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Abstract

Let I be an open interval containing zero, let M be a real manifold, let T*M be
its cotangent bundle with the zero-section removed, and let ® = {¢;};e1 be a homo-
geneous Hamiltonian isotopy of T*M with ¢o = id. Let A C T*M x T*M x T*I
be the conic Lagrangian submanifold associated with ®. We prove the existence and
unicity of a sheaf K on M x M x I whose microsupport is contained in the union
of A and the zero-section and whose restriction to t = 0 is the constant sheaf on the
diagonal of M x M. We give applications of this result to problems of nondisplace-
ability in contact and symplectic topology. In particular we prove that some strong
Morse inequalities are stable by Hamiltonian isotopies, and we also give results of
nondisplaceability for nonnegative isotopies in the contact setting.

Introduction
The microlocal theory of sheaves has been introduced and systematically developed in
[11]-[13], the central idea being that of the microsupport of sheaves. More precisely,
consider a real manifold M of class C*, and consider a commutative unital ring
k of finite global dimension. Denote by D°(kjs) the bounded derived category of
sheaves of k-modules on M . The microsupport SS(F) of an object F of D®(kyy) is
a closed subset of the cotangent bundle 7* M, conic for the action of R™ on T*M
and coisotropic. Hence, this theory is “conic”; that is, it is invariant by the R -action
and is related to the homogeneous symplectic structure rather than the symplectic
structure of T*M .

To treat nonhomogeneous symplectic problems, a classical trick is to add a vari-
able which replaces the homogeneity. This is performed for complex symplectic man-
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ifolds in [22] and later in the real case by Tamarkin [24] who adapts the microlocal
theory of sheaves to the nonhomogeneous situation and deduces a new and very
original proof of the classical nondisplaceability theorem conjectured by Arnold.
(Tamarkin’s ideas have also been exposed and developed in [9].) Note that the use
of sheaf theory in symplectic topology has already appeared in [15] and [19]-[21].

In this paper, we also find a new proof of the nondisplaceability theorem and other
related results, still remaining in the homogeneous symplectic framework, which
makes the use of sheaf theory much easier. In other words, instead of adapting microlo-
cal sheaf theory to treat nonhomogeneous geometrical problems, we translate these
geometrical problems to homogeneous ones and apply the classical microlocal sheaf
theory. Note that the converse is not always possible: there are interesting geomet-
rical problems, for example, those related to the notion of nonnegative Hamiltonian
isotopies, which make sense in the homogeneous case and which have no counterpart
in the purely symplectic case.

Our main tool, as seen in the title of this paper, is a quantization of Hamiltonian
isotopies in the category of sheaves. More precisely, we consider a homogeneous
Hamiltonian isotopy ® = {¢;}ses of T*M (the complementary of the zero-section
of T*M) defined on an open interval / of R containing zero such that ¢y = id.
Denoting by A C T*M x T*M x T*I the conic Lagrangian submanifold associated
with ®, we prove that there exists a unique K € D(Kpsxarxy) whose microsupport
is contained in the union of A and the zero-section of 7*(M x M x I) and whose
restriction to ¢ = 0 is the constant sheaf on the diagonal of M x M.

We give a few applications of this result to problems of nondisplaceability in sym-
plectic and contact geometry. The classical nondisplaceability conjecture of Arnold
says that, on the cotangent bundle to a compact manifold M, the image of the zero-
section of 7*M by a Hamiltonian isotopy always intersects the zero-section. This
conjecture (and its refinements, using Morse inequalities) have been proved by Chap-
eron [1] who treated the case of the torus by using the methods of Conley and Zehnder
[6], and then by Hofer [10] and Laudenbach and Sikorav [17]. For related results in the
contact case, let us quote in particular Chaperon [2], Chekanov [3], and Ferrand [8].

In this paper we recover the nondisplaceability result in the symplectic case as
well as its refinement by using Morse inequalities. Indeed, we deduce these results
from their homogeneous counterparts which are easy corollaries of our theorem of
quantization of homogeneous Hamiltonian isotopies. We also study nonnegative
Hamiltonian isotopies (which make sense only in the contact setting): we prove that
given two compact connected submanifolds X and Y in a connected noncompact
manifold M and a nonnegative Hamiltonian isotopy ® = {¢;};< such that ¢y, inter-
changes the conormal bundle to X with that of Y, then X =Y and ¢; induces the
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identity on the conormal bundle to X for ¢ € [0, #o]. The first part of these results has
already been obtained when X and Y are points in [4] and [5].

1. Microlocal theory of sheaves, after Kashiwara and Schapira [13]

In this section, we recall some definitions and results from [13], following its nota-
tion with the exception of slight modifications. We consider a real manifold M of
class C*°.

1.1. Some geometrical notions ([13, Sections 4.2, 6.2])
In this paper we say that a C'-map f: M — N is smooth if its differential d, f :
TxM — Tr(x)N is surjective for any x € M. For a locally closed subset A of M, one
denotes by Int(A) its interior and by A its closure. One denotes by Ajs or simply A
the diagonal of M x M.

One denotes by tps: TM — M and 7pr: T*M — M the tangent and cotangent
bundles to M. If L C M is a submanifold, one denotes by 77 M its normal bundle
and T;" M its conormal bundle. They are defined by the exact sequences

O—>TL—>LxyTM —TM — 0,
0—->T/M—LxyT*M—T*L—0.

One sometimes identifies M with the zero-section Ty, M of T* M. One sets T*M :=
T*M \ Ty; M, and one denotes by 7 : T*M — M the projection.

Let f: M — N be a morphism of real manifolds. To f are associated the tangent
morphisms

! Jz
TM —— M xy TN —— TN

AT
S

M ——M N

By duality, we deduce the diagram:

Jfa Jfr
T*M <— MxyT*N —— T*N

e e
S

One sets

Ty N :=Ker fg = f;7 (TyyM) C M xy T*N.
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Note that, denoting by I" ¢ the graph of f in M x N, the projection 7*(M x N) —
M x T*N identifies Tf*k, (M xN)and M xy T*N.
Now consider the homogeneous symplectic manifold 7* M : it is endowed with

the Liouville 1-form given in a local homogeneous symplectic coordinate system
(x;&) on T*M by

ap = (€,dx).
The antipodal map ajy is defined by
apy:T*M - T*M, (x;8) = (x;-8). (1.3)

If A is a subset of 7* M, we denote by A% instead of a s (A) its image by the antipodal
map.

We use the Hamiltonian isomorphism H: T*(T*M) => T(T*M) given in a
local symplectic coordinate system (x; &) by

H((A.dx) + (i, d§)) = —(A,9g) + (1. 0x).

1.2. Microsupport ([13, Sections 5.1, 6.5])

We consider a commutative unital ring k of finite global dimension (e.g., k = Z). (We
assume that k is a field when we use Morse inequalities in Section 4.) We denote
by D(kps) (resp., DP(kps)) the derived category (resp., bounded derived category)
of sheaves of k-modules on M. We denote by wys € D°(kps) the dualizing complex
on M . Recall that wyy is isomorphic to the orientation sheaf shifted by the dimension.
We recall the definition of the microsupport (or singular support) SS(F') of a sheaf F
(see [13, Definition 5.1.2]).

Definition 1.1

Let F € D*(kps), and let p € T*M . One says that p ¢ SS(F) if there exists an open
neighborhood U of p such that for any xo € M and any real C!-function ¢ on M
defined in a neighborhood of x¢ with (x¢;d¢(xp)) € U, one has

RT(x;0()>0(xo)} (F)xo = 0.

In other words, p ¢ SS(F) if the sheaf F' has no cohomology supported by “half-

spaces” whose conormals are contained in a neighborhood of p.

0 By its construction, the microsupport is R*-conic, that is, invariant by the
action of R* on T* M.

0 We have SS(F) N Tyy M = mp (SS(F)) = Supp(F).

0 The microsupport satisfies the triangular inequality: if F; — F> — F3 i is
a distinguished triangle in D®(kps), then SS(F;) C SS(F;) U SS(Fy) for all
i,j,ke{l,2,3} with j #k.
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In the sequel, for a locally closed subset Z of M, we denote by kz the constant sheaf
with stalk k on Z, extended by zeroon M \ Z.

Example 1.2
@) If F is a nonzero local system on M and M is connected, then SS(F) =
TyM.

(i1) If N is a closed submanifold of M and F = Ky, then SS(F) = T;\‘}M , the
conormal bundle to N in M.

(iii) Let ¢ be a C!-function such that dg(x) # 0 whenever ¢(x) = 0. Let U =
{x e M;p(x) >0}, and let Z = {x € M;p(x) > 0}. Then

SS(ky) =U xp Ty M U {(x;Ado(x)); o(x) = 0,1 <0},
SS(kz) =Z xp TyyM U {(x; X1 dp(x)); ¢(x) = 0,1 > 0}.

For a precise definition of being involutive (or coisotropic), we refer to [13, Def-
inition 6.5.1].

THEOREM 1.3
Let F € D°(kyy). Then its microsupport SS(F) is involutive.

1.3. Localization ([13, Section 6.1])
Now let A be a subset of 7*M, and let Z = T*M \ A. The full subcategory D% (k)
of DP(kys) consisting of sheaves F such that SS(F) C Z is triangulated. One sets

D°(kas; A) := D°(kps) /DY (kas),

the localization of D°(kps) by DbZ (kar). Hence, the objects of DP(kyy; A) are those
of D°(kps), but a morphism u: F; — F, in DP(kys) becomes an isomorphism in
DP(kyy; A) if, after embedding this morphism in a distinguished triangle F; — F, —
F3 i), one has SS(F3) N A =0.

When A = {p} for some p € T*M, one simply writes D°(kyy; p) instead of
D (ks {p})-

1.4. Functorial operations ([13, Section 5.4])

Let M and N be two real manifolds. We denote by ¢g; (i = 1,2) the ith projection
defined on M x N and by p; (i = 1,2) the ith projection defined on 7*(M x N) >~
T*M xT*N.

Definition 1.4
Let f: M — N be a morphism of manifolds, and let A C T*N be a closed R -conic
subset. One says that f is noncharacteristic for A (or else, A is noncharacteristic



206 GUILLERMOU, KASHIWARA, and SCHAPIRA
for f)if
f AN Ty N C M xy Ty N.

If A is a closed Rt -conic subset of 7* N, we say that A is noncharacteristic for f if
sois AUTHN.

A morphism f: M — N is noncharacteristic for a closed R*-conic subset A
if and only if fz: M xy T*N — T*M is proper on f,'(A) and in this case
fa /7Y (A) is closed and R -conic in T*M .

THEOREM 1.5 (See [13, Section 5.4])

Let f: M — N be a morphism of manifolds, let F € D*(Kpz), and let G € D®(Ky ).

(1) Assume that [ is proper on Supp(F). Then SS(R fiF) C fx f;;7'SS(F).

(i)  Assume that f is noncharacteristic for SS(G). Then SS(f~'G) C
faf1SS(G).

