4. The time responses of state x2 and z ¢o

minimum < obtained are less conservative than
0.25 corresponding results in the literature due to ap-
plying descriptor model transformation of the sys-
tem and introducing some free weighting matrices.
Numerical example has clearly indicated the less
conservatism of our design.
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