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Abstract In an incomplete financial market model, we study a flow in the space of
equivalent martingale measures and the corresponding shifting perception of the fun-
damental value of a given asset. This allows us to capture the birth of a perceived
bubble and to describe it as an initial submartingale which then turns into a super-
martingale before it falls back to its initial value zero.
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1 Introduction

The notion of an asset price bubble has two ingredients. One is the observed mar-
ket price of a given financial asset, the other is the asset’s intrinsic value, and the
bubble is defined as the difference between the two. The intrinsic value, also called
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the fundamental value of the asset, is usually defined as the expected sum of future
discounted dividends. Since it involves an expectation, this second ingredient of the
bubble may involve a considerable amount of model ambiguity: What looks like a
bubble to some may be not a bubble for others, if their perception of the fundamen-
tal value happens to coincide with the actual price. It has been shown, however, that
bubbles arise even in experimental situations where there is no ambiguity about the
probabilistic setting, and where market participants are informed of the resulting fun-
damental value at all times; see Smith et al. [25]. From an economic point of view,
the main challenge therefore consists in explaining how such bubbles are generated
at the microeconomic level by the interaction of market participants; see for instance
Tirole [26], Harrison and Kreps [10], DeLong et al. [7], Scheinkman and Xiong [23],
Abreu and Brunnermeier [1], Follmer et al. [8] and the references therein.

In this paper, however, we make no attempt to contribute to a deeper economic
understanding of bubbles on the side of price formation. Instead, we focus on the
perception of the fundamental value. More precisely, we consider the following ques-
tion, which has already been studied by Jarrow et al. [17], and which arises naturally
in the standard setting of an incomplete financial market model. Here the discounted
price process of a liquid financial asset is given in advance as a semimartingale S on
some filtered probability space. If D denotes the associated cumulative discounted
dividend process, then absence of arbitrage implies the existence of an equivalent
measure which turns the wealth process W = S + D into a local martingale. Fol-
lowing an argument of Harrison and Kreps [10], any such measure can be seen as a
prediction scheme that is consistent with the observed price process S if we take a
speculative point of view, taking into account not only future dividends, but also the
possibility of selling the asset at some future time. However, if we take a fundamen-
tal point of view and restrict attention to future dividends, then different martingale
measures may give a different assessment. Suppose that at any time, the fundamental
value of the asset is computed as the conditional expectation of future discounted
dividends under some equivalent local martingale measure. Time consistency would
require that all these conditional expectations are computed under the same martin-
gale measure R. Denoting by S¥ the resulting fundamental value process, the bubble
is now defined as the difference S — S%, and this will be a nonnegative local mar-
tingale under R. There is a growing literature about such bubbles and their various
effects; see for instance Loewenstein and Willard [20], Cox and Hobson [4], Jarrow
and Madan [12], Jarrow/Protter et al. [11, 13, 14, 16, 17]. In Jarrow and Protter [15],
the novel concept of a relative asset bubble is introduced, which allows the study of
price bubbles for assets with bounded payoffs such as defaultable bonds. The con-
nection between bubbles and the prices of derivatives written on assets whose price
process is driven by a strict local martingale has been studied in Pal and Protter [21]
and Kardaras et al. [19]. In [19], the authors provide a decomposition of the price
of certain classes of path-dependent options into a “non-bubble” term and a default
term. In a recent paper which focuses on currency exchange rates, Carr et al. [3]
use the Follmer measure to construct a pricing operator for complete models where
the exchange rate is driven by a strict local martingale. This construction allows to
preserve put-call parity and also provides the minimal joint replication price for a
contingent claim. For a comprehensive survey of the recent mathematical literature
on financial bubbles, we refer to Protter [22].
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But in such a setting, where the bubble is defined in terms of one fixed martingale
measure R, there are only two possibilities: Either the bubble starts at some strictly
positive initial value, or it is zero all the time. So how do we capture the birth of a
bubble in the standard framework of an incomplete financial market? To this end, we
have to give up time consistency and the corresponding choice of one single equiva-
lent martingale measure. While time consistency may be desirable from a normative
point of view, there are many factors at work at the microeconomic level that may
cause, at the aggregate level, a shift of the martingale measure. In particular, herd-
ing behavior of heterogeneous agents with interacting preferences and expectations
may have this effect. It is therefore plausible to introduce a dynamics in the space
of equivalent local martingale measures, and to look at the corresponding shifting
perceptions of the fundamental value. In their paper on “Asset price bubbles in in-
complete financial markets” [17], Jarrow, Protter and Shimbo do take that point of
view. They consider a dynamics of regime switching, where the martingale measure
can only change at certain times. In this picture, a bubble will pop up at some stopping
time, and then it will suddenly disappear again at some later stopping time.

In the present paper, we consider a different picture. Our aim is to capture the
slow birth of a perceived bubble starting at zero, and to describe it as an initial sub-
martingale. To this end, we fix two martingale measures Q and R. Under the mea-
sure O, the wealth process W is a uniformly integrable martingale, we have § = S€,
and there is no perception of a bubble. Under the measure R, the process W is no
longer uniformly integrable, we have S > S&, and so a bubble is perceived under R.
A martingale measure is often interpreted as a price equilibrium corresponding to the
subjective preferences and expectations of some representative agent; see for exam-
ple Follmer and Schied [9, Sect. 3.1]. In the case of the martingale measure Q, this
subjective view is “optimistic”, or “‘exuberant”: the actual price is seen to be fully jus-
tified by the perceived fundamental value. In the case of R, the view is “pessimistic”
or “sober”, and there is a bubble in the eye of the beholder.

The coexistence of such martingale measures Q and R holds for a wide variety
of incomplete financial market models. This is illustrated by a generic example due
to Delbaen and Schachermayer [6] and by the stochastic volatility model discussed
by Sin [24]. Furthermore, these examples show that typically the following condition
is satisfied: The fundamental wealth WR = S® 4 D perceived under the “sober”
measure R behaves as a submartingale under the “optimistic” measure Q. In other
words, under Q it is expected that the assessment WR, which seems too pessimistic
from that point of view, has a tendency to be adjusted in the upward direction.