(iii)  Assume that f is smooth. Then SS(F) C M xy T*N if and only if for any
j €7, the sheaves H’ (F) are locally constant on the fibers of f.

There exist estimates of the microsupport for characteristic inverse images and
(in some special situations) for nonproper direct images, but we do not use them here.

COROLLARY 1.6
Let I be a contractible manifold, and let p: M x I — M be the projection. If F €
D®(Kpsx7) satisfies SS(F) C T*M x T}, then F ~ P Rp4F.

Proof
The result follows from Theorem 1.5(iii) and [13, Proposition 2.7.8]. O

COROLLARY 1.7

Let I be an open interval of R, and let g: M x I — I be the projection. Let F €
DP(Karxr) such that SS(F) N TayM x T*I C Ty (M x I) and q is proper on
Supp(F). Then, setting Fy := F |{;—a), we have isomorphisms RT'(M ; Fy) ~ RT'(M ;
Fy) forany s,t € 1.

Proof

It follows from Theorem 1.5 that SS(Rg«F) C T} I. Therefore, there exists M €
D®(k) and an isomorphism RgF >~ Mj. (Recall that M; = a;' M, where a; —
{pt} is the projection and M is identified to a sheaf on {pt}.) Since RI'(M; Fy) ~
(Rg« F)s, the result follows. O
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1.5. Morse lemma and Morse inequalities ([ 13, Section 5.4])
In this subsection, we consider a function ¥ : M — R of class Cl. We set

Ay ={(x;dy(x))} CT*M. (1.4)

The proposition below is a particular case of the microlocal Morse lemma (see [13,
Corollary 5.4.19]) and follows from Theorem 1.5(ii). The classical theory corresponds
to the constant sheaf F' = K,y.

PROPOSITION 1.8

Let F € DP(kyy), let ¥: M — R be a function of class C!, and assume that Vr is
proper on Supp(F). Let a < b in R, and assume that dvr(x) ¢ SS(F) fora <y (x) <
b. Fort € R, set M; = 1 (]—00,t[). Then the restriction morphism RT(My; F) —
RI'(Mg; F) is an isomorphism.

COROLLARY 1.9

Let F € D°(kps), and let ¥ : M — R be a function of class C'. Let Ay, be as in (1.4).
Assume that

(1) Supp(F) is compact,

(i) RI(M;F)#DO.

Then Ay N SS(F) # 9.

Until the end of this subsection as well as in Section 4.4 we assume that K is a
field. The classical Morse inequalities are extended to sheaves (see [23], [13, Propo-
sition 5.4.20]). Let us briefly recall this result.

For a bounded complex E of k-vector spaces with finite-dimensional cohomolo-
gies, we set

bi(E)=dimH/(E),  bf(E)= (-1 (~1)/b,(E).

Jj=<l

We consider a map ¥ : M — R of class C! and define Ay as above. Note that we do
not ask ¥ to be smooth. Let F € DP(kjpy). Assume that

the set Ay N SS(F) is finite, say, {p1,..., PN} (1.5)
and, setting

x;i = m(pi), Vi:= (Rr{w(x)zw(x,-))(F))xi, (1.6)
also assume that

foralli € {1,...,N}, j €Z, the spaces H/ (V;) are finite-dimensional. ~ (1.7)



208 GUILLERMOU, KASHIWARA, and SCHAPIRA
Set
bj(F)=bj(RF(M;F)), b;‘(F):b;‘(RF(M;F)).

THEOREM 1.10
Let F € D*(kyz), and assume that Supp(F) is compact. Assume moreover (1.5) and
(1.7). Then

N
bI(F) <Y bi(Vi) foranyl. (1.8)

i=1
Notice that (1.8) immediately implies

N
bi(F) <Y bj(Vi) forany j. (1.9)

i=1

1.6. Kernels ([13, Section 3.6])

Let M; (i = 1,2,3) be manifolds. For short, we write M;; := M; x M; (1 <1,
Jj <3)and M3 = My x M, x M3. We denote by g; the projection M;; — M;
or the projection M123 — M; and by ¢;; the projection Mi,3 — M;;. Similarly, we
denote by p; the projection 7* M;; — T* M, or the projection 7*M;,3 — T*M; and
by pi; the projection T*Miz; — T*M;;. We also need to introduce the map pi2a,
the composition of pj, and the antipodal map on 7* M>.

Let A1 CT*Mi, and Ay C T*M53. We set

A1oAzi= pia(praa” AL N pyy As). (1.10)
We consider the operation of convolution of kernels:

o D®(Kar,,) X D°(Kpsy3) — DP(kpgy5)

2

L
(K1 K2) > K1 o K2:=Rqu3,(¢13 K1 ® 453 Ka).
2
Let A; = SS(K;) C T*M; i+1, and assume that

(i) ¢13 is proper on g7, Supp(K1) N g53 Supp(K>),
(i) P A1 NP3 Az N (Tjy, My x T*Mj x Tjy M) (L11)
C T]D]XMzXM:;(Ml X M2 X M3)

It follows from Theorem 1.5 that under the assumption (1.11) we have
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SS(K] 9] Kz)CAIOAz. (112)
M

If there is no risk of confusion, we write o instead of 11(/; .
2
We also use a relative version of the convolution of kernels. For a manifold 7,

K1 € DP(kpr,,x1) and K € DP(Kps,,x1), We set

L
Kio|1K>:=Rq131,(q151 K1 ® 4531 K>), (1.13)

where g;;; is the projection My23 x I — M;; x I. The above results extend to the
relative case. Namely, we assume the conditions

(1) Supp(K1) X p,x1 Supp(K2) — M3 x [ is proper,
(11) pl_zlaIaAl n p2_311A2 n (Tl\*ll Ml X T*Mz X Tll*lgM:‘} X T*I) (114)
C T]\*41XM2XM3XI(M1 X My x M3 x I),

where pioaga: T*My X T*My X T* M3 x T*I —> T* My x T* M, x T*I is given
by pizaya(vy,va,v3,u) = (v1,—v2, —u). Then we have

SS(Kyo|1K2) CAyo|rAs:i=ri3(rpaly Nryy Ay). (1.15)
Here, in the diagram

T*M xT*Myx T*M3 x (T*I x; T*I)

ri2a r23
r13

T*My xT*M, xT*1 T*M; xT*M3 xT*I T*My, x T*M3 x T*I

F1aa is given by pisa: T*M1 X T*M, X T*M3 — T*M; x T*M, and the first
projection T*I Xy T*I — T*I, rp3 is given by pp3: T*M; X T*M, X T* M5 —
T*M, x T*M3 and the second projection T*I x; T*I — T*I, and ry3 is given
by p13: T*My X T*Mp x T* M3 — T*M, x T* M5 and the addition map T*1I x;
T*I - T*I.

1.7. Locally bounded categories and gluing sheaves
Although the prestack U — D(ky) (U open in M) is not a stack, we have the fol-
lowing classical result that we use.

LEMMA 1.11
Let Uy and U, be two open subsets of M, and set Uy := Uy N U,. Let F; € D(ky;)
(i = 1,2), and assume that we have an isomorphism ¢z1: Fi|y,, ~ F2|u,,- Then
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there exists F € D(ky,uu,) and isomorphisms ¢;: Fl|y, =~ F; (i = 1,2) such that
12 = ¢2|up, © 91 |5112 Moreover, such a triple (F, @1, ¢2) is unique up to a (nonu-
nique) isomorphism.

Proof

1) For x = 1,2 or 12 we let j. be the inclusion of Uy in U; U U,. By adjunction
between jiz; and j;!, the morphism ¢,; defines the morphism u :
Ji121(Fi|u,) = j21F>. We also have the natural morphism v: ji2,(Fily,) —
J11F1. Then F is given by the distinguished triangle

. udv . +1
Jiz(Filuy) — ja P2 @ ju F1 > F —.

(i)  The unicity follows from the distinguished triangle Fy,, — Fy, @ Fy, —
F i) and the fact that a commutative square in D(kys) can be extended to a
morphism of distinguished triangles. O

Definition 1.12

We say that F' € D(kjyy) is locally bounded if for any relatively compact open sub-
set U C M we have F|y € D®(ky). We denote by D®(kys) the full subcategory of
D(kys) consisting of locally bounded objects.

Local notions defined for objects of D®(k /) extend to objects of D'®(kpy), in par-
ticular the microsupport. The Grothendieck operations which preserve boundedness
properties also preserve the local boundedness except maybe direct images. How-
ever for F € D™(kjs) and a morphism of manifolds f: M — N which is proper
on Supp(F), we have R fx F ~ R fiF € D'(ky), and Theorem 1.5 still holds in this
context.

In particular in the situation of the previous paragraph if we assume that K; €
D™®(kps,,) and K, € D™®(kpy, ;) satisfy (1.11), then we obtain K 2 K> € D (kpy,,)

2

with the same bound for its microsupport.
The category D'®(kjy) is stable by the following gluing procedure.

LEMMA 1.13

Let j,: U, — M (n € N) be an increasing sequence of open embeddings of M
with \J,, Uy = M. We consider a sequence {F,}, with F, € D®(ky, ) together with
isomorphisms up+1.n: Fy => Fyi1|u,. Then there exist F € D (kas) and isomor-
phisms u,: F|y, >~ F, such that up4+1,, = Up+1 © u;l for all n. Moreover such a
family (F,{un}n) is unique up to an (nonunique) isomorphism.
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Proof

6)) Denote by v, : jn1(F4) = jun+11(Fr+1) the morphisms obtained by adjunc-
tion. Then define F € D(kjys) as the homotopy colimit of this system; that is,
F (which is defined up to isomorphism) is given by the distinguished triangle

. v:i=@,en(d,y, (Fy) —vn) . +1
P jni(Fn) ’ P im(F)—F—.  (1.16)

neN neN

Then we have isomorphisms u,: Fly, >~ F, foralln € N, up41,, =uUp41 0
u, !, and F € D®(kpy).

(i) Assume that we have another G € D'®(kjs) and isomorphisms w, : G|y, ~
F,. By adjunction they give ¢, : ju(F,) — G, and we let ¢ be the sum of the
@n’s. SINCE Uy 41,0 = Wp41 © w;l, we have ¢ o v = 0, where v is defined in
(1.16). Hence ¢ factorizes through ¢ : F — G. Then ¥/ |y, = w;,, ! o uy, is an
isomorphism. The property of being an isomorphism being local, we obtain
that v is an isomorphism. O

1.8. Quantized contact transformations ([ 13, Section 7.2])
Consider two manifolds M and N, two conic opensubsets U C T*M and V C T*N,
and a homogeneous contact transformation y:

T*NDV =UCT*M. (1.17)
x

Denote by V¢ the image of V by the antipodal map ay on T*N, and denote by A
the image of the graph of y by idy xay . Hence A is a conic Lagrangian submanifold
of U x V2. A quantized contact transformation (a QCT, for short) above y is a kernel
K € DP(kpsxn) such that SS(K) N (U x V) = A and satisfying some technical
properties that we do not recall here so that the kernel K induces an equivalence of
categories

Ko s:DKky; V) S5 DP(ky; U). (1.18)

Given y and g € V, p = y(q) € U, there exists such a QCT after replacing U and V
by sufficiently small neighborhoods of p and ¢.

