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Abstract

For an abelian category C and a filtrant preordered set Λ, we

prove that the derived category of the quasi-abelian category of filtered

objects in C indexed by Λ is equivalent to the derived category of the

abelian category of functors from Λ to C . We apply this result to

the study of the category of filtered modules over a filtered ring in a

tensor category.

1 Introduction

Filtered modules over filtered sheaves of rings appear naturally in mathe-
matics, such as for example when studying DX-modules on a complex man-
ifold X , DX denoting the filtered ring of differential operators (see [Ka03]).
As it is well-known, the category of filtered modules over a filtered ring
is not abelian, only exact in the sense of Quillen [Qu73] or quasi-abelian
in the sense of [Sn99], but this is enough to consider the derived category
(see [BBD82, La83]). However, quasi-abelian categories are not easy to ma-
nipulate, and we shall show in this paper how to substitute a very natural
abelian category to this quasi-abelian category, giving the same derived cat-
egory.

More precisely, consider an abelian category C admitting small exact
filtrant (equivalently, “directed”) colimits and a filtrant preordered set Λ. In
this paper, we regard a filtered object in C as a functor M : Λ −→ C with the
property that all M(λ) are sub-objects of lim−→M . We prove that the derived
category of the quasi-abelian category of filtered objects in C indexed by Λ
is equivalent to the derived category of the abelian category of functors from
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Λ to C . Note that a particular case of this result, in which Λ = Z and C is
the category of abelian groups, was already obtained in [Sn99, § 3.1].

Next, we assume that C is a tensor category and Λ is a preordered semi-
group. In this case, we can define what is a filtered ring A indexed by Λ
and a filtered A-module in C and we prove a similar result to the preceding
one, namely that the derived category of the category of filtered A-modules
is equivalent to the derived category of the abelian category of modules over
the Λ-ring A.

Applications to the study of filtered DX-modules will be developed in the
future. Indeed it is proved in [GS12] that, on a complex manifold X endowed
with the subanalytic topology Xsa, the sheaf OXsa

(which is in fact an object
of the derived category of sheaves, no more concentrated in degree zero) may
be endowed with various filtrations and the results of this paper will be used
when developing this point.

2 A review on quasi-abelian categories

In this section, we briefly review the main notions on quasi-abelian categories
and their derived categories, after [Sn99]. We refer to [KS06] for an exposition
on abelian, triangulated and derived categories.

Let C be an additive category admitting kernels and cokernels. Recall
that, for a morphism f : X −→ Y in C , Im(f) is the kernel of Y −→ Coker(f),
and Coim(f) is the cokernel of Ker(f) −→ X . Then f decomposes as

X −→ Coim(f) −→ Im(f) −→ Y.

One says that f is strict if Coim(f) −→ Im(f) is an isomorphism. Note that
a monomorphism (resp. an epimorphism) f : X −→ Y is strict if and only if
X −→ Im(f) (resp. Coim(f) −→ Y ) is an isomorphism. For any morphism
f : X −→ Y ,

• Ker(f) −→ X and Im(f) −→ Y are strict monomorphisms,

• X −→ Coim(f) and Y −→ Coker(f) are strict epimorphisms.

Note also that a morphism f is strict if and only if it factors as i ◦ s with a
strict epimorphism s and a strict monomorphism i.

Definition 2.1. A quasi-abelian category is an additive category which ad-
mits kernels and cokernels and satisfies the following conditions:
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(i) strict epimorphisms are stable by base changes,

(ii) strict monomorphisms are stable by co-base changes.

The condition (i) means that, for any strict epimorphism u : X −→ Y and
any morphism Y ′ −→ Y , setting X ′ = X ×Y Y ′ = Ker(X × Y ′ −→ Y ), the
composition X ′ −→ X × Y ′ −→ Y ′ is a strict epimorphism. The condition (ii)
is similar by reversing the arrows.

Note that, for any morphism f : X −→ Y in a quasi-abelian category,
Coim(f) −→ Im(f) is both a monomorphism and an epimorphism.

Remark that if C is a quasi-abelian category, then its opposite category
C op is also quasi-abelian.

Of course, an abelian category is quasi-abelian category category in which
all morphisms are strict.

Definition 2.2. Let C be a quasi-abelian category. A sequence M ′ f
−→ M

f ′

−→
M ′′ with f ′ ◦ f = 0 is strictly exact if f is strict and the canonical morphism
Im f −→ Ker f ′ is an isomorphism.

Equivalently such a sequence is strictly exact if the canonical morphism
Coim f −→ Ker f ′ is an isomorphism.

One shall be aware that the notion of strict exactness is not auto-dual.
Consider a functor F : C −→ C ′ of quasi-abelian categories. Recall that

F is

• strictly exact if it sends any strict exact sequence X ′ −→ X −→ X ′′ to a
strict exact sequence,

• strictly left exact if it sends any strict exact sequence 0 −→ X ′ −→ X −→
X ′′ to a strict exact sequence 0 −→ F (X ′) −→ F (X) −→ F (X ′′),

• left exact if it sends any strict exact sequence 0 −→ X ′ −→ X −→ X ′′ −→ 0
to a strict exact sequence 0 −→ F (X ′) −→ F (X) −→ F (X ′′).

