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Abstract

This paper is an attempt to better understand Tamarkin’s ap-
proach of classical non-displaceability theorems of symplectic geome-
try, based on the microlocal theory of sheaves, a theory whose main
features we recall here. If the main theorems are due to Tamarkin,
our proofs may be rather different and in the course of the paper we
introduce some new notions and obtain new results which may be of
interest.

Introduction

In [12], D. Tamarkin gives a totally new approach for treating classical prob-
lems of non-displaceability in symplectic geometry. His approach is based on
the microlocal theory of sheaves, introduced and systematically developed in
[3, 4. [5]. (Note however that the use of the microlocal theory of sheaves also
appeared in a related context in [7), 9] [§].)

The aim of this paper was initially to better understand Tamarkin’s ideas
and to give more accessible proofs by making full use of the tools of [5] and of
the recent paper [2]. But when working on this subject, we found some new
results which may be of interest. In particular, we make here a systematic
study of the category of torsion objects.

Let us first briefly recall the main facts of the microlocal theory of sheaves.
Consider a real manifold M of class C* and a commutative unital ring k of
finite global dimension. Denote by D”(ky,) the bounded derived category of
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sheaves of k-modules on M. In loc. cit. the authors attach to an object F
of DP(kyy) its singular support, or microsupport, SS(F), a closed subset of
T*M, the cotangent bundle to M. The microsupport is conic for the action
of R on T*M and is involutive (i.e., co-isotropic). The microsupport allows
one to localize the triangulated category D"(ky,), and in particular to define
the category DP(ky; U) for an open subset U C T*M. This theory is “conic”,
that is, it is invariant by the R*-action and is related to the homogeneous
symplectic structure rather than the symplectic structure.

In order to get rid of the homogeneity, a classical trick is to add a variable
which replaces it. This trick appears for example in the complex case in [10]
where a deformation quantization ring (with an A-parameter) is constructed
on the cotangent bundle 7% X to a complex manifold X by using the ring of
microdifferential operators of [11] on 7%(X x C). Coming back to the real
setting, denote by ¢ a coordinate on R, by (¢; 7) the associated coordinates on
TR, by T, ., (M x R) the open subset {7 > 0} of 7(M x R) and consider
the map

P Ty (M X R) = T' M, (3,,6,7) o (2:6/7).

Tamarkin’s idea is to work in the localized category DP(kyrxr; {7 > 0}),
the localization of D(ky;xr) by the triangulated subcategory D?Tgo}(kMxR)
consisting of sheaves with microsupport contained in the set {r < 0}. He
first proves the useful result which asserts that this localized category is
equivalent to the left orthogonal to Dl{)7-<0}(kM><R) and that the convolution
by the sheaf ky;>0y is a projector on this left orthogonal.

Let us introduce the notation D(k],) := D"(kysxg; {7 > 0}) and, for
a closed subset A C T*M, let us denote by D4 (k]},) the full triangulated
subcategory of DP(k]},) consisting of objects with microsupport contained in
p LA

The first result of Tamarkin is a separability theorem. If A and B are
two compact subsets of T*M, F € D% (k},), G € Di(k},), and if AN B =0,
then Hom p, 0 1 (F, G) = 0.

M

The second result of Tamarkin is a Hamiltonian isotopy invariance the-
orem, up to torsion, that is, after killing what he calls the torsion objects.
An object F' € DP(kj},) is torsion if there exists ¢ > 0 such that the natural
map F — T.,(F) is zero, T.,(F') denoting the image of F' by the translation
t — t + ¢ in the t-variable. Let I be an open interval of R containing [0, 1]
and let ® = {p;}sesr be a Hamiltonian isotopy (with o = id) such that there



exists a compact set C' C T M satisfying o,|r-ync = idpeanc for all s € 1.
Tamarkin constructs a functor ¥: DY (k},) — DZI(A)(kX/[) such that U(F) is
isomorphic to F' modulo torsion, for any F' € DY (kj,).

From these two results he easily deduces that if A, B C T*M are com-
pact sets and if there exist ' € D5(k],), G € D%(k},) such that the map
RHome(kX{)(F, G) — RHome(kX{)(F, T.(G)) is not zero for all ¢ > 0, then
the sets A and B are mutually non displaceable, that is, for any Hamiltonian
isotopy @ as above and any s € I, AN, (B) # (.

Let us describe the contents of this paper.

In Section [I] we recall some constructions and results of [5] on the mi-
crolocal theory of sheaves.

In Section 2 we recall the main theorem of [2] which allows one to quantize
homogeneous Hamiltonian isotopies and we also give some geometrical tools
relying homogeneous and non homogeneous symplectic geometry.

In Section B we study convolution of sheaves on a trivial vector bundle
E = M x V over M as well as the category D"(kg; U,), the localization of
the category D (kg) on U, = E x V x Int(7§) where Int(v§) is the interior of
the polar cone to a closed convex proper cone 7, in V. We prove in particular
a separability theorem in this category.

In Section @l we introduce the Tamarkin category D"(k},), that is, the
category D" (kg; U,) for E = M x R and v = {t > 0}.

In Section Bl we make a systematic study of the category .44, of torsion
objects, proving that this category is triangulated and also proving that,
under some hypothesis on the microsupport, an object is torsion if and only
if its restriction to one point is torsion (Theorem [B.12).

Finally, in Section [l we give a proof of the Hamiltonian isotopy invariance
theorem of Tamarkin. The existence of the functor ¥ mentioned above is
now an easy consequence on the results of [2], and one checks that this
functor induces a functor isomorphic to the identity functor modulo torsion.
As already mentioned, Tamarkin’s non displaceability theorem is an easy
corollary of the preceding results.

Note that, for the purposes we have in mind, we do not need to consider
the unbounded derived category D(ky,), as did Tamarkin, but only its full
triangulated category D™ (k) consisting of locally bounded objects. Also
note that our notations, as well as our proofs, may seriously differ from
Tamarkin’s ones.



In a next future, motivated by the papers of Fukaya-Seidel-Smith [I] and
Nadler [§], we plan to use the tools developed here to study sheaves associated
with smooth Lagrangian manifolds.
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1 Microlocal theory of sheaves

In this section, we recall some definitions and results from [5], following its
notations with the exception of slight modifications. We consider a real
manifold M of class C™.

Some geometrical notions ([5, § 4.2, § 6.2])

For a locally closed subset A of M, one denotes by Int(A) its interior and by
A its closure. One denotes by Ay, or simply A the diagonal of M x M.

One denotes by 7: TM — M and 7: T*M — M the tangent and cotan-
gent bundles to M. If L C M is a (smooth) submanifold, we denote by 77, M
its normal bundle and 77 M its conormal bundle. They are defined by the
exact sequences

0—=TL—LxyTM—TM — 0,
0—=>T/M — LxyT"M —T*L — 0.

One identifies M to T}, M, the zero-section of T*M. One sets T*M :=T*M \
Ty M and one denotes by 7y T*M — M the projection.

Let f: M — N be a morphism of real manifolds. To f are associated the
tangent morphisms

(1) TM L M xy TN L-TN

)

M=—=M N.




By duality, we deduce the diagram:

2) T*M <" M xy T*N -~ TN

P

M:M N‘

One sets
Ty N :=Ker fy = f;7 (T3 M).

Note that, denoting by I'y the graph of f in M x N, the projection 7 (M X
N) = M x T*N identifies T (M x N) and M xy T"N.

For two subsets S;,S5; C M, their Whitney’s normal cone, denoted
C(S1,S2), is the closed cone of T'M defined as follows. Let (z) be a lo-
cal coordinate system and let (x;v) denote the associated coordinate system
on T'M. Then

To;vg) € C(S1,S52) C TM if and only if there exists a se-
(03 v0) ; y

quence {(Zp, Yn, Cn)n C S1 x Sy x RT such that z, > o,
Yn = 2o and ¢, (1, — Yn) = Vo.

For a subset S of M and a smooth closed submanifold L of M, the Whitney’s
normal cone of S along L, denoted Cp(S), is the image in T, M of C(L,S).
If L = {p}, we write C,(S5) instead of Cy,}(95).

Now consider the homogeneous symplectic manifold 7*M: it is endowed
with the Liouville 1-form given in a local homogeneous symplectic coordinate
system (x;&) on T*M by

Qpnr = <£7d$>
The antipodal map ay; is defined by:
(3) ay: T"M — T*M, (x;€) — (x;=E).

If A is a subset of T*M, we denote by A® instead of ays(A) its image by the
antipodal map.

We shall use the Hamiltonian isomorphism H: T*(T*M) =~ T(T*M)
given in a local symplectic coordinate system (z;¢&) by

H((A, dx) + (p, d€)) = —(X, O) + (1, Ou).



Definition 1.1. (see [3, Def. 6.5.1]) A subset S of T*M is co-isotropic (one
also says involutive) at p € T*M if for any ¢ € TT* M such that the Whitney
normal cone C,(S, S) is contained in the hyperplane {v € TT*M; (v, 0) = 0},
one has —H(f) € C,(S). A set S is co-isotropic if it is so at each p € S.

When S is smooth, one recovers the usual notion.

Microsupport

We consider a commutative unital ring k of finite global dimension (e.g.
k = Z). We denote by D(ky) (resp. DP(ky,)) the derived category (resp.
bounded derived category) of sheaves of k-modules on M.

Recall the definition of the microsupport (or singular support) SS(F) of
a sheaf F'.

Definition 1.2. (see [5, Def. 5.1.2]) Let ' € D"(ky) and let p € T*M. One
says that p ¢ SS(F") if there exists an open neighborhood U of p such that
for any o € M and any real C''-function ¢ on M defined in a neighborhood
of x satisfying dy(zy) € U and ¢(x) = 0, one has (RI'(z;4()>01 (F))zo =~ 0.

In other words, p ¢ SS(F) if the sheaf F' has no cohomology supported
by “half-spaces” whose conormals are contained in a neighborhood of p.

e By its construction, the microsupport is closed and is R*-conic, that
is, invariant by the action of R™ on T*M.

o SS(F)NTyM =7 (SS(F)) = Supp(F).

e The microsupport satisfies the triangular inequality: if F} — F, —
F3 5 is a distinguished triangle in D" (kar), then SS(F;) C SS(F;) U
SS(Fy) for all 4,5, k € {1,2,3} with j # k.

Theorem 1.3. (see [B, Th. 6.5.4]) Let F' € D"(kys). Then its microsupport
SS(F) is co-isotropic.

In the sequel, for a locally closed subset Z in M, we denote by k; the constant
sheaf with stalk k on Z, extended by 0 on M \ Z.

Example 1.4. (i) If F' is a non-zero local system on a connected manifold
M, then SS(F') = T, M, the zero-section.