1.9. The functor pwhom ([ 13, Sections 4.4, 7.2])

The functor of microlocalization along a submanifold was introduced by Mikio Sato
in the 1970s and has been at the origin of what is now called microlocal analysis.
A variant of this functor, the bifunctor

whom: D®(kpr)® x D°(Kpr) — D°(k7+a7) (1.19)
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has been constructed in [13]. Since Supp(hom(F, F’)) C SS(F) N SS(F’), (1.19)
induces a bifunctor for any open subset U of T*M :

whom: DP(kpr; U)®P x DP(kps; U) — DP(ky).

Let us only recall the properties of this functor that we use. Consider a function
¥ : M — R defined in a neighborhood W of xo € M such that dy(xo) # 0. Then,
setting S :={x € W;v¥(x) = ¥ (x0)} and p = dr(x¢), we have

RT (o) > v (xo)y (F ) xp = phom(Ks, F), forany F € D°(kypy).

If y is a contact transform as in (1.17) and if K is a QCT as in (1.18), then K induces
a natural isomorphism for any F, G € D°(ky; V)

X+ (hom(F,G)|y) => phom(K o F,K o G)|y. (1.20)

1.10. Simple sheaves ([13, Section 7.5])
Let A C T*M be a locally closed conic Lagrangian submanifold, and let p € A.
Simple sheaves along A at p are defined in [13, Definition 7.5.4].

When A is the conormal bundle to a submanifold N C M, that is, when the
projection mar|a: A — M has constant rank, then an object F € D°(kys) is simple
along A at p if F ~ky[d]in D®(kps; p) for some shift d € Z.

If SS(F) is contained in A on a neighborhood of A, A is connected and F is
simple at some point of A, then F is simple at every point of A.

If Ay CT*My3 and Ay C T* Ma3 are locally closed conic Lagrangian submani-
folds and if K; € Db(kMi’iH) (i = 1,2) are simple along A;, then K; o K> is simple
along A o A, under some conditions (see [13, Theorem 7.5.11]). In particular, simple
sheaves are stable by QCT.

Now, let M and N be two manifolds with the same dimension. Let F €
Db(kMxN). Set

F ' =v IR Hom(F,wp Rky) € D°(Kyxar). (1.21)

where v: N x M — M x N is the swap. Let g;; be the (i, j)th projection from N x
IL;

M x N.Then we have F~1 o F =Rq13,(q1; F ' ® ¢53 F).Let§: N — N x N be

L
the diagonal embedding. Then we have § 1 (F~1 o F) >~ Rga(F ® R Hom(F,wpy X

L
kn)). Hence §71(F~! o F) ~ Rgy(F ® RHom(F,q3kn)) — Rga (q5kn) — Ky
gives a morphism

F7'oF —>Kka,.
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PROPOSITION 1.14 ([13, Propositions 7.1.8, 7.1.9, Theorem 7.2.1])

Let F € DP(kprxn), let par € T*M, and let py € T*N. Assume the following con-

ditions:

(1) Supp(F) — N is proper;

i) F is cohomologically constructible (see [13, Definition 3.4.1]),

(i) SS(F)N(T*M xTHN) =40,

(iv)  SS(F) N (T*M x{py}) ={(pm.py)}

v) SS(F) is a Lagrangian submanifold of T*(M x N) on a neighborhood of
(pm. PN),

(vi)  F is simple along SS(F) at (py, pj’v),

(vii))  SS(F)— T*N is a local isomorphism at (pp ., p%;)-

Then the morphism F~1 o F — Kka, is an isomorphism in D*(kyxn'; (PN, Py))-

2. Deformation of the conormal to the diagonal

As usual, we denote by Ay or simply A the diagonal of M x M. We denote by p;

and p, the first and second projections from 7*(M x M) to T*M and by p5 the

composition of p, and the antipodal map on 7* M. We also set n :=dim M .
Consider a C*°-function f(x, y) defined on an open neighborhood Q29 C M x M

of the diagonal A 7. We assume that

(i) flAM = 0,

(i)  f(x,y)>0for (x,y) € Qo \ Ap,

(iii)  the partial Hessian %ﬁfe; (x, y) is positive definite for any (x, y) € Apy.

Such a pair (29, f) exists.

PROPOSITION 2.1

Assume that (2, f) satisfies the conditions (i)—(iii) above. Let U be a relatively

compact open subset of M . Then there exist an € > 0 and an open subset Q2 of M x M

satisfying the following conditions:

(a) Ay CcQCQoN(M xU),

(b) Ze :={(x,y) € 2; f(x,y) <&} is proper over U by the map induced by the
second projection,

(¢) foranyy €U and ¢’ €]0,¢], the open subset {x € M ; (x,y) € 2, f(x,y) <
&'} is homeomorphic to R",

(d)  dxf(x.y) #0,dyf(x,y) #0for (x,y) €\ Ay,

()  settingTz, ={(x,y:§.n) € T*(Q): f(x,y) =¢.(§. 1) =Adf(x,y).A <0},

the projection p§: T*(M x U) — T*U induces an isomorphism Iz, —>

p3
T*U and the projection py: T*(M x U) — T*M induces an open embed-
dingTz, —T*M.
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Proof
Replacing €2 with the open subset

Ap U {(x,y) € Qordx f(x,y) #0.dyf(x,y) # 0},

we may assume from the beginning that 2 satisfies (d).

Let F: Qo — T*M be the map (x,y) — d, f(x,y). This map sends Ay to
Ty, M, and is a local isomorphism. Then there exists an open neighborhood Q' C Q¢
of Aps such that F g/ : Q' — T*M is an open embedding. Hence by identifying Q'
as its image, we can reduce the proposition to the following lemma. O

LEMMA 2.2

Let p: E — X be a vector bundle of rank n, let i : X — E be the zero-section, let

SE = (E \i(X))/Rxg be the associated sphere bundle, and let q: E \ i(X)— SE

be the projection. Let f be a C*°-function on a neighborhood Q2 of the zero-section

i(X) of E. Assume the following conditions:

(1) f(2)=0forzei(X),

i)  f(z2)>0forzeQ\i(X),

(iii)  for any x € X the Hessian of f|,~1(yy at i(x) is positive-definite.

Then, for any relatively compact open subset U of X, there exist ¢ > 0 and an open

subset Q' C QN p~Y(U) containing i (U) that satisfy the following conditions:

(a) {zeQ'; f(z) <¢&} is proper over U,

(b) {ze Q' ;0< f(z) <&} = (SE xx U) x]0,¢[ given by z — (q(2), f(2)) is
an isomorphism,

() forany x € U and t €)0,¢[, the set {z € Q' N p~1(x); f(z) <t} is homeo-
morphic to R",

Since the proof is elementary, we omit it.
Recall (1.21).

THEOREM 2.3
We keep the notation in Proposition 2.1 and set L = kz, € DP(kpxy). Then
SS(L)C Tz, UZcand L™ o L =>Kkp,,.

Proof

Set Z = Z,. We have SS(L™' o L) C Ty, (U xU)U T, ;U xU). By Propo-
sition 1.14, there exists a morphism L~! o L — ka,, which is an isomorphism in
D°(kyxy;T*(U x U)). Hence if N > L~ 1o L — kay, AN is a distinguished trian-
gle, then SS(N) C T}, ; (U x U), and hence N has locally constant cohomologies.
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In particular Supp(NN) is open and closed in U x U. Let §: U — U x U be the
diagonal embedding. Then we have 1 (L™! o L) ~ Rga,(L é@ R Hom(L,Kprxvr) Q%
¢5ky). Since L ~ kz and R Hom(L,Kpxv) = Ki(z), we have §71(L™ o L) ~
Rg2) (ki) é) q!ZkU). Since the fibers of Int(Z) — U are homeomorphic to R”, we
have Rqz(Kin(z) <§) ¢5ky) ~ Ky . Thus we obtain §71(L™! o L) ~ ky and hence
87N ~ 0. Hence Supp(N) N Ay = @ and Supp(N) C Supp(L~! o L). Since we
have

Supp(L~' o L) C {(y.y") €U x U;(x,y),(x,y’) € Z for some x € M }

and the fiber of Z — U is connected, y and y’ belong to the same connected compo-
nent of M as soon as (y, y’) € Supp(N). Since Supp(N) is open and closed in U x U
and Supp(N) N Ay = @, we conclude that Supp(N) = 0. O

3. Quantization of homogeneous Hamiltonian isotopies

Let M be a real manifold of class C°°, and let / be an open interval of R containing
the origin. We consider a C®-map ®: T*M x [ — T*M. Setting ¢; = ®(*,1)
(t € I), we always assume

{go, is a homogeneous symplectic isomorphism for each ¢ € I, G.1)

Let us recall here some classical facts that we explain with more details in the
appendix. Set

00 ., .
voi= o M X T > TT*M,
f:(aM,ch): T*MXI—>R, ﬁ:f(.’t)

Denote by H,, the Hamiltonian flow of a function g: 7* M — R. Then

9D
C_H,.
ot Ji

In other words, ® is a homogeneous Hamiltonian isotopy.
In this situation, there exists a unique conic Lagrangian submanifold A of T*M x
T*M x T*I closedin T*(M x M x I such that, setting

Ar=AoT/I, (3.2)

Ay is the graph of ¢; (see Lemma A.2).
The main result of this section is the existence and unicity of an object K €
D™ (Kpsxarx7) Whose microsupport is contained in A outside the zero-section and
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whose restriction at = 0 is ka. We call K the quantization of ® on I or of {¢;}:e;.
We first prove that if such a K exists, then its support has some properness properties
from which we deduce its unicity. Then we prove the existence assuming that

there exists a compact subset A of M such that ¢, is the identity
outside of J'r;,ll (A)forallt eI,y T*M — M denoting the 3.3)

projection.

For this purpose we glue local constructions by using the unicity. Then we prove the
existence in general, using an approximation of ® by Hamiltonian isotopies satisfy-
ing (3.3).

3.1. Unicity and support of the quantization
We introduce the following notations:
I; =0,1] or [¢t, 0] according to the sign of t € I,

(3.4)
Bi={(x.y.0) € M x M x I3 ({x} x {y} x I1) N stpgxa (A) # 0.

LEMMA 3.1
Both projections B = M x I are proper.

Proof

1) Let us show that the second projection g : B — M x [ is proper. We see easily
that ¢~ (y,1) = stp (P(tp () X 1)) X {y} x {t}. We choose a compact set
D C M andt € I.Then g~ (D x I;) is contained in 7pr (®(773/ (D) x 1)) %
D x I; which is compact.

(i)  The first projection is treated similarly by reversing the roles of x and y and
replacing ® by @~ = {¢; ' }/es. O

Recall that for F € D' (ks n ), the object F~! is defined in (1.21). For an object
K e D®(Kprxprx7) and to € I, we set

Ky = K|r=to ~ K o ks, € D®(Kprxpr).
We also set (keeping the same notation for v as in (1.21)):
K™'= (vxid;) 'R Hom(K,wp Kky KKkj).
Then, assuming

SS(K) N Tapspy (M X M) x T*I C Typypgss (M x M x I),
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we have (K1), ~ (K;)™! for any ¢ € I (see the proof of (ii) in the proposition
below).