Derived categories

Let C be an additive category. One denotes as usual by C(C ) the additive
category consisting of complexes in C . For X ∈ C(C ), one denotes by Xn

(n ∈ Z) its n’s component and by dnX : Xn −→ Xn+1 the differential. For
k ∈ Z, one denotes by X 7→ X [k] the shift functor (also called translation
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functor). We denote by C+(C ) (resp. C−(C ), Cb(C )) the full subcategory
of C(C ) consisting of objects X such that Xn = 0 for n ≪ 0 (resp. n ≫ 0,
|n| ≫ 0). One also sets Cub(C ) := C(C ) (ub stands for unbounded).

We do not recall here neither the construction of the mapping cone Mc(f)
of a morphism f in C(C ) nor the construction of the triangulated categories
K∗(C ) (∗ = ub,+,−, b), called the homotopy categories of C .

Recall that a null system N in a triangulated category T is a full tri-
angulated saturated subcategory of T , saturated meaning that an object X
belongs to N whenever X is isomorphic to an object of N . For a null sys-
tem N , the localization T /N is a triangulated category. A distinguished
triangle X −→ Y −→ Z −→ X [1] in T /N is a triangle isomorphic to the image
of a distinguished triangle in T .

Let C be quasi-abelian category. One says that a complex X is

• strict if all the differentials dnX are strict,

• strictly exact in degree n if the sequence Xn−1 −→ Xn −→ Xn+1 is
strictly exact.

• strictly exact if it is strictly exact in all degrees.

If X is strictly exact, then X is a strict complex and 0 −→ Ker(dnX) −→ Xn −→
Ker(dn+1

X ) −→ 0 is strictly exact for all n.
Note that if two complexes X and Y are isomorphic in K(C ), and if X is

strictly exact, then so is Y . Let E be the full additive subcategory of K(C )
consisting of strictly exact complexes. Then E is a null system in K(C ).

Definition 2.3. The derived category D(C ) is the quotient category K(C )/E .
where E is the null system in K(C ) consisting of strictly exact complexes.
One defines similarly the categories D∗(C ) for ∗ = +,−, b.

A morphism f : X −→ Y in K(C ) is called a quasi-isomorphism (a qis for

short) if, after being embedded in a distinguished triangle X
f
−→ Y −→ Z −→

X [1], Z belongs to E . This is equivalent to saying that its image in D(C )

is an isomorhism. It follows that given morphisms X
f
−→ Y

g
−→ Z in K(C ), if

two of f , g and g ◦ f are qis, then all the three are qis.

Note that if X
f
−→ Y

g
−→ Z is a sequence of morphisms in C(C ) such

that 0 −→ Xn −→ Y n −→ Zn −→ 0 is strictly exact for all n, then the natural
morphism Mc(f) −→ Z is a qis, and we have a distinguished triangle

X −→ Y −→ Z −→ X [1]
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in D(C ).

Left t-structure

Let C be a quasi-abelian category. Recall that for n ∈ Z, D≤n(C ) (resp.
D≥n(C )) denotes the full subcategory of D(C ) consisting of complexes X
which are strictly exact in degrees k > n (resp. k < n). Note that D+(C )
(resp. D−(C )) is the union of all the D≥n(C )’s (resp. all the D≤n(C )’s),
and D

b(C ) is the intersection D+(C ) ∩ D−(C ). The associated truncation
functors are then given by:

τ≤nX : · · · −→ Xn−2 −→ Xn−1 −→ Ker dnX −→ 0 −→ · · ·

τ≥nX : · · · −→ 0 −→ Coim dn−1
X −→ Xn −→ Xn+1 −→ · · · .

The functor τ≤n : D(C ) −→ D≤n(C ) is a right adjoint to the inclusion functor
D≤n(C ) →֒ D(C ), and τ≥n : D(C ) −→ D≥n(C ) is a left adjoint functor to the
inclusion functor D≥n(C ) →֒ D(C ).

The pair (D≤0(C ),D≥0(C )) defines a t-structure on D(C ) by [Sn99]. We
refer to [BBD82] for the general theory of t-structures (see also [KS90] for an
exposition).

The heart D≤0(C )∩D≥0(C ) is an abelian category called the left heart of
D(C ) and denoted LH(C ) in [Sn99]. The embedding C →֒ LH(C ) induces
an equivalence

D(C ) ∼−→ D(LH(C )).

By duality, one also defines the right t-structure and the right heart of D(C ).

Derived functors

Given an additive functor F : C −→ C ′ of quasi-abelian categories, its right
or left derived functor is defined in [Sn99, Def. 1.3.1] by the same procedure
as for abelian categories.

Definition 2.4. (See [Sn99, Def. 1.3.2].) A full additive subcategory P of
C is called F -projective if

(a) for any X ∈ C , there exists a strict epimorphism Y −→ X with Y ∈ P,

(b) for any strict exact sequence 0 −→ X ′ −→ X −→ X ′′ −→ 0 in C , if X,X ′′ ∈
P, then X ′ ∈ P,
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(c) for any strict exact sequence 0 −→ X ′ −→ X −→ X ′′ −→ 0 in C , if
X ′, X,X ′′ ∈ P, then the sequence 0 −→ F (X ′) −→ F (X) −→ F (X ′′) −→ 0
in strictly exact in C ′.

