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Abstract

We define the notion of a trace kernel on a manifold M. Roughly
speaking, it is a sheaf on M x M for which the formalism of Hochschild
homology applies. We associate a microlocal Fuler class to such a ker-
nel, a cohomology class with values in the relative dualizing complex
of the cotangent bundle T*M over M and we prove that this class is
functorial with respect to the composition of kernels.

This generalizes, unifies and simplifies various results of (relative)
index theorems for constructible sheaves, Z-modules and elliptic pairs.
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1 Introduction

Our constructions mainly concern real manifolds, but in order to introduce
the subject we first consider a complex manifold (X, @x). Denote by wi! the
dualizing complex in the category of @x-modules, that is, Wi = Qx [dx],
where dx is the complex dimension of X and )y is the sheaf of holomorphic
forms of degree dy. Denote by Oa, and wi’ the direct images of Ox and
wh! respectively by the diagonal embedding §: X — X x X. It is well-known
(see in particular [Ca05, CaW07]) that the Hochschild homology of &'y may

be defined by using the isomorphism
(1.1) 0.HH (Ox) ~Rtom ;. (Ony,wih).

Moreover, if .Z is a coherent &x-module and D47 := R#om , (F,wi)
denotes its dual, there are natural morphisms

(1.2) Ony = FRDgF — wi

whose composition defines the Hochschild class of .%:
hho(F) € Heypp ) (X5 A (Ox)).

These constructions have been extended when replacing O'x with a so-called
DQ-algebroid stack 27x in [KS12] (DQ stands for “deformation-quantization”).
One of the main results of loc. cit. is that Hochschild classes are functorial
with respect to the composition of kernels, a kind of (relative) index theorem
for coherent DQ-modules.

On the other hand, the notion of Lagrangian cycles of constructible
sheaves on real analytic manifolds has been introduced by the first named
author (see [Ka85]) in order to prove an index theorem for such sheaves,
after they first appeared in the complex case (see [Ka73] and [McP74]). We
refer to [KS90, Chap. 9] for a systematic study of Lagrangian cycles and for
historical comments. Let us briefly recall the construction.
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Consider a real analytic manifold M and let k be a unital commutative
ring with finite global dimension. Denote by wj; the (topological) dualizing
complex of M, that is, wy, = ory [dim M] where ory, is the orientation
sheaf of M and dim M is the dimension. Finally, denote by 7, : T"M —
M the cotangent bundle to M. Let A be a conic subanalytic Lagrangian
subset of T*M. The group of Lagrangian cycles supported by A is given by
HY(T*M; mywyr). Denote by D% (ky) the bounded derived category of R-
constructible sheaves on M. To an object F' of this category, one associates
a Lagrangian cycle supported by SS(F"), the microsupport of F'. This cycle is
called the characteristic cycle, or the Lagrangian cycle or else the microlocal
Euler class of F and is denoted here by peu,,(F).

In fact, it is possible to treat the microlocal Euler classes of R-constructi-
ble sheaves on real manifolds similarly as the Hochschild class of coherent
sheaves on complex manifolds. Denote as above by ka,, and wa,, the direct
image of ky; and wj; by the diagonal embedding dy;: M < M x M. Then
we have an isomorphism

(1.3) HY(T*M; 7y wy) ~ Hy (T*M; phom(ka,,,wa,,)),

where pthom is the microlocalization of the functor R#om. Then peu,,(F)
is obtained as follows. Denote by Dy F' := Ro€om (F,wy) the dual of F.
There are natural morphisms

(1.4) ka, > FRXDyF — wa,,,

whose composition gives the microlocal Euler class of F'.

In this paper, we construct the microlocal Euler class for a wide class of
sheaves, including of course the constructible sheaves but also the sheaves of
holomorphic solutions of coherent Z-modules and, more generally, of ellip-
tic pairs in the sense of [ScSn94]. To treat such situations, we are led to
introduce the notion of a trace kernel.

On a real manifold M (say of class C®), a trace kernel is the data of
a triplet (K, u,v) where K is an object of the derived category of sheaves
DP(Kysxas) and u, v are morphisms

(1.5) urka,, =+ K, vi K —=wa,.

One then naturally defines the microlocal Euler class peu,, (K, u,v) of such
a kernel, an element of HY(T*M;uhom(ka,,,wa,,)) where A = SS(K) N
TX,,(M x M). By (1.4), a constructible sheaf gives rise to a trace kernel.
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If X is a complex manifold and .Z is a coherent Zx-module, we construct
natural morphisms (over the base ring k = C)

L
(1.6) CAX — QXXX(@@XX)((%EDD//) — WAy,

where Dp.# denotes the dual of .#Z as a Z-module. In other words, one
naturally associates a trace kernel on X to a coherent Zx-module. Moreover,
we prove that under suitable microlocal conditions, the tensor product of two
trace kernels is again a trace kernel, and it follows that one can associate a
trace kernel to an elliptic pair.

We study trace kernels and their microlocal Euler classes, showing that
some proofs of [KS12] can be easily adapted to this situation. One of our
main results is the functoriality of the microlocal Euler classes: the microlocal
Euler class of the composition K; o K5 of two trace kernels is the composition
of the microlocal Euler classes of K; and K5 (see Theorem 6.3 for a precise
statement). Another essential result (which is far from obvious) is that the
composition of classes coincides with the composition for ﬁ;jw M constructed
in [KS90] via the isomorphism between phom(ka,,,wa,,) and m, ways.

As an application, we recover in a single proof the classical results on
the index theorem for constructible sheaves (see [KS90, § 9.5]) as well as the
index theorem for elliptic pairs of [ScSn94|, that is, sheaves of generalized
holomorphic solutions of coherent Z-modules. We also briefly explain how
to adapt trace kernels to the formalism of the Lefschetz trace formula.

We call here phom(ka,,,wa,,) the microlocal homology of M, and this
paper shows that, in some sense, the microlocal homology of real manifolds
plays the same role as the Hochschild homology of complex manifolds.

To conclude this introduction, let us make a general remark. The cate-
gory D% .(ky) of constructible sheaves on a compact real analytic manifold
M is “proper” in the sense of Kontsevich (that is, Ext finite) but it does
not admit a Serre functor (in the sense of Bondal-Kapranov) and it is not
clear whether it is smooth (again in the sense of Kontsevich). However this
category naturally appears in Mirror Symmetry (see [FLTZ10]) and it would
be a natural question to try to understand its Hochschild homology in the
sense of [McC94, Ke99]. We don’t know how to compute it, but the above
construction, with the use of phom(ka,,,wa,,), provides an alternative ap-
proach of the Hochschild homology of this category. This result is not totally
surprising if one remembers the formula (see [KS90, Prop. 8.4.14]):

Drpps (thom(F, G)) =~ phom(G, F) @ 7y} wa-
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Hence, in some sense, 7wy plays the role of a microlocal Serre functor,
Note that thanks to Nadler and Zaslow [NZ09], the category D% .(kas) is
equivalent to the Fukaya category of the symplectic manifold 7* M, and this
is another argument to treat sheaves from a microlocal point of view.

Acknowledgments
The second named author warmly thanks Stéphane Guillermou for helpful
discussions.

2 A short review on sheaves

Throughout this paper, a manifold means a real manifold of class C*>. We
shall mainly follow the notations of [KS90] and use some of the main notions
introduced there, in particular that of microsupport and the functor phom.