In Sect. 3, we study a flow R = (R;);>0 in the space of martingale measures that
moves from the initial measure Q to the measure R via convex combinations of Q
and R, which put an increasing weight on R; for an economic interpretation of such
a flow in terms of a microeconomic model of interacting agents in the spirit of [8],
see Remark 3.3. The corresponding shifting perception of the fundamental value,
computed at time ¢ in terms of the martingale measure R;, is described by the fun-
damental value process S™. We denote by B = § — S the resulting R-bubble
perceived under the flow R, and we assume that the above condition on the sub-
martingale behavior of WR under Q is satisfied. In Theorem 3.9, we show that the
birth and the subsequent behavior of the R-bubble under the reference measure R can
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be described as follows: The TR-bubble starts from its initial value as a submartingale
and then turns into a supermartingale before it finally falls back to zero.

In Sect. 4, we look at the example of Delbaen and Schachermayer [6] where the
price process S along with the measures Q and R is defined in terms of two indepen-
dent continuous martingales, for instance by two independent geometric Brownian
motions. Here the processes WX and ,BR can be computed explicitly, and we can
easily verify our condition on the submartingale behavior of WX under Q. In Sect. 5,
we verify the same condition for a variant of the stochastic volatility model discussed
by Sin [24]. But we also show that the model can be modified in such a way that the
condition no longer holds. In the final Sect. 6, we change our point of view: Instead
of using R as a reference measure, we compute the canonical decomposition of the
‘R-bubble under the measure Q. Here again, the birth of the bubble can be described
as an initial submartingale. Its subsequent behavior is now more delicate though, as
illustrated in the context of the Delbaen—Schachermayer example.

Our study of a simple flow between two martingale measures of different types
complements the study of successive regime switching in [17], and it sheds new light
on the birth of a perceived bubble. Both case studies should be seen as first steps
towards a systematic investigation of dynamics in the space of martingale measures.
Ultimately, any dynamics at that level should be derived from an underlying dynamics
at the microeconomic level of interacting market participants and thus be connected
with the literature mentioned above, but this is beyond the scope of the present paper.

2 The setting

We consider a market model that contains a risky asset and a money market account.
We use the money market account as numéraire, and so we may assume that it is con-
stantly equal to 1. The risky asset generates an uncertain cumulative cash-flow, mod-
eled as a nonnegative increasing and adapted right-continuous process D = (D;);>0
on a filtered probability space (§2, F, (F;):>0, P) that satisfies the usual conditions.
In order to simplify the presentation, we assume that the filtration is such that all
martingales have continuous paths.

Remark 2.1 The process D = (D;);>0 may be viewed as a cumulative dividend pro-
cess. There could be some maturity date or default time ¢ such that D; = D, on
{¢ < t}, and then the value X := (D; — D;_)1{; <0} can be interpreted as a terminal
payoff or liquidation value, as in the setting of [17].

The market price of the asset is given by the nonnegative, adapted cadlag process
S = (81)>0. We denote by W = (W;),>0 the corresponding wealth process defined

by
W[ZS[+D[, tzO

Our focus will be on the class of globally equivalent local martingale measures for W.
More precisely, we denote by Mo.(W) the class of all probability measures Q ~ P
such that W is a local martingale under Q, and we assume that

MIOC(W) 3’é @.
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This clearly implies that there is no free lunch with vanishing risk (NFLVR); cf. Del-
baen and Schachermayer [5]. It is satisfied by our case studies in Sects. 4 and 5.

Remark 2.2 Suppose that in analogy to Bouchard and Nutz [2], we are in a situation
of model uncertainty where no probability measure is given ex ante. In this case, we
should assume the existence of some local martingale measure Q for W and define
Mioc (W) in terms of the reference measure P := Q.

For any probability measure Q € Mj,.(W) and at any time ¢, the given price S; is
justified from the point of view of Q if we take into account not only the expectation
of the future cumulative cash-flow, but also the option to sell the asset at some future
time 7. As in [10], this is made precise by (2.1) below, and in particular by its second
part.

Lemma 2.3 Forany Q € Mo (W), the limits Soo 1= lim;_, o0 Sy, Weo 1= limy—, 00 Wy
and Do 1= limy_, o0 D; exist a.s. and in L1(Q), and

Sy =esssupEg[D; — Dy + S| F] 2.1
™=t

=esssupEg[Dr — Dy + St l{r<o0}| ], (2.2)
>t

where the essential supremum is taken over all stopping times T > t.

Proof As W is a nonnegative local martingale and hence a supermartingale under Q,
the limit W, 1= lim;_, oo W; exists Q-a.s. and in Ll(Q). So does Sy 1= lim;_ o 57,
since the limit Dy, := lim;_, 5, D; exists by monotonicity. Thus the right-hand side
of (2.1) is well defined. Moreover,

Wi = Eo[W:|F:] (2.3)
for any stopping time t > ¢, and this translates into

St = EQ[DT —D; + Sr|]:t] > IEQ[D'[ — D, + Srl{r<oo}|]:t]- (24)

On the other hand, we get equality in (2.3), and hence in (2.4), forn >t and 7 =0 An
whenever o is a localizing stopping time for W and Q, and so we have shown (2.1)
and (2.2). Il

In particular, Lemma 2.3 implies
Si = S2 :=Eo[Dos — Di|F], (2.5)

where S€ is the potential generated by the increasing process D under the mea-
sure Q.

Definition 2.4 For Q € Mj,.(W), the potential S defined in (2.5) is called the
fundamental price of the asset perceived under the measure Q.
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Equation (2.1) shows that under any martingale measure Q € Mio.(W), the given
price of the asset is justified from a speculative point of view, given the possibility
of selling the asset at some future time. In this sense different martingale measures
agree on the same price S. But they may provide very different assessments S of
the asset’s fundamental value. Let us discuss this point more precisely.