If F admits an F -projective category, one says that F is explicitly left
derivable. In this case, F admits a left derived functor LF and this functor
is calculated as usual by the formula

LF (X) ≃ F (Y ), where Y ∈ K−(P), Y ∼−→ X in D−(C ).

We refer to [Sn99, §1.3] for details.
If LF has bounded cohomological dimension, then it extends as a trian-

gulated functor LF : D(C ) −→ D(C ′).

3 Filtered objects

We shall assume
{

Λ is a small filtrant category,
C is an abelian category admitting small inductive limits and
filtrant such limits are exact.

(3.1)

Denote by Fct(Λ,C ) the abelian category of functors from Λ to C , and
denote as usual by ∆: C −→ Fct(Λ,C ) the functor which, to X ∈ C , asso-
ciates the constant functor λ 7→ X and by lim−→ : Fct(Λ,C ) −→ C the inductive
limit functor. Then (lim

−→
,∆) is a pair of adjoint functors:

If M ∈ Fct(Λ,C ), we set for short M(∞) := lim−→M and we denote by
jM(λ) the morphism M(λ) −→ M(∞). If f : M −→ M ′ is a morphism in
Fct(Λ,C ), we denote fy f(∞) : M(∞) −→ M ′(∞) the associated morphism.

Definition 3.1. (a) The category FΛ C of Λ-filtered objects in C is the full
additive subcategory of Fct(Λ,C ) formed by the functors which send
morphisms to monomorphisms.

(b) We denote by ι : FΛ C →֒ Fct(Λ,C ) the inclusion functor.

Inductive limits in C being exact, the morphisms jM (λ) are monomor-
phisms.
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Remark 3.2. (i) Let M be a Λ-filtered object of C and let λ, λ′ ∈ Λ. Since
jM(λ) ◦ M(s) = jM(λ′) for any morphism s : λ′ −→ λ of Λ and since jM(λ)
is a monomorphism, it is clear that M(s) does not depend on s. It follows
that the category FΛ(C ) is equivalent to the category FΛpos

(C ) where Λpos

denotes the category corresponding to the preordered set associated with Λ,
i. e. the category having the same objects as Λ but for which

HomΛpos(λ
′, λ) =

{

{pt} if HomΛ(λ
′, λ) 6= ∅,

∅ if HomΛ(λ
′, λ) = ∅.

Therefore, when we study the properties of FΛ(C ) we can always assume
that Λ is the category associated with a preordered set.

(ii) When Λ is a preordered set, M defines an increasing map from Λ to the
poset of subobjects of M(∞). Moreover, M(∞) is the union of the M(λ)’s
and we recover the usual notion of an exhaustive filtration.

Basic properties of FΛ(C )

In this subsection, we shall prove that the category FΛ(C ) is quasi-abelian.
The next result is obvious.

Proposition 3.3. The subcategory FΛ(C ) of Fct(Λ,C ) is stable by subob-

jects. In particular, the category FΛ(C ) admits kernels and the functor ι
commutes with kernels.

Definition 3.4. Let M ∈ Fct(Λ,C ). For λ ∈ Λ, we set κ(M)(λ) = Im jM(λ)
and for a morphism s : λ′ −→ λ in Λ we define κ(M)(s) as the morphism
induced by the identity of M(∞).

These definitions turn obviously κ(M) into an object of FΛ(C ) and give
a functor

κ : Fct(Λ,C ) −→ FΛ(C ).(3.2)

Proposition 3.5. The functor κ in (3.2) is left adjoint to the inclusion func-

tor ι and κ ◦ ι ≃ idFΛ(C ). In particular the category FΛ(C ) admits cokernels

and κ commutes with cokernels.

Proof. Let M be an object of FΛ(C ) and let M ′ be an object of Fct(Λ,C ).
Consider a morphism f : M ′ −→ ι(M) in Fct(Λ,C ). It induces a morphism
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f(∞) : M ′(∞) −→ M(∞) in C . Since the diagram

M ′(λ)

j
M′(λ)

��

f(λ)
// M(λ)

jM (λ)
��

M ′(∞)
f(∞)

// M(∞)

is commutative for every object λ of Λ and since jM (λ) is a monomorphism,
the morphism f(λ) induces a canonical morphism f ′(λ) : Im jM ′(λ) −→ M(λ)
and these morphisms give us a morphism f ′ : κ(M ′) −→ M . The preceding
construction gives a morphism of abelian groups

Hom Fct(Λ,C )(M
′, ι(M)) −→ Hom FΛ C

(κ(M ′),M)

and it is clearly an isomorphism. Since ι is fully faithful, we have κ◦ι ≃ idFΛ C

and the conclusion follows. Q.E.D.

By the preceding results, the category FΛ(C ) is additive and has kernels
and cokernels and hence images and coimages. However, if f : M ′ −→ M
is a morphism in FΛ(C ) the canonical morphism from Coim(f) to Im(f) is
in general not an isomorphism, in other words, f is not in general a strict
morphism and the inclusion functor ι does not commute with cokernels (see
Example 3.7 below).