Let M be a manifold. We denote by 7,,: T*M — M its cotangent bundle.
For a submanifold NV of M, we denote by T M the conormal bundle to V.
In particular, 73,M denotes the zero-section. We set T*M :=T*M \ T}, M
and we denote by 7, the restriction of my; to T*M. 1If there is no risk of
confusion, we write simply 7 and 7 instead of my; and 7,;. One denotes by
a: T*M — T*M the antipodal map, (x;&) — (x; —&) and for a subset S of
T*M, one denotes by S® its image by this map. A set A C T*M is conic if
it is invariant by the action of R™ on T*M.

Let f: M — N be a morphism of manifolds. To f one associates as usual
the maps

fd fTr

M M xy T*N T*N
(2.1) l” lw
M f
M N.

(Note that in loc. cit. the map f; is denoted by ! f'~1.)

Let A be a closed conic subset of T*N. One says that f is non-characteris-
tic for A if the map f, is proper on f-*A or, equivalently, f='ANf, " (T5,M) C
M xnTxN.

Let k be a commutative unital ring with finite global homological di-
mension. One denotes by kj,; the constant sheaf on M with stalk k and by
D"(ky,) the bounded derived category of sheaves of k-modules on M. When
M is a real analytic manifold, one denotes by D} .(kj;) the full triangulated
subcategory of DP(ky,) consisting of R-constructible objects.
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One denotes by wy, the dualizing complex on M and by w%’[l its dual, that
is, w$ b = RAFom (war, kyr). More generally, for a morphism f: M — N,
one denotes by wyyy = f'ky ~ wy ® fH(wy ") the relative dualizing
complex. Recall that wy, ~ ory, [dim M] where ory, is the orientation sheaf
and dim M is the dimension of M. Also recall the natural morphism of
functors

(2.2) wyn @ F = fh
We have the duality functors
DQ\JF:Rﬁom(F,kM), DMF:R%OWL(F,WM)

For I € D"(ky), one denotes by Supp(F) the support of F' and by
SS(F') its microsupport, a closed R-conic co-isotropic subset of T*M. For a
morphism f: M — N and G € D(ky), one says that f is non-characteristic
for G if f is non-characteristic for SS(G).

We shall use systematically the functor phom, a variant of Sato’s microlo-
calization functor. Recall that for a closed submanifold N of M, there is a
functor i : D*(ky) = DP(kgzar) constructed by Sato (see [SKK73]) and
for Fy, Fy € D"(kyy), one defines in [KS90] the functor

phom: D (k)P x DP(kyy) — DP(kpens),
phom(Fy, Fy) := paRoom (qz_lFl, ql! F)

where ¢; and ¢, are the first and second projection defined on M x M and
A is the diagonal. This sheaf is supported by TX (M x M) that we identify
with T*M by the first projection T*(M x M) ~T*M x T*M — T*M. Note
that

(2.3) Supp(uhom(Fy, Fy)) C SS(F) N SS(Fy)

and we have Sato’s distinguished triangle, functorial in F} and Fj:

(2.4)Rm phom(Fy, Fy) = Rm.phom(Fy, Fy) — Rir, (phom(Fy, Fo)|.,) RAN
Moreover, we have the isomorphism

(2.5) R, puhom(Fy, Fy) ~ Ro#om (Fy, F),
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and, assuming that M is real analytic and F} is R-constructible, the isomor-
phism

L
(2.6) Rm phom(Fy, Fy) ~ D), F; @ F.
In particular, assuming that Fj is R-constructible and SS(F}) N SS(Fy) C
T5, M, we have the natural isomorphism (see [KS90, Cor 6.4.3])

L

(2.7) D), Fy & Fy =% RA#om (Fy, F).

As recalled in the Introduction, assuming that M is real analytic, we have
the formula (see [KS90, Prop. 8.4.14]):

(2.8) Dpear(phom(Fy, Fy)) ~ phom(Fy, Fi) @ wyfwar for Fy, Fy € Di_ (k).

3 Compositions of kernels

Notation 3.1. (i) For a manifold M, let ép,: M — M x M denote the
diagonal embedding, and A,; the diagonal set of M x M.

(ii) Let M; (i = 1,2,3) be manifolds. For short, we write M;; :== M; x M,
(1 <4,j <3), Migg = My X My X My, Miggz = My X My x My x M,
etc.

(iii) We will often write for short k; instead of kj;, and ka, instead of ka s
and similarly with wyy,, etc., and with the index ¢ replaced with several
indices i7j, etc.

(iv) We denote by m;, m;;, etc. the projection T*M; — M;, T*M;; — M,;,
etc.

(v) We denote by ¢; the projection M;; — M; or the projection M3 — M;
and by ¢;; the projection Myo3 — M;;. Similarly, we denote by p; the
projection T M;; — T*M,; or the projection T Mjs3 — T*M, and by
pi; the projection T Moz — T M;;.

(vi) We also need to introduce the maps pja or p;ja, the composition of p;
or p;; and the antipodal map on 7™ M;. For example,

pr2a (w1, 22, 23561, &2, &3)) = (21, 0261, —&2).



(vii) We let do: Misg — Misoz be the natural diagonal embedding.

We consider the operation of composition of kernels:
o : D"(Kyp,,) x D*(Kasyy) = D°(Kagyy)
(3.1) (K1, K) = Ky 9Ky = Raus (415 K % g Ko)
~ Rgus 05 (K1 B K),

We will use a variant of o:

; : Db(lez) X Db(kM23> — Db(le?,)
(3.2) L
(Kl, KQ) —> K1 §K2 = qug* (qz_lwg & 52' (Kl X KQ))
We also have war,y,/a100; =~ 3 le?gl and we deduce from (2.2) a morphism
651 — ¢ 'war, @04 . Using the morphism R py3, — R pi3, we obtain a natural
morphism for K; € DP(kyy,,) and Ky € DP(kyy,, ):

(33) K10K2 —>K1*K2.

It is an isomorphism if pj,SS(K7) N pyse SS(Ky) — T M3 is proper.
We define the composition of kernels on cotangent bundles (see [KS90,
Prop. 4.4.11])

é;) : Db(kT*Mm) X Db(kT*M23) - Db(kT*M13)
a L
(34> (Kl, KQ) — Kl (2)K2 = Rp13! (p1_21aK1 ® p2—31K2)
L
~ Rpiza) (Pron K1 @ Pogn o).

We also define the corresponding operations for subsets of cotangent bundles.
Let A C T*M;y and B C T*Mss. We set

A >2< B = pl_zla(A) mpz_gl(B)>

(3.5) ACEB =p13(Ax B)
B { (x1,3;&1,&3) € T*My3 ; there exists (z2;&) € T*M, }
a such that (z1,x9;&, —&) € A, (x2,23;&,&3) € B .

We have the following result which slightly strengthens Proposition 4.4.11
of [KS90] in which the composition * is not used.



Proposition 3.2. For Gy, Fy, € DP(kyy,,) and Ga, Fy € DP(kyy,,) there ex-
ists a canonical morphism (whose construction is similar to that of [KS90,
Prop. 4.4.11] ):

phom(Gy, Fy) %uhom(Gg, Fy) — phom(Gy >|2<G2, F SFQ).

L
Proof. In Proposition 4.4.8 (i) of loc. cit., one may replace Fy Xg G5 with

L
7 (PR Gy) ® w?é;lsy/XXy. Then the proof goes exactly as that of Proposi-
tion 4.4.11 in loc. cit. Q.E.D.

Let A;; C T*M;; (i =1,2,5 =1+1) be closed conic subsets and consider
the condition:

(36) the projection JURE A12 ; A23 — T*Mlg is proper.
2

We set

(3.7) Az = Ay é Ags.

Corollary 3.3. Assume that A;; (i =1,2,7 =i+ 1) satisfy (3.6). We have
a composition morphism

RI'\,,phom(Gy, FY) §RFA23uh0m(G2, Fy) — Ry, uhom(Gy >|2<G2, F SFQ).