As in [17], we use the notation

Mioc (W) = Mur(W) U Myur(W),
where Myp(W) denotes the class of measures Q =~ P such that W is a uniformly
integrable martingale under Q, and where Mnur(W) = Mioe (W)\ Myr(W). Typ-

ically, the classes Myp(W) and Myyr(W) will both be non-empty, as illustrated in
the examples of Sects. 4 and 5. From now on we assume that this is the case:

Standing Assumption 2.5 My (W) # @ and Mnui(W) # 0.
Lemma 2.6 A measure Q € Mo (W) belongs to Myy(W) if and only if
S =Eg[Doo — Dt + Seol Fil, t>0. (2.6)
Proof If Q € Myp(W) then
Wi =Eg[Weol F11, 2.7

and this translates into (2.6). Conversely, condition (2.6) implies (2.7), and so W is a
uniformly integrable martingale under Q. g

We are now going to assume that the given market price S is justified not only
from a speculative point of view as in (2.1), but also from a fundamental point of
view. This means that S should be perceived as the fundamental price for at least one
equivalent martingale measure:

Assumption 2.7 There exists Q € Mo (W) such that
§=59, (2.8)
where S is the fundamental price perceived under Q as defined in (2.5).

Lemma 2.8 Assumption 2.7 holds if and only if Soo = 0 a.s., and in this case (2.8) is
satisfied if and only if Q € Myy(W).

Proof In view of (2.1), the condition S = NY implies Soc = 0 a.s. Conversely, if
Seo = 0 a.s., then (2.6) shows that § = S< holds iff Q € Myy(W), and by Assump-
tion 2.5 this class is non-empty. O

From now on we assume that Assumption 2.7 is satisfied, and so Wy, = D, a.s.
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Definition 2.9 Let Q € Myp(W). The process W< = S + D defined by
W2 :=Eg[DsolFl. 120,
is called the fundamental wealth of the asset perceived under Q.

Lemma 2.3 shows that the difference S — S€, which is nonnegative due to (2.5),
does not vanish if Q € Mnur(W), and this can be interpreted as the appearance of a
non-trivial “bubble”.

Definition 2.10 For any Q € M,c(W), the nonnegative adapted process f€ defined
by

is called the bubble perceived under Q or the Q-bubble.

Combining the preceding results, we obtain the following description of a
Q-bubble.

Corollary 2.11 A measure Q € Mioc(W) belongs to Myy(W) if and only if the
Q-bubble reduces to the trivial case B2 = 0. For Q € Myu1(W), the Q-bubble 2

is a nonnegative local martingale such that ,BOQ > 0 and
lim BL=0 as. andin L' (Q). (2.10)
— 00

Proof The local martingale property follows from (2.9) since the difference of a local
martingale and a uniformly integrable martingale is again a local martingale. Since
both S and S€ converge to 0 almost surely and in L!(Q), we obtain (2.10). U

For Q € Mnut(W), the Q-bubble 82 appears immediately at time 0, and then
it finally dies out. In order to capture the slow birth of a bubble starting from an
initial value 0, we are going to consider a flow in the space Mj,.(W) that begins in
Muyr(W) and then enters the class Myyp(W).

3 The birth of a bubble as a submartingale

Consider a flow R = (R;);>¢ in the space of equivalent local martingale measures,
given by a probability measure R; € Mjo.(W) for any ¢t > 0. We assume that R is
cadlag in the simple sense that the adapted process WR defined by

W :=Eg Dol Fil, 120, 3.1
admits a cadlag version. Then the same is true for the adapted process S® defined by

SF =Wl — D, =Eg,[Do — Di| ], t>0.
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This cadlag property clearly holds if, as in [17], the flow consists in switching from
one martingale measure to another at certain stopping times. It will also be satisfied
in the cases studied below.

Definition 3.1 For a cadlag flow R = (R;);>0, we define the R-bubble as the non-
negative, adapted, cadlag process
BR=w—-wR=5-5%>0.
Clearly, the definition and the analysis of the processes W, S™ and g7 only
involve the conditional probability distributions
R(-1F]), t=0, (3.2)

which describe the market’s forward-looking view at any time ¢ as described by the
local martingale measure R; € Mioc(W). It is thus enough to specify these condi-
tional distributions. Conversely, any such specification that yields the cadlag property
of (3.1) induces a cadlag flow R = (R;);>o if we fix any measure Q € Myp(W) and
define the measure R; by

Ri[A]:=Eg[Ri[A|F]] (3.3)

for Ae Fandt > 0.

As soon as the flow R is not constant, it describes a shifting system of predictions
(R:[-|F:Ds=0 that is not time consistent. Indeed, time consistency would amount to
the condition that the predictions

7, (H) = / HAR,[-|F1=Eg [HIF] >0
satisfy
s (0 (H)) = iy (HD) (3.4)

for any s <t and for any bounded measurable contingent claim H . This condition is
clearly satisfied if all the conditional distributions in (3.2) belong to the same martin-
gale measure Ry € Mo.(W), and the converse holds as well:

Proposition 3.2 If R;[-|F;]1# Rol - |F:] for some t > 0, then time consistency fails.

Proof The assumption implies that for some A € F and some ¢ > 0, the event
B ={R[A|F:] > RolA|F: ]}
has positive probability Ro[B;] > 0. Then H := Isnp, satisfies
7 (H) =Eg, [H|F] = Er,[H|F:],
and the inequality is strict on B;. Thus we get

mo(H) = Eg)[H] = Er [Er,[H|F:1] < Erylmr; (H)] = 70(7: (H)),

in contradiction to (3.4). U
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In the time consistent case, the conditional probability distributions R;[ - |F;] thus
all belong to the same local martingale measure Ry € Mo (W), and so we are in the
situation of Corollary 2.11: Either no bubble appears at all, or a bubble already exists
at the very beginning.

Let us now look at a time inconsistent situation where the flow R is not constant.
As shown by Lemma 2.8, the R-bubble vanishes at times t when R, € My(W), but
it will typically become positive in periods when the flow passes through Myur(W).
Let us now focus on the special case where the flow R consists in moving from some
initial measure Q in Myy(W) to some measure R in Mnyr(W) via adapted convex
combinations. More precisely, let us fix

Qe Myi(W) and R e Myur(W) (3.5)

and some adapted cadlag process & = (§;);>0 with values in [0, 1] starting in £ = 0.
Now suppose that at any time ¢ > 0, the market’s forward-looking view is given by
the conditional distribution

Ri[-|Fil=&R[-|F ]+ (1 =) Q- [ 1], (3.6)

putting weight & on the predictions provided by the martingale measure R and the
remaining weight on the prediction under Q.