Corollary 3.6. Let f : M ′ −→ M be a morphism in FΛ(C ) and let Ker,
Coker, Im and Coim be calculated in the category FΛ(C ). Then, one has the

canonical isomorphisms for λ ∈ Λ:

(a) (Ker f)(λ) ≃ Ker f(λ),

(b) (Coker f)(λ) ≃ Im[M(λ) −→ Coker f(∞)],

(c) (Im f)(λ) ≃ Ker[M(λ) −→ Coker f(∞)],

(d) (Coim f)(λ) ≃ Im f(λ).

In particular,

(i) f is strict in FΛ(C ) if and only if the canonical square below is Cartesian

Im f(λ)

��

// Im f(∞)

��
M(λ) // M(∞),
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(ii) a sequence M ′ f
−→ M

f ′

−→ M ′′ in FΛ(C ) with f ′ ◦ f = 0 is strictly

exact if and only if the canonical morphism Im f(λ) −→ Ker f ′(λ) is an

isomorphism for any λ ∈ Λ.

Example 3.7. Let Λ = N, C = Mod(C) and denote by C[X ]≤n the space
of polynomials in one variable X over C of degree ≤ n. Consider the two
objects M ′ and M of FΛ C :

M ′ : n 7→ C[X ]≤n,

M : n 7→ C[X ]≤n+1.

Denote by f : M ′ −→ M the natural morphism. Then M ′(∞) ∼−→ M(∞) ≃
C[X ] and f(∞) is an isomorphism. Therefore, (Im f)(n) ≃ M(n) and
(Coim f)(n) ≃ Im(f(n)) ≃ M ′(n).

Proposition 3.8. Let 0 −→ M ′ f
−→ M

f ′

−→ M ′′ −→ 0 be an exact sequence in

Fct(Λ,C ). Assume that M ′′ belongs to FΛ(C ). Then the sequence

0 −→ κ(M ′)
κ(f)
−−→ κ(M)

κ(f ′)
−−−→ κ(M ′′) −→ 0

is strictly exact in FΛ(C ) (i. e. κ(f) is a kernel of κ(f ′) and κ(f ′) is a

cokernel of κ(f)).

Proof. We know that the diagram

0 // M ′(λ)
f(λ)

//

j
M′(λ)

��

M(λ)
f ′(λ)

//

jM (λ)
��

M ′′(λ) //

j
M′′ (λ)

��

0

0 // M ′(∞)
f(∞)

// M(∞)
f ′(∞)

// M ′′(∞) // 0

is commutative and has exact rows. Since the last vertical arrow is a monomor-
phism it follows that we have a canonical isomorphism

Ker jM ′(λ) ≃ Ker jM(λ).
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Therefore, in the commutative diagram

0

��

0

��

0

��
0 // Ker jM ′(λ) //

��

Ker jM(λ) //

��

0 //

��

0

0 // M ′(λ) //

��

M(λ) //

��

M ′′(λ) //

��

0

0 // κ(M ′)(λ) //

��

κ(M)(λ) //

��

κ(M ′′)(λ) //

��

0

0 0 0

the columns and the two lines in the top are exact. Therefore the last row is
also exact and the conclusion follows from Corollary 3.6. Q.E.D.

Theorem 3.9. Assume 3.1. The category FΛ(C ) is quasi-abelian.

Proof. Consider a Cartesian square in FΛ(C )

N ′ g
//

u′

��

N

u

��
M ′ f

// M

and assume that f is a strict epimorphism in FΛ(C ). It follows from Proposi-
tion 3.3 and Corollary 3.6 (ii) that this square is also Cartesian in Fct(Λ,C )
and that f is an epimorphism in this category. Hence g is an epimorphism
in Fct(Λ,C ) and Corollary 3.6 (ii) shows that g is a strict epimorphism in
FΛ(C ).

Consider now a co-Cartesian square in FΛ(C )

M ′ f
//

u′

��

M

u

��
N ′ g

// N

and assume that f is a strict monomorphism in FΛ(C ). We know from
Proposition 3.3 and Proposition 3.5 that this square is the image by κ of the
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co-Cartesian square of Fct(Λ,C ) with solid arrow

M ′ f
//

u′

��

M

v

��

q
// C

N ′

h
// P

q′

>>

Denote by
q : M −→ C

the canonical morphism from M to the cokernel of f in FΛ(C ). Since f is
a strict monomorphism of FΛ(C ), C is also the cokernel of f in Fct(Λ,C )
and there is a unique morphism q′ : P −→ C such that q′ ◦ v = q and
q′ ◦ h = 0. Moreover, one checks easily that this morphism q′ is a cokernel of
h in Fct(Λ,C ). It follows that the sequence

0 −→ N ′ h
−→ P

q′

−→ C −→ 0

is exact in Fct(Λ,C ). Applying κ to this sequence and using Proposition 3.8,
we get a strictly exact sequence of the form:

0 −→ N ′ g
−→ N −→ C −→ 0.

This shows in particular that g is a strict monomorphism in FΛ(C ) and the
conclusion follows. Q.E.D.