Convention 3.4. In (3.1), we have introduced the composition ° of kernels

K, € D°(kyy,) and Ky € DP(kyy,,). However we shall also use the nota-
tion My, = My x My and consider for example kernels Ly € DP(kyy,,,) and
Ly € D(Kupyy, ). Then when writing Ly <2>L2 we mean that the composition

is taken with respect to the last variable of Mayy for Ly and the first variable
for L. In other words, set My = My and consider Ly and Lo as objects of
D"(kys,,,) and DP(Kyy,,,) respectively, in which case the composition L, <2>L2

s unambiguously defined.

4 Microlocal homology

Let M be a real manifold. Recall that d,;: M < M x M denotes the diagonal
embedding. We shall identify M with the diagonal Ay, of M x M and we
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sometimes write A instead of Aj; if there is no risk of confusion. We shall
identify T*M with TX(M x M) by the map

0upy: T"M—T*(M x M), (z;8) — (z,2;§,=&).

We denote by ka,,, wa,, and w%b_ll the direct image by das of kps, wyr and

WSt = Rom (wyr, k), respectively.

The next definition is inspired by that of Hochschild homology on complex
manifolds (see Introduction).

Definition 4.1. Let A be a closed conic subset of T*M. We set

‘%%\(kM) = RFA((S%*M>_1/~Lh0m(kAM=WAM>7
(4.1) MH, (kys) = RI(T*M;. #4, (ky)),
MHA (kyy) = HF(MHy(ky)) = H¥(T*M; #50(kyy)).

We call #7,(ky) the microlocal homology of M with support in A.
We also write .#7(k,,) instead of #57-y;(kyy).

Remark 4.2. (i) We have phom(ka,,,wa,,) = (6% ,)«Ty wy. In par-
ticular, we have MH, (ky;) ~ RTA(T*M; 7y wyr) and MH (ky) =~
RI(M;wyy). Assuming that M is real analytic and A is a closed conic
subanalytic Lagrangian subset of T*M, we recover the space of La-
grangian cycles with support in A as defined in [KS90, §9.3].

(ii) The support of phom(ka,,,wa,,) is Tx, (M x M). Hence, we have
RDsa, A phom(ka,,, wa,) = (0% )l (K ).

(iii) If M is real analytic and A is a Lagrangian subanalytic closed conic sub-
set, then we have H*(.#)(ky;)) = 0 for k < 0 (see [KS90, Prop. 9.2.2]).

In the sequel, we denote by A; (resp. A;;) the diagonal subset Ay, C M;;
(resp. AMij C M“]])

Lemma 4.3. We have natural morphisms:
' L
(1) WAL 202(kA2 X WA3) — WA,
. o1
(H) kA13 - kA12 ;;(WAQ X kA3)'
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Proof. Denote by do9 the diagonal embedding Mi19933 < M71999933.
(i) We have the morphisms

L L L
WAL, 202(kA2 X wAs) = RQ1133! 52_21 (wAlz X kAQ X wAs)
~  Rqi1331 WA
—  WA;5-
(ii) The isomorphism
52!2 (kAz X wAz) = kAQ

gives rise to the isomorphisms
ka,, *( o1k ) = R (¢17530002 ® gy (K w2 Kk )
A2 35\ WA As) = G113, (G1133W22 © O (KA, B WA, As

L L
~ Rqi133.05 (ka, Kwa, Kka,,)
= Rq1133*kA123

and the result follows by adjunction from the morphism

L L L L
q1_1%33kA13 ~ kA1 X k22 X kAg — kAl X kA2 X kAB = kA123~
Q.E.D.

Proposition 4.4. Let M; (i = 1,2,3) be manifolds. We have a natural
composition morphism (whose constructions will be given in the course of the

proof ):

(42) :uh'om(kAlz ) wAlQ) :.Tuh'om(kAzsv WA23> — :uh'om(kAlsv wAls)'

In particular, let A;j be a closed conic subset of T*M;; (ij = 12,13,23). If
Ay §A23 C Ai3, then we have a morphism

(4.3) M, (Kaz) O MH gy (kas) = MH iy (Kus).
Proof. Consider the morphism (see Proposition 3.2 and Convention 3.4)
,uhom(w&_l, W§Q_1> §:uh'0m(kA237 WA23> — ,uhom(wfgl ’Skﬁx’n wgg_l gwAzs)

L L
~ uhom(wfz_l X kA3, kAz X wAg).
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It induces an isomorphism
L L
(4.4) pthom(Kag,, wag,) = prhom(wi ' Mka,, ka, Kwa,).
Note that this isomorphism is also obtained by
o1 L 91 L
/J’hOm(kAQ:w wAzs) & :U'hOm((W2 D k233) ® kAzsv (w2 D k233) ® WAQS)
L L
~ phom(wi, ' Kka,, ka, Mwa,).
Applying Proposition 3.2, we get a morphism:
/"LhOm(kA127 WA12) 282 /Lhom(kAzw wAzg)
L L
(45) — Mhom(kAm 2*2(0022_1 X kAg)? WAL, 202(kA2 X wAa))'

It remains to apply Lemma 4.3. Q.E.D.
Corollary 4.5. Let A;; (i = 1,2,5 = i+ 1) satisfying (3.6) and let A5 =

Aio <§A23. The composition of kernels in (4.3) induces a morphism
a L

(46) (2) : MHA12 (klg) & ]MHHIA23 (k23) — MHAIS (k13>.

In particular, each A € MHY _(ki2) defines a morphism

(4.7) A+ MHjy, (kas) — MHyy, (ku).

Proof. These morphisms follow from (4.3).The second assertion follows from
the isomorphism H°(X) ~ Hom po() (K, X)) in the category D(k). Q.E.D.

Theorem 4.6. (i) We have the isomorphisms

phom(ka,,,wa,,) = (095 )«ma; R#om (Kyr, war)

o (8% )T s Wit
(ii) We have a commutative diagram
/"LhOm(kA127 WA12) 282 /Lhom(kAzw WA23) - Mhom(kAm’ wAlB)
(4.8) lz \

_ a  _ _
(5(71“*M13)* (WMllglez <2)7TM123wM23) - (5(71“*M13)*7TM113(")M13‘
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Here the top horizontal arrow of (4.8) is given in Proposition 4.4, and
the bottom horizontal arrow is induced by

Lo

L L L
-1 __—1 — —1 —1 —1 —1
p12a7TM12wM12 ® p23 7TM230, WMQJ = 7-(-,[\41(&)‘[‘41 IX 7TM2 (wMZ ® wMZ) IX ﬂ-MgwMii’

L
-1
T, (Wa, ® Wary) = Wrepty,
1 L L 1 L
Rp13, (ﬂ'leMl ™ wppp, X WMgwMg) — T Wi X T, W M-
Proof. (i) is obvious.

(ii)—(a) By [KS90, Prop. 4.4.8], we have natural morphisms for (7, j) = (1, 2)
or (4, ) = (2,3):

L
phom(ka,,wa,) W phom(ka;,wa;) — phom(ka,;,wa,;)

and it follows from (i) that these morphisms are isomorphisms. These iso-
morphisms give rise to the isomorphism

a
/"LhOm(kA127 wAm) 202 Nhom(kAzw WA23) =
L " L
phom(ka,,wa,) ¥ (phom(ka,, wa,) 2o2uh07’n(kA2,cuA2)) X phom(ka,,was)
Similarly, we have an isomorphism
-1 a -1 ~ -1 &(—1 | )& —1
ﬂ-MlgwMIZ 2 7TM23WM23 - 71-]\41(’01\41 TngwM2 2 TngwM2 WleMl-

Hence, we are reduced to the case where M; = Mj3; = pt, which we shall
assume now.