(ii) If N is a smooth closed submanifold of M and F' = ky, then SS(F') =
T M, the conormal bundle to N in M.

(iii) Let ¢ be C'-function with dp(z) # 0 when p(x) = 0. Let U = {z €
M;o(x) >0} and let Z = {z € M;p(x) > 0}. Then

SS(ky) = U xp Ty M U {(z; Mdp(x)); o(z) =0
SS(kz) = Z X Ty M U{(z; Adg(x)); p(x) = 0,

(iv) Let (X, Ox) be a complex manifold and let .# be a coherent module
over the ring Zx of holomorphic differential operators. (Hence, .# rep-
resents a system of linear partial differential equations on X.) Denote by
F'=Ritom, (M ,Ox) the complex of holomorphic solutions of .#. Then
SS(F') = char(.#), the characteristic variety of .Z .

Functorial operations (proper and non-characteristic cases)

Let M and N be two real manifolds. We denote by ¢; (i = 1,2) the i-th
projection defined on M x N and by p; (i = 1,2) the i-th projection defined
on T*(M x N) ~ T*M x T*N.

Definition 1.5. Let f: M — N be a morphism of manifolds and let A C
T*N be a closed Rf-conic subset. One says that f is non-characteristic for
A (or else, A is non-characteristic for f, or f and A are transversal) if

AN NTyN C M xy THN.

A morphism f: M — N is non-characteristic for a closed RT-conic subset
A of T*N if and only if fg: M xy T*N — T*M is proper on f-*(A) and in
this case fyf~'(A) is closed and R*-conic in T*M.

We denote by wy, the dualizing complex on M. Recall that wy; is iso-
morphic to the orientation sheaf shifted by the dimension. We also use the

-1
notation wy;/n for the relative dualizing complex wy @ f _1w;€3 . We have
the duality functors

(4) Dy(¢) =Room (e, wy),

(5) Dy () = Rotom (+ ka).

Theorem 1.6. (See [5, § 5.4].) Let f: M — N be a morphism of manifolds,
let F € DP(ky;) and let G € D*(ky).



(i) One has

L
SS(F X G) C SS(F) x SS(G),
SS(Rs#om (q; ' F, g5 'G)) C SS(F)* x SS(G).
(ii) Assume that f is proper on Supp(F). Then SS(RAF) C frf;'SS(F).

(i) Assume that f is non-characteristic with respect to SS(G). Then the
natural morphism f~1G Q@uwyn — f{(@Q) is an isomorphism. Moreover

SS(f'G)USS(f'G) C faf;'SS(G).

(iv) Assume that f is smooth (that is, submersive). Then SS(F) C M xy
T*N if and only if, for any j € 7Z, the sheaves H’(F) are locally constant
on the fibers of f.

For the notion of a cohomologically constructible sheaf we refer to [3]
§ 3.4].

Corollary 1.7. Let Fy, F, € DP(ky,).
(1) Assume that SS(Fy) N SS(F2)* C Ti; M. Then

L

(ii) Assume that SS(Fy) N SS(Fy) C Ty M. Then
SS(R%O?TL (Fl, Fg)) C SS(Fl)a + SS(FQ)

Moreover, assuming that Fy is cohomologically constructible, the natural

L
morphism D'F} @ Fy — Ro€om (Fy, F») is an isomorphism.

The next result follows immediately from Theorem [L6] (ii). It is a partic-
ular case of the microlocal Morse lemma (see [5, Cor. 5.4.19]), the classical
theory corresponding to the constant sheaf F' = k.

Corollary 1.8. Let I € D”(kyy), let o: M — R be a function of class C*
and assume that @ is proper on supp(F'). Let a < b in R and assume that
do(x) ¢ SS(F) for a < o(x) < b. Then the natural morphism

RI(p7Y(] — 00,b]); F) = R (¢~ (] — 00, al); F') is an isomorphism.



Corollary 1.9. Let I be a contractible manifold and let p: M x I — M
be the projection. If F € DP(kysx;) satisfies SS(F) C T*M x TFI, then
F~p 'Rp.F.

Proof. 1t follows from Theorem (iv) that the restriction F|(;)x; is locally
constant for any z € M. Then the result follows from [5, Prop. 2.7.8]. O

Corollary 1.10. Let I be an open interval of R and let g: M x I — 1
be the projection. Let F € DP(kyrwr) such that SS(F) N (T M x T*I) C
Tr (M x I) and q is proper on Supp(F). Then we have isomorphisms
RI(M; Fy) ~ RI'(M; F,) for any s,t € I.

Proof. 1t follows from Theorem that SS(Rq.(F')) € TjI. Hence, there
exists V € DP(k) and an isomorphism Rq,(F) ~ V;. (Recall that V; = a;'V/,
where a; — {pt} is the projection and V' is identified to a sheaf on {pt}.)
Since we have RI'(M; Fy) ~ (Rq.(F'))s the result follows. O

Kernels ([5, § 3.6])

Notation 1.11. Let M; (i = 1,2,3) be manifolds. For short, we write
M;j:=M; xM; (1 <i,j <3)and Mya3 = My x My x Ms. We denote by ¢; the
projection M;; — M; or the projection Mjo3 — M; and by ¢;; the projection
M93 — M;;. Similarly, we denote by p; the projection T M;; — T*M,; or the
projection 1" M9 — T M; and by p;; the projection T Myo3 — T™M;;. We
also need to introduce the map pi2., the composition of p1» and the antipodal
map on 1™ M,.
Let A C T*Miy; and B C T*Mss. We set

A Xy B = p1_21(A) mpgals(B)
AoB = p13(A XT* Mya B)

= {(x1,23;&1,&3) € T*M3; there exists (x9;&) € T* M,
(21, 72;61,62) € A, (12,235 —E2,&3) € BY.

We consider the operation of composition of kernels:

(6)

o Db(k]\/hz) X Db(kM23) — Db(ka)

(7) -
(K1, K3) — KioKy:=Raqs (g K1 ® a3 Ky).



Let A; = SS(K;) C T*M,; ;41 and assume that

(1) qu3 Is proper on gy’ supp(K71) N gz’ supp(K),
(8) (i) pra Ay N pasAs N (Ti, My x T* My x Tiy M)
C TJ>\k/[1><M2><M3(M1 X M2 X Mg)
It follows from Theorem that under the assumption (§) we have:

(9) SS(Ki0K,) C Ao A,.

Characteristic inverse images

Theorem treats the easy cases of external tensor product or external
Hom , non-characteristic inverse images or proper direct image. In order to
treat more general cases we introduce some additional geometrical notions.

Let A be a smooth Lagrangian submanifold of 7*M. The Hamiltonian
isomorphism defines an isomorphism

T*A ~T\T*M.

Let j: L — M be the embedding of a smooth submanifold L of M. The
Liouville form defines an embedding

Now consider a morphism of manifolds f: M — N and let us identify M to
the graph of f in M x N. For a subset B C T*N one sets:

(10) fﬁ(B) =T"MnN CT]C[(MXN)(TJT/[M x B).
In local symplectic coordinate systems (x;&) on M and (y;n) on N one has

(w0;&) € fH(B) if and only if there exist sequences
(11) {zn}n € M and {(yn; M) }n C B such that
Tn — 20, "f'(0) - O = & and Yn — (@) - |1 0.

For two closed RT™-conic subsets A and B of T*M one sets

(12) AT B=T*MnC(A B".
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Here, C'(A, B*) is considered as a subset of T*T*M via the Hamiltonian
isomorphism and 7% M is embedded into T*T*M via the Liouville form a;.
In a local coordinate system, one has

(20:¢0) € AF B if and only if there exist se-

(13) quences {(z,;&,)}n in A and {(y,;7,) }n in B such
that L, £> 205 Yn i> 205 gn + Tin £> CO and

T — Ynl - [l = 0.
Theorem 1.12. (See [5, Cor. 6.4.4, 6.4.5].) Let Fy,F, € D"(ky) and let
G € D"(ky). Then

SS(Fy & F) € SS(F) T SS(F).
SS(R#om (Fy, I,)) C SS(Fy) F SS(Fy)?,
SS(f'G)USS(f'G) C fH(SS(G)).

Non proper direct images

We shall also need a direct image theorem in a non proper case.

Consider a constant linear map wu of trivial vector bundles over M, that
is, we assume that F; = M x V; (i = 1,2) and u: V; — V4 is a linear map.
The map u defines the maps described by the diagram

"M x Vi x Vi

T*M x Vi x V¥ T*M x Vo x V5.

T*M x Vo x Vf
Note that for a subset A of T*FE; we have
(14) un(ug' (A)) = v7' (v:(A)).

Notation 1.13. Let u: Ey — E5 be a constant linear map of trivial vector
bundles over M and let A C T*FE, be a closed subset. We set

(15) ug(A) = vy (ve(A)).

11



In Lemmas [[.T4] and below we use the notations @, G, and [[, G,
for a family {G, }nen in DP(kyr). We define it as follows. Let p: M x N —
M be the projection. Then we have a unique G € DP(kjsxn) such that
Glrx{ny = Gy, for all n, and we set @, G, :=RpG and [], G, := Rp,G.

Lemma 1.14. Let M be a manifolds and let {U,},en be an increasing se-
quence of open subsets of M such that M = |, U,. Then, for any F' €
D"(kys), we have the distinguished triangles

P Fu, = P Fy, » F 5, F— [[ROu,(F) === [[ Rlw, (F) =5,

where sy is the sum of the natural morphisms Iy, — Fy, ., and sy the product
of the natural morphisms RI'y, . (F') — RIy,(F) for n > 0 and the zero

morphism forn = —1.

Proof. These triangles arise from similar exact sequences of sheaves when F
is a flabby sheaf. The exactness can be checked easily on the stalks in the
first case and on sections over any open subset in the second case. O

Lemma 1.15. Let f: M — N be a morphism of manifolds and let {U, }en
be an increasing sequence of open subsets of M such that M =, U,,. Then,
for any F € DP(kyy), we have

SS(RAF) € [ USSRAFL,)).  SS(RLF) € [ JSS(RLRTY, (F)).

Proof. We can check, similarly as in [5 Exe. V.7], that for any family
{G,}nen in DP(ky) we have SS(ED, G,.) USS(],, G») € U, SS(G,). Then
the result follows from Lemma [[ T4l and the fact that R f; commutes with &
and Rf, with JT. O

The following result is due to Tamarkin [I2] Lem. 3.3] but our proof is
completely different.