The Rees functor

From now on we assume that Λ is a category associated with a preordered
set. Thanks to Remark 3.2 (i), this assumption is not really restrictive.

In the sequel, given a direct sum
⊕

i∈I Xi we denote by σi : Xi −→
⊕

i∈I Xi

the canonical morphism.

Definition 3.10. For M ∈ Fct(Λ,C ) we define Σ(M) ∈ Fct(Λ,C ) as fol-
lows. For λ0 ∈ Λ and for s : λ0 −→ λ1, we set

Σ(M)(λ0) =
⊕

s0 : λ′

0−→λ0

M(λ′
0),

and define

Σ(M)(s) : Σ(M)(λ0) −→ Σ(M)(λ1)

as the only morphism such that Σ(M)(s) ◦ σs0 = σs◦s0 for any s0 : λ
′
0 −→ λ0.
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Proposition 3.11. Let M : Λ −→ C be a functor and let s : λ0 −→ λ1 be a

morphism of Λ. Then Σ(M)(s) : Σ(M)(λ0) −→ Σ(M)(λ1) is a split monomor-

phism. In particular Σ(M) is an object of FΛ C .

Proof. Let us define ρ : Σ(M)(λ1) −→ Σ(M)(λ0) as the unique morphism such
that

ρ ◦ σs1 =

{

σs0 if s1 = s ◦ s0 for some s0 : λ
′
1 −→ λ0

0 otherwise.

This definition makes sense since if s1 = s ◦ s0 for some s0 : λ
′
1 −→ λ0 then

such an s0 is unique (recall that Λ is a poset). Since

ρ ◦ Σ(M)(s) ◦ σs0 = ρ ◦ σs◦s0 = σs0

for any s0 : λ
′
0 −→ λ0 in Λ, the conclusion follows. Q.E.D.

Remark 3.12. The preceding construction gives rise to a functor, that we
call the Rees functor,

Σ: Fct(Λ,C ) −→ FΛ C .

This functor sends exact sequences in Fct(Λ,C ) to strict exact sequences in
FΛ C .

Definition 3.13. For anyM ∈ Fct(Λ,C ) we define the morphism εM : Σ(M) −→
M by letting

εM(λ0) : Σ(M)(λ0) −→ M(λ0)(3.3)

be the unique morphism such that εM(λ0)◦σs0 = M(s0) for any s0 : λ
′
0 −→ λ0

in Λ.

Proposition 3.14. For any M ∈ Fct(Λ,C ) and λ0 ∈ Λ, the morphism (3.3)
is a split epimorphism of C . In particular, the morphism εM : Σ(M) −→ M
is an epimorphism in Fct(Λ,C ).

Proof. This follows directly from

εM(λ0) ◦ σidλ0
= M(idλ0

) = idM(λ0), λ0 ∈ Λ.

Q.E.D.
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Corollary 3.15. The category FΛ C is a κ-projective subcategory of the cat-

egory Fct(Λ,C ). In particular the functor

κ : Fct(Λ,C ) −→ FΛ C

is explicitly left derivable. Moreover, it has finite cohomological dimension.

Proof. The properties (a), (b) and (c) of Definition 2.4 follow respectively
from Proposition 3.14, Proposition 3.3 and Proposition 3.8. Hence the cate-
gory FΛ C is κ-projective. Since it is also stable by subobjects it follows that
any object of Fct(Λ,C ) has a two terms resolution by objects of FΛ C and
the conclusion follows. Q.E.D.

Theorem 3.16. Assume (3.1) and assume that Λ is a preordered set. The

functor ι : FΛ C −→ Fct(Λ,C ) is strictly exact and induces an equivalence of

categories for ∗ = ub, b,+,−

ι : D∗(FΛ C ) −→ D∗(Fct(Λ,C ))

whose quasi-inverse is given by

Lκ : D∗(Fct(Λ,C )) −→ D∗(FΛ C ).

Moreover, ι induces an equivalence of abelian categories

LH(FΛ C ) ≃ Fct(Λ,C ).

4 Filtered modules in an abelian tensor cat-

egory

Abelian tensor categories

In this subsection we recall a few facts about abelian tensor categories. Ref-
erences are made to [KS06, Ch. 5] for details.

Let C be an additive category. A biadditive tensor product on C is the
data of a functor ⊗: C × C −→ C additive with respect to each argument
together with functorial associativity isomorphisms

αX,Y,Z : (X ⊗Y )⊗Z ∼−→ X ⊗ (Y ⊗Z)
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satisfying the natural compatibility conditions.
From now on, we assume that C is endowed with such a tensor product.

A ring object of C (or, equivalently, “a ring in C ”) is then an object A of C

endowed with an associative multiplication µA : A⊗A −→ A.
Let A be such a ring object. Then, an A-module of C is the data of an

object M of C together with an associative action νM : A⊗M −→ M .
The A-modules of C form a category denoted Mod(A). A morphism

f : M −→ N in this category is simply a morphism of C which is A-linear,
i. e., which is compatible with the actions of A on M and N . Most of the
properties of Mod(A) can be deduced from that of C thanks to following
result, whose proof is left to the reader.