(ii)—(b) We change our notations and we set:

M:=M,, Y :=MxDM,
Op: M — Y the diagonal embedding, Ay, = 9y (M),
j: Y =Y xY the diagonal embedding, Ay = dy(Y),
Forrs T°M = TV, (2:€) = (2, 236, =),
Gy TY = TY X T*Y,
p: T*Y — pt the projection,
ay: Y — pt the projection.
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With these new notations, the composition §2 will be denoted by T%y.
Consider the diagram 4.9 similar to Diagram (4.4.15) of [KS90]

. 5.
T*M x T*M~——=T*Y x T*Y ——2T*Y

.

(4.9) TY <y T*Y ;)TZY (Y X Y) P
ljd O lﬂy
™Y d Y o pt.

Here, 7 is the canonical embedding induced by 0%.,,, p1 is induced by the first
projection T*Y x T*Y — T*Y, s: Y — T*Y is the zero-section embedding
and s is the natural embedding. Note that the square labelled by [J is
Cartesian. We have

Rp: o (5%*}/)_1 ~ Ray, oRmy, oprto (5%*}/)_1
1 oj—l

Ray, o s ' oRjg 04"

12

Ray, o Rmy, o5~

12

Therefore,
phom(ka,,,wa,,) T%y phom(ka,,,wa,,)
~ Rpy (0+y) " (uhom(ka,,, wa,,) % phom(ka,,, wa,,))
~ Ray,s 'Rijg j;  phom(ka,, % KA, WAy, % WAL, )-
Hence, by adjunction, to give a morphism
phom(ka,,, wa,,) T§Y phom(ka,,, wa,,) = k
is equivalent to giving a morphism in DP(ky)

L L
(410) s_led!jgl/“’LhOm(kA]M X kAM> WA X WAM) - a}!/ kpt~
Note that the left hand side of (4.10) is supported on A,,;. Hence in order
to give a morphism (4.10), it is necessary and sufficient to give a morphism
in Db(kM)

1 -1y - -1 L L 1o
(4.11) 6 s Ryayjy phom(ka,, Kka,,,wa,, Kwa,,) = our ay Kyt
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Hence, it is enough to check the commutativity of the upper square in the
following diagram in D" (k)

L L
5M_15_1Rjd!j7:1/~bh0m(kAM X kAM y WAy, X wAM) - 51'\/1 CL}!/ kpt
~ id

4.12 L
( ) 5M_1s_1Rjd,j;1i* (7‘(‘1\_/[le X W]T/[le) 4>51!\4 a{, Kot

~ ~

id
W Whr-

The top horizontal arrow is constructed by the chain of morphisms (see [KS90,
§ 4.4]):
o L L
Rja g pwhom(ka,, K ka,,,wa,, Kwa,,)

L L L
— ,uhom(j! (kAM X kAM) ® wy, j_l(WAM X wAM))
= Mh’om(wAM?wAM ®MAM) = (5%*M)*7T1T/[1MM

and

L L
4.13 5M_15_1Rjd!j;1/~bh0m(kAM X kAMv WAy X wAM)
(4.13) 1 :
= Opr s TN (0% ) s W = Wt

Hence, the commutativity of the diagram (4.12) is reduced to the commuta-
tivity of the diagram below:

L L
5]\_/[13_1Rjd!j7:1uh0m(kAM X kAM » WA X wAM)

(4.14) l \

L
-1 1 . . -1 —
5M S Rjd!.]w Z*(ﬂMwMﬁwaM) Whr-

where the morphism A is given by the morphisms in (4.13). All terms of
(4.14) are concentrated at the degree —dim M. Hence the commutativity of
(4.14) is a local problem in M and we can assume that M is a Euclidean
space. We can checked directly in this case. Q.E.D.
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Remark 4.7. Theorem 4.6 may be applied as follows. Let A;; be a closed
conic subset of T*M;; (i = 1.2, j = i+ 1). Assume (3.6), that is, the

projection JURE A12 g( A23 —>T*M13 is proper and set A13 = A12 §A23. Let
2
Nij € MHY (kyy,,) =~ HY, (T*Mij; 7 'wy;). Then

(4.15) A120 Aoz = / A2 U Ags
2 T* M,

where the right hand-side is obtained as follows. Set A := Ajs X Ao3 and
2

consider the morphisms

Hjo\m (T*Mlg; 7T_1W12) X HR% (T*Mgg, 7T_1(,<J23)
L L
— HY(T* Mygz; 7w B wre g, X7 ws)
— HRB (T*Mlg, 7T_1W13>.

The first morphism is the cup product and the second one is the integration
morphism with respect to 1T M,.

5 Microlocal Euler classes of trace kernels

In this section, we often write A instead of Ajy.

Definition 5.1. A trace kernel (K, u,v) on M is the data of K € D®(Kasxar)
together with morphisms

(5.1) kn — K and K — wa.

In the sequel, as far as there is no risk of confusion, we simply write K
instead of (K, u,v).

For a trace kernel K as above, we set

(5.2) SSA(K) :=SS(K)NTi(M x M) = (6%.,,) *SS(K).

(Recall that one often identifies T7*M and TX(M x M) by 6%y T°M —
T*M x T*M.)

Definition 5.2. Let (K, u,v) be a trace kernel.
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(a) The morphism u defines an element @ in HgSA(K) (T*M; phom(ka, K))
and the microlocal Euler class peu,,(K) of K is the image of @ by
the morphism phom(ka, K) — phom(ka,wa) associated with the mor-
phism v.

(b) Let A be a closed conic subset of T*M containing SSA (/). One denotes
by peuy (K) the image of @ in HY (T*M; phom(ka,wa)).

Hence,
(5.3) peu, (K) € MHS (kys) ~ Hy(T*M; 7 way).

Let © be the element of HgSA(K) (T*M; phom(K,wa)) induced by v. Then
the microlocal Euler class peu,,(K) of K coincides with the image of © by the
morphism phom(K,wa,,) — phom(ka,wa) associated with the morphism
u, which can be easily seen by the commutative diagram:

(0% pr) ™ pthom(K, K) —— (0% ;) ™" prhom(K, wa)

| |

(6% 1) " tphom(ka, K) —= (0%.5,) " phom(ka, wa).

One denotes by eu(K) the restriction of peu(K’) to the zero-section M of
T*M and calls it the Euler class of K. Hence

(54) euM(K) < ngpp(K)ﬂA(M; wM)‘

It is nothing but the class induced by the composition ka,, = K — wa,,-
We say that L € D"(kyy) is invertible if L is locally isomorphic to kj[d] for
L
some d € Z. Then, L®~':=Rs#om (L, k) is also invertible and L @ L®~! ~
k.

Proposition 5.3. Let L be an invertible object in D(ky;) and K a trace

L L L L
kernel. Then K ® (LR L®™Y) is a trace kernel and pen(K ® (LK L®™Y)) =
peu(K).

L
Proof. L X L®~! is canonically isomorphic to kaxas on a neighborhood of
the diagonal set A,y of M x M. Q.E.D.
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Remark 5.4. Of course, we could also have defined a trace kernel as a
sequence of morphisms

(5.5) Wil = K = ka,,.

When treating sheaves, both definitions would give the same microlocal Euler
~ L

class by taking K = K®(kyXwys). However, when working with &-modules

or with DQ-modules as in [KS12], the two constructions give different classes.

Note that we have chosen an analogue of (5.5) in [KS12].

Trace kernels for constructible sheaves

Let us denote by DP (ky,) the full triangulated subcategory of D (k) con-

cc

sisting of cohomologically constructible sheaves (see [KS90, § 3.4]).