Remark 3.3 The microeconomic model of interacting agents in [8] would suggest
the following economic interpretation of such a flow. There are two financial “gu-
rus”, one optimistic and one pessimistic, whose subjective views are expressed by
the two martingale measures Q and R. Each guru has a group of followers, but the
proportion between these two groups is shifting, due to contagion effects. As a result,
the temporary price equilibrium at any time ¢ is given by some martingale measure
R;, and in simple cases R; should be given by a weighted average of Q and R, de-
pending on the present weights of the two groups.

Lemma 3.4 For the flow R = (R;):>0 defined by (3.6) and (3.3), the R-bubble
BR =85 — SR is given by

Bl =& —sH=&pf. 1=0. (3.7)
The 'R-bubble starts at ,382 =0, and it dies out in the long run:

lim B =0 as. andin L'(R).
11— 00

Proof Note first that the R-bubble starts at the initial value O since Ry = Q 1is in
Muyur(W). We have

W,R = st]ER[WooLFl] + (1 - st)EQ[Ww|ft] = ftW;R + (1 - ét)Wn

hence

BR=w,—wWR=&wW, - WF) =g, - & =¢&8F. (3.8)
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This implies lim;_, o ﬂ,R =0, since SR converges to 0 by Corollary 2.11 and & re-
mains bounded. O

The following proposition shows that the initial behavior of the R-bubble g™
from its starting value O is captured by a submartingale property under R, if £ puts
increasing weight on the prediction provided by the measure R.

Proposition 3.5 If the process £ is increasing, then the R-bubble B® is a local
submartingale under R. If & remains constant after some stopping time t1, then ,BR
is a local martingale under R, and hence an R-supermartingale, after time .

Proof The R-bubble B% = W — WX is a local martingale under R as stated in Corol-
lary 2.11. Let o be a localizing stopping time for 8% under R, that is, the stopped pro-
cess (BR)? := R is an R-martingale. Then the stopped process (87%)7 = (§8%)°
is an R-submartingale since

EBRY = BR , = Eno ERIBR o |1 Fs1 = ErlEsno BR , | Fs]
< ERl&noBR 51 Fs1 =Er[(EBR)T | F]

for s <. To show that 87 is a local R-martingale after time 71, it is enough to verify
that the stopped process (87%)° satisfies

Er[(B™)71=Er[(8™)7]

for any stopping time 7 > 71. Indeed, since &; s = &7, Ao, the representation (3.7) of
ﬂR allows us to write

Er[BE 1 =ErlErno B 01 = Er[Enac ERIBR o1 Feino]]
= ERl&c no 85 0] = ER[BI o ]. 0

The situation becomes more delicate if the process £ is no longer increasing, but
only a submartingale under R, as will be the case in the situation considered below in

(3.12). Let us first look at the general case where £ is a special semimartingale with
values in [0, 1]. As in (3.8), the bubble ,BR is given by

BR =&.(S — sF)=¢&pF.
Let
£=M°"+ A% (3.9)

denote the canonical decomposition of £ into a local R-martingale M and a
predictable process A with paths of bounded variation. Since B% is a local
R-martingale, an application of It6’s integration by parts formula shows that the
canonical decomposition of the R-bubble BR = gBX takes the form

dBR = (& dBR + R am}) + d AR, (3.10)
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where A™ is the predictable process with paths of bounded variation defined by
t
AF:/ BRdAS +18, 8%, 120 (3.11)
0

Our aim is to clarify the conditions which guarantee that A® is an increasing
process, that is, the bubble ,BR takes off as a submartingale. In that case, we could
say that the “birth” of the bubble takes place while the increase of A™ is strict.

We first state the following criterion for the local submartingale property of ,BR.

Proposition 3.6 The R-bubble BT is a local R-submartingale if and only if AT is an
increasing process. If € is a submartingale, then the local R-submartingale property
for BT holds whenever the process (€, BR] is increasing.

Proof The first claim follows immediately from (3.10). If £ is a submartingale, then
A$ is an increasing process, and so is the first term on the right-hand side of (3.11)
since & > 0. Thus A™ increases whenever [£, BR] is increasing. O

From now on, we focus on the following special case. Suppose that the flow
R = (R;):>0 is of the form

R =(1—-2)0+MR, (3.12)

where (););>0 is a deterministic cadlag process of bounded variation that takes values
in [0, 1] and starts at Ag = 0. Let us denote by M the uniformly integrable martingale

d
M,:IER[d—%‘]-}}, t>0.

Lemma 3.7 The conditional distributions R;|[ -|F;] are of the form (3.6), where the
adapted process & is given by

A
=" >0 (3.13)
A+ = 2)M;

&
Proof For any F-measurable Z > 0 and any A, € F;, we have
Egr[Z; Al = ER[()‘-t +(1 - )\t)Moo)Z§ At]

= Er[MERIZIF] 4 (1 = A)MEQlZ|F/]; A, ].