Theorem 1.16. Let u: Fy — FEs be a constant linear map of trivial vector
bundles over M and let F € DP(kg,). Then SS(Ru/F) C uy(SS(F)). The
same estimate holds with Ru,F' replaced with Ru, F.
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Proof. (i) By decomposing u by its graph, one is reduced to prove the result
for an immersion and for a projection. Since the case of an immersion is
obvious, we restrict ourselves to the case where £'= M x V and u: £ — M
is the projection. Moreover the result is local on M and we may assume that
M is an open subset in a vector space W.

(ii) We consider (zo;&y) € T*M ~ M x W* such that (zo; &) € uy(SS(F)).
We will prove that (xo; &) € SS(Ru F') USS(Ru.F). If & = 0, then F|yy«y =~
0 for some neighborhood U of xy and the result follows easily. Hence we
assume that £ # 0. Up to shrinking M we may find an open cone C' C

W* x V* such that (£,0) € C and SS(F)N (M x V) x C) = 0.

(iii) We choose an open convex cone v C W x V such that 70 ({0} x V) =
{(0,0)} and 7° € C. We also choose two sequences of points {z, }nen, resp.
{2] }nen, of W x V such that W x V is the increasing union of the cones
Yn = Zn — 7, Tesp. v, = 2, + 7. By Lemma it is enough to show

(SS(Ru.RI,, F) USS(Ru(F, ))) N (M x (C N (W* x {0})) = 0.

(iv) By LemmaB.I6 below SS(ky) C (W x V) x(—=C). Using D), (ks;) ~ k,
we deduce SS(k,,) C (W x V) x C. Similarly SS(k,,) C (W x V) x (=C).
Since SS(F) N (M x V) x C') = 0, Corollary [T gives

(SS(RL,, F) USS((F,, ) N (M x V) x C) = 0.

Since 7 N ({0} x V) = {(0,0)} the map w: M x V — M is proper on all 7,
and 7/, and the result follows from Theorem (ii). O

For a trivial vector bundle £ = M x V' we denote by
(16) T T"E —T"M x V*,

or 7 if there is no risk of confusion, the natural projection. We say that a
subset of T*M x V* is a cone if it is stable by the multiplicative action of
R* given by

(17) A (3€,0) = (x; A, A\v).

We will be mainly concerned with the case where F' € DP(kg) has a micro-
support bounded by 75'(A) for some closed cone A C T*M x V*.
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Let u: B4y = M x Vi — Ey = M x V5 be a constant linear map of trivial
vector bundles over M and denote by

(18) Ug: T"M x ViF = T"M x V[
the map associated with wu.

Corollary 1.17. Let u: Ey — E5 be a constant linear map of trivial vector
bundles over M and let F € D"(kg,). Assume that SS( ) C 7y (A1) for
a closed cone Ay C T*M x Vi. Then SS(RwF) C 75ty (Ar). The same
estimate holds with Ru,F' replaced with Ru, F

Proof. We have v (75! (A;)) = A; x V5 and this set is closed. We thus have

us (T (Ar)) = Va 1(?f7r(7TE1 (A1) = urlug ' (Ay x V1))
= Uy (Ay) X Vo =T Uy (Ay).

Localization

Let .7 be a triangulated category, .4 a null system, that is, a full triangulated
subcategory with the property that if one has an isomorphism F ~ G in .
with ' € A4, then G € 4. The localization .7 /4" is a well defined
triangulated category (we skip the problem of universes). Its objects are
those of .7 and a morphism u: F; — F, in .7 becomes an isomorphism in
T | A if, after embedding this morphism in a distinguished triangle F; —
Fy— Fy 2 one has Fy € ..

Recall that the left orthogonal .4 ! of 4 is the full triangulated sub-
category of .7 defined by:

={F € J;Hom ,(F,G) ~0 for all G € A}

By classical results (see e.g., [6, Exe. 10.15]), if the embedding A+l
7 admits a left adjoint, or equivalently, if for any F' € .7, there exists a
distinguished triangle F' — F — F" ©5 with F' € 41 and F” € A, then
there is an equivalence At ~ T/ 4.

Of course, there are similar results with the right orthogonal .4 7.

14



Now let U be a subset of T*M and set Z = T*M\U. The full subcategory
D% (k) of D(ky,) consisting of sheaves F such that SS(F) C Z is a null
system. One sets

D" (kas; U) := D" (kar) /D (kas),

the localization of DP(ky,) by D% (k). Hence, the objects of DP(kys; U) are
those of DP(kj,) but a morphism u: F; — F, in D°(ky,) becomes an iso-
morphism in D®(ky,; U) if, after embedding this morphism in a distinguished
triangle F; — Fy — F3 =, one has SS(F3) N U = 0.

For a closed subset A of U, Db (ky; U) denotes the full triangulated sub-
category of DP(kys; U) consisting of objects whose microsupports have an
intersection with U contained in A.

Quantized symplectic isomorphisms ([5, §7.2])

Consider two manifolds M and N, two conic open subsets U C T*M and
V C T*N and a homogeneous symplectic isomorphism x:

(19) T*N >V =5 U C T*M.
X

Denote by V® the image of V' by the antipodal map ay on T*N and by A
the image of the graph of ¢ by idy xay. Hence A is a conic Lagrangian
submanifold of U x V. A quantized contact transformation (a QCT, for
short) above  is a kernel K € D"(ky;xn) such that SS(K) N (U x V) C A
and satisfying some technical properties that we do not recall here, so that
the kernel K induces an equivalence of categories

(20) Ko«:DP(ky; V) =% DP(kys U).

Given x and g € V', p = x(q) € U, there exists such a QCT after replacing
U and V by sufficiently small neighborhoods of p and gq.

Simple sheaves ([5l, §7.5])

Let A C T*M be alocally closed conic Lagrangian submanifold and let p € A.
Simple sheaves along A at p are defined in [5, Def. 7.5.4].

When A is the conormal bundle to a submanifold N C M, that is, when
the projection 7y |5 : A — M has constant rank, then an object F' € D" (k)
is simple along A at p if F' =~ ky [d] in DP(ky; p) for some shift d € Z.
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If SS(F') is contained in A on a neighborhood of A, A is connected and F
is simple at some point of A, then F' is simple at every point of A.

The functor phom ([5, §4.4, §7.2])

The functor of microlocalization along a submanifold has been introduced
by Mikio Sato in the 70’s and has been at the origin of what is now called
“microlocal analysis”. A variant of this functor, the bifunctor

(21) phom: DP (k)P x DP(kps) — DP(kpear)

has been constructed in [5]. Let us only recall the properties of this functor
that we shall use. For F,G € D"(k,,), with F' cohomologically constructible,
we have

R phom(F,G) =~ R#om (F,G),

Rrunhom(F,G) ~ D,/ (F)& G

and we deduce the distinguished triangle
L
(22) D) (F)® G — R#om (F,G) — Ritag, (pthom(F, G)|g.,,) — .

Let A C T*M be a locally closed smooth conic Lagrangian submanifold and
let F' € DP(ky,) be simple along A. Then

(23) phom(F, F)|x >~ kj.

2 Quantization of Hamiltonian isotopies

In this section, we recall the main theorem of [2].

We first recall some notions of symplectic geometry. Let X be a symplec-
tic manifold with symplectic form w. We denote by X* the same manifold
endowed with the symplectic form —w. The symplectic structure induces the
Hamiltonian isomorphism h: 7'X =% T*X by h(v) = ¢,(w), where ¢, denotes
the contraction with v (in case X is a cotangent bundle we have h = —H !,
where H is used in Definition [[LT]). To a vector field v on X we associate in
this way a 1-form h(v) on X. For a C*-function f: X — R, the Hamiltonian
vector field of f is by definition H;:=—h~*(df).
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A vector field v is called symplectic if its flow preserves w. This is equiv-
alent to .Z,(w) = 0 where %, denotes the Lie derivative of v. By Cartan’s
formula (%, = d, + 1, d) this is again equivalent to d(h(v)) = 0 (recall
that dw = 0). The vector field v is called Hamiltonian if h(v) is exact, or
equivalently v = Hy for some function f on X.

Let I be an open interval of R containing the origin and let &: X x I — X
be a map such that ps:=®(-,s): X — X is a symplectic isomorphism for each
s € I and is the identity for s = 0. The map ® induces a time dependent

vector field on X
0P
24 = I —-TX.
( ) Vo D5 XxI—=TX
The “time dependent” 1-form § = h(ve): X x I — T*X satisfies d(fs) = 0 for
any s € I. The map @ is called a Hamiltonian isotopy if vg s is Hamiltonian,

that is, if g, is exact, for any s. In this case we can write 5, = —d(fs) for
some C*°-function f: X x I — R. Hence we have

0P

— =Hy..

ds I

The fact that the isotopy ® is Hamiltonian can be interpreted as a geo-
metric property of its graph as follows. For a given s € I we let A, be the
graph of p;! and we let A’ be the family of A,’s:

As ={(ps(v),v);v e X} C X x X,
N ={(ps(v),v,8);vEX, sel} CXxX"xI.
Thus Ay is a Lagrangian submanifold of X x X% Now we can see that ¢ is

a Hamiltonian isotopy if and only if there exists a Lagrangian submanifold
A C X x X% x T*I such that, for any s € I,

(25) Ay=AoT’I.

(Here, the notation « o ¢ is a slight generalization of (@) to the case where

the symplectic manifolds are no more cotangent bundles.) In this case A is
written

(26) A = {(2(v,s),v,5 —f(P(v,s),s));vEX,sel},

where the function f: X x I — R is defined up to addition of a function
depending on s by ve s = Hy,.
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Homogeneous case

Let us come back to the case X = T*M and consider ®: T*M x I — T*M
such that

(27) s is a homogeneous symplectic isomorphism for each s € I,
80() - ldT*M .

In this case ® is a Hamiltonian isotopy and there exists a unique homogeneous
function f such that ve , = Hy,. It is given by

(28) f={a,vp): T*M x I = R.

Since f is homogeneous of degree 1 in the fibers of T*M, the Lagrangian
submanifold A of T7*M x T*M x T*I associated to f in (IEI) is R™-conic.

We say that ' € D(ky,) is locally bounded if for any relatively compact
open subset U C M we have F|y € D (ky). We denote by D'(ky,) the full
subcategory of D(k,s) consisting of locally bounded objects.

Theorem 2.1. (|2, Th 4.3].) Consider a homogeneous Hamiltonian isotopy
O satisfying the hypotheses ([21). Let us consider the following conditions on
K - le(kMXMXI)-'

(a

) SS(K) C AUTS s (M x M xI),
(b)

)

)

SS
Ky >~ ka,
(¢) both projections Supp(K) = M x I are proper,
(d) KyoK;' ~ K;'o K, ~ ka, where K;' = v 'R#om (K, wyr X kyy)
and v(z,y) = (y, ).
Then we have
(i) The conditions @) and (D)) imply the other two conditions @) and (d).
(i1) There exists K satisfying (@)—(d).