Lemma 5.5. Let F' € D° (kys). There are natural morphisms in D2, (Karxar) -

L
(5.6) kn, — FRDyF,
L
(5.7) FRDyF — wa,,

In other words, an object F' € DP (kj,) defines naturally a trace kernel
on M.

Proof. (i) We have

L
k), — Rsfom(F,F)~§' (FRDyF).
Hence, the result follows by adjunction.
(ii) The morphism (5.7) may be deduced from (5.6) by duality, or by adjunc-
tion from the morphism
L
5_1(F X DMF) — WM -
Q.E.D.
Notation 5.6. We shall denote by TK(F') the trace kernel associated with

L
F € D! (kyy), that is the data of F' X Dy/F and the morphisms (5.6), (5.7).
Note that we have always SSA(TK(F)) C SS(F') and the equality holds if M
is real analytic and F' is R-constructible.

18



We have the chain of morphisms
L
phom(F, F) ~ (6%,,) whom(ka, FXDF)
— (5%*M)_1,uhom(kA, wA).
We deduce the map
(5.8) HgS(F) (T M; pphom(F, F)) — MHgS(F) (kar)-

Definition 5.7. Let F' € D> (k). The image of idp by the map (5.8) is
called the microlocal Euler class of F' and is denoted by peu,,(F).

Clearly, one has
(5.9) peuy (F) = peny (TK(F)).

Assume M is real analytic and denote by DB (k) the full triangulated
subcategory of DP(ky) consisting of R-constructible complexes. Of course,
R-constructible complexes are cohomologically constructible. In [KKS90, § 9.4]
the microlocal Euler class of an object F' € D} (k) is constructed as above
and this class is also called the characteristic cycle, or else, the Lagrangian
cycle, of F.

Remark 5.8. Let (K, u,v) be a trace kernel on M. Let §: M — M x M be
the diagonal embedding. Then u and v decompose as

kn, = 0,0' K = K = 0,0 'K = wa,,.
Hence 6,6' K and 8,0 'K are also trace kernels. We have evidently
pewy, (0.0' K) = peuy, (6.6 'K) = peuy (K)  as elements in MHY. , (kay).

Trace kernels over one point

Let us consider the particular case where M is a single point, M = pt, and
let us identify a sheaf over pt with a k-module. In this situation, a trace
kernel (K, u,v) is the data of K € DP(k) together with linear maps

k% K5k
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The (microlocal) Euler class eup (/) of this kernel is the image of 1 € k by
v o u.

Assume now that k is a field and denote by D%(k) the full triangulated
subcategory of DP(k) consisting of objects with finite-dimensional cohomolo-
gies. Let V € D}(k) and set V* = RHom (V, k). Let K = TK(V) =V @ V*,
and let v be the trace morphism and w its dual. Then

(a) eup(V @ V*) = tr(idy), the trace of the identity of V.

(5.10)  (b) If k has characteristic zero, then
eup (V @V*) = x(V), the Euler-Poincaré index of V.

Trace kernels for Z-modules

In this subsection, we denote by X a complex manifold of complex dimension
dx and the base ring k is the field C. We denote by Ox the structure sheaf
and by Qx the sheaf of holomorphic forms of maximal degree. We still
denote by wyx the topological dualizing complex and recall the isomorphism
wWx &~ C X [Qd X]-

One denotes by Zx the sheaf of Cx-algebras of (finite order) holomorphic
differential operators on X and refers to [Ka03] for a detailed exposition of
the theory of Z-modules. We denote by Mod(Zx) the category of left Zx-
modules and by D(Zyx) its bounded derived category. We also denote by
Modon(Zx) the abelian category of coherent Zy-modules and by D, (Zx)
the full triangulated subcategory of DP(Zx) consisting of objects with coher-
ent cohomologies.

We denote by Dy : DP(2x)°" — D"(Zx) the duality functor for left Z-
modules:

®—1

Dol :=RiAom , (M, Dx) @, Qx [dx].

We denote by ¢X e the external product for Z-modules:

L
%E:/VZI.@XX)(@@ L (%&JV)

XZx

Let A be the diagonal of X x X. The left Zxx-module H[dAX}(ﬁXXX) (the
algebraic cohomology with support in A) is denoted as usual by Za. Note
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that
Dy B >~ BA.
One shall be aware that here, the dual is taken over X x X. We also introduce
B = Bn [2dx].
For .# € D>, (Zx), we have the isomorphism
RAtom , (M, M) ~ RAtAom, (B, AXDyM)[dx].
We deduce the morphism in DP(Zx x)
(5.11) B — MRD g M [dx]
and by duality, the morphism in D®(Zxx)
(5.12) MRD g M |dx| — BX.

Denote by &x the sheaf on 7% X of microdifferential operators of [SKKT73].
For a coherent Zx-module .Z set

,//E::£X®

™

-1
g T M

and recall that, denoting by char(.#) the characteristic variety of .#, we
have char(.#) = Supp(.#*). One also sets

Ca = BE, EX = (BX)".

We denote by Dg: DP(&x)°P — DP(&x) the duality functor for left &-modules:

®—-1

Dgdl .= RAom . (M ,Ex) @ 10, 10y [dy]

T

and we denote by ¢Xe the external product for &-modules:

L
MAN = Exxx ®@@ L («//@JV)

Xé&x

The morphisms (5.11) and (5.12) give rise to the morphisms
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Let A be a closed conic subset of T*X. One sets

HAEx) = (6F.x) RAom . (6a,6X),
HH, (£x) = RO (T*X; 0 Ex)),
HH} (€x) = H*(HHA(8x)) = Hy(T*X; A Ex)).

We call #54,(&Ex) the Hochschild homology of &x with support in A.
The morphisms in (5.13) define a class

(5.14) hhs () € HHgar () (€x)

that we call the Hochschild class of . .
Let S be a closed subset of X. By restricting to the zero-section X of
T* X the above construction, we obtain the Hochschild homology of Zx:

HIHDx) = (0x) ' Rtom,  (Ba,BL) ~ HHEx)|x,
HHS(.@)() = RFS(X7jfjf(.@)()),
HH§(2x) = H*(HHs(Zx)) = H§(X; A Dx)).

Then, to .# € D2, (Zx) one obtains

coh

hhy () :=hhe (A )| x € HHS, (1) (Px)-

Supp

We shall make a link between the Hochschild class of .#Z and the mi-
crolocal Euler class of a trace kernel attached to the sheaves of holomorphic
solutions of .Z. We need a lemma.

Lemma 5.9. For A, and A5 in D2, (Zx), there exists a natural morphism

L L
(5.15) RAom (ME, A7) = phom(Qx ®, M, Qx @, N).
Moreover, this morphism is compatible with the composition

R om o(ME, NE) @ R#om (NoF, NE) — Rotom ,(MNE, NP,
phom(Fy, Fy) @ phom(Fy, Fy) — phom(Fy, F3).

Proof. We have the natural morphism in D*(77'%x @ 771 9%) (see [KS85,
Prop. 10.6.2])

é&'ﬁjﬂWWwﬁx,Qx)
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This gives rise to the morphisms

Re%”omrl%{(ﬁ_lc/i/l, EX B 1, 7 )
— R%omw,lgx(ﬁ_lm, prhom(Qx, Qx)) @14 A
L L
~ phom(x Ry, N, Qx ®g, N3).
QE.D.

We have

L
Qxxx [—dx] Ry Ba = Ca,
L
QXXX [—dX] ®@X><X %x >~ WA.
Applying Lemma 5.9, one deduces the morphisms
L L
R%OmgXXX((gA,(gX) — ,uhom(QXXX ®@X><X %A, QXXX ®@X><X %X)
~ uhom(CA,wA).