Lemma 4.1. The category Mod(A) is an additive category and the forgetful

functor for : Mod(A) −→ C is additive, faithful, conservative and reflects pro-

jective limits. This functor also reflects inductive limits which are preserved

by A⊗ • : C −→ C .

One easily deduces:

Proposition 4.2. Assume that C is abelian (resp. quasi-abelian) and the

functor A ⊗ • commutes with cokernels. Then Mod(A) is abelian (resp.
quasi-abelian). Moreover, the forgetful functor for : Mod(A) −→ C is addi-

tive, faithfull, conservative and commutes with kernels and cokernels. If one

assumes moreover that C admits small inductive limits and that A⊗ • com-

mutes with such limits, then Mod(A) admits small inductive limits and the

forgetful functor for commutes with such limits.

Remark 4.3. Let A be a ring object in C . We have defined an A-module
by considering the left action of A. In other words, we have defined left
A-modules. Clearly, one can defined right A-modules similarly, which is
equivalent to replacing the tensor product ⊗with the opposite tensor product
given by X ⊗op Y = Y ⊗X .

Assume that the tensor category C admits a unit, denoted 1 and that
the ring object A also admits a unit e : 1 −→ A. In this case, we consider
the full subcategory Mod(Ae) of Mod(A) consisting of modules such that the
action of A is unital, which is translated by saying that the diagram below
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commutes:

1⊗M
e⊗idM

//

∼
%%❑❑

❑

❑

❑

❑

❑

❑

❑

❑

A⊗M

νM
��

M.

All results concerning Mod(A) still hold for Mod(Ae).

Proposition 4.4. Let C be Grothendieck category with a generator G and

assume that C is also a tensor category with unit 1. Let A be a ring in C

with unit e and assume that the functor A⊗ • commutes with small inductive

limits. Then Mod(Ae) is a Grothendieck category and A⊗G is a generator

of this category.

Proof. For any X ∈ C the morphism
⊕

s∈Hom
C
(G,X)

G −→ X

is an epimorphism. It follows that for any M ∈ Mod(Ae) the morphism
⊕

s∈Hom
C
(G,M)

A⊗G −→ A⊗M

is an epimorphism. Since A has a unit, there is an epimorphism A⊗M։M .
Q.E.D.

Λ-rings and Λ-modules

In this section, we shall assume


















Λ is a filtrant preordered additive semigroup (viewed as a
tensor category),
C is an abelian tensor category which admits small inductive
limits which commute with ⊗ and small filtrant inductive
limits are exact.

(4.1)

Definition 4.5. For M1,M2 ∈ Fct(Λ,C ) we define M1 ⊗M2 ∈ Fct(Λ,C ) as
follows. For λ, λ′ ∈ Λ and s : λ′ −→ λ we set

(M1 ⊗M2)(λ) = lim−→
λ1+λ2≤λ

M1(λ1)⊗M2(λ2),
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and we define (M1 ⊗ M2)(s) : (M1 ⊗ M2)(λ
′) −→ (M1 ⊗ M2)(λ) to be the

morphism induced by the inclusion

{(λ′
1, λ

′
2) ∈ Λ× Λ: λ′

1 + λ′
2 ≤ λ′} ⊂ {(λ1, λ2) ∈ Λ× Λ: λ1 + λ2 ≤ λ}.

Proposition 4.6. The functor

⊗: Fct(Λ,C )× Fct(Λ,C ) −→ Fct(Λ,C )

defined above turns Fct(Λ,C ) into a tensor category. Moreover, it commutes

with small inductive limits.

Proof. The fact that the functor commutes with small inductive limits follows
from its definition. The associativity follows from the associativity of the
tensor product in C and the canonical isomorphisms

((M1 ⊗M2)⊗M3)(λ) ≃ lim
−→

λ1+λ2+λ3≤λ

(M1(λ1)⊗M2(λ2))⊗M3(λ3),

(M1 ⊗ (M2 ⊗M3))(λ) ≃ lim
−→

λ1+λ2+λ3≤λ

M1(λ1)⊗ (M2(λ2))⊗M3(λ3)).

Q.E.D.

Definition 4.7. (a) A Λ-ring of C is a ring of the tensor category Fct(Λ,C )
considered in Proposition 4.6.

(b) A Λ-module of C over a Λ-ring A of C is an A-module of the tensor
category Fct(Λ,C ).

(c) As usual, we denote by Mod(A) the category of A-modules, that is, Λ-
modules in C over the Λ-ring A.

Remark 4.8. It follows from the preceding definitions that a Λ-ring of C is
the data of a functor A : Λ −→ C together with a multiplication morphism

A(λ1)⊗A(λ2) −→ A(λ1 + λ2)

functorial in λ1, λ2 ∈ Λ and associative in a natural way. Moreover, if A is
such a ring then a Λ-module of C over A is the data of a functor M : Λ −→ C

together with a functorial associative action morphism

A(λ1)⊗M(λ2) −→ M(λ1 + λ2).

16



Remark 4.9. Assume that the semigroup Λ admits a unit, denoted 0 (in
which case, one says that Λ is a monoid), and the tensor category C admits
a unit, denoted 1. Then the tensor category Fct(Λ,C ) admits a unit, still
denoted 1Λ, defined as follows:

1Λ(λ) =

{

1 if λ ≥ 0,
0 otherwise.