PROPOSITION 3.2

We assume that ® satisfies hypothesis (3.1) and that K € D®(Kprxpx1) satisfies the

following conditions:

(a) SS(K) CAUTyy ppg M x M x 1),

(b) Ko ~Kka.

Then we have

@) Supp(K) C B (see (3.4)), and both projections Supp(K) = M x I are proper,

(i) KoK '~K oK, ~kaforalltel,

(iii))  such a K satisfying the conditions (a) and (b) is unique up to a unique iso-
morphism,

(iv)  if'there exists an open set W C M such that ¢, |7-r;41 w) = idforallt €1, then
K| wxmumxwyxi = Kaxi|wxmumxw)xi-

Proof

@) Let us prove (i). Since A is closed and conic, 7arxprx7(A) is closed. So if
(x,y,t) ¢ B we may find open connected neighborhoods U of x, V of y,
and J of I; such that fr;llxMX](U x V x J) does not meet A. By con-
dition (a) this implies that SS(K|yxyxs) is contained in the zero-section.
Hence K is locally constanton U x V x J. Now 0 € J, and U x V does not
meet A s since 7wy xp =7 (A) contains Ay x {0}. Hence K |y x{oy = 0, and
we deduce K|pyxyxs = 0. In particular (x, y,?) ¢ Supp(K), and this proves
Supp(K) C B. To conclude, we apply Lemma 3.1.

(i) Let us prove (ii). We set F = K o |; K1 (see notation (1.13)). Hence (ii) is
implied by F >~ kaxs. Let v be the involution of 7*M x T*M x T*I given
by v(x,&,x",&,t,7) = (x',—€',x,—&,t,—7). Then we have

SS(K™H)YNT*(M xM xI)Cuv(A). (3.5)
Hence by (1.15), SS(F) satisfies

SS(F) CTx, xy(M <M xI)U Ty aps(Mx M xT)
CT*(M xM)xTyI.
By Corollary 1.6, F is constant on the fibers of M x M x I — M x M . Denote

by ig: M x M — M x M x I the inclusion associated to {r =0} C I. It is
thus enough to prove the isomorphism i, 1F ~kp. We have
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. ~ .1 .
igR Hom(K,Kyrxmxr) =~ RHom(iy K, igkpxmxr)
L
~ R Hom (Ko, kprxm) ® igkprxmxr-

On the other hand, the condition on SS(K') implies

1L
i(!)R%Om(K, Kyrxmxr) > iO_IRJ€0m(K, Kysxpmxr) ® i(!)kMxMxI~

Therefore iy IR Hom(K,Kprxmxr) =~ RHom(Ko,Kprxpr) which gives the
isomorphism iy ' K~! ~ K;!. Thus we obtain ig ' F ~ Ko o K;! >~ ka as
required.

(iii))  This is a particular case of the more precise Lemma 3.3 below.

@iv) Weseth(WxMUMxW)xl.ThenBﬂWzAWxI.Hence(i)
implies that Supp(K) N W C Aw x I.Then (b) implies (iv). O

LEMMA 3.3

Let ®;: T*M x I — T*M (i = 1,2) be two maps satisfying (3.1), and define A; C
T*M x T*M x T*I as in Lemma A.2. Assume that there exist K; € D®(Kprxarxr)
(i = 1,2) satisfying conditions (a) and (b) of Proposition 3.2. Also assume that there
exists an open set U C M such that

il wyxr = P2liptwyxr (3.6)
Then there exists a unique isomorphism . K1|pxvxi —> Ka|pxuxy such that

—1
io ¥

commutes, where ig: M x U — M x U x I is the inclusion by 0 € I.

Proof

We define ®;': T*M x I — T*M by @5} = (¢2,)7" for all 7 € I. Then, simi-

larly to (3.5), we have SS(K;!) C v(A3) outside the zero-section. We also define

<I> T*M x I —T*M by ¢: = ¢; t o ¢1,. Its associated Lagrangian submanifold is
=v(Az) o |7A1 (see (1.15)). By (3.6) we have ¢;(x,&) = (x,£) forall t € I and

(x £) € 713, (U). Hence

AﬂT*(MxeI)zTKU(MxU)xTI*I



SHEAF QUANTIZATION OF HAMILTONIAN ISOTOPIES 219

We set L = K5 o |;K;. By (1.15), we have the inclusion SS(L) C A outside the
zero-section. It follows that SS(L) is contained in 7*(M xU) x T I over M xU x I .
Since Lo =~ ka,,, we deduce from Corollary 1.6 that L|pxux1 = KA,y nMxt)xI -
Then

Kilmxuxr =~ (Kz o |1 L)\ mxuxr =~ Kz o |1 (L|mxuxr) =~ Ka|mxvuxi

as claimed.
The uniqueness of i follows from the uniqueness of the isomorphism
Lipxuxr ~Kayxr. O

3.2. Existence of the quantization: “Compact” case

Lemma 3.5 below is the main step in the proof of Theorem 3.7. We prove the existence
of a quantization of a homogeneous Hamiltonian isotopy ®: T*M x [ — T*M sat-
isfying hypotheses (3.1) and (3.3) (i.e., ¢; is the identity map outside 7'1;,11 (A) for each
t € I, where A C M is compact). In the course of the proof we need an elementary
lemma that we state without proof.

LEMMA 3.4

Let N be a manifold, let Vo C N be an open subset with a smooth boundary, let
C C N be a compact subset, and let I be an open interval of R containing zero. Let
A CT*(N x I) be a closed conic Lagrangian submanifold, and set A; = A o Tx1
fort € I. We assume that

(@ Ao =SS(ky) NT*N,

(b) ANT*(N\C)xI)=(AoNT*(N\C))xT}I,

(c) A CT*N xT*I and A — T*N x I is a closed embedding.

Then there exist € > 0 with ¢ € I and an open subset V- C N X |—e, e[ with a smooth
boundary such that

O Vo=V x {0},

(i) A =SS(ky)NT*(Nx]—ee]),

(i) A =SSKyagvsay) N T*N foranyt €]—¢, e

LEMMA 3.5
Assume that ® satisfies hypotheses (3.1) and (3.3). Then there exists K €
D™ (Kasx 1) satisfying conditions (a) and (b) of Proposition 3.2.

Proof
(A) Local existence. We first prove that there exists € > 0 such that there exists a
quantization K € D°(Kpsxprxj—e.e) of @ on]—e,&l.
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We use the results and notation of Proposition 2.1 and Theorem 2.3. We choose a
relatively compact open subset U such that A C U C M, where A is given in hypoth-
esis (3.3). We choose f and e; as in Proposition 2.1 (in which ; was denoted by ¢).
Then L := kz81 € DP(kpsxy) satisfies SS(L) = FZS] U Zg,, and L 1oL ~ ka, .
We define for ¢t € 1

N:=Tgz, oACT*M xT*U xT*I,
Kt:z F281 OAtCT*MXT*U

We remark that A, = A o 71 and Ao = SS(kzgl) NT*U x I). We apply
Lemma 3.4 with N =M x U, C = A x A, Vo =IntZ,,. We obtain ¢ > 0 and an
open subset V. C M x U x]—e¢, g[ such that L= ki € Db(kMxUX]_g,g[) satisfies the
following:

(@  SS(L)C(Axr]l—ee)UTS
) Llmxuxioy =~ kz, . _
(¢c)  the projection M x U x]—¢,e[— U x]—¢, €[ is proper on Supp(L).
Now we set

[(M x Ux]—e,¢gl),

xU x]—¢,¢

K=L"0|;L € D°(Kyxyx]so.s)-

Then K satisfies properties (a) and (b) of Proposition 3.2 when replacing M and [
with U and |—e¢, e[. We deduce in particular

K| xunaxa)xi—eel = KAy x1—e,eD (U xU)\(Ax A)) x] 8.6

Applying Lemma 1.11, K extends to K € DP(Kpsx px]—e.e[) With

K| xmN\(Ax Ay xl—e.el = (KA py x]—e.cD | (MxMN(Ax A))x]—e.[

and K € Db(kMxMX]_s,g[) is a quantization of ® on |—¢, €.

(B) Gluing (a). Assume that K01 € D" (Kpsxprxjro ;) 1S @ quantization of the
isotopy {: }ze]zo,¢,[ fOr an open interval J = [to,t;[ C I containing the origin.

Assume that J # I. We show that there exist an open interval J' C I and a
quantization of the isotopy {¢; };ej such that J C J  and J' # J.

For an interval I’ C o, f1[, we write K|/ for KM | pruprxy.

Assume that 7, € I. By applying the result of (A) to the isotopy {¢; o ¢; el
there exist 7o < f3 <11 < t4 with 74 € I and a quantization L3 € D®(Kprxpr x]es,14])
of the isotopy {¢; o (pt’ll}te],3,,4[. Choose t, with 13 < 1, < t1, and set

F = (K" [153,5,p) o (K;') 71,
F''= (L") 0D 0 (L7
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Then both F and F’ are a quantization of the isotopy {¢; o ‘Ptzl}te]ts,tl[- By unicity
of the quantization (Proposition 3.2), F and F’ are isomorphic, and hence we have
an isomorphism

K3t |]t3,t1[ ~ Ko |]t3,t1[ in le(klﬂXl‘lx]ts,tl[)7

where K34 = L34 o (L2"*)™ o K%' € D' (Kpsx a1 )13 141)- By Lemma 1.11 there
exists K" € D (Kpsxprx]zo,24[) SUch that K0y, ,  ~ K™ and K0y, ,.[ >~
K'3-'4_ Then K- is a quantization of the isotopy {¢s}sejz,,¢,[- Similarly, if 7o € I,
then there exists f_1 € I with 7_; <ty and a quantization K'=1>"1 on Jr_q,#;].

(C) Gluing (b). Consider an increasing sequence of open intervals I, C I, and
assume we have constructed quantizations K, of {¢;}ser,. By unicity in Propo-
sition 3.2 we have Ky 1|mxmxr, = Ky. Set J = Un I,. By Lemma 1.13 there
exists Ky € D(Kpsxprxs) such that Ky |prxarxr, =~ Kn. Then K is a quantization
of {¢r}res-

(D) Consider the set of pairs (J, Kj), where J is an open interval contained
in I and containing zero, and K is a quantization of {¢;};cy. This set, ordered by
inclusion, is inductively ordered by (C). Let (J, K y) be a maximal element. It follows
from (B) that J = 1. O

3.3. Existence of the quantization: General case
In this section we remove hypothesis (3.3) in Lemma 3.5. We consider ®: 7*M x
[ — T*M which only satisfies (3.1), and we consider f: T*M x I —>Rand A C
T*M x T*M x T*I as above. We define approximations of ® by Hamiltonian iso-
topies satisfying (3.3) such that their quantizations “stabilize” over compact sets,
which allows us to define the quantization of ®.