(i) Moreover such a K satisfying the conditions @)—(dl) is unique up to a
unique isomorphism.

We shall call K the quantization of ® on I, or the quantization of the
family {¢s}ser-

18



Non homogeneous case

Theorem [2.1lis concerned with homogeneous Hamiltonian isotopies. The next
result will allow us to adapt it to non homogeneous cases. Let ®: T*M x [ —
T*M be a Hamiltonian isotopy and assume

59 there exists a compact set C' C T*M such that
(29) ©s|anc s the identity for all s € I.

We denote by T7, o, (M x R) the open subset {7 > 0} of 7*(M x R) and we
define the map

(30) p: Ty (M X R) = T"M,  (2,t;¢,7) = (2;£/7).

Proposition 2.2. ([2, Prop. A.6].) There exist a homogeneous Hamiltonian
isotopy ®: T*(M xXR) x I — T*(M xR) and C*°-functions u: T*M x I — R
and v: I — R such that the following diagram commutes:

T} gy (M X R) x [ — T} oy (M x R)
PXidIl ) Pl
T*M x I T*M
and
(31) ‘?((%5)7 (t;7),s) = ((«':€), (t + u(x;€/7,8); 7)),
(32) ((2:€), (£;0),8) = ((z;€), (t + v(s); 0)),

where (258" /1) = ps(x;€/7). Moreover we have u(x;&/1,s) = v(s) for
(z:¢/7) & C.
3 Convolution and localization

Most of the ideas of this section are due to Tamarkin [I2]. The reader will be
aware that our notations do not follow Tamarkin’s ones. We also give some
proofs which may be rather different from Tamarkin’s original ones.

In all this section, we consider a trivial vector bundle

(33) G:E=MxV =M
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and a trivial cone v = M X 79 C E such that
(34) o is a closed convex proper cone of V' containing 0 and ~y # {0}.
The polar cone 5 C V* is the closed convex cone given by

7o = {0 € V*;(0,v) > 0} for all v € .

Many results could be generalized to general vector bundles and general
proper convex cones, but in practice we shall use these results with V' = R
and 79 = {t € R;t > 0}. Recall that a subset in 7*M x V* is a cone if it is
invariant by the diagonal action of R* (see (IT)).

Definition 3.1. A closed cone A C T*M x V* is called a strict y-cone if
AC (T*M x Intyg) U Ty M x {0}.

Example 3.2. Assume V = R and M is open in R™. Denote by (t;7) the
coordinates on T*R and by (z;&) the coordinates on T*M. Let vy = {t €
R;¢t > 0}. Then a closed cone A C T*M x V* is a strict y-cone if, for any
compact subset C' C M, there exists a € R, a > 0 such that 7 > a[¢| for all
(z;€,7) € AN (73 (C) x V*).

Remark 3.3. If f: N — M is a morphism of manifolds and A C T*M x V*
is a strict y-cone, then f x idy: N x V — M x V is non-characteristic for
7 (A) (where 7! is defined in (I8)).

In the sequel, we consider the maps

q1,q2,5: VXV =V,

35
(35) qi(vi,v2) = v1,  q2(vi,v2) = v, s(v1,v2) = V1 + vy

If there is no risk of confusion, we still denote by ¢1, g2, s the associated maps
MxV XV —-MxV.
We denote by ), the diagonal embedding

(36) Sars M = M x M

and if there is no risk of confusion, we still denote by d,; the associated map
MxV XV < MxMxV xV, that is, the map £ x,; E — E X F.
The maps s and d,; give rise to the maps:

TE o B) 2% M sapens THE xar B) 207 75(B % E),
T*(E xy E) &2V xyyy TH(E xy E) & T*E.
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On T*E we have the antipodal map a, but there is another involution asso-
ciated with a and the involution (x,y) — (x, —y) on E. We denote by « the
involution of T*F

(37) a: (Z’,y, 6777) = (ZIZ’, —Y; _5777)

and for a subset A C T*E we denote by A“ its image by this involution.
We also denote by « the involution of T*M x V* defined by (z;¢,1) —
(x;—=&,m). Hence for A C T*M x V* we have, using the notation (I0),
Tp (A%) =75 (A)*.

Convolution

Recall the notations (I0) and (I3]).

Notation 3.4. For two closed subsets A and B in T*E, we set

(38) A% B:=s,0%,(A x B).

In general, the calculation of A% B is difficult. In Lemmas and [B.7]
below we consider special situations in which this calculation is easy.

Lemma 3.5. Let A’ and B’ be two closed cones in V*. Set A =T*M xV x A’
and B=T*M xV x B'. Then

(39) AxB=ANB.
Proof. Using the hypothesis on A and B, it follows from (III) that
FAXB) =T*MxVxVxA xB.
Then the result follows from Corollary [L17] !
Notation 3.6. Let A and B be two closed cones in T*M x V*. We set
AR;B ={(z;&,n) € T*M x V*;there exist &,& € T M such
that (z;61,n) € A, (;6,n) € Band { =& + &}

Lemma 3.7. Consider two closed strict y-cones A and B in T*M x V*.
Then A+ B is also a strict y-cone and T, (A) * 75 (B) = 75 (A+ B).
M

M
In particular, if AN B C T ;M x {0}, then

(40)

(T (A)* @ (B)) N (T5yM x T*V) C THE.
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Proof. The fact that A + B is a strict v-cone follows easily from the definition.
M

By Remark B3] 7' (A) x 7, (B) is non-characteristic for the inclusion
Sp: M XV XV — MxMxV xV and we may replace 0%, by 5M,d5];[1’ﬂ
in B8). We find 6%, (75" (4) x (75'(B))) = Tafyy v (C1), where

Cr={(z;&,m,m2) € T*M x V* x V*;there exist £, & € TF M such
that (v;&1,m) € A, (2;8,m2) € B and § = & + &}
and the result follows. O

Using the notations (BH), the convolution of sheaves is defined by:
Definition 3.8. For F,G € DP(ky), we set

(41) FxG = Rsi(gi'F &q;'G) ~ Ry} (FRG),

(42) Frony G = Rs.(¢7'F&g;'G) = Rs,07 (FKG).
The morphism k, — kj/y 401 gives the morphism

(43) Fxp, ky — F.

Recall the following result:

Proposition 3.9. (Microlocal cut-off lemma [3, Prop. 5.2.3, 3.5.4]) Let F' €
DP(kg). Then SS(F) C T*M x V x 75 if and only if the morphism (@3] is

an 1somorphism.

If 79 has a non-empty interior we have k., ~ D}, (Kint,) and we deduce
from Corollary [[7 (ii) that

(44) F*np k«/ ~ RS*RFMxVxInt'yo (ql_lF)'

Following Tamarkin [12], we introduce a right adjoint to the convolution
functor by setting for F, G € D"(kpg)

(45) Hom*(G,F) = Rq,RHAom(q;'G,s'F).
Hence for I, Iy, F3 € DP(ky), we have
(46) R,HOIIl(Fl*FQ,Fg) ZRHOHl(Fl,%Om*(FQ,Fg)).

We use the notation:

(47) i: E — E denotes the involution (z,y) — (z, —y).
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Lemma 3.10. For F,G € D®(ky) we have
Hom*(G,F) ~ Rs,RAom (¢ i "G, ¢\ F),
L
FxG =~ Rq,(s'F®q¢hi'a).

Proof. We only prove the first isomorphism, the second one being similar.
Weset f:=(s,—q): Exy E— Exy E, (z,01,09) — (x,v1 + vg, —v3). We
find fof=id,s=qof,gof=1iogs. Since f is an isomorphism R 7om
commutes with f~' ~ f'. Since fo f = id we have f~! = f,. We deduce the
isomorphisms:

Hom* (G, F) ~ Rq, ,RA#om (¢;'G, s'F)
~ Rq R om (f ¢y "i7'G, f' ¢ F)
~ Rqy, [~ RA0m (¢, i G, ¢ F)
~ Rs,Rom (q¢;'i7'G, ¢\ F).

Proposition 3.11. For F}, Fy, F3 € DP(kg) we have

(Fl*FQ)*Fg Fl*(FQ*Fg),

(48) Hom* (Fy« By, Fy) ~ Hom*(Fy, Aom”(Fy, Fy)).

~
~

Proof. (i) The first isomorphism is proved in the same way as the associativity
of the composition of kernels: we check easily that both sides are isomorphic
L L

to Roy(q; H(F1) @ g3 1 (Fy) ® g3 *(F3)) where o2 M x V3 — M x V is given by
o(x,v1,v9,v3) = (x,v1 +v2 +v3) and ¢;: M x V3 — M x V is the projection
on the i*" factor V.

(ii)) We use the Yoneda embedding to prove the second isomorphism. We
apply the functor Hompy o, (H, +) for any H € DP(kg) to each term of
this formula. One gets an isomorphism in view of the adjunction isomor-
phism (6] and the associativity of * proved in (i). O

Proposition 3.12. Let q: E— M and ¢ : M xV xV — M be the projec-
tions. For F,G, H € D*(kg) we have

(49) Rq.(R#om (F, #om* (G, H))) ~ Rq.(R#om (F x G, H)),
L L L
Ro((F+G)@H) ~ R¢\(¢;'F®q'GosH)

(50) L
~ Rq(F ® (i'G * H)).
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Proof. The first isomorphism follows by adjunction from (41l) and (43]), using
qgoq, = qos. The second and third ones follow from the projection formula,
the identities ¢ o ¢ = ¢’ = ¢ o s and Lemma 3.10. 0

Recall that the involution («)® is defined in (37).
Proposition 3.13. For F,G € D*(kg) we have
SS(F = G) C SS(F) *SS(G),
SS(Aom™ (G, F)) C SS(F) * SS(G)°.

Proof. Both inclusions in (&I follow from (1), ([B8) and Theorems
and For the second one we also use Lemma and SS(i71G)?
SS(G)~.

Using (B1)) and ([B39), we get:

Corollary 3.14. Let F,G € D"(kg) and assume that there exist closed cones
A B C V* such that SS(F) C T*M x V x A and SS(G) € T*M x V x B.
Then

(51)

oo

SS(FxG) CT*M xV x (AN B,
SS(AHom™ (G, F)) CT*M xV x (AN B).