In such a case, the notion of a Λ-ring A with unit e makes sense as well as
the notion of an Ae-module.

Proposition 4.10. Let A be a Λ-ring of C . Then, the category Mod(A)
is abelian and admits small inductive limits. Moreover, the forgetful functor

for : Mod(A) −→ Fct(Λ,C ) is additive, faithfull, conservative and commutes

with kernels and small inductive limits. In particular it is exact.

Proof. This follows directly from the preceding results and Proposition 4.2
Q.E.D.

Filtered rings and modules

Definition 4.11. We define the functor

⊗
F
: FΛ C × FΛ C −→ FΛ C

by the formula
M1 ⊗F

M2 = κ(ι(M1)⊗ ι(M2))

where the tensor product in the right-hand side is the tensor product of
Fct(Λ,C ).

Proposition 4.12. There is a canonical isomorphism

κ(M1 ⊗M2) ≃ κ(M1)⊗F κ(M2)

functorial in M1,M2 ∈ Fct(Λ,C ).

Proof. We know that for λ, λ1, λ2 ∈ Λ, κ(M1 ⊗M2)(λ) is the image of the
canonical morphism (M1⊗M2)(λ) −→ (M1⊗M2)(∞) and that κ(M1)(λ1) and
κ(M2)(λ2) are respectively the images of the canonical morphisms M1(λ1) −→
M1(∞) and M2(λ2) −→ M2(∞). Since the morphisms

M1(λ1) −→ κ(M1)(λ1) and M2(λ2) −→ κ(M2)(λ2)
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are epimorphisms, so is the morphism

M1(λ1)⊗M2(λ2) −→ κ(M1)(λ1)⊗κ(M2)(λ2).

It follows that the canonical morphism

lim−→
λ1+λ2≤λ

M1(λ1)⊗M2(λ2) −→ lim−→
λ1+λ2≤λ

κ(M1)(λ1)⊗κ(M2)(λ2).

is also an epimorphism. Since

(M1 ⊗M2)(∞) ≃ M1(∞)⊗M2(∞) ≃ κ(M1)(∞)⊗κ(M2)(∞)

≃ κ(M1 ⊗M2)(∞)

the conclusion follows. Q.E.D.

Proposition 4.13. The functor ⊗
F
: FΛ C ×FΛ C −→ FΛ C turns FΛ C into

a tensor category. Moreover ⊗
F
commutes with small inductive limits.

Proof. By the preceding result we have

κ((ι(M1)⊗ ι(M2))⊗ ι(M3)) ≃ κ(ι(M1)⊗ ι(M2))⊗F
κ(ι(M3))

≃ (M1 ⊗F
M2)⊗F

M3,

κ(ι(M1)⊗ (ι(M2)⊗ ι(M3))) ≃ κ(ι(M1))⊗F
κ(ι(M2)⊗ ι(M3))

≃ M1 ⊗F
(M2 ⊗F

M3).

Hence the associativity of ⊗
F

follows from that of the tensor product of
Fct(Λ,C ). Since κ commutes with small inductive limits, a similar argument
shows that ⊗

F
has the same property. Q.E.D.

Definition 4.14. (a) A Λ-filtered ring of C is a ring object in the tensor
category FΛ C .

(b) A Λ-filtered module FM over a Λ-filtered ring FA, or simply, an FA-
module FM , is an FA-module in the tensor category FΛ C .

(c) As usual, we denote by Mod(FA) the category of FA-modules.

Remark 4.15. It follows from the preceding definitions that Mod(FA) is the
full subcategory of Mod(A) formed by the functors which send morphisms of
Λ to monomorphisms of C . The multiplication on FA and the action of FA
on a module FM may be described as in Remark 4.8.
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Proposition 4.16. Let FA be a Λ-filtered ring of C . The category Mod(FA)
is quasi-abelian and admits small inductive limits. Moreover, the forgetful

functor for : Mod(FA) −→ FΛ C is additive, faithfull, conservative and com-

mutes with kernels and inductive limits.

Proof. This follows directly from the preceding results and Proposition 4.2
Q.E.D.

Proposition 4.17. Let FA be a Λ-filtered ring of C . Then A := ιFA is a

Λ-ring of C and the functors ι : FΛ(C ) −→ Fct(Λ,C ) and κ : Fct(Λ,C ) −→
FΛ(C ) induce functors

ιA : Mod(FA) −→ Mod(A) and κA : Mod(A) −→ Mod(FA).

Moreover κA is a left adjoint of ιA.

Proof. This follows easily from Proposition 4.12 and the fact that κ is a left
adjoint of ι. Q.E.D.

Proposition 4.18. Let FA be a Λ-filtered ring of C and set A:=ιFA. Let M
be an A-module. Then the functor Σ(M) of Definition 3.10 has a canonical

structure of an A-module and the morphism εM : Σ(M) −→ M is A-linear.