Since
@ =i+ =2)M,,
dR 7
we have
WIR g
dR; 7
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and

(1 /\)MdR —1-¢
t tht]—‘,_ t-

Thus we can write
Er [Z; Al =Eg [&ER[ZIF) + (1 — EDEQ[Z|F]; A,

and this amounts to the representation (3.6) of the conditional distribution
Re[ - [Ft]. O

Lemma 3.8 If A is increasing, the process (&):>0 defined in (3.13) is an R-submar-
tingale with values in [0, 1], and its Doob—Meyer decomposition (3.9) is given by

t _
Mf:—/ Ao (1= As) d M (3.14)
0 ()‘*s + (1 - )‘@)Ms)2
and
Af—ft M; da +/t Ay (= A" d[M, M];. (3.15)
"o O+ =aM)E T g A —aM)d T T

Proof Note that & = g(M;, A;), where the function g on (0, co) x [0, 1] defined by

Y

Trd =y (3.16)

glx, y) =
is convex in x and increasing in y. Due to Jensen’s inequality, this implies
& = g(ERr[M/|Fs], As) <ERr[g(My, M) Fs] < Er[g(My, )| Fs] = Erl&|F/]

for any s <t, and so we have shown that £ is an R-submartingale. Applying It6’s
formula to & = g(M;, A;), we obtain the Doob—Meyer decomposition (3.9) with

t
M; = / gx (Mg, hg)dM,
0

and
t

"1
A§=/ S 8xr(My. k) dIM, M]s+/ gy(My, hs) di,
0 0
and this yields the explicit expressions (3.14) and (3.15). O

Theorem 3.9 Consider a flow R = (R;):>0 of the form (3.12), where X is an increas-
ing, right-continuous function on [0, 0c0) with values in [0, 1] and initial value Lo = 0.
Assume that

WR s alocal submartingale under Q (3.17)
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or, equivalently, that
[WR, M] is an increasing process. (3.18)

Then the R-bubble ,BR is a local submartingale under R with initial value ,Bgz =0.
After time t1 = inf{t : A, = 1}, ﬁR is a local martingale under R, and hence an
R-supermartingale.

Proof Both WR and M are martingales under R, and so Itd’s product formula
dWEBM)y=wRdM + Maw® +d[w®, M)

shows that the quadratic covariation [W®, M1, defined as the predictable process of
bounded variation in the canonical decomposition of the semimartingale WX M, is an
increasing process if and only if WM is a local submartingale under R. But this is
equivalent to the condition that WX is a local submartingale under Q.

Since W is a local martingale under both R and Q, the process WM is a local
martingale under R. Thus [W, M] =0, and so we see that

(BR, M1=[w — wR M1=—[WE, M) (3.19)

is a decreasing process. But this implies that [£, 8] is an increasing process. Indeed,
since & = g(M, A) with g defined by (3.16), we obtain

dig, pR1=d[M®, R = g. (M, 1) d[M, ],

and we have g, (M, L) <0 because g(x, y) is decreasing in x. The local submartin-
gale property of BR under R follows from Proposition 3.6. The rest follows as in
Proposition 3.5 since & = 1 for ¢t > 11. O

Let us now assume that the wealth process W is strictly positive. Then the local
R-martingale W admits the representation

W=¢ @) =exp(L- %[L, 1),

where L is a local martingale under R. The fundamental wealth process W per-
ceived under R can now be factorized into the wealth process W and a semimartin-
gale C, i.e.,

wR=Eg[WE|F1=wW,C, (3.20)
where
1
C, = IER[exp (Loo — L= 5(IL. L~ L, L],)) ‘}',]. (3.21)

The martingale property of W under Q implies [W, M] = 0, and so the factorization
(3.20) yields

d[WR, M]=Wd[C, M]+ Cd[W, M]=Wd[C, M].
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Since W is strictly positive, the criterion in Theorem 3.9 now takes the following
form.

Corollary 3.10 The R-bubble ﬁR is a local R-submartingale if [C, M] is an in-
creasing process, where C is defined by the factorization WX = WC in (3.20) and
(3.21).

4 The Delbaen-Schachermayer example

The following situation typically arises in an incomplete financial market model. It
was first studied in [6] and then used as a key example in [17].

Let XD and X® be two independent and strictly positive continuous martingales
on our filtered probability space (§2, F, (F;)s>0, P) such that X(()l) = X(()Z) =1 and

lim X =1limX? =0 P-as.

t1oo t1oo
We fix constants a € (0, 1) and b € (1, co) and define the stopping times
It ‘= inf D e .y @ _
1:=inf{t > 0: X, =a}, T :=inf{t > 0: X, =b} “.1)

and 7 := 11 A 72. Note that 71 < oo P-a.s., and that an application of the stopping
theorem to the martingale X ® yields

1
Plt; < 00| F] = - X!

; o 4.2)

Now consider an asset that generates a single payment X 5“ at time t, and whose
price process S is given by S; = X,1 l{z>s}, t = 0. Thus we have

D, = Xgl)l{rgt}, t>0,
and the wealth process W is given by the process X () stopped at ,
— _ vy
Wi=S8+D =X, t=>0.

Clearly, W is a martingale under P and bounded below by a. But it is not uniformly
integrable, as shown in [6]. More precisely:

Lemma 4.1 We have

1 1
Ep[WoolFil =a(1 = X120 ) + 5 X0 X2, (4.3)

and this is strictly smaller than W; = X,(l) on the set {t > t}.
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Proof Equation (4.3) clearly holds on the set {t <}, where both the right-hand side
and W, coincide with X 5”. On the set {t > t}, we write

Ep[Wool Fil = Ep[X{V|F]
=Ep[X{ 1 =oo) [ 7] + Ep [X{V 115y co0)| Fi]
= aPlry = 00l Fi ]+ Ep[Ep[Xyhe, | Fr V 0 (1)1 11y <o) | T ]
Since 1, is independent of X (D the last term reduces to
X;" Pl < 00| 7],

and in view of (4.2), this implies (4.3). The fact that Eg[Wuo| 7] < W; = X' on
{r > t} follows directly from the definition (4.1) of 71 and 5. O

Consider the bounded martingale M defined by
M =Xx2., >0,

and denote by Q the probability measure with density

dQ

Thus Q is equivalent to P, and it is shown in [6] that W is a uniformly integrable
martingale under Q. Indeed, W is a Q-local martingale since [W, M] = 0. Moreover
we have Ep[Xgl)hz] =1on {1 < oo} and ng) = Ep[Xg)l{tZ@o}LFt], hence
Eo[Wool =Ep[ XX =Ep[XV XD 111, <00)]
=bEp [EP[X£1)|‘[2]1{12<00}] = bP[Q < OO] =1
= Wo,

and this implies uniform integrability of W under Q.
Defining R := P, we thus have

R e Myut(W) and Qe Myi(W).