Corollary 3.15. Let F',G € D(kg) and assume that there exist closed strict
y-cones A and B in T*M x V* such that SS(F) C 7' (A) and SS(G) C
7 (B). Let N be a submanifold of M and j: N xV — M xV the inclusion.
Then

(52)

i AHom*(F,G) ~ Hom™(j7'F,i'G).
Proof. By Proposition B.I3 and Lemma B.7 SS(#om*(F,G)) C 7' (A+ B)
M
and A+ B is a strict y-cone. By Remark B3] we deduce j'H ~ j7'H ®
M

wnxvimxy for H = F,G or s#om™(F,G). This gives the first and last steps
in the sequence of isomorphisms, where we set j' = j X idy:

i Hom*(F,G) ~ j'Rq1, RHAom (¢; ' F,s'G) & wf\?’;%/\MxV
~ Ra1.j'RAom (¢;'F,s'G) ® W%;%/\Mxv
~ Rg1, RAom ("¢ ' F, j"s'G) @ Wi sy
~ Rqr RA#om (¢ "7 F, 8'5'G) @ Wi Vary

~ Hom*(j7'F,i7'QG).
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Kernels associated with cones

Recall that we consider a trivial vector bundle £ = M x V and a trivial cone
v = M X 7 satisfying ([B4)). For another proper closed convex cone \g C V/
such that A\g C 7, setting A = M X \g, we shall use the exact sequence of
sheaves:

(53) 0—=kwn—k, —ky—=0
Lemma 3.16. Let A\g C 7 be closed convex proper cones. Then

SS(k,) C TiM x V x A2,
SS(k) © THM x V x (A \ Int(3)).

Proof. Since our sheaves are inverse images of sheaves on V' we may as well
assume that M is a point. Since our sheaves are conic in the sense of 5], §5.5]
their microsupports are biconic. Now, a closed biconic subset A of V' x V*
satisfies A C V x (AN{0} x V*). Hence we only have to check the inclusions
at the origin.

Then the first inclusion follows from [5, Prop. 5.3.1].

For the second one we use the Sato-Fourier transform (-)": Dy, (ky) —
DL (ky+) defined in [, §3.7] (Dg (kv) denotes the subcategory of complexes
with conic cohomology). We have (k,,)" =~ K, and we deduce the distin-
guished triangle

A +1
(k’yo\)\o) — kIntwg — kInt)\g — .

Hence (kqyo\x)" = King AS\Intng [—1] and we conclude with [5, Prop. 5.5.5] which
implies SS(F) N T3V = supp(F") for F € Dy, (ky). O

We introduce the kernel:
(54) L, :=k,%: D’(kg) — D"(kg).
The morphism k, — kg induces a morphism of functors e: L, — idppx,)-
By (48) we have L, o L, ~ L,. Hence, the pair (L,,¢) is a projector in
D"(kp)°P in the sense of [6, Chap. 5]. It will be convenient to write L. with
the language of kernels as in (7). We define v C E x E by

(55) v ={(z,v, 2/, V) EE X E; v—1 €}
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Then
(56) L, ~ kﬁﬁ o-.

In the sequel we set

U, =T*"M x V x Int(y),

(57) 7, =T"E\U,.

Proposition 3.17. Let F' € DP(kg).
(i) SS(L,F) C U, =T*M x V x 7.

(ii) Consider a distinguished triangle L, F — F — G L Then SS(G) C
Z. In particular, SS(L,F) C (T*M x V x 0v5) U (SS(F)NU,).

(iii) Let G € D%ﬁ(kE). Then Rq.RI',(G) ~ 0. In particular, R\ (E; G) ~
0.

Proof. (i) follows from (52) and Lemma [3.16

(ii) Using the exact sequence (53), we have G ~ k.\ oy x F'. Then the result
again follows from (B2)) and Lemma B.16]

(iii) We set H = RI',(G) ~ Rsom (k,,G). It follows from Theorem
that SS(H) C Z,. Choose a vector £ € Int(~]) and consider the projection

0: M xV —-MxR, 0(x,v)=(x;(v)).

Since «y is a proper cone, f is proper on supp H and we get by Theorem
that SS(RO,(H)) C {7 < 0} where (¢;7) are the coordinates on T*R. More-
over, supp RO,.(H) C M x {t > 0}.

Now it is enough to prove that RI'(U x R;RO,(H)) = 0, for any open
subset U of M. Denote by p: U x R — R the projection and set H =
Rp.RO.(H). Although p is not proper on supp(H), one easily checks that
SS(H) C {t > 0,7 < 0} and this implies # ~ 0. (This is a special case of
Corollary [[.8) m

The next Lemma follows immediately from the adjunction formula ({6]).

Lemma 3.18. Let F,G € D°(kg) and assume that L,F =% F. Then we
have Hom .\ (F, G) 2= R, (E; Hom™ (F, G)).
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Proposition 3.19. (a) Let F' € D(kg). Then F € DY (kg)™' if and only
if the natural morphism L F — F is an isomorphism.

(b) Let G € D%ﬁ(kE). Then L,G ~ 0.

Proof. (a)-(i) Assume F' ~ L. F. Let G € D%ﬁ(kE) and set H:=s¢om™(F,G).
Then H belongs to DY_(kg) by (B2) and RT,(E; H) ~ 0 by Proposition B.17
Since F' > L, F, we get Homp, ) (F, G) = 0 by Lemma [3.18

(a)-(ii) Assume that F' € D'%7 (kg)t! and consider a distinguished triangle

L.F - F =G L By (a)-(i) L. F also belongs to D%V(kE)l’l. Hence
so does GG. On the other hand, G € D%ﬁ(k};) by Proposition B.171 Hence,
G ~0.

(b) Let G € D%ﬁ(k};) and consider a distinguished triangle L.G — G —

H L. Since both G and H belong to D%ﬁ(kE), so does L,G. Since L,G
belongs to DY, (kg)™, it is 0. O

Remark 3.20. One can also consider the projector
(58) R, := #om*(k,, *): D"(kg) — D(kg).

Then we obtain similar results to Propositions B.I7 B.I9 and Lemma B.I8
with R, instead of L,. Note that the pair (L., R,) is a pair of adjoint
functors:

Hom (Lo F,G) = Homp,q  (F, R,G)
~ Hompu g, (ky, Zom™(F, G)).

Note that k, is cohomologically constructible. If we assume that Int(y) # 0,
then D'k, ~ k() and one deduces from Lemma [3.10] that

(59) Hom™ (ky, ky) = Kiny(—y)[dv],

where dy is the dimension of V.

Projector and localization

Recall that £ = M x V is a trivial vector bundle over M, =y is a cone
satisfying (34) and the sets U, and Z, are defined in (G7). By definition
D"(kp; U,) is a localization of D"(kg) and we let Q,: D*(kp) — D"(kg; U,)
be the functor of localization.
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Proposition 3.21. (i) The functor L. defined in (54]) takes its values in
D%ﬁ(kE)” and sends D%ﬁ(k};) to 0. It factorizes through Q) and in-

duces a functor L, : D®(kpg; U,) — DP(kg) such that L, ~1,0Q,.

(ii) The functor L, is left adjoint to (), and induces an equivalence
Db(kE, U.y) ~ D%’Y(kE)J"l.

This is visualized by the diagram

DY, (k) DP (k) = D"(kp: U)
(60) o~ Nl,v

D%’Y (kE)J"l.

Proof. This follows from Proposition [3.19 together with the classical results
on the localization of triangulated categories recalled in Section[I] (see e.g., [6]
Exe. 10.15]). !

In particular, we have for F, G € D(kp)

Home(kE;U—y)(Q“/(F)7 Q“{(G)) Home(kE)(L«/(F), G)

Hom py, g ) (L5 (F), Ly (G)).

~
~

(61)

There is a similar result to Proposition 3.2} replacing the functor L. with the
functor R,. The functor R, takes its values in D%ﬁ (kp)+" and sends D'%7 (kg)

to 0. It factorizes through @, and induces a functor r,: D*(kg; U,) —
D"(kg) such that R, ~r, 0 Q..
We notice that, for F' € DY (kg)*! or G € DY (kp)*™", we have

(62) Hom*(F,G) € Dy (kg)™"
By Proposition BIT (used with R, instead of L.) we obtain in particular
(63) Hom*(F,G) € DbUT(kM).

Notation 3.22. Let us set for short

D*(kj,) = D"(kg;U,),
(64) D"(kj;) = DY (kp)“',
D°(kj;) = Dj,(kp)"".
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When M = pt, we set
(65) DV(") = DP(k))
and similarly with D®(k?!) and DP(k"").

Denote by p: E = M x V — V the projection and denote by I'" the
functor

(66) I'"(+) = RHom (k,, «): D"(k7) — D"(k).

We get the diagram of categories in which the horizontal arrows are equiva-
lences

D" (I}y) == D"(ic}) —= D"(I)

lRP! lRp*

(67) Db (k™) <2 DP (k) —1~ DP(K™7)
Db (k).

Note that by Lemma BI8, for F € D*(k}}) or G' € DP(k];), we have
(68) RHom s, 7 (F,G) ~T7 o Rp,#om™(F,G).

Embedding the category D’(k,,) into D"(kj},)
Recall that q: E — M denotes the projection and consider the functor
U,: D(ky) — D°(kg), F—q¢'Fek,.
Lemma 3.23. One has the isomorphism of functors L, o W, =% U,
Proof. One has
L,oW,(F) = Rsiq'k,®q ' (¢ 'Fek,))
Rsi(q; 'k, ® a5 'k, @5 (¢ F))
Rsi(gr 'k, @ ¢ 'ky @57 (g7 F))

Rsi(q7 'k, ® ¢ lk'y) ®q'F
k, QqF.

12

12

12

12
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In the sequel, we consider ¥, as a functor
(69) W, D () — D(K],).
Proposition 3.24. The functor V., in ([G9) is fully faithful.
Proof. Let F,G € D"(kys). Then
Home(kE)(kﬁ, ®q¢ Gk, @q 'F)

~ Homyp, (G, Rg.RAom (k,, ¢ 'F®k,))
~ Homp, ., (G, Ra.(¢7'F @k,)).

Hence, it is enough to check the isomorphism

(70) F =5 Ra.(¢7'F ®k,).

Denote by ¢ the projection v — M. The isomorphism ([70) reduces to
F~Rgq 'F

and this last isomorphism follows from the fact that v is a closed convex
cone, hence is contractible (see for example [5], Prop. 2.7.8]). O

A cut-off result

Recall that we consider a trivial vector bundle £ = M x V and a trivial cone
v = M X 7y satisfying ([B34]). We also recall that a subset of T"M x V* is a
cone if it is stable by the action (7). The map 7 is defined in (6 and we

have set (see (B1))):
U,=T"M xV x Int.

By the equivalence [, of Proposition B2I any object F' € D(kg;U,) has
a canonical representative in DP(kg) again denoted by F' and we have F' ~
L. (F). By Proposition BI7 (i) we have SS(F) C U,,.