An easy calculation shows that the first arrow is also an isomorphism. There-
fore, we get the isomorphism

(5.16) HAEY) 2 MAC).

Recall that the Hochschild homology of &x has been already calculated
in [BG87].

L
Applying the functor Qx,x [-dx] ®,  * to (5.11) and (5.12) we get
the morphisms

L
(517) Ca — QXX)((X)@XXX(%@D%//) — WA

Notation 5.10. For .# € D", (%x), we denote by TK(.#) the trace kernel
given by (5.17).

Since char(.#) = SS(R#om, (A, Ox)) by [KS90, Th. 11.3.3], we get
that peu,, (TK(.#)) is supported by char(.#), the characteristic variety of
M.
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Proposition 5.11. After identifying 70 Ex) and M7 Cx) by the iso-
morphism (5.16), we have hhe(.#) = peuy (TK(A)) in HH(c]har(//[)(CX)'

Proof. This follows from Lemma 5.9 applied to (5.13). Q.E.D.

Note that the class peuy (TK(.#Z)) coincides with the microlocal Euler class
of A already introduced by Schapira-Schneiders in [ScSn94].

6 Operations on microlocal Euler classes I

In this section, we shall adapt to trace kernels the constructions of [KS12,
Chap. 4 §3] and we shall show that under natural microlocal conditions of
properness, the microlocal Euler class of the composition of two kernels is
the composition of the classes.

We use Notations 3.1 and we consider a trace kernel (K, u,v) on Mis.

Lemma 6.1. Let K be a trace kernel on Mys. There are natural morphisms
m Db(lel).'

L
(61) kAla — K;;(wf;l X kAB)?
L
(62) K2O2(kA2 X (,UAS) — WA 3-
L
Proof. (i) By Lemma 4.3 (ii) we have a morphism ka,, — ka,, Z(wff&kAg).
By composing this morphism with ka,, — K, we get (6.1).

L
(ii) By Lemma 4.3 (i) we have a morphism wa,, 202(kA2 X wa,) = wa,,- By

composing this morphism with K — wa,, we we get (6.2). Q.E.D.

Let K be a trace kernel on Mo with microsupport SS(K) contained in
a closed conic subset Ajj99 of T* M99 and let Ags a closed conic subset of
T*Mys. We assume

(6.3) A1 5; 07 n1p5 A2g is proper over 1™ Myss.
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We set
Aqg i= ANi1po NTR,, M2z,
a
(6.4) Aq133 1= Aq120 S O nrps N3,
Az = Anss VTR, Mz = Az §A23-

We define a map
(65) (I)K : IMHHIA23 (k23) — MHAlS (k13)

by the sequence of morphisms

MHp, (k2s) = RUsa, o (T Magss 5 pphom(Kay,, was))

*Mosg

L L
~ Rl 'sa Ass (T*M2233 ; ,uhom(w%;l X kAS, kAQ X MAS))

T* Mosg

Y L L
— RT A,y (T Miss ; phom(K, K) %uhom(wggl X ka,, ka, Kwa,))

L L
— R‘FAUSS (T*Mngg ; ,uhom(K 2*2((A)§2_1 X kAS), K2O2(kA2 X MAS)))
— F(T*M1133 ; MhOm(kA13, wAlS)) ~ MHAIS (k13>.

Here the first arrow is given by idg, the second is given by Proposition 3.2,
and the last arrow is induced by the morphisms in Lemma 6.1.
The next result is similar to [KS12, Th. 4.3.5].

Proposition 6.2. Let Aj199 C T*Mi199 and Aoz C T Moz be closed conic
subsets satisfying (6.3) and recall the notation (6.4). Let K be a trace kernel
on My with microsupport contained in Ny19o. Then the map @ in (6.5) is

the map ,ueu]\/[lz(K)f;2 given by Corollary 4.5.

Proof. By using the morphism ka,, — K, we find the commutative diagram
below:

RI py, (T Magss; pphom(Kay,, was, ) R s, (T Myyss; phom(Ka,, Fkan ka9 Way,))

|

RT' A s (T*]\/[1133; /Lhom(K;;kA%, K%wAB)) —RIy,, (T*]\/[H?,g; pwhom(Ka,, 2>|<2kA237 K202wA23)).
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By using the morphism K — wa,,, we get the commutative diagram

RFA23 (T* Mag3s; ‘u,h,()WL(kA%., wﬁzx)) - RFAlg (T*AJHBS; ,LLhOTTL(kAu 2*2 kA23~, WA, 202 WA«;:;)) :

(6.6) T~ -

RTA 1g (T*A/[HSS:, ﬂhonL(K;;kAzm K%WAB))
Recall the morphisms in Lemma 4.3:
L ©_1 L
(6'7) WAL 202(kA2 X wAg) — WA, kA13 - kA12 ;;(WAQ X kA3)'

We get the morphisms

w: RIsa

@iy s (T Mi133; prhom(Ka,, * Kooy, wan 202wA23)
~ RF‘S%*MISAB (T Myss; phom(Ka,, g(w%;l % kny), WAL, 2o2(kA2 % wa,)))
= Rlse, | A (T Myyss; phom(Ka,,, wa,,)).-
By its construction, the morphism peu,, (K)o is obtained as the com-

position with the map w of the top row of the diagram (6.6). Since the
composition with w of the two other arrows is the morphism ®x, the proof
is complete. Q.E.D.

The next result is similar to [KS12, Th. 4.3.6].
Let i = 1,2, 7 =4+ 1 and let Aj;;; be a closed conic subset of T M;;;;.
Assume that

a
(68) A1122 X A2233 is proper over T*M1133.
22

a
Set Aq133 = A1122 2021\2233 and Ay = Ay N TzijMiijj

Theorem 6.3. Let K;; be a trace kernel on M;; with SS(K;;) C Ayjj. As-
_ L L
sume (6.8), set Ky = w%;nggg ~ (WS M kyss) ® K and set K3 =

K12 202 k23. Then
(a) K3 is a trace kernel on Mz,

(b) peuy, (Kiz) = peuy,, (Kiz2) %MGUMQS(K%) as elements of MH.(/]\lg(kl?))'
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(¢) In particular, we have Pk, 0o Pr,, ~ P .
Proof. (a) The trace kernel Ks3 defines morphisms
®-1 o 1 >
WA, X kAg — K23 — kAg X WA;-

Assuming (6.8) and using (6.1) and (6.2), we get that K3 = Ko 202[?23 is a

trace kernel on Mjs.

(b) We get a commutative diagram in which we set Aoz = peuy,, (Ka3) €

L L
MH" (k23) ~ Hom (w%; ' Wka,, ka, Kwa,):
k ©—1 L 23 L
Ay — Ko 2*2(WA2 X kAg) — Ky 202(kA2 P WA;;) = WAy,
K 2*2 kz?,

l
\—>K12202k23 J

The composition of the arrows on the bottom is peu,, ,(K13) and the com-
position of the arrows on the top is ® g, (e, (K23)). Hence, the assertion
follows from the commutativity of the diagram by Proposition 6.2.

(c) follows from (b) and Proposition 6.2. Q.E.D.

7 Operations on microlocal Euler classes 11

We shall combine Theorems 4.6 and 6.3 and make more explicit the opera-
tions on microlocal Euler classes for direct or inverse images. In particular,
applying our results to the case of constructible sheaves, we shall recover the
results of [KS90, Ch. IX §5].