Proof. We define the action of FA on Σ(M) as the composition of the mor-
phisms

A(λ1)⊗Σ(M)(λ2) = A(λ1)⊗
⊕

s2 : λ′

2−→λ2

M(λ′
2)

≃
⊕

s2 : λ′

2−→λ2

A(λ1)⊗M(λ′
2)(*)

−→
⊕

s2 : λ′

2−→λ2

M(λ1 + λ′
2)(**)

v
−→

⊕

s3 : λ′

3−→λ1+λ2

M(λ′
3)(***)

= Σ(M)(λ1 + λ2)

where (*) comes from the fact that ⊗ commutes with small inductive limits,
(**) comes from the action of A on M and (***) is characterized by the fact
that

v ◦ σs2 = σidλ1
+s2
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where idλ1
+s2 : λ1 + λ′

2 −→ λ1 + λ2 is the map induced by s2 : λ
′
2 −→ λ2. It is

then easily verified that this action turns Σ(M) into an A-module for which
the morphism εM : Σ(M) −→ M becomes A-linear. Q.E.D.

The following results can now be obtained by working as in Section 3.

Corollary 4.19. Let FA be a Λ-filtered ring of C . Then the category

Mod(FA) is a κA-projective subcategory of Mod(A). In particular the functor

κA : Mod(A) −→ Mod(FA)

is explicitly left derivable. Moreover, it has finite cohomological dimension.

Theorem 4.20. Assume (4.1). The functor

ιA : Mod(FA) −→ Mod(A)

is strictly exact and induces an equivalence of categories for ∗ = ub, b,+,−:

ιA : D
∗(Mod(FA)) −→ D∗(Mod(A))

whose quasi-inverse is given by

LκA : D
∗(Mod(A)) −→ D∗(Mod(FA)).

Moreover, ιA induces an equivalence of abelian categories

LH(Mod(FA)) ≃ Mod(A).

Remark 4.21. Assume that the semigroup Λ admits a unit, denoted 0, and
the tensor category C admits a unit, denoted 1. Then the unit 1Λ of the
category Fct(Λ,C ) (see Remark 4.9) belongs to FΛ C and is a unit in this
tensor category. In such a case, the notion of a Λ-filtered ring FA with unit
e makes sense as well as the notion of FAe-module.

Moreover, the results of Theorem 4.20 remain true with Mod(FA) and
Mod(A) replaced with Mod(FAe) and Mod(Ae), respectively.

Assume moreover that C is a Grothendieck category. In this case, Mod(Ae)
is again a Grothendieck category by Proposition 4.4.
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Example: modules over a filtered sheaf of rings

Let X be a site and let k be a commutative unital algebra with finite global
dimension. Consider the category C = Mod(kX) of sheaves of kX-modules
and its derived category, D(kX). Let Λ be as in (4.1).

Definition 4.22. (a) A Λ-filtered sheaf FF is a sheaf F ∈ Mod(kX) en-
dowed with a family of subsheaves {FλF}λ∈Λ such that Fλ′F ⊂ FλF

for any pair λ′ ≤ λ and
⋃

j FλF = F . (Of course, the union
⋃

is taken
in the category of sheaves.)

(b) A Λ-filtered sheaf of kX -algebras FR is a filtered sheaf such that the
underlying sheaf R is a sheaf of kX -algebras and FλR ⊗Fλ′R ⊂ Fλ+λ′R

for all λ, λ′ ∈ Λ. (In particular, F0R is a subring of R.)

(c) Given FR as above, a left filtered module FM over FR is filtered sheaf
such that the underlying sheaf M is a sheaf of modules over R and
FλR ⊗Fλ′M ⊂ Fλ+λ′M for all λ, λ′ ∈ Λ.

(d) If R is unital, we ask that the unit of R is a section of F0R and acts as
the identity on each FλM .

The category Mod(FR) of filtered modules over FR is quasi-abelian.
On the other-hand, an object FN of the abelian category Mod(ιFR) is

the data of a family of sheaves {FλN }λ∈Λ, morphisms FλN −→ Fλ′N for
any pair λ ≤ λ′ and morphisms FλR ⊗ Fλ′N −→ Fλ+λ′N for all λ, λ′ ∈ Λ
satisfying the natural compatibility conditions but we do not ask any more
that Fλ′N is a subsheaf of FλN for λ′ ≤ λ.

By Theorem 4.20, we have an equivalence of categories for ∗ = ub, b,+,−:

D∗(Mod(FR)) ∼−→ D∗(Mod(ιFR)).

Example 4.23. Let (X,OX) be a complex manifold and let DX be the sheaf
of finite order differential operators.

We apply the preceding construction to the tensor category Mod(CX).
For j ∈ Z, we denote by FjDX the subsheaf of DX whose sections are dif-
ferential operators of order ≤ j, with FjDX = 0 for j < 0, and we denote
by FDX the ring DX endowed with this filtration. Recall that a filtered
left DX -module FM is a left DX-module M endowed with a family of sub-
sheaves FjM (j ∈ Z) and morphisms FiDX ⊗ FjM −→ Fi+jM satisfying
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natural compatibility conditions (the FjM ’s are thus OX-modules) and such
that

⋃

j FjM = M . Therefore, FDX is a Z-ring in Mod(CX) and FM is an
FDX-module, that is, an object of Mod(FDX).
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