We first state a kind of cut-off lemma in the case where M is a point.

Lemma 3.25. Let V' be a vector space andy C V' a closed convex proper cone
containing 0. Set U, :=V x Inty® and Z, :=T*V \U,. Let F € D} (ky)™".
We assume that there exists a closed cone A C V* such that
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(i) A C Inty° U {0},
(ii) SS(F)NU, CV x A.
Then SS(F) C (SS(F)NU,) UTyV.

Proof. (i) Up to enlarging A we may as well assume that SS(F) N U, C
V x IntA. We set A = A°. Hence A is a closed convex proper cone of V' and
we have

(71) AT\A{0} € Int(7°),

(72) SS(F)NU, CV x Int(X\°).

We will prove that Ly (F") satisfies the conclusion of the lemma as well as the
isomorphism Ly(F) =% F.

(il) By ([72) and Proposition B (ii) we have

(73) SS(F) C V x (07° UInt(A°)).

By (52) we deduce

SS(LyF) € V x (A°N (977 UInt(A%)))
= V x (Int(A\°) U{0})
c U, UTV.

(iii) It remains to see that F' ~ L, (F'). We consider the distinguished triangle

Ky, * F = LyF — L,F 5 We have L,F =% F. By (Z3), Lemma 310
and (B2)) we have

SS(kay *x F) CV x ((7*\ Int(X°)) N (07° UInt(X°))) C Z,,

which shows that LyF — F is an isomorphism in D"(ky; U, ). By Propo-
sition B2T] we obtain F' ~ L.(L\F). But k, x k) ~ k) and we get finally

Now we extend Lemma to the case of an arbitrary manifold M. We
consider a finite dimensional real vector space E = E' x E” with £/ = R%.
We write z = (2/,2") € E' x E” and 2/ = (2,...,2)) € RL. We set
U =] — 1,1[*xE". We choose a diffeomorphism ¢: | — 1,1[~% R such that
dp(t) > 1 for all t €] —1,1] and we define

O: UL E, O),...,x,2") = (o(x),. .. o), 2").
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Lemma 3.26. In the preceding situation, consider two closed convex proper
cones v C E" and Cy C E* such that C; C (E™ x Int(v5)) U {(0,0)}.
Then there exists another closed convex proper cone Coy C E* such that Cy C
(E™ x Int(y5)) U{(0,0)} and

., (U x Cy) C E x Cy.

Proof. (i) We assume that Int(y5) is non empty (otherwise the lemma is
trivial). Then a closed cone of E* is contained in (E™ x Int(~§)) U {(0,0)} if
and only if it is contained in Cy p :=R>q - ([—a,a]? x D) for some a > 0 and
some compact subset D C Int(g). Hence we may assume C; = C, p.

(ii) Denote by (2/;¢’) the coordinates on RY x (R%)*. We may assume that
E” = R™ and we denote by (z”;¢") the coordinates on E” x (E”)*. The

change of coordinates ® defined by y; = ¢(z}) (i = 1,...,d), y" = 2" asso-

ciates the coordinates (y; 1) = (v, y"; 1, n") to the coordinates (', ..., z}, 2”;

&y, &0, &) with
vi= (i), mi=de ' (2)) &, (i=1,....4d),
y// — I// n// — é—//‘

Since dp(t) > 1, we get that <I>7F<I>;1(U X Cop) C E x Cyp and we may
choose Cy = C, p. O

Theorem 3.27. Let I € DY (kg)"'. We assume that there ewists A C
T*M x V* such that

(i) A is a closed strict v-cone (see Definition [31),
(ii) SS(F)NU, C 75" (A).
Then SS(F) C (SS(F)NU,) UTLE.

Proof. Since the statement is local on M we may assume that M is an open
subset of a vector space W. Then A is a closed subset of M x W* x V*. For
any © € M, A, := AN ({z} x W* x V*) is a cone satisfying

Ap (W7 x Int(y5)) U {(0,0)}-

For xqg € M and for a given compact neighborhood C' of zy we may assume
that there exists a closed convex cone B of W* x V* such that A, C B for
any z € C' and

B C (W* x Int(+)) U {(0,0)}.
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We may assume zo = 0 € W. We choose an isomorphism W ~ R? so that
]—1,1[¢C C. Then we apply a change of coordinates as in Lemma [3.26] with
E'=W,E"=V,C, = B, and we are reduced to Lemma applied to
the vector space W x V and the cone v = {0} X 7. O

A separation theorem

The next result is a slight generalization of Tamarkin’s Theorem [12 Th. 3.2].
In this statement and its proof, we write 7 instead of 7x for short.

Theorem 3.28. (The separation theorem.) Let A, B be two closed strict
v-cones in T*M x V*. Let ' € D2y, (ks Uy) and G € D2y ) (kg U,).
Assume that AN B C Ty M x {0} and that the projection qa: M xV —V
is proper on the set {(x,v; — vy); (x,v1) € supp G, (z,v9) € supp F'}. Then

Rga,#om™(1,(F),1,(G)) ~ 0,
where L, is defined in Proposition[3.21l. In particular Hom Db(kE;Uv)(F, G) ~0.

Proof. We set L = stom™(l,(F),l,(G)) and L' = Rgp, L. By (62)) we have
L e D%V(kE)l”‘. By adjunction between Rgs, and ¢;' we deduce L' €
D%m(kv)““- It remains to check that SS(L') C Z,,.

By Theorem we have SS(F') C 77(A) and SS(G) € #7(B). Then
Proposition gives SS(L) € 77 1(A) * (77 %(B))*. Applying Lemma [3.7]
we get

SS(L) N (T M x T*V) C TLE.

Using Lemma [B.10, the hypothesis implies that ¢, is proper on supp L. We
deduce SS(L') C Ty;Vand thus L' ~ 0.

Proposition B.21] and Lemma B.I8 give the first two isomorphisms in the
sequence

Home(kE;Uw)(F, G) ~ Home(kE)(F, G)
~ Hompy g, (ky, L) ~ Homp, (ks L) >0,

which proves the last assertion. O
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Kernels

We consider £ = M x V, v = M x v and a kernel K € D(kgyp). We
introduce the coordinates (z,y,2’,y;¢,n,&,n') on T*(E x E) and we make
the following hypothesis

(74) SS(K) Cc {n+n" =0}
We recall that L, >~ k,+ o-, where ¥ C E x E is defined in (B3]).

Proposition 3.29. Let K € D"(kpy ) which satisfies ([4). Then K ok + ~
k. o K. In particular K o- sends D*(k}}) into itself. Moreover SS(K) o{n <
0} € {n < 0} and SS(K)o{n >0} c {n > 0}.

Proof. We define the projection o: M XV x M xV — M x M x V as
the product of idy;«py with og: V x V = V. (y,y') — vy — y'. Then the
hypothesis (74) and Corollary [.§ give K ~ o~ '(K’), where K’ = Ro,(K).
We also have by definition k.+ ~ o7 (Karxarx,). The base change formula
applied to the Cartesian square

q13
VxVxV VxV
00°£112><000423l lfm

VxV = V

gives the first and third isomorphisms below:

Kok ~ 0 MK xKyxarsn) = 0 (Karsars * K') =~ kv 0 K.

The last assertion follows from the hypothesis ({74). O

4 The Tamarkin category

We particularize the preceding results to the case where V' = R and vy =
{t € R;t > 0}. Hence, with the notations of (57)), we have U, = {7 > 0}.
As in Section 2l we denote by 7, o, (M x R) the open subset {7 > 0} of
T*(M x R) and we define the map

(75) p: Ty (M xR) = T°M, (2,4, 7) = (2;:/7).
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We also use Notations [3.22l Moreover, for a closed subset A of T*M we set
DA (K},) := D)1y (Karsr; {7 > 0}).
Lemma 4.1. Let A C T*M and F € D4(k},). Let A’ C T*M x R be
given by A" = {(z;&,7);7 > 0, (2;§/7) € A} and consider I as an object
of Db(k;(/’[l). Assume that myr is proper on A. Then A" is a strict yy-cone and
SS(F) c 7Y (A"). In particular supp(F) C 7y (A) x R,
Proof. The properness hypothesis gives A7 = A’ U (my(A) x {7 = 0})
and this implies the first assertion. Then Theorem gives SS(F') C
T A)UT; g (M XR). Hence, if (x,;,0,0) € 71 (A’), we have SS(F|pxr) C
T} w(U x R) for some neighborhood U of x. But L,F ~ F and we deduce
Flyxr = 0, which proves (x,t;0,0) & SS(F). So we get SS(F) c 7~ 1(A’). O
Example 4.2. (i) Let M = R endowed with the coordinate = and consider
the set
Z={(z,t) e M xR; -1 <2 <1,0<2t < —2*+1}.
Consider the sheaf k; and denote by (z, t; £, 7) the coordinates on T*(M xR).
The set SS(kz) is given by
{t=0,-1<2z<1,7>0,{=0}u{2t = -2+ 1,{=2a7,7 >0}
UWr=-1,t=0,0<-¢<7,7>0}U{r=1,t=0,0<¢<7,7>0}
UZ x {£=71=0}.
It follows that, denoting by (z;u = §/7) the coordinates in T M, p(SS(kz) N
(T*M x T*R)) is the set
{u=0,-1<z<1}U{u==z-1<zx<1}
Wr=-1,-1<u<0}u{z=10<u<1}.
(ii) Let a € R and consider the set Z = {(x,t) € M x R;t > ax}. Then
p(SS(kz)) in T*M is the set {(x;u);u = a}.
(iii) If G is a sheaf on M and F' = G X k,>, then p(SS(F)) = SS(G).

The separation theorem

Using Lemma 1] we get the following particular case of Theorem

Theorem 4.3. (see [12, Th. 3.2].) Let A and B be two compact subsets
of T*M and assume that AN B = 0. Then, for any F € DY(k},) and
G € D%(k},), we have Home(kL)(F, G) ~ 0.
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5 Localization by torsion objects

In [I2], Tamarkin introduces the notion of torsion objects, but does not study
the category of such objects systematically. Hence, most of the results of this
section are new.

In this section we set for short Z = (T*M) xR x {r > 0}, a closed subset
of T*(M x R). Recall that D% (k/«r) is the subcategory of F' € DP(kyxr)
such that SS(F') C Z. By Proposition we have F € DY(kyxr) if and
only if the morphism (@3] is an isomorphism, which reads

(76) F ot Knrcforsoo| = F.
Define the map
To: M xR — M xR, (z,t)— (x,t+c).
For ' € DY (ky«r) we deduce easily from (78]
(77) F oy Knrwosoo] =2 ToF

The inclusions [d, +00[C [¢,4+00], for ¢ < d, induce natural morphisms of
functors from DY (kysxr) to itself

Ted: TC* —)Td*, CSCZ

We have the identities:

(78) Tc* o Td* = T(c—i-d)*a ¢, de ]Ra
(79> Te* (Tc7d( ¢ >> = T€+076+d( .> = TC,d(TB*( ° ))7 c< d, ec Rv
(80) TC,d o 7—d,e - Tc,e, C S d S e.