Let M be a manifold and let t: N < M be closed embedding of a smooth
submanifold N. If there is no risk of confusion, we shall still denote by ky
and wy the sheaves t,ky and t,wy on M. Then ky is cohomologically
constructible and moreover

DMkN = RJ%om (kN,wM) >~ WHN.
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L
Hence, TK(ky) = ky K wy is a trace kernel on M.
Let M; be a manifold (i = 1,2), let K; be a trace kernel on M; and let
Ay; be a closed conic subset of T M;; with SS(K;) C A;. We set

For a morphism of manifolds f: M; — M, we denote by I'y its graph, a
smooth closed submanifold of M, and we set for short

Ap=Tr (M), [f=(f[f): Mu — M.
Recall the diagram (2.1)

fd f7r

T*Ml M1 X My T*MQ T*Mg
M,y M.

Note that
Ay 181/\]? = ﬁrﬁ_lAlla Af;gz/\m = J?;ij?;_l/\m-

In the sequel, we shall identify Mis19 with Mj195. We take as kernel the sheaf
TK(kr,). Then

(7.1) TK(kr,) = kp

Moreover, we have (see (5.9)):

peuy, (TK(kr,)) = peuyy,, (kr,).
Also note that

Rf K ~ K, okr, JKy ~ kp; o I,.
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External product

Applying Theorem 4.6 with M, = pt and M3 being here M,, we get the
commutative diagram

L [¢]
//%\1 (le) X %jﬁ&z (kMz) - %jﬁ\pﬂb (kM12)
—1 L -1 % ‘/ —1
R‘FAI (WM1WM1) X RPAz (WMQWMQ) - RFA1><A2 (ﬂ-MlgleZ)

and taking the global sections and the 0-th cohomology,

o

MH?\l (kM1> ® MH?\Q (kMz) MH?M X Ao (lez)

3 L A

HY (T My mif wagy) @ HY, (T Mo i wag,) —= HY o, (T Migs 73wy )

Applying Theorem 6.3, we obtain

L
Proposition 7.1. The object K1 X K5 is a trace kernel on M5 and

L L
pety,, (K B Ky) = peuy, (Kqp) X peuy,, (K5).

Direct image

Let f: My — M, and I'y be as above. Applying Theorem 4.6 with M; = pt
and My, M3 being the current My, My, we get the commutative diagram

‘%jﬂle) % %‘%L(lez) - ‘%jﬂkl\/&)

lm -

-1 a -1
T‘-leMl (1)7TM12WM12 - ﬂ-MszQ’

Now we assume

(7.2)  fis proper on Ay NTy; My, or, equivalently, fr is proper on fiAL
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We set

fu(A1) = Ao Ay = f(f7 ' (A1)

Taking the global sections and the 0-th cohomology of the diagram above,
we obtain the commutative diagram:

opeu(kr )
MHS, (ka,) S

lm

HRl (T*My; 7T1T411(,UM1)

MY, 1, (kaz,)

lw

opeu(kpf)
0 * -1
HfMAl(T M277TM2WM2>’

We have natural morphism and isomorphisms, already constructed in [KS90]:

fﬂfd_lﬂ&llel = fﬂ!ﬂ-_le1 = 7TJ\_/112f!WM1

-1
— T r, WM, -

It induces a morphism:
fu: R‘FAI (W]T/[lleJ - eru/h (W]T/[lszz)'
Lemma 7.2. Let A € HY (T*My;myfway). Then Ao peuy,, (kr,) = fu(A).

Proposition 7.3. Assume that f is proper on Ay N Ty, M. Then the
object Rfy Ky is a trace kernel on My and

/’l’euMz (R‘ﬁ Kl) = /"LeuMl (Kl) % /"LeuMlz (ka>
= Julpeuy, (Ky)).

L L L

Proof. Note that peuy,, (kr,) = peuy, (WP Mw; Kkap) ® TK(kr,)) by
~ L L L

Proposition 5.3. We have RfiK, ~ K, ﬁ(cufl_lcf((w?_l X w; X k) ®

TK(ka))> . It remains to apply Theorem 6.3 in which one replaces My, My, M;
with pt, My, Ms, respectively. Q.E.D.
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Inverse image

Let f: My — M, and I'y be as above. Applying Theorem 4.6 with M; = pt,
we get the commutative diagram

Now we assume

f is non characteristic for A,, or, equivalently, f; is proper on

(7.3) F1As.

We set

fH(A2) = Apo Ay = fa(f(A2)).

Taking the global sections and the 0-th cohomology of the diagram above,
we obtain the commutative diagram:

pen(ir )o

M3, (Kar,)

lw

HR (T My; mof wary)

MHju., (Kar,)

lw

HJQHAQ(T My T Wiy )-

We have a natural morphism constructed in the proof of [KS90, Prop. 9.3.2]:
' faky e = Tanw
Hence, we get a map:
f”; R,FA2 (77-]?412("]1‘/[2) - RFfMA2 (7TJ\_/111MM1)'

Lemma 7.4. Let A € HY (T*My; myiwa,). Then peuy,, (kr,) o A= f*(A).
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Proposition 7.5. Assume that f is non characteristic with respect to MAas.

L L~
Then the object (kg W way, /vr,) @ f1K> is a trace kernel on My and

penyy, (wa, 0 f Wi o Ka)) = peuyy,, (kr,) § prewyy, (K)
= [Hpeuy, (K2)).
Proof. Applying Theorem 6.3 with M3 = pt, we get that

L L 1 1 L 1 L
(k1 B wnr, ) @ f7 Ky ~ TK(ky) o (Wi, 0w Wwi™) @ K»)

o

22

L L
is a trace kernel. Since euyy, (w2 K w§ ™) ® Kj)) = peuyy, (K>) by Proposi-
tion 5.3, we obtain the result. Q.E.D.

Tensor product

Consider now the case where M; = M, = M and the Aj;’s satisfy the
transversality condition

(74) All N Ag2 C T1>\k4><M(M X M)

Then by composing the external product with the restriction to the diagonal,
we get a convolution map

(7.5) st MHy, (Kay) x MHy, (Kaz) — MHy, a, (Kar).

Applying Propositions 7.1 and 7.5, we get:

L L L
Proposition 7.6. Assume (7.4). Then the object K; @ (ky M wi ™) @ Koy

18 a trace kernel on M and
L L L
peuy (K @ (ky RS @ Ky) = peuy, (K) x peuy, (Ks).

Following [ScSn94, IT Cor. 5.6], we shall recall the link between the prod-
uct x and the cup product.

Proposition 7.7. Let \; € HY (T* M mylwy) (i = 1,2), and Ay N A§ C
Ty M. Then

(76) ()\1 * >\2)|M = / ()\1 U )\2)

™™

as elements of HYy o,y (M;wr).
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Proof. Denote by §: A < Mjs = M x M the diagonal embedding and let us
identify M with A. Consider the diagram

(77) TZM:[Q —f> A X My T*Mlg
Wl \Léd
A T*A

s

where 7 is the projection, d4 is the map associated with ¢, s is the zero-
section embedding and f is the restriction to A x ; T* M, of the embedding
TAM9 — T*M,. Since this diagram is Cartesian, we have

s_léd! ~ 7Tgf_1.

Now let Ay x Ay € HY  x, (T*Mya; m 'way,) and denote by Ay x 7 Ag its image
by the map

HRlXAQ(T*Mlg; 7 wnr,) — HXlXMAz(A X oty T Mgy 7 wns,,).
(Here, on the right hand side, we still denote by 7 the restriction of the
projection 7y, to A X, T*Mis.) Then
/()\1 UX) =mf (A xar Aa),
(AL x A2)|ar = 57 001 (A1 Xar Ag).
Q.E.D.

Corollary 7.8. Let K and Ky be two trace kernels on M with SS(K;) C Ay;.
Assume (7.4) and assume moreover that Supp(K;) N Supp(Ky) is compact.