We consider a C*°-function g: M — R with compact support. The function

fo: T*M x I =R, (x,&.1) > g(x) f(x,£.1)

is homogeneous of degree 1 and has support in 7:[;41 (A) x I with A = supp(g) com-
pact. So its Hamiltonian flow is well defined and satisfies (3.1) and (3.3). We denote
it by

Og: T*M x [ — T*M,

and we let A, C T*M x T*M x T*I be the Lagrangian submanifold associated to
®, in Lemma A.2. By Lemma 3.5 there exists a unique K € D (kpsxprxz) such
that

SS(Kg) CAg UTypuprxg M x M xI)  and  Kg|mxmxio} = Ka,,-
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LEMMA 3.6

Let U C M be a relatively compact open subset, and let J C I be a relatively com-
pact open subinterval. Then there exists a C*®-function g: M — R with compact
support such that

D |ieps )xT = Plsp, @)xJ - (3.7

Proof
We assume without loss of generality that 0 € J. Since ® is homogeneous, the set
C:=ny (@(ﬁ;j (U) x 7)) is a compact subset of M. We choose a C*-function
g: M — R with compact support such that g is equal to the constant function 1 on
some neighborhood of C.

Then for any p € 773, (U) the functions f and f, coincide on a neighborhood
of yp.7 :={(¢:(p).t);t e} C T*M x I which is the trajectory of p by the flow ®.
Hence their Hamiltonian vector fields coincide on y, y as do their flows. g

THEOREM 3.7

We consider ®: T*M x I — T*M, and we assume that it satisfies hypothesis (3.1).
Then there exists K € D®(Kyrxarxr) satisfying conditions (a) and (b) of Proposi-
tion 3.2.

Proof

We consider an increasing sequence of relatively compact open subsets U, C M,
n € N, and an increasing sequence of relatively compact open subintervals J, C I,
n €N, such that |,y Un = M and |, e Jn = 1. By Lemma 3.6 we can choose
C°°-functions g, : M — R with compact supports such that ®,, and ® coincide on
7ip (Uy) X Jy. We let K, € D™(Kpsxprxr) be the quantization of @, . In particular

SS(Kp) NT*(M x Uy, x Jy) CANT*(M x Uy, x Jy,),
(3.8)
Kn|MxMx{O} :kAM-

By Lemma 3.3 we have isomorphisms Kpi1|pmxv,xs, = Kn|lmxuv,xs,- Then
Lemma 1.13 implies that there exists K € D™(Kprxarxs) with isomorphisms
Klymxuv,xt, = Kn|lmxv,xr, for any n € N. Then K satisfies (a) and (b) of Proposi-
tion 3.2 by (3.8). m

Remark 3.8
If ® also satisfies (3.3) and J is a relatively compact subinterval of 7, then the restric-
tion K|arxarxs belongs to DP(Kasxarxs) (see Example 3.11).
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Remark 3.9

Theorem 3.7 extends immediately when replacing the open interval / with a smooth
contractible manifold U with a marked point 1. Indeed, consider a homogeneous
Hamiltonian isotopy &: T*M x U — T*M with ®uo = id;j+ .. We can construct a
Lagrangian submanifold A of 7*(M x M x U) as in Lemma A.2. Set § = idpsxpr X
8y where 87 : U — U x U is the diagonal embedding. One easily sees that 8765 L(A)
is the graph of a homogeneous symplectic diffeomorphism & of T* (M xU).

Now let i: U x I — U be a retraction to uo such that 2(U x {0}) = {uo} and
hluxq1y = idy. We set ®; = ® o (id;«,, xh;), and we apply the above procedure to
each ®;. Then {QJt},E 7 is a homogeneous Hamiltonian isotopy of T*(M x U ) with
<I>0 id, and Theorem 3.7 associates with it a kernel K € D' (Kpyxuxmxuxr). One
checks that K is supported on M x M x Ay x I and that K|pxprxay x{1} is the
desired kernel.

Example 3.10
Let M = R”, and denote by (x; §) the homogeneous symplectic coordinates on 7 *R”.
Consider the isotopy ¢ (x;&) = (x —t(£/|€]);:€),t € I =R. Then

A ={(x.y.E&nilx—y|=t|.§=—n=s(x—y),st <0} fort#0,
Ao=TX(M x M).
The isomorphisms
R Hom(Kax(r=0y, Kmsmxr) = Kaxqr=o3[—n — 1],
R Hom(Kx—y|<—1}, KMsxmxr) = K{jx—y|<—1}

together with the morphism Kyx_,j<—;} — Kax{r=0) induce the morphism
Kax{r=0y[—7 — 1] = K{jx—y|<—s}. Hence we obtain

K{x—y|<t} = Kax{r=0} = K{jx—y|<—}[n + 1].

Let ¥ be the composition. Then there exists a distinguished triangle in D®(Kazxarx7):

+1
kix—yi<-nlt] > K> Kie—yizy —> -

We can verify that K satisfies the properties (a) and (b) of Proposition 3.2. From this
distinguished triangle, we deduce the isomorphisms in D®(kasxar): K; ~ K{jx—y|<s}
fort > 0 and K; >~ Kjx—_y|<—s[n] for £ <O.

Example 3.11
We give an example where the quantization K € D®(kpsxprx7) of a Hamiltonian
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isotopy does not belong to D®(Kasxarx7). Let us take the n-dimensional unit sphere
M =S" (n > 2) endowed with the canonical Riemannian metric. The metric defines
an isomorphism T*M ~ TM and the length function f: 7*M — R. Then f is
a positive-valued function on 7*M homogeneous of degree 1. Set I = R, and let
® = {¢,}sc; be the Hamiltonian isotopy associated with f. Then for p € T*M,
{JTM (¢ (p))}tel is a geodesic. For x, y € M, dist(x, y) denotes the distance between
x and y. Let a: M — M be the antipodal map. Then we have dist(x, y) + dist(x,
y%) = m. For any integer £ we set

{(x,y.,1) € M x M xR;t > £ and dist(x,a‘(y)) <t —Lx} if€£>0,
Co=q{(x,y, 1) e M x M xR;t < (£ + 1), and
dist(x,at1(y)) < —t + (L + D7} if £ <O0.

Let K be the quantization of ®. Then we have

ke, ifk = (n—1)f for some { € Zx,
Hk(K) ~ ke, ifk=(n—1)¢—1forsome{ € Zo,

0 otherwise.

3.4. Deformation of the microsupport

We consider ®: T*M x [ — T*M satisfying hypothesis (3.1) as in Theorem 3.7; we
denote as usual by A the Lagrangian submanifold associated to its graph and define
A as in (3.2). Let Sy C T*M be a closed conic subset. We set S = A o Sp and
S; = A, 0 Sy, closed conic subsets of 7*M x T*I and T*M, respectively. We let
iy M — M x I be the natural inclusion for ¢ € I. Consider the functor

—1. nlb Ib
Iy DSUT;(,le(MXI)(kMXI)_)DS;UT;/[M(kM)' (39)

PROPOSITION 3.12

For any t € I the functor (3.9) is an equivalence of categories. In particular for any
F € D"®(kyy) such that SS(F) C S; U Ty M there exists a unique G € D™ (Karxr)
such that i71(G) ~ F and SS(G) C S U Ty (M x I). If @ also satisfies (3.3) and
we replace I by a relatively compact subinterval, then (3.9) induces an equivalence
between bounded derived categories.

Proof
Replacing ® by ® o ¢; ! we may as well assume that 7 = 0. Let K € D (kpsxprx1)
be the quantization of ®. Then we obtain the commutative diagram:
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Kolr-
1b b
(SOXT[*I)UT}T/[X[(MxI)(kMXI) = = DSUT;IX](MXI)(kMXI)

~

o B

1b 1b
DSOUT,;;M(kM) DSOUT;(,IM(kM)

where rg is induced by i !. It is known that rg is an equivalence of categories, with
inverse given by ¢7!, where gq;: M x I — M is the projection. Hence so is the
morphism i ! defined by (3.9).

The last assertion follows from Remark 3.8. O

Now we consider a closed conic Lagrangian submanifold Sy C T*M and a
deformation of Sy indexed by I, W: So x I — T*M as in Definition A.3. We let S C
T*M x T*I be the corresponding Lagrangian submanifold defined in Lemma A 4.
Then Propositions A.5 and 3.12 imply the following result.

COROLLARY 3.13

We consider a deformation V: Sy x I — T*M as in Definition A.3, and we assume
that it satisfies (A.7). Then for any t € I the functor (3.9) is an equivalence of cate-
gories. Moreover if we replace 1 by a relatively compact subinterval, it induces an
equivalence between the bounded derived categories.

4. Applications to nondisplaceability
We denote by ® = {¢; }ser : T*MxI—T*M a homogeneous Hamiltonian isotopy
as in Theorem 3.7. Hence, ® satisfies hypothesis (3.1).

Let Fy € D°(kps). We assume that

Fy has a compact support. 4.1)
Welet A C T*(M x M x I) be the conic Lagrangian submanifold associated to ® in

Lemma A.2, and we let K € D (kasrxmx1) be the quantization of ® on [ constructed
in Theorem 3.7. We set

F =Ko FyeD®®Kkpxr),
(4.2)
Fry = Flyy=10y = Kzy 0 Fo € D°(kpy) fortg e 1.

Then
SS(F) C (A oSS(Fo))U Ty, (M x1T),
SS(F)NTy M xT*I CTy (M x1I), (4.3)
the projection Supp(F') — [ is proper.
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The first assertion follows from (1.12), and the second assertion follows from the first.

The third one follows from Proposition 3.2(i) and (4.1). In particular we have

Fih t tin M,
{ ¢ has a compact support in @.4)

SS(F,) N T*M = ¢;(SS(Fo) N T*M),
where the last equality follows from (4.3) applied to ® and {¢;” e,

4.1. Nondisplaceability: Homogeneous case
We consider a C!'-map v : M — R, and we assume that

the differential d (x) never vanishes. 4.5)
Hence the section of T*M defined by d/,
Ay :={(x;dy(x));x € M}, (4.6)

is contained in T*M .

THEOREM 4.1

We consider ® = {¢;}ieq satisfying (3.1), ¥: M — R satisfying (4.5), and Fy €
D®(kys) with compact support. We assume that RT' (M ; Fy) # 0. Then for any t € I,
@ (SS(Fo) NT*M)N Ay # 0.

Proof

Let F, F; be as in (4.2). Then F; has compact support, and R[' (M ; F;) # 0 by Corol-
lary 1.7. Since SS(F;) C ¢;(SS(Fo) N T*M) U Ty, M, the result follows from Corol-
lary 1.9. O

COROLLARY 4.2
Let ® = {@;}ter, and let y: M — R be as in Theorem 4.1. Let N be a nonempty
compact submanifold of M. Then for anyt € I, (p,(T]"\} M)YNAy #0.