As in Sect. 3, we now consider a flow R = (R;);>0 of the form (3.12) and the result-
ing R-bubble 7. In view of (4.3), the fundamental wealth process WX perceived
under R is given by

1 1
WR =Ep[WoelF=a (1= 2 M) + 3 WiMy, 120, (4.4)

The following proposition shows that condition (3.18) of Theorem 3.9 is satisfied
in our present case.
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Proposition 4.2 W is a local submartingale under Q.
Proof Since [W, M] =0, we obtain
R 1 1
dW*, M]= Ed[(W —a)M,M] = E(W —a)d[M, M].

Thus [WR, M] is an increasing process and this amounts to the local submartingale
property of WX under Q. g

In view of (4.4), the R-bubble takes the form
1
R_w_wk— _ 1
BR—w —wk=(w a)(l bM), (4.5)
and so the R-bubble is given by
1
BR=EpR =W — WR)y=£(W —a)(l - ZM).

In particular the R-bubble vanishes at time t, that is, ,BZR =0 for ¢t > 7. Since we
have just verified condition (3.17), the R-bubble takes off from its initial value O as a
R-submartingale before it finally returns to 0. More precisely:

Corollary 4.3 The behavior of the R-bubble under the measure R is described by
Theorem 3.9.

5 A stochastic volatility example

In this section, we consider a stochastic volatility model of the form

dX,=o1v,X,dB! + ov, X, dB?, Xo=ux,
5.
dvt:alv,dBtl—i—azv,dBtz—i—agv,dB?, vo=1,

where B = (B!, B2, B?) is a 3-dimensional Brownian motion on a filtered proba-
bility space (§2, F, (Ft)r>0, P). We assume that the two vectors a = (aj, a2) and
o = (01, 02) are not parallel and satisfy (a - o) > 0, and that a3 € {0, 1}.

The model (5.1) is a slight modification of the stochastic volatility model studied
by C.A. Sin [24]. On the one hand, we drop the drift term in the equation of the
process v under the measure P, and this will be convenient for the computation of
the fundamental value WR in Proposition 5.2. On the other hand, our model is driven
by a 3-dimensional instead of a 2-dimensional Brownian motion, and this will allow
us to construct a counterexample to our condition (3.17).

The following theorem provides the corresponding variant of Theorem 3.9 in [24];
its proof is given in the Appendix.
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Theorem 5.1 There exists a unique solution (X, v) of (5.1).
Forany T > 0, the process (X;):e[o.1] is a strict local martingale under P. More-
over, there exists an equivalent martingale measure Q for X such that the densities

d
—Q =M, 0<r<T,
dP|x
are given by
M, =€ —/.MaldBl—/.MaLdBZHaIzB?’ (5.2)
t 0 a.O_J_ 1 s 0 a.O,J_ 2 s . t, .

where E(Z) = exp(Z — %[Z , Z]) denotes the stochastic exponential of a continuous
semimartingale Z, the vector o+ = (O'lJ‘, crj‘) # 0 satisfies

0.0t =010i +o0f =0,

and where we put |o| =, /a% + a% + a%. More precisely, the process (X;):e[0,1] is a
martingale under Q satisfying

dX; =010 X, dB2" + ov, X, dB2?,  Xo=nr,
dv; =alv,dBtQ’1 + arv; dB,Q’2 —|—a3vtdB,Q’3 —(a- o)vtzdt —|—a3|a|2v, dt,
vo=1,
where BC = (B21, B2, BC-3) s q 3-dimensional Brownian motion under Q.

In order to return to the setting of Sect. 2, we consider a financial asset that gener-
ates a single payment X7 at time 7 and whose price process S is given by S; := X;
for t < T and S7 = 0. Then the wealth process is given by W = X. Theorem 5.1
shows that W is a uniformly integrable martingale under Q, and so we have

0 € Mui(W).

But Theorem 5.1 also shows that W = X is not uniformly integrable under P, and so
we have

R := P € Mnui(W).

Let us now compute the fundamental value W X perceived under R, given by
W =ErWr|F] =ErlX7|F]l, 1€[0,T].

Proposition 5.2 The process WR admits the factorization WR = WC, where the
semimartingale C is of the form

C=1+ (alcl(t) + Uzcz(l‘))l}t, tel0,T].
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The time-dependent coefficients are given by

1 T—t X ~ |
=B+ [ Mudl ],

Ur Jo

1 T—t ¥ .
c(t) =Eg —/ e v,y dB; |,

Vr Jo

oic1(t) +o2c2(t) <0 5.4

(5.3)

and satisfy

foranyt €[0,T).

Proof The process X is given by the stochastic exponential

X, =& (/ alvsstl —+—/ azvsd352> , tel0,T].
0 0 t

Thus

Xr r 1 r ) ’ 2 2.2
_=exp</ o1vsd By —|—/ o2vs d By — —/ (o] +05)v5ds
Xl‘ t t 2 t
T T T
Vg Vg 1 Vg
:exp(v,/ UlidB; —i—v,/ az—édBf——vtzf (012+022)(—3)2ds>.
t Uy t Uy 2 t Ut

Clearly, we can write

R Xr
WE = X,Ep| 5| F | = WiC,
X;
where
Xr
C; = IER|:— .7-",} (5.5)
X,

for t € [0, T]. Note that

v 1
o =exp (ar(B) = B) +ax(B2 = BY) + ax(B] - B}) - Sl - 0)
t

is independent of F; for T > u > t. Fixing y := v, and writing

t+u Vg 1 t+u g 9 1 5 9. o t+u g 2
Y, :aly/ v—‘dBS +02y/ ~dB; — 5(‘71 +05)y / (—) ds,
t t t t

U_t 1%
for u > 0, we have Yy =0 and
T T T
Vg v 1 Ve \ 2
Yr_; =aly/ —SdB; +02y/ —SdBS2 - —(al2+022)y2f (—S) ds.
t Ut t Ut 2 t Uy
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Applying 1t6’s formula for the function f(x) =e*, we obtain

T—t 1 T—t
el = Yo +/ efvdy, + —/ e dlY, Y1,
0 2 Jo

T—t T—t
Vy+t ~ t
:eYO-l—O’ly/ utt Y, dBMI +0’2y/ Vutr oYu dBL%,
0 Ut 0 Uy

where the Brownian motion B = (El, I§2) defined by B’ = Bt’+u — B;, i=1,2,1s
independent of F;. For fixed v; = y, the conditional expectation (5.5) will thus be
equal to the absolute expectation

Erle'™1=1+ (01¢1(1) + 0202(1)) y,
where c1(t) and c(¢) are given by (5.3). It is shown in [24] that an application of
Feller’s explosion test yields W,R < W; for any ¢ € [0, T'), and this implies (5.4). U
As before, we now consider the flow R = (R;);>0 defined by (3.12) and the re-
sulting bubble
BR=w —WR =W — wF).