L L L
Then the object RI' (M x M; K1 @ (ky Kw§ ) ®K2) is a trace kernel on pt
and

L
ey (RO(M; Ky @ (ky Kwi ') ® Ks) = /T*MMQU(KI) U peu(Ks).

Remark 7.9. Let M be a real analytic manifold and let F € D} (k).

L

Recall that one associates to F' the trace kernel TK(F') = FX D, F and that
peuy, (F) = peuy, (TK(F)). Assume now that f: M; — M, is a morphism
of real analytic manifolds.
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Let Fy € DR (ky,) and assume that f is proper on Supp(F;). Applying
Proposition 7.3 and noticing that

(7.8) RATK(F) ~ TK(RAF),

we find that peu(Rfi F1) = f,(neu(F)). It is nothing but [KS90, Prop. 9.4.2].

Let F, € D% .(kys,) and assume that f is non characteristic with respect to
F5. Applying Proposition 7.5 and noticing that
1 > L7
TK(f_ F2) = (kl X le/Mz) ®f TK(F2)7

we find that peu(f~'Fy) = f#(peu(Fy)). Hence, we recover [KS90, Prop. 9.4.3].

8 Applications: Z-modules and elliptic pairs

As an application of Theorem 6.3, we shall recover the theorem of [ScSn94]
on the index of elliptic pairs. In this section, X is a complex manifold, k = C,
A is an object of D® | (Zx) and F is an object of D (Cx).

coh

Recall that we have denoted by TK(F') and TK(.#') (see Notation 5.10)
the trace kernels associated with F' and with .#, respectively:

L
TK(F) = FXDyF,
L
TK(%) = QXXX@@XXX (///ED@,///)
The pair (., F) is called an elliptic pair in loc. cit. if char(.#) N SS(F) C
T%X. From now on, we assume that (., F') is an elliptic pair.

It follows from Proposition 7.6 that the tensor product of TK(F') and

TK( ) shifted by —2dx is again a trace kernel. We denote it by TK(.#Z, F).
Hence

L L
(8.1) TK (M, F) ~ Qxux®,, _(MEDy.M) & (FKDYF).
Moreover the same statement gives:

(8.2) peuy (TK( A, F)) = peuy (M) * peuy (F).
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We set

(8.3) Sol(A, F) := RHom , (4 @ F, Ox),
(8.4) DR(.A, F) i= RI(X; O, .4 & F) [dx].

As explained in [ScSn94], Theorem [KS90, Th 11.3.3] and isomorphism (2.7)
provides a generalization of the classical Petrovsky regularity theorem, namely,
the natural isomorphisms

(8.5) RAom , (M, D F @ Ox) =% Rtom,, (M & F,0x).

Now assume that Supp(.#) N Supp(F) is compact and let us take the global
sections of the isomorphism (8.5). We find the isomorphism

(8.6) RHom, (#,D\F ® Ox) =~ RHom,, (A4 @ F,Ox).

It is proved in [ScSn94] ! that one can represent the left hand side of (8.6) by
a complex of topological vector spaces of type DFN and the right hand side
of (8.6) by a complex of topological vector spaces of type FN. It follows that
the complexes Sol(.#, F') and DR(.# , F) have finite dimensional cohomology
and are dual to each other. More precisely, denoting by (+)* the duality
functor in D}(C), we have

(Sol(, F))" ~DR(4,F).

It follows from the finiteness of the cohomology of the complexes Sol(.Z, F)
and DR(.Z,F) that

RI(X x X;TK(#,F)) ~ Sol(.#,F)®DR(4,F).

One checks that this isomorphism commutes with the composition of
the morphisms C — RI'(X x X;TK(.#,F)) - C and C — Sol(AZ,F) ®
DR(#,F) — C, which implies

(8.7) ety (RO(X x X; TK(A, F)) = x(Sol(A4, F)).

Therefore, one recovers the index formula of loc. cit.

X(RHom, (4 @F,0x)) = [((peux () * peuy(F))|x
- fT*X peuy () U peuy (F).

'In fact, the finiteness of the cohomology of this complex is only proved in loc. cit.
under the hypothesis that .# admits a good filtration, but this hypothesis may be removed
thanks to the results of [KS96, Appendix].

(8.8)
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Remark 8.1. In general the direct image of an elliptic pair is no more an
elliptic pair. However, it remains a trace kernel.

Remark 8.2. As already mentioned in [ScSn94], formula (8.8) has many
applications, as far as one is able to calculate peuy (.#) (see the final remarks
below). For example, if M is a compact real analytic manifold and X is a
complexification of M, one recovers the Atiyah-Singer theorem by choosing
F =D'Cy. If X is a complex compact manifold, one recovers the Riemann-
Roch theorem: one takes FF = Cx and if .% is a coherent &'x-module, one
sets M = Dx Rpy F.

9 The Lefschetz fixed point formula

In this section, we shall briefly show how to adapt the formalism of trace
kernels to the Lefschetz trace formula as treated in [KS90, § 9.6]. Here we
assume that k is a field.

Assume to be given two maps f,g: N — M of real analytic manifolds,
an object F' € D% (kys) and a morphism

(9.1) o: f'F = ¢'F.
Set

h=1(g,f): NxN— Mx M,

S =Supp(F), L=h""(Ay)=A{(z,y) € NxN;glx)=f(y)},
1: L — N X N,

T=f1(SNg '(9).

One makes the assumption
(9.2) The set T is compact.
Then we have the maps
RI(M; F) = RTj-1g(N; f7'F) 5 RI'p(N; g' F) — RT(M; F).

The composition gives a map
(9.3) /ap: RI'(M; F) — RI'(M; F),
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and this map factorizes through RI'7(N; ¢' F) which has finite-dimensional
cohomologies. Hence, we can define the trace tr( [ ¢).
We have the chain of morphisms

ky — RJom(g'F,g'F)
L
% RAtom (f'F,g' F) ~ 6\ (¢ FRDyfIF)
L L
~ ON(¢'FR f'DyF) ~ 6y h (FRDyF).

We have thus constructed the morphism
. L
kay = b (FRDyF).

L
By using the morphism FXD ) F — wa,, and the isomorphism h'wa,, ~
1xwr, we get the morphisms

L
(9.4) kay = A (FRDyF) = iwg
in D”(kyyx). The support of the composition is contained in §x (7)) N L.

Theorem 9.1 ([KS90, Proposition 9.6.2]). The trace tr([ o) coincides with
the image of 1 € k by the composition of the morphisms

k — RI'(N,ky) — RI'.(L,wr) — k.
Here the middle arrow is derived from (9.4).

Although (9.4) is not a trace kernel in the sense of Definition 5.1, it should
be possible to adapt the previous constructions to the case of Z-modules and

to elliptic pairs, then to recover a theorem of [Gu96] but we do not develop
this point here (see [RTT12] for related results).

Final remarks

The microlocal Euler class of constructible sheaves is easy to compute since
it is enough to calculate some multiplicities at generic points. We refer
to [KS90] for examples.

On the other hand, there is no direct method to calculate the microlocal
Euler class of a coherent Z-module .# (except in the holonomic case). In
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[ScSn94], the authors made a precise conjecture relying peuy (.#) and the
Chern character of the associated graded module (an €7« x-module), and this
conjecture has been proved by Bressler-Nest-Tsygan [BNT02].

Similarly, the Hochschild class of coherent &'x-modules is usually cal-
culated through the so-called Hochschild-Kostant-Rosenberg isomorphism,
but this isomorphism does not commute with proper direct images, and a
precise conjecture (involving the Todd class) has been made by Kashiwara
in [Ka91] and this conjecture has recently been proved in the algebraic case
by Ramadoss [Ra06] and in the general case by Grivaux [Gr09].
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