Definition 5.1. (Tamarkin.) An object F' € D% (kys«g) is called a torsion
object if 7 .(F") = 0 for some ¢ > 0 (and hence all ¢ > ¢).

Let I € DY(kyxr) and assume that F is supported by M x [a,b] for
some compact interval [a, b] of R. Then F'is a torsion object.

Remark 5.2. One can give an alternative definition of the torsion objects by
using the classical notion of ind-objects (see [6] for an exposition). An object
FeDY > (karxr) is torsion if and only if the natural morphism F' — “lg” 1. F
is the zero morphism.
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We let A, be the full subcategory of D% (ky/xr) consisting of torsion
objects.

w

Lemma 5.3. Let F = G = H = F[1] be a distinguished triangle in
DY (karxr)-
(i) If H belongs to Ny, then there exist ¢ > 0 and a: G — T F' such that
T0.c(F) = aou.

(ii) If there exist ¢ > 0 and o: G — T, F making the diagram

F “ G
TO,C(F)l o lm,c(c)
P L e

commutative, then H € N,,.

Proof. (i) Choose ¢ > 0 such that 7y .(H) ~ 0 and consider the diagram with
solid arrows

w[—1]

H[-1] F LG
m,c(H[—u)l m(F)l o ?o,c(@l
Tesw “ Tesu
T,.H[-1] T..F T..G.

Since 7 .(H[—1]) ~ 0, we have 7y .(F) ow[—1] = 0. Since Hom (+, T, F) is a
cohomological functor we deduce the existence of a.
(ii) We apply T., twice and obtain morphisms of distinguished triangles:

m(F)L %)L To,c(H)l B lm,cmm
Y L e TNy * SO o 3 )
Te.B_ -~
l L TO,C(TC*H)\L _ l
TZC*F TQC*G TQC*H TQC*F[l]

By hypothesis 79 .(H) ov = Te,v o T,u o o = 0. As above, we deduce the
existence of 8 such that 7y .(H) = ow. Applying the morphism of functors
To: id = T, to B we find

TO,C(TC*H) o 5 - TC*ﬁ o TO,C(F[l])‘
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We deduce:

TO,C(TC*H) o 7_O,C([—[) - TO,C(TC*H) o 5 oCw = Tc*ﬁ o TO,C(F[l]) cw
=T, poalllou[l]ow=0.

Using (78) we obtain 79 2.(H) =~ 0 so that H € ;. O
Theorem 5.4. The subcategory N is a null system in DY (Kyrug).

Proof. 1t is clear that an object isomorphic to a torsion object is itself a
torsion object and that .4{, is stable by the shift functor. Hence it remains
to check that if F — G — H S isa distinguished triangle with F, G € A,
then H € A,. We choose ¢ > 0 such that 7 .(F") = 0 and 79.(G) = 0 and
we apply Lemma (ii) to the diagram

F u G
OL / ‘/0
TP T G

O

Corollary 5.5. For any I € D% (kyxg) and any ¢ > 0, the cone of 19 .(F)
s a torsion object.

Proof. We apply Lemma (ii) to the commutative diagram

r oo (F) T.F
m(F)L / lTOC(TC*F)
Y L R sy )

O

The subcategory D(k}}) of D (kyxg) is contained in DY (ky/xr). So we
can define torsion objects in Db(kX}[l) or in the equivalent category DP(k]},).
We let A7), be the subcategory of torsion objects in DP(k},). Then Theo-

tor
rem [5.4] implies that .47 is a null system.

tor
Definition 5.6. The triangulated category 7 (kj;) is the localization of
D"(k},) by the null system ;.. In other words, .7 (k) = DP(k},)/ Ao

tor*

38



By Corollary B3 7.(G) becomes invertible in .7 (ky,) for any G €
D"(k},). Hence for a morphism u: F — G in D"(k},) and for ¢ > 0 we
can define 79 .(G) ' ou: ' — G in J(kys). The family of 7..(G)’s defines
an inductive system {7,,G}. and we have 79, (G) o7, (G)ou = 79 .(G) Lou
for ¢ > ¢. This defines a natural morphism:

(81) lim Home(kL)(F’ T..G) — Hom 5, (F, G).
c—>+00

Proposition 5.7. For any F,G € DP(k},) the morphism (&) is an isomor-
phism.

Proof. (i) Let us first show that (8T) is surjective. A morphism u: F' — G in
T (ky) is given by F' 5 G’ <& G, where the cone of s is a torsion object. By
Lemma [5.3] (i) there exist ¢ > 0 and o: G’ — T1,G such that 7y .(G) = aos:

F—2—G<—"-G(G

x lW(G)

T..G.

Hence we obtain u = 79.(G)"' oaowv in 7 (ky). In other words u is the
image of @ o v by (BIl).

(ii) Now we show that (BI]) is injective. We consider u: F — T.,G in D"(kj},)
such that 79.(G) ™' ou = 0 in Z(ky). Then u = 0 in J (k) and this
means that there exists s: 7,,G — G’ such that the cone of s is a torsion
object and s ou = 0 in D"(k},). By Lemma B3] (i) there exist d > 0 and
a: G" = Tietq),G such that 7,.44(G) = aos:

F “ T..G : G’
Tc,chd(G)l
Tieta), G

% .

We obtain 7. .+4(G) 0w = avo s 0w = 0 which means that the image of u in
the left hand side of (BI]) is zero, as required. O

Recall the functor ¥, in (G9).
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Corollary 5.8. The composition D (k) o, DP(knrxr; U,) = 7 (kas) is a
fully faithful functor.

Proof. For F,G € D®(kyy), the proof of Proposition gives as well
Hom Db(kl\/l)(G’ F) i} HOIIl Db(k]\/[XR) (G @ k[07+00[7 F & k[c’_;’_oo[)

for any ¢ > 0. Then the result follows from Proposition B.7 O

Strict cones and torsion

For a connected manifold M and F € D%(kMxR) we give a condition on
SS(F’) which implies that F' is torsion over any compact subset as soon as it
is torsion at one point.

We first give a preliminary result on M x I x R. We set £ = R? and we
take coordinates (s,t;0,7) on T*E. We fix a > 0 and define the cone 7, =
{(s,t);t > als|} in E. We set U, = E x IntyS. We recall Proposition 3.9]
reformulated using ([@): for F' € D(ky«x), we have SS(F) C T*M x U, if
and only if

(82> F*np kMXﬁ/a = R»SE*RFMXEXIHVYQ (q1_1F> - Fv
where sp: M x Ex E — M x E is the sum of E.

Proposition 5.9. Let I be an interval of R, M a manifold and q: M x I x
R — M x R the projection. Set v = I x [0,+0c[. Let F € DP(Kprxrxr)-
We assume that there exists a closed strict y-cone A C (T*I) x R such that
SS(F) C T*M x 7Y (A). Then, for any s1 < s3 € I, Rg.(F @ Kur[s, so[xR)
and Rq.(F @ Knrxjs,,s0)xr) are torsion objects of DY (Karxr)-

Proof. (i) We only consider G :=Rg.(F ® Kpsx[s, s5[xr), the other case being
similar. We may restrict ourselves to a relatively compact subinterval of
I containing s; and s,. Hence we may assume that SS(F) is contained in
T*M x {1 > a|o|} for some a > 0. Then, applying Lemma[3.20 and changing
a if necessary, we may assume that I = R.

(i) We set a = a~! so that 72 = {7 > a|o|} and SS(F) C T*M x U,. Since
SS(Knrxfsy,sa[xr) C TapM x T*R x TgR, Corollary [ gives F @Kpsx (s, s5[xR
RI'\rxjs1,s0)xr (F') and the formula (82)) gives

G ~ Rq*RSE*RFMXD((h_lF)a
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where D = (E x Inty,) N {(s,t,5,t');s1 < s+ < s9}. We consider the
commutative diagram

MxExE—"Z M x E

/ lid]w Xq lq

M x E " MxExR-—2 M x R,

where G(s,t,5,t") = (s,t,t'), Gi(z,s,t,t') = (x,s,t) and §(x,s,t,t') = (x,t +
t'). The adjunction between R(idys x§), and (idyr x§)' gives

G~ R&.R(idy xq§),R#om (ks p, (idar x§)' G F)[—1]
(83) ~ R3.RAom (ky X Rgkp,q,  F)[-1].

(iii) Through the isomorphism (82) the morphism 7.(F) is induced by the
morphism Kz, (pxinty.) — KEexinty., Where To(s, t,s',t') = (s,t,5,t' +¢). Us-
ing (83)) it follows that 7.(G) is induced by the morphism u.: kg, (py = kp.
Hence it is enough to see that the image of u. by Rq is the zero morphism.
In the remainder of the proof we show that Rgkp and Rgkr,(py have disjoint
supports for ¢ big enough.

(iv) For a given point (s,t,t') € E X R we have ¢ '(s,t,t')ND =0 if ¢/ <0
and otherwise

G s, tt)ND = {s;s1—s<s8 <sy—s, t'>als|}

= s — 8,85, — 8] N[—a 't a7t

This is () or a half closed interval when ¢’ is not in Iy:=[—a(sy—s), —a(s; —s)[.
It follows that supp(Rgkp) is contained in D’ := {(s,t,t'); ¢’ € I,}. The
support of Rgkr,(py is contained in T)(D'), with T[(s,t,t") = (s,t,c +1').
Since I is of length a(sy — s1) (independent of s) we obtain D'NT(D') = ()
for ¢ > a(sg — s1). O

From now on, we consider a connected manifold M and F € DP(ky/xg).
We set v = M x [0, +oo[ and we make the hypothesis

(84)  SS(F) c 7 !(A) for some closed 7-strict cone A C (T*M) x R.

In particular F' € D?Tzo}(kMxR)-

41



Lemma 5.10. Let I’ € DP(kywgr) satisfying B4). We assume that there
exists x € M such that F|gy«r 5 a torsion object in D?TZO}(kR). Then
there exists a neighborhood U of x such that F|yxr is a torsion object in

D{r>0) (kux)-

Proof. (i) We may assume that M is an open set in some vector space V' and
x = 0. We take coordinates (x,t;&,7) on T*(M x R). We may also assume
that SS(F) C {7 > al||{]|} for some a > 0 and that M contains the open
ball of radius 1, say B. We set I =] — 1,1] and take coordinates (s;o) on
T*I. We define the homotopy h: Bx I xR — B xR, (z,s,t) — (sz,t). For
so € I we set hg, = h(-, So, *).