Corollary 5.3 If a3 = 0, the process WR is a submartingale under the measure Q,
and so the behavior of the bubble BR is again described by Theorem 3.9.

Proof Let us verify the sufficient condition in Corollary 3.10. Since
dC; = (0'101 (1) + 0202(1‘)) dv; + o1v:de1(t) + opvr der(t),

the local martingale part of the semimartingale C is given by

t t
ME = / ai(o1c1(s) + 0202(5)) vy dB! +/ az(o1¢1(s) + 0202(5)) vy dB2.
0 0
Since (5.2) implies

M;=—/ M oi-MydB! — / us(@-0) o3-M, d B2,
0o (a-ob) 0( ol)

we obtain

t

[M.Cl, = (M. M<], = / —(0161(5) + 0262(5)) (@ - 0 )02 M ds.
0

This is indeed an increasing process, since the integrand is strictly positive. In view
of Corollary 3.10, we have thus shown that 7 is a local submartingale under R. [

Let us now modify the model in such a way that condition (3.18) is no longer
satisfied. To this end we choose the parameters such that

|

(a-0)

k]
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and we introduce the stopping time

2
r::inf{t>0:v,: l }

(a-0)

Consider a financial asset that generates a single payment X, attime 7o:=7 A T
and whose price process S is given again by S; := X; for t < 79 and S; := 0 for
t > 19. The wealth process is then given again by W = X.

Proposition 5.4 If az = 1, the quadratic covariation [M, C] is a decreasing process,
and so condition (3.18) is no longer satisfied.

Proof By using the same computations as in the proof of Proposition 5.2, we obtain
dCy = (o1¢1(t) + 0202(1)) dv; + o1v; dey () + 020, dea (1)
= (olcl(t) + ozcz(t))(alv, dBt1 + arv; dBt2 + vy dB?)
4+ o1vrdey(t) + opvr dea(t),

where c1 () and c»(¢) are given by (5.3). Hence the local martingale part of C is given
by

thC = (alcl(t) + ogcz(t)) (ajvy dB,l + axv; dBt2 + vy dBf).
Therefore we obtain
d[M¢, M), = —(alcl(t) + UzCz(t))(a ~a)v,2M, dt
+ (olcl(t) + ozcz(t))|a|2let dt
=—(o1c1(1) + 0202()) ( — laf?> + (a- o)) v M, dt.

In view of (5.4), the process is decreasing on [0, 1¢], since (a - o)v; — |oz|2 <0 on
[0, To]. O

6 The behavior of the R-bubble under Q

Let us return to the situation of Sect. 3, where the flow R is given by (3.5) and (3.2),
and where the R-bubble is of the form

pR=w —wR =gp%;

cf. Lemma 3.4. But now we change our point of view: instead of using the reference
measure R, we are going the analyze the behavior of the R-bubble under Q.

Let us first focus on the R-bubble p8 = W — WR = § — SR, We retain our con-
dition (3.17) that the fundamental wealth process W is a local submartingale under
0, and so its canonical decomposition is of the form

WR=m? + A9,
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where M€ is a Q-local martingale and A€ is an increasing continuous process of
bounded variation.

Proposition 6.1 Under condition (3.17), the R-bubble BX is a uniformly integrable
supermartingale under Q. More precisely, B is the Q-potential generated by the
increasing process AQ, that is,

BR =ER[AS - AP|F], 1=o0. 6.1)

Proof Since W is uniformly integrable under Q and dominates both M€ and R, the
R-bubble

BR=w-—wR=w —-m?)— a2

is a uniformly integrable Q-supermartingale. Moreover,
EoIME|Fil1=Eg[Weo — Axcl Fil= W, — Eg[AX | 71,
and this implies (6.1). O

Let us denote by M the Q-martingale
~ 1 dR
=—=—] , 120,
M, dQ|r,
and let us represent the R-bubble in the form
BT =Ep~,
where é :=&M and BR = ,BRM

Lemma 6.2 The process B If =pBRM is a local martingale under Q. Under condition
(3.17), the processes [BR, M) and [BR, M] are both increasing.

Proof The local martingale property of 8% under R translates into the local martin-
gale property of A% under Q. Under condition (3.17), the process [,BR M] is decreas-
ing; see (3.19). Applying Itd’s formula to B% = SR M and M =M™, we obtain

~p o~ 1
d[p®, M| = T dIpR, M] + 25 ﬁ d[M, M]
and so [,3 R M ] is increasing. Moreover,
dIBR M= ——LdipR )
£ - M2 E) )
and so [BR, M1 is increasing. O
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From now on, we consider the special case where the flow R = (R;);>0 is of the
form (3.12), i.e.,

Ri=(1—-x)0 + AR,
where (A;)>0 is an increasing cadlag function that takes values in [0, 1] and starts in

Ao = 0. In particular, the process £ is now given by (3.13).