4.2. Nondisplaceability: Morse inequalities
In this subsection and in Section 4.4 below we assume that K is a field. Let Fy €
D°(kys), and set

So =SS(Fo)NT*M.
Now we consider the hypotheses

Y is of class C2 and the differential dv(x) never vanishes, 4.7)
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{there exists an open subset So, g 0f So such that Sg . is a Lagrangian .8)

submanifold of class C! and Fy is a simple sheaf along S0,req-

LEMMA 4.3

Let A be a smooth Lagrangian submanifold defined in a neighborhood of p € T*M,
let G € D°(Kyy), and assume that G is simple along A at p. Assume (4.7), and assume
that A and A, intersect transversally at p. Set xo = w(p). Then

Zdim H’ (RF{I/I(X)ZW(XO)}(G))X() =1
J

Proof
By the definition [13, Definition 7.5.4], RI'{y (x)>v(x0)}(G)x, is concentrated in a
single degree, and its cohomology in this degree has rank one. O

In the sequel, for a finite set A, we denote by #A4 its cardinal.

THEOREM 4.4

We consider ® = {@;}se; satisfying (3.1), ¥: M — R satisfying (4.7), and Fy €
DP(kps) with compact support. We also assume (4.8). Let to € I. Assume that Ay N
@1 (So) is contained in Ay N @1, (So reg) and the intersection is finite and transversal.
Then

#(010(S0) N Ay) =D b, (Fo).
J

Proof
It follows from Corollary 1.7 that b; (F;) = b; (Fo) forall j e Zandallt € [.
Let{q1.....qL} = Ay N1y (Ao), yi = 7(gi), and set

Wi =Ry x)>v )3 (Fio) y; -

By Lemma 4.3, W; is a bounded complex with finite-dimensional cohomologies, and
it follows from the Morse inequalities (1.9) that

Y bi(Fp) <D > bi(Wh).
J Jj o
Moreover

> _dim B (RT(y oz 0 (Fip)y,) =1 forany i,
j
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and it implies

DO " bj(Wi) =#(SS(Fip) N Ay) =#(¢i,(SS(Fo) NT*M)N Ay). O
J i

COROLLARY 4.5
Let ® = {@; }reg, let Y : M — R satisfying (4.7), and let N be a compact submanifold
of M. Let tg € I. Assume that ¢, (Tyy M) and Ay intersect transversally. Then

#(ei (TH M) N Ay) =Y dim HY (N:ky).
J

Proof
Apply Theorem 4.4 with Fo = Kky. O

Remark 4.6

Corollaries 4.2 and 4.5 extend to the case where N is replaced with a compact sub-
manifold with boundary or even with corners. In this case, one has to replace the
conormal bundle 7y, M with the microsupport of the constant sheaf ky on M. Note
that this microsupport is easily calculated. For Morse inequalities on manifolds with
boundaries, see the recent paper [16] and see also [15] and [21] for related results.

4.3. Nondisplaceability: Nonnegative Hamiltonian isotopies

Consider as above a manifold M, and consider ®: T*M x I — T*M a homoge-
neous Hamiltonian isotopy; that is, @ satisfies (3.1). We define f : T*M x I - R
homogeneous of degree 1 and A C T*M x T*M x T*I as in Lemma A.2. The
following definition is due to [7] and is used in [4] and [5], where the authors prove
Corollary 4.14 below in the particular case where X and Y are points and other related
results.

Definition 4.7
The isotopy @ is said to be nonnegative if {(apr, H ¢) > 0.

Let eups be the Euler vector field on 7*M . Then (apr, H r) = eups (f) and since
f is of degree 1 we have eups(f) = f. Hence @ is nonnegative if and only if f is a
nonnegative valued function. We let (¢, 7) be the coordinates on 7*I. Then by (A.4)
this condition is also equivalent to

A C{t <0}.

To prove Theorem 4.13, we give several results in sheaf theory.
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PROPOSITION 4.8

Let N be a manifold, and let I be an open interval of R containing zero. Let F €
D*(kKnyx7), and, fort € I, set F; = Flnxq € DY(ky). Assume that

(@)  SS(F)C{t =<0},

(b) SS(F)N(TyN xT*I) C Ty (N x1),

(©) Supp(F)— I is proper.

Then we have the following:

@) forall a <bin I there are natural morphisms ry o: F; — Fp,

(i1) ', induces a commutative diagram of isomorphisms

RI(N x I; F)
RT(N; F,) — = RT(N; Fp)

Th.a

Proof
By an argument similar to Corollary 1.7, (b) and (c) imply that RT'(N x I; F) —
RT'(N; Fy) is an isomorphism for any ¢ € I.

Forbelsetl, ={tel;t <bjand F' = F @kpyxr,. Then F’ also satisfies (a).
Hence [13, Proposition 5.2.3] implies that F' >~ F’ o kp, where

D={(s,t)el xI;t <s}.
We deduce the isomorphisms, for any a € I:
F, >~ F'o k{a} ~F'o kp o k{a} ~F'o k[a,b] ~F Ok[a,b]- 4.9)

The morphism ry 4, is then induced by the morphism K, ] — K{z;. Hence we obtain
a commutative diagram

RI(N x I; F)
RI(N x [a,b]; F) RI(N x {b}; F)
5 |
RF(N; F Ok[a,b]) RF(N; F Ok{b))
5 5

RI(N; Fa) RI(N: Fp) O
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We recall that wy denotes the dualizing complex of a manifold X .

LEMMA 4.9

Let M be a manifold, and let X be a locally closed subset of M. Letiy: X — M be

the embedding. We assume that the base ring K is not reduced to {0}.

@) Let F € D(Kyy), and assume that there exists a morphism u: F — Rix Ky
which induces an isomorphism H°(M ; F) = H°(M;Rix.kx). Then X C
Supp(F).

(i) Let G € D(kyy), and assume that there exists a morphism v: ix\wx — G
which induces an isomorphism H?(M;ix \wx) —> H?(M;G). Then X C
Supp(G).

Proof

(1) Letx € X, andletiy: {x} < M be the inclusion. For x € X, the composition
k— H 0(M ;Riyx ky) — ks the identity. Hence, in the commutative diagram

HO(M:F) —> H°(M:Rix, k)
u

il l ir! £

HO(F), k

the map H°(F), — K is surjective. We conclude that x € Supp(F).
(i)  For x € X, the composition H&}(M;ixya)x) — HY(M;ix\wx) — k is an
isomorphism. Hence in the commutative diagram induced by v,

HY\(Mixwx) — HJL,(M:G)

| |

HOM:ixiw0x) — HO(M:G)
b

the morphism « is injective and b is bijective. Hence k ~ H{Ox}(M; ix\wx)—
HP,(M;G) is injective. Therefore H,(M;G) does not vanish and x €
Supp(G). O

LEMMA 4.10

Let M be a noncompact connected manifold, and let X be a compact connected
submanifold of M. Then we have

1) the open subset M \ X has at most two connected components;
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(i1)  assume that there exists a relatively compact connected component U of M \
X. Then such a connected component is unique, X is a hypersurface, and X
coincides with the boundary of U.

Proof
@) We have an exact sequence

H°(M;C)— H°(M \ X;C)— Hy(M;C).

The last term H §, (M ; C) is isomorphic to H®(X; H(Cpr)). Since Hy (Cpr)
is locally isomorphic to Cx or zero, we have dim H )1( (M;C) < 1. Hence we
obtain dim H%(M \ X ;C) < 2. Hence M \ X has at most two connected com-
ponents.

(ii)  Assume that there exists a relatively compact connected component U of
M\ X.If M\ X has another relatively compact connected component V/,
then M = X U U U V by (i) and it is compact. It is a contradiction. Hence a
relatively compact connected component U of M \ X is unique if it exists. If
X is not a hypersurface, then M \ X is connected and not relatively compact.
It is a contradiction. Hence X is a hypersurface. Then it is obvious that X
coincides with the boundary of U'. O

Until the end of this subsection, we assume that ® = {¢; }sez: T*M x I — T*M
is a nonnegative homogeneous Hamiltonian isotopy.
We define g: T*M x I — R by

gp.0)=fle(p)*.t) (peT*Miel). (4.10)
Here a: T*M — T*M is the antipodal map.

LEMMA 4.11
v __

Let V be the symplectic isotopy given by ¥ = {a o (pt_l oa}res. Then we have %5 =

Hg,, and V is a nonnegative Hamiltonian isotopy.

Proof
Set ¥, =ao¢; ' oa. Let A be the Lagrangian manifold associated to @ as in
Lemma A.1:

A = {(@: (), v% 1, f(gr (), D));v e T* Mt € T},

Then we have
A= {(w.g Wt —fw.n))weT*M.rel}
= {(Ww* Y (w).t.— f(w*.0));weT*M,t €I}
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Since f(w?,1) = g(p; L (w?)%,1), the set

{(wa7 wt(w)vt’_g(wt(w)’t)); w e T*M,[ € I}

is Lagrangian. Hence Lemma A.1 implies that 0W/d¢ = g;. The nonnegativity of ¥
is obvious since g itself is nonnegative. U

LEMMA 4.12

Let Ay and A, be conic closed Lagrangian submanifolds of T* M. If either ¢, (A1) C
Ay for all t €]0,1] or Ay C ¢:(A3) for all t € [0,1], then ¢;|a, =ida, for all
t €[0,1].

Proof

@) Let us treat the case where ¢; (A1) C A, forall ¢ € [0, 1]. We may assume that
A1 is connected. Then ¢;(A) is a connected component of A,, and hence
does not depend on ¢. Therefore ¢; (A1) = Aj forall ¢ € [0, 1]. The hypothesis
implies that H 7, = 0®/0¢ is tangent to A for all # € [0, 1]. By Lemma A .2,
Jt = (am, Hy,). Since Ay is conic Lagrangian, the Liouville form a7 van-
ishes on the tangent bundle of A; and we deduce that f is identically zero on
Ay x[0,1].
Since f; is a nonnegative function on 7* M, all points of A are minima of f .
It follows that d(f;) =0 on Ay for all # € [0, 1]. Hence H y, also vanishes on
A1, and therefore ¢;|p, =1ida, forall # € [0, 1].

(ii)  Now assume that A; C ¢;(A3) for all # € [0, 1]. Set ¥, = a o ¢; ! o a. Then
{¥t}ser is a nonnegative Hamiltonian isotopy by Lemma 4.11, and v, (A{) C
A3 holds for any 7 € [0, 1]. Hence step (i) implies that ;[ p¢ = idpa. O

THEOREM 4.13

Let M be a connected and noncompact manifold, and let X,Y be two compact con-
nected submanifolds of M. Let ® = {@;}ic;: T*M x I — T*M be a nonnegative
homogeneous Hamiltonian isotopy. Assume that [0,1] C I and gol(T;M) = T;M
Then X =Y and ‘ptlT;;M = 1dT;Mfor allt €0,1].

Proof
By Lemma 4.12 it is enough to prove that X = Y and (pt(T;M) C T;M for all
t€[0,1].