(ii) We check that h~!(F|g«g) satisfies the hypothesis of Proposition 5.9 We
have hx(z,s,t,§,7) = (s2;1,7) and hy(w,s, ;¢ 7) = (25,858, (2,8),7).
Hence Ker hy is contained in {7 = 0}. Since SS(F') N {7 = 0} is contained in
the zero-section, F' is non-characteristic for h and we find

SS(h™H(F)) c{(@', s t;¢ 0", 7); o' = (2, &), 7 = all¢']]/15']}-

On B x I we have |s'| < 1 and [{(z/,£)] < ||¢||. We deduce SS(h™(F)) C
{7’ > a|d’|} on B x I x R, as required.

(iii) We apply Proposition B.9to h™*(F) on B x I x R with s; =0, sy = 1/2.
For J C I we set G; = Rg.(h™ ' (F|sxr) @ Knrxuxr). We note that Gy ~
hi'(F|pxr) for any s € I. We have the distinguished triangles on B x R

1 1
Goajg — Goa = Gy =, Gy — Gy — Gz —,

where Gjo1/9) and Gyo1/2; are torsion by Proposition Since hg is the
contraction B x R — {0} x R the hypothesis implies that Gg is torsion.
Hence G|,1/9) is torsion by the first distinguished triangle and then G /2 also
is torsion by the second one. Since hy; is a diffeomorphism from B x R to
U x R, where U is the ball of radius 1/2 we deduce that F'|y«g is torsion. [

Lemma 5.11. Let I’ € DP(kywgr) satisfying B4). We assume that there
exists o € M such that F|gy«r 15 a torsion object in lerzo}(kR)' Then

Flrayxr also is a torsion object in D?TZO} (kr) for all x € M.

Proof. We set I =] — 1,1[ and we choose an immersion i: [ — M such
that i(0) = x¢ and i(1/2) = 2. Then i 'F satisfies the hypothesis of
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Proposition on I x R. Welet ¢g: I x R — R be the projection. Then
Fliits)xr Rq*(i_lF@)k{s}XR) for any s € I. Now we have the distinguished
triangles
_ _ - 1
Ra.(i 7' F ®kjo1/9xr) = Ra(i 7' F @Ko 1/9xr) = i F|{zo1xr 5,
- - - 1
Rq*('l 1F ®k[0,1/2[><R) — Rq*('l 1F ®k[0,1/2]><R) — 1 1F|{x}><]R +—)
and we conclude as in part (iii) of the proof of Lemma .10 O

Theorem 5.12. Let M be a connected manifold and let F € DP(kpxg)
satisfying 84). Then the following assertions are equivalent:

(i) there exists xg € M such that F'| () «r is a torsion object in D?TZO} (kgr),

(i) for any relatively compact open subset U C M the restriction F|yxgr s
a torsion object in D?TZO}(kaR).

Proof. We only need to prove that (i) implies (ii). By Lemmas (.10 and B.11]
we can find a finite cover of U, say {U;}, i = 1,...,n, such that F|y,«r
is torsion. We conclude with the remark that, for any two open subsets

V.W C M, if Flyxg and F|w g are torsion, then so is F'|(yuw)xr. Indeed we

apply Lemma [5.3]to the triangle Fiynw)xr — Fvxr @ Fwxr = Flvuw)xr RN

and the commutative square

Fvaw)xr Fyyr @ Fiwxr

TO'Czol / lTOVCZO

Te(Fivaw)xr) Too(Fvsr @ Fixr).

6 Tamarkin’s non displaceability theorem

We will explain here Tamarkin’s non displaceability theorem which gives a
criterion in order that two compact subsets of T*M are non displaceable.

In this section we consider a Hamiltonian isotopy ®: T*M x I — T*M
satisfying (29]), that is, there exists a compact set C' C T*M such that
©s|Tanc s the identity for all s € I.
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Let ®: T*(M x R) x I — T*(M x R) be the homogeneous Hamiltonian
isotopy given by Proposition and A C T*(M xR x M xR x I) the conic
Lagrangian submanifold associated to ® in [26). Let = D™ (Knsxrxarxrxr)
be the quantization of o given in Theorem 2]

Invariance by Hamiltonian isotopy

For J C I a relatively compact subinterval of I, we introduce the kernel
K’ = Rq1234,(f? Q@ KprxrxMxrx) € Db(kMxRxMxR>v

where ¢q934 is the projection on the first four factors. We remark that K
and K7 satisfy the hypothesis (74). Hence, by Proposition 3.29, composition
with K7 defines a functor

(85) ;. D(k},) — D°(k},), F~ K’/oF.
We note that K15} ~ I?\MxRxMxRX{S}. We set for short W, = Wy . We have
\IIO ~ id.

Theorem 6.1. Let ®: T*M x I — T*M be a Hamiltonian isotopy sat-
isfying 29). For s € I and J C I a relatively compact subinterval let
U, W, DP(k},) — DP(k},) be the functors defined in [BH). Then for A
a closed subset of T*M and F € DY(k},) we have

(i) U, (F) e DES(A)(kX/[) for any s € I,
il) Wiao(F) and Wy, 5 (F) are torsion objects for any a < b € I,
[a,b] la,b]
(i) for s € I, s >0, there exist distinguished triangles
Uy (F) = W g(F) = F 55 W (F) = Uy g(F) = U, (F) 2

and similar ones for s < 0. In particular we have a natural isomorphism
F >~V (F) in Z(ky) for any s € 1.

Proof. (i) We set A, = A o T*I. This is the graph of &,. Hence
SS(Ws(F) N {7 >0} C Ayop ' (A) = &il(p™'(A)) = p~ ' (2s(A)),

which proves the first statement.
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(ii)-(iii) (a) We set ' = K o F which belongs to D"(k},, ,) by Proposi-
tion We have SS(F) N {r > 0} € Ao pt(A). As in Lemma EI]
we define A" C T*M x R by A" = {(z;¢,7);7 > 0, (x;¢/7) € A}. Then
A’ is a strict y-cone. It follows that there exists a closed strict 7-cone
B C T*(M x I) x R such that Ao p~*(A) € 7 YB) N {r > 0}. Then
Lemma B gives SS(F) € 774(B) U iy ox(M x I x R). In particular
F |prxJxr satisfies the hypothesis of Proposition for any relatively com-
pact subinterval J C I.

(b) Welet ¢: M xIxR — M xR be the projection. For a relatively compact
subinterval J C I we have W (F) ~ Rq,(F @kyrxxg). Then (ii) follows from
Proposition The triangles in (iii) are induced by the excision triangles
associated with the inclusions {0} C [0, s] and {s} C [0,s]. Then (ii) gives
F o U (F) 25 U,(F) in 7 (Ky). 0

Application to non displaceability

Recall that two compact subsets A and B of T*M are called mutually non
displaceable if, for any Hamiltonian isotopy ®: T"M x I — T*M satisfy-
ing 29) and any s € I, AN ps(B) # (. A compact subset A is called
non displaceable if A and A are mutually non displaceable. Let A and B
be two compact subsets of T*M, let F € D4 (k}}) and G € D%(k}}). Let
¢2: M x R — R be the projection. Recall that s#om*(F,G) € DP(k}})
by (©Z). We deduce by adjunction that Rgy,.#om*(F,G) € D°(k*"). We
shall consider the following hypothesis:

(86) Rqe,7om™(F, G) is not torsion.

Theorem 6.2. (The non displaceability Theorem of [12, Th. 3.1].) Let A
and B be two compact subsets of T*M. Assume that there exist F' € Di(k}’j)
and G € D%(k}l’l) satisfying the hypothesis ([86l). Then A and B are mutually
non displaceable in T* M.

Proof. Assume @ is a Hamiltonian isotopy such that ¢s (B) N A = (. We
consider @ : T*(M XR)x I — T*(M x R) and K€ D™ (Knsxrxarxrxr) as in
the introduction of this section. B

We define F',G' € DP(k}/, ) by F' = FRk; and G’ = K o G. We
let go3: M x R x I — R x I be the projection. We have F' ~ F'|y/yrx(s}
and we set Gy = G'|yrxrx(s}- By Lemma 1] and Corollary B.15] we have
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Hom™ (F', G')| pxrx sy =~ Som™(F,G,). By Lemma [.] go3 is proper on the
support of #om™(F',G") and we get

(RQ23*%&OW*(F/, G/)) \MxRx{s} = RCD*%”OW*(F, Gs)-

Since SS(G) C p~(¢s(B)), Theorem E3] implies Ry, #om™(F, G,,) = 0.
By Proposition B I3]and Lemma[3.7], the microsupport of #om*(F', G’) is
contained in 771(C) for some strict y-cone C'. Hence a similar inclusion holds
for the microsupport of Rgoz,7#om™ (F',G"). Then Theorem [E.I2limplies that
stom™ (F, Gy) is torsion for all s € I. In particular sZom™(F,G) is torsion,
which contradicts the hypothesis (8a]). O

Corollary 6.3. Let A and B be two compact subsets of T*M. Assume that
there exist F' € DY(k},) and G € D%(k},) such that Hom 5 (F,G) # 0.
Then A and B are mutually non displaceable in T* M.

Proof. By Proposition[n.7] there exists ¢ € R such that the morphism induced
by 7.4(G), Home(kX{)(F, T..G) — Home(kX{)(F, T4,G) is non zero for all
d > ¢. But Lemma gives

Hom py 40 (F T2 G) = Hip s oo (R; Rz, Hom” (F, T, G)).

On the other hand we see that Rge, #om™(F,T,,.G) ~ T.,Rq, 7om™(F,G)
and that 7.4(G) induces 7. 4(Rqo, . 7Zom™(F,G)) through this isomorphism.
Hence Rgo,##om*(F,G) is non torsion and we can apply Theorem O

Let A be a closed conic subset of T*M. We know by Corollary (.8 that
the functor

(87) gar: D%(kar) = T (kar), F = FRKp o

is fully faithful. Applying Corollary with F' = G = jy(ky) € T (ky)
and A= B =Ty M, we get

Corollary 6.4. Assume M is compact. Then M is non displaceable in T* M.

In [12], Tamarkin applies the non displaceability Theorem to prove
that the following sets are non displaceable.

Set X = P(C)" endowed with his standard real symplectic structure.
Consider the sets A:=P(R)” and B:=T = {z = (20, ..., 2n); |20] = ... |2al}
Then A and B are non displaceable and A and B are mutually non displace-
able.
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