*In an earlier draft of this paper, we only proved the first part of the conclusion of Theorem 4.13, namely, that
X =Y. We thank Stephan Nemirovski, who asked us the question whether ¢; |T;; a 1s the identity of Ty M
for all ¢ € [0, 1].
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We distinguish two cases (see Lemma 4.10) treated, respectively, in (ii) and (iii)
below.
(a) M \ X or M \ 'Y has no relatively compact connected component.
(b) Both X and Y are the boundaries of relatively compact connected open subsets

U and V of M, respectively.

(i) Let K € D™(Kpsxarx7) be the quantization of ® on I given by Theorem 3.7.

By Proposition 3.2(ii), the convolution with K; gives an equivalence of categories
Dl;;;MuT;;M(kM) ﬁ’ DITIZ;MUT;(‘,IM(kM)’

Moreover SS(K) C AU Ty, pris (M x M x I), so that SS(K) C {r < 0}. We con-
sider Fy € D®(kps) with compact support. We set

F = KO FO, Ft() = F Ok{t=[0} (t() c I)

Then F satisfies (4.3), and we have SS(F) C {tr < 0}. Hence we may apply Proposi-
tion 4.8, and we deduce that, for all a,b € I with a < b, there are natural morphisms
rb.a: Fq — Fp which induce isomorphisms RI'(M; F,) => RT(M ; Fp).

(ii) Let us assume hypothesis (a). By Lemma 4.11, replacing ¢; witha o ;1 o a
and X with Y if necessary, we may assume that any of the connected components of
M \ X is not relatively compact.

(ii-a) Let us show that X = Y. There exists Fy € D'(kjs) such that F; ~ ky. We
have Fp >~ K; ! oky so that Fy has compact support. We have also SS(F;) N T*M =
<p,(T§M). Since SS(Fo) C Ty M U Ty M, Fy is locally constant outside X. Since
M \ X has no compact connected component, we deduce Supp(Fp) C X. Hence by
Lemma 4.9(i), we have Y C Supp(Fp) C X.

Since M \ X C M \'Y and M \ X has no relatively compact connected com-
ponent, M \ Y has also no relatively compact connected component. Hence by inter-
changing X and Y with the use of Lemma 4.11, we obtain X C Y. Thus we obtain
X=Y.

(ii-b) Let us show T;M C (pt(T;M). Assuming that p € T;M \ (p,(T;M),
let us derive a contradiction. Take a C'-function g such that p = (x;dg(x)) and
glx = 0. Since Supp(Fp) N{g < 0} = @, we obtain H{Og<0}(F0)x ~ 0. Since dg(x) ¢
SS(F;), the morphism H(F;), — H{Og<0}(Ft)x is an isomorphism. Then we have a
commutative diagram
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H°(M;Fy) — H°(M;F,) — H°(M;ky) — k

| l |

HO(Fo)x HY(F)y —— (ky)x

| It

0 —— H(Og<0}(F0)x — H{Og<0}(Ft)x

Hence k ~ H°(M; F;) — H&<0)(Ft)x is a monomorphism and also the zero mor-
phism. This is a contradiction. Thus we obtain the desired result T;M C ¢ (T; M).
Thanks to Lemma 4.12, this completes the proof of the theorem under hypothesis (a).

(iii) Now we assume hypothesis (b). In this case, X and Y are hypersurfaces
of M. Let T;,‘ "M be the “inner” conormal of Y, so that SS(ky) =V U T{f AL (see
Example 1.2).

(ili-a) Let us first prove that U = V. As in (ii-a) there exists Fy € D(kys)
with compact support such that F; >~ k. As in (ii-a) we see that Supp(Fo) C U =
U U X. Part (i) gives a morphism 71 : Fo — ky which induces H(M; Fy) =
H°(M:ky) => k. Hence Lemma 4.9 implies that V' C Supp(Fp) C U. Then
Lemma 4.11 implies the reverse inclusion. Hence U =V and X =Y.

(iii-b) Let us prove that 7™M C o7 (T M) for all € [0, 1]. The proof is
similar to the one in (ii-b). Assuming that there exist € [0,1] and p € (T;’inM )\
pro7! (T;’inM ), we derive a contradiction. Write p = (x;dg(x)) for a C'-function
g such that g|x = 0. Hence {g > 0} coincides with U on a neighborhood of x. Then
we have a commutative diagram

HO(M; Fo) —— H°(M;F;) —— H(M:ky) — k

i | |

HO(Fo)x —— H(F)x —— (kyp)x

l ¢

0o —— H{Og<0}(F0)x I H{%«)}(Ft)x

Hence k ~ H(M; F;) — H{°g<0}

morphism. This is a contradiction. Hence we obtain T3 M C g7 (T5™M) or,
equivalently, ¢;'(Ty""M) C @7 (Ty""M). Hence Lemma 4.12 implies that

(F¢)x is a monomorphism and equal to the zero
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_1 . — 3 . X — 8 X .

o, |T;.mM = 1dT;.mM or ¢,|T;.mM = 1dT;.mM. Lemma 4.11 permits us to apply
Fhis to a o ¢; o a, and we obtain ¢, |aT;’i"M = idaT;’i"M' Thus we obtain ¢, |T;§M =
COROLLARY 4.14

Let M be a connected manifold such that the universal covering M of M is noncom-
pact. Let X and Y be simply connected and compact submanifolds of M with codi-
mension > 2. Let ®: T*M x 1 — T*M bea nonnegative homogeneous Hamiltonian
isotopy such that [0,1] C I and (pl(T;M) = T;M Then X =Y and (pt|T;;M =
idT;Mfor allt €0,1].

Proof

Letg: M — M and p: T*M — T*M be the canonical pro_]ectlons Let f: T*M x
I — R be as in Lemma A.2 for ®, and set f := f o (p xid;): T* M x I — R. Let
O: T*M x I — T*M be the nonnegative homogeneous Hamiltonian isotopy asso-
ciated with /. We set ¢; := &)|T*Mx{t}' T*M — T*M. Then po@ =0 p.Let
' X)) =,es X;and g '(Y) = |_|k€K Y% be the decompositions into connected
components. Then by the assumption, X — X and Yk — Y are 1somorphlsms and
hence X j and Y are connected and compact. Since p_l(T*M )=L1; r T; ‘ M, we
have ’

W(T: My=| |7 M
L_qum( 5 M) k|:1|< 7.

Since codim X j»codim fk > 1, the unions are decompositions into connected compo-
nents. So, for a given j € J, there exists k € K such that ¢1(T;~(‘ M) = T; M . Hence
J k

Theorem 4.13 implies X = Y and § |T* = 1dT* = for all ¢t € [0, 1]. Finally we
J
conclude that X = q(X]) =q(Yp) =Y and 901|T* ldT;;M forallt €[0,1]. O

4.4. Nondisplaceability: Symplectic case

In this section we assume that k is a field. Using Theorems 4.1 and 4.4 we recover
a well-known result solving a conjecture by Arnold (see [1], [6], [8], [10], [17]). We
first state an easy geometric lemma.

LEMMA 4.15

Let p: E — X be a smooth morphism, let A, B be submanifolds of X, and let A’ be
a submanifold of E. We assume that p induces a diffeomorphism p|a: A" => A. We
set B = p~'(B). Then

p induces a bijection A N B’ = AN B, (4.11)
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A" and B’ intersect transversally if and only if A and B intersect

transversally. (4.12)

THEOREM 4.16

Let N be a nonempty compact manifold. Let ®: T*N x I — T*N be a Hamiltonian
isotopy, and assume that there exists a compact set C C T* N such that ® |+ N\c)x1
is the projection on the first factor. We let ¢ = Zj dim H/ (N ;Ky), the sum of the
Betti numbers of N. Then for any t € I the intersection ¢;(Ty N) N Ty N is never
empty. Moreover its cardinality is at least c whenever the intersection is transversal.

Proof

1) We set M = N x R and identify N with N x {0}. We let & T*M x [ —
T*M be the homogeneous Hamiltonian isotopy given by Proposition A.0,
and we set @y = (-, 7).
We apply Theorems 4.1 and 4.4 to M, D, Fo =Ky, and ¢ = ¢, the projection
from M to R. We obtain that the intersection @; (T;'\} M) N Ay is a nonempty
set whose cardinality is at least ¢ whenever the intersection is transversal.

(i)  Now we compare @y (7'";'\} M) N Ay with the intersection considered in the the-
orem.

(ii-a) We apply Lemma 4.15 with X = T*N, E =T*N xR*, p(x,§,0) = (x,
£/0), A=TyN, B=¢(TyN),and A’ =TyN x {1} C E. We set X, :=
B’ = p~'(B). We have

T ={(0-9:(x,0),0) eT*N xR*;x € N,o e R*}. (4.13)

By Lemma 4.15, (Ty N x {1}) N X; => Tj N N (T N), and one of these
intersections is transversal if and only if the other one is.

(ii-b) We apply Lemma 4.15 with X = T*N xR*, E =T*N x T*R, p(x,§&,
5,0)=(x,£,0), A=3%;, B=TyN x{l},and 4" = EZJ}(T';M). We must
check that the restriction of p to @}(T;\'} M) induces an isomorphism
@}(T;\;M) > 3. This follows from (4.13) and the identity (see (A.8)):

@(Ty M) = {(0 - ¢1(x,0),u(x,0,1),0);x € N,o € R*}.
We see easily that B’ = p~!(B) is Ay. Hence Lemma 4.15 implies
G(TrM)NAy =5 3,0 (TN x{1}),

and one of these intersections is transversal if and only if the other one is.
Together with (ii-a) and (i) this gives the theorem. O
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Appendix. Hamiltonian isotopies

We first recall some notions of symplectic geometry. Let X be a symplectic mani-
fold with symplectic form @. We denote by X“ the same manifold endowed with the
symplectic form —®. The symplectic structure induces the Hamiltonian isomorphism
h: TX = T*X by h(v) = (,(w), where t,, denotes the contraction with v. To a vec-
tor field v on X we associate in this way a 1-form h(v) on X. For a C*°-function
f: X — R the Hamiltonian vector field of f is by definition H s := —h~!(df).

The vector field v is called symplectic if its flow preserves w. This is equiva-
lent to £,(w) = 0, where £, denotes the Lie derivative of v. By Cartan’s formula
(Ly = diy + 1yd) this is again equivalent to d(h(v)) = 0 (recall that dw = 0). The
vector field v is called Hamiltonian if h(v) is exact, or equivalently v = H y for some
function f on X.

In this section we consider an open interval I of R containing the origin. We use
the following general notation: foramapu: X xI — Y andf € I weletu;: X =Y
be the map x — u(x,1t).

A.l. Families of symplectic isomorphisms
Let ®: X x I — X be a C*®-map such that ¢; := ®(-,¢): X — X is a symplectic
isomorphism for each ¢ € I and is the identity for # = 0. The map ® induces a time-
dependent vector field on X,

v¢:=%—?:%xl—>T% (A.1)
Since ¢/ (w) = @ we obtain by derivation &£(y4),(w) = 0 for any ¢ € I; that is,
(ve); is a symplectic vector field. So the corresponding “time-dependent” 1-form
B =h(ve): X x I — T*X satisfies d(B;) = 0 for any ¢ € I. The map & is called
a Hamiltonian isotopy if (ve), is Hamiltonian, that is, if B, is exact for any ¢. In
this case, integrating the 1-form 8 (which is C* with respect to the parameter ¢) we
obtain a C*°-function f: X x I — R such that 8; = —d( f;). Hence we have

ad

—=H. A2
ot Ji (A2)

The fact that the isotopy & is Hamiltonian can be interpreted as a geometric
property of its graph as follows. For a given 7 € I we let A, be the graph of ¢; !, and
we let A’ be the family of A,’s:

Ar={(¢:(v),v);v € X} C X x X9,
AN ={(p).v,t);veXtel} CXxX*x1.

Then A; is a Lagrangian submanifold of X x X%, and we ask whether we can lift A’
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as a Lagrangian submanifold A of X x X% x T*[I so that

(idxxxa xmr)|a: A => A (A3)

LEMMA A.1

We consider a C*°-map ®: X x I — X such that ¢, is a symplectic isomorphism for
each t € I, and we use the above notation. Then there exists a Lagrangian submani-
fold A C X x X% x T*1I satisfying (A.3) if and only if ® is a Hamiltonian isotopy. In
this case the possible A can be written

A={(®,1),v,t,— f(P(v,1),1));v X, t €I}, (A.4)
where the function f: X x I — R is defined by (vo); = Hy, up to addition of a

function depending only on t.

We also have, extending notation (1.10) to the case where one manifold is not
necessarily a cotangent bundle,

AtZAOTt*I.

Proof
We write T*I ~ I x R. A manifold A satisfying (A.3) is written

A={(@,1),v.t,t(v.1));veX 1 el}

for some function 7: X% x I — R. Let us write down the condition that A be
Lagrangian. For a given (v,t) € X* x [ and p = (®(v,?),v,¢,7(v,t)) € A the tan-
gent space T, A is generated by the vectors

0
bo= (o) 0.1.50)  and 6, = ((dg) (). 0.0 (d7)(v).

where v runs over 7, X“. Since ¢; is a symplectic isomorphism the 6,’s are mutually
orthogonal for the symplectic structure of X x X x T*I. Hence A is Lagrangian if
and only if 6y and 6, also are orthogonal, which is written

0=o((e)r. (de) (1) — (du)(v)
= (h((ve):) —d(wm 097 1)) (([dgr) (V).

This holds for all v € T,X¢ if and only if h((ve);) = d(t: © ¢; 1), or equivalently
_HT[O(PI_] = (U(I))t. D
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Exact case. We assume that the symplectic form o is exact, and we write w = do.
We consider ®: X x [ — X as above but now we ask that ¢/ (¢) =« forall z € I.
Then it is well known (see, e.g., [18, Corollary 9.19]) that ® is a Hamiltonian isotopy.
More precisely v is the Hamiltonian vector field of

f={o,ve): XxI—>R. (A.S)

Indeed the condition on ¢; implies by derivation &£, () = 0. Hence Cartan’s for-
mula yields

d(f;) = i(v@)z () — Lvp): (w) = —l(ve); (w) = _h((UCD)t)-

This holds in particular when X = T*M for some manifold M. We consider ® :
T*M x I — T*M such that

{(pt is a homogeneous symplectic isomorphism for each ¢t € I, (A6)

Yo = ldT*M .
In this case the function f given in (A.5) is homogeneous of degree 1 in the fibers

of T*M and it is the only homogeneous function such that (ve); = H,. So we have
the first part of the following lemma.

LEMMA A.2

Let ®: T*M x I — T*M satisfying (3.1). Then

(1) ® is a Hamiltonian lsotopy and there exists a unique conic Lagrangian sub-
manifold A of T*M x T*M x T*I satisfying (A.3): setting f = (aar, 0/ 1)
we have

A= {(@0x,8.0). (6, —6), (1.~ f(D(x.§.1).0)): (x.6) e T* M.t € I},

()  theset AU Ty aps (M x M x 1) is closed in T*(M x M x I') and for any
t €I the inclusioni;: M x M — M x M x I is noncharacteristic for A and
the graph of ¢r is Ay = Ao T/ 1.

Proof

1) This assertion is already proved.

(i)  In local homogeneous symplectic coordinates (x,y;&,n) € T*(M x M),
(t;t) € T*1, the construction of A implies that for any compact set C C M x
M x I there exists D > 0 such that |t| < D], |§| < D|n|, and |n| < D|&| for
any (x,y,t;€,n,1)€e AN n;,,lxMxl(C). Hence the same inequalities hold on
the closure A of A. Hence if (x,y,t;&,9,7) € A\ (T*M x T*M x T*I),
then £ = n =0 and t = 0, and hence it belongs to the zero-section.



240 GUILLERMOU, KASHIWARA, and SCHAPIRA

Hence AUTy, 1y (M x M xI)is closed. We also have seen that A does not
meet Ty 5, (M x M) x T*I which is the noncharacteristicity condition. [

A.2. Families of conic Lagrangian submanifolds
Since the results in this section are well known (they go back to Paulette Libermann),
we state them without proofs. Note that we only use them in Corollary 3.13.

Definition A.3

Let M be a manifold, and let / be an open interval containing zero. Let Sy be a closed
conic Lagrangian submanifold of T*M . A deformation of Sy indexed by I is the data
of a C®-map W: Sy x [ — T*M such that, setting v; := W(-,7) and S; = ¥ (So),
we have

1) Y is the identity embedding,

(>i1) Y, is homogeneous for the action of R for each ¢ € /I,

(iii) Sy is a closed conic Lagrangian submanifold of T*M foreacht €I,

(iv)  themap Sox I — (T*M) x I, (s,1) — (U(s,1),1), is an embedding.

We let S = {(s,1);t € I,s € S;} C (T*M) x I be the image of the embedding
in (iv). So it is a closed submanifold of (7*M) x I. Note that v, induces a diffeo-
morphism v/, : Sg —> S; foreacht € I.

LEMMA A.4

Let Sy be a closed conic Lagrangian submanifold of T*M, and let U: So x [ —
T*M be a deformation of Sg as above. Then there exists a unique closed conic
Lagrangian submanifold S C T*(M x I) such that T*(M x I)— T*M x I induces
a diffeomorphism S —> §’.

Moreover for any ¢ € I the inclusion i;: M — M x I is noncharacteristic for S,
and we have S; = S o T,*].

We remark that S, like S/, only depends on the family of {S;};, not on the param-
eterization \W.

For a deformation of a closed conic Lagrangian submanifold we consider a con-
dition similar to (3.3).

There exists a compact subset A of M such that for all f € I:

{wtlSoﬂfr;} (M\A) = idSOI’]fr;Il (M\A)’ (A7)
Vi (So N 77 (A)) C 7yt (A).
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PROPOSITION A.5
Let So be a closed conic Lagrangian submanifold of T*M, and let U: Sy x I —
T*M bea deformation of Sy satisfying (A.7).

Then there exists ®: T*M x I — T*M satisfying hypotheses (3.1) and (3.3)
such that

D|syxr = V.

A.3. Adding a variable
In this subsection we recall the link between nonhomogeneous symplectic geometry
and homogeneous symplectic geometry with an extra variable.

We denote by (s, o) the coordinates on 7*R with ods as the Liouville form. For
a manifold M we define the map

p=pp:T*MxT*R—T*M,  (x,£s5,0)— (x,&/0).

We consider a Hamiltonian isotopy ®: T*M x I — T*M as in Appendix A.1,
but we do not assume that it is homogeneous. We show that @ lifts to a homogeneous
Hamiltonian isotopy of T*M x T*R.

Let f: T*M x I — R be a function such that d®/0t = H y, (see (A.2)). We set

fi=(fop)o

Then f, is a homogeneous function on 7*M X T*R of degree 1.

PROPOSITION A.6

Let ®: T*M x I — T*M be a Hamiltonian isotopy, and let f and f be as above.

1) Then there exists a homogeneous Hamiltonian isotopy @ (T*M x T*R) X
I — T*M x T*R such that 3®/dt = H ; and the following diagram com-

mutes.:
. @ .
T*M x T*Rx [ T*M x T*R
pxidy i o \L
[}
T*M x I T*M

Moreover there exists a C®-function u: (T*M) x I — R such that
B(x.E,5,0,0) = (x5 +u(x,§/0,1),0), (A.8)

where (x',§'/0) = @:(x,E/0).
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(i) We assume moreover that M is connected, and ¢; is the identity outside a
compact subset C C T*M. Then ® extends to a homogeneous Hamiltonian
isotopy ®: T*(M x R) x I — T*(M x R) such that

D(x,£,5,0,1) = (x,£5 +v(1),0), (A.9)

for some C*®-function v: I — R.

Proof
We have to describe the Hamiltonian vector field H 7 of f. Wedenoteby p: T*M x
T*R— T*R the projection (x, &,s,0) + (s,0). Then (p, p) defines an isomorphism

Vi T*M x T*R =5 T*M x T*R. (A.10)

For a point ¢ = (x,£,5,0) € T*M X T*R, Y defines an isomorphism on the tangent
spaces:

dy = dpgxdpg: T,(T*M x T*R)
5 Tt /o) (T*M) @ T(s5,0)(T*R). (A.11)
Setting wps = dapys, where oy is the Liouville form on 7* M, we have
OMxR| 7+ prxrr = 00 (@pm) + p* (),
OMxRl e prxip = 0P (@M) + p*(wr) + do A p*(am).

In the sequel we fix 7, and we set f; = ]7(-,[) and f; = f(-,t). Then H ; is deter-

mined by LH (M xr) = —df,. We decompose (H];t)q = vy + vr according to
(A.11), and we also use the decomposition of T (7*M x T*R) induced by (A.11).
Then we find

lH (@M xRr) = (0o, (Wp) + (Vr, dO)orpr) + (tog (Wr) — (Var, @) do).
Since d f; = op* df; + p*(f;) do we obtain

—df; = oy, (0p) + 0~ (vr. do ),
—p*(f1) do = tyy (wr) — (vpm.apr) do.

The second equality gives vg = a % for some function a. Then we have (vg,do) =0,
which implies vy = Hz, by the first equality, and hence a = (f; — (Hy,,apm))op =
(ft —eupr(f7)) o p. Finally, letting g := f —eups(f) be afunctionon T*M x I, we



SHEAF QUANTIZATION OF HAMILTONIAN ISOTOPIES 243

obtain
N ad
Va(Hz)=Hy +p"(8) 5

Let us define u: T*M x I — R by the differential equation

b _
a — &1°¢n (A.12)
Uly=o = 0.

We define by (A.8). Then, we can see easily that
0o
o

Hence & is the desired homogeneous Hamiltonian isotopy.

(i)  The functions f; and g; are constant functions outside C. Hence u; is also
a constant function outside C taking the value v(¢). Then ® extends to a
homogeneous Hamiltonian isotopy ®: T*(M x R) x I — T*(M x R) by
(A9). O
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