Proposition 6.3 The process &€ = &M is a submartingale under Q. More precisely,
the Doob—Meyer decomposition of & under Q is given by

& =M + AS (6.2)
with
- A2 -
dMé =————— _dm
M+ (1 =21))2
and
1 A3 . -

dAS = M, M]. (6.3)

. da _ d
(M + (1= 1))2 * OM + (1 —1))3 [

Proof Note that

gt :g(Mtv)\'I)v
where
- y
g, y)=———
xy+(d—-y)

is convex in x € (0, 00) and increasing in y € [0, 1]. As in the proof of Lemma 3.8, it
follows that £ is a Q-submartingale. The explicit form of its Doob—Meyer decompo-
sition is obtained by applying It6’s formula, using

2
. y - 1
NOT) P — = 4
SV =mE iy VS Tasyy: @Y
and

Zex (X, ) 2" 6.5)

xx (X, = T 3 .

Bt = oy + = y))?

O

Let us now describe the behavior of the R-bubble g7 = £8X = £ AR under the
measure Q.

Proposition 6.4 Under Q the R-bubble has the canonical decomposition
BR — jiR 4 AR,
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where the local martingale MR s given by
AMR =EdfR + gRam?.

The process AR takes the form

y M
dAR = — —  (BRar—dD), 6.6
AM+(1—A)(/3 ) (6.6)

where D denotes the increasing process given by

201 _ R
D A =1p

= d[M, M1+ )2 d[BR, M.
MGOM (1 —1))

Proof Applying integration by parts to R = EBR and using the Doob—Meyer de-
composition (6.2) of £, we obtain
dpR =Edp* + R ak + d 1B, ]
= (Edp" + pRaM®) + (BR d A% + d[B . €))
= dM® +dAR.

In view of Lemm~a 6.2, M RNis a loc~al martingNale under ~Q, and so the finite variation
part is given by AR Since £ = g(M, )) and BT = BRM, we obtain

dIfR E1=g(M, 2 dIBR, M1=g.(M, M) (BRdIM, M1+ M[BR, M]).

Combined with (6.4) and (6.3), this yields

R a7 Rarq3
AR — pM dxr+ Nﬁ M d[M, M]
(AM + (1 — 1)) (WM + (1 —1))3
Ry2 2 A7
P2 AT, 171 MM R

T OM A+ (=) T OM A+ (=)
R Ry2/1 _
BM gy P20 i

)

T OM + (1— )2 (M + (1= 2))3
M R -
- d[B", M]
M + (1 —1))?
=——— (pRar—dD).
(AM 4 (1 —2))? g
Note that the process D is indeed increasing due to Lemma 6.2. |

Definition 6.5 We say that the R-bubble B behaves locally as a strict Q-submartin-
gale in a given random period if A™ is strictly increasing in that period.
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The preceding proposition shows that the R-bubble behaves like a Q-super-
martingale in periods where A stays constant. In order to induce a strict submartingale
behavior under Q, the increase in A must be strong enough to compensate for the
increase in D. Typically this will be the case during the initial period when the R-
bubble is born, as long as A and hence D still remain small enough to be compensated
by the initial increase of A.

Let us illustrate the qualitative behavior of the R-bubble under Q in the specific
situation of the Delbaen—Schachermayer example in Sect. 4. According to (4.5), the
R-bubble now takes the form

ﬂRz(W—a)(l—%M) 6.7)

Since [W, A71] =0and d[M, M] = —M’Zd[ll;[, ]l71], the increasing process [ﬁR, M]
is given by

dIBR, M= %(W —a)M~2d[M, M]. (6.8)
Let us denote by
= dh
d[M, M]

the density of the absolutely continuous part of A with respect to [M, M].

Corollary 6.6 The R-bubble behaves locally as a strict Q-submartingale in periods
where

Ny N .
¢,>,\3(1—)\,(1—5)>(M,——) (LM, + (1= 2)) " 6.9)

Proof In view of (6.6)-(6.8) and after cancellation of the common term W — a, the
condition dA™ > 0 takes the form

I~ 1m 231 L= L o ity + M
( 3 t)éth)»,( —)»t)( 3 t) f ()‘«t r+( _)‘«t)) +? Pl
Multiplying by M; (A, M; + (1 — 1)), we obtain

(1\71,—%)()»;1\71[4-(1—)»;))@ zx$<1—x,(1—%)>. .

Let us now consider the special case where the martingale X in Sect. 4 is of the
form dX® = X@ 4B for some Brownian motion B. Then d[M, M] =M2dt up to
the stopping time t introduced in Sect. 4.

Let A be continuous and piecewise differentiable with right-continuous deriva-
tive A’. Then the density ¢ is given by ¢ = M2y Introducing the functions

Fx 1) = (1 - %x) (x(r) +(1- A(t))x)k’(t)
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and
1
h(t) == 22(0) (1 — (1)) (1 — E)’

we can now describe the behavior of the R-bubble under Q as follows.

Corollary 6.7 Up to time T, the R-bubble B~ behaves locally as a strict Q-sub-
martingale as long as the process (M;, t) stays in the domain

Dy :={x,0): f(x,1) > h(D)},
and as a strict supermartingale under Q as long as it stays in
—={, 0 flx, 1) <h(D)}.

In particular, if M’ (0) > 0, then BT behaves as a strict Q-submartingale up to the exit
time

=inf{r > 0: (M;,t) ¢ D+} >0
Jfrom D.
Proof In our special situation, (6.9) amounts to the condition f(M;,t) > h(t), and
the condition f(M;,t) < h(t) is equivalent to dAR < 0. Note that A’ (0) > 0 implies

(1,0) € D4, hence (M;,t) € D4 for small enough ¢, and so the exit time from D is
strictly positive. O
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Appendix

This section contains the proof of Theorem 5.1. We proceed as in the proof of Theo-
rem 3.3 in [24]. Note first that there exists a unique solution (X, v) of (5.1). Indeed,
the process v satisfies the 1-dimensional stochastic differential equation

dv; = afv,dW;, 0=<t<T, (A.1)
with respect to the Brownian motion
= || (o1 B! + a2 B? + a3B}).

It follows that (A.1) admits a unique solution v = £(|a|W). Therefore X is uniquely
determined as the stochastic exponential of the square integrable process

/lesstl—i—/ azvsstz.
0 0
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Let us now show that (X;);c[0,7] is a strict local martingale under P. It follows
from Lemma 4.2 of [24] that the expectation of the local martingale X under P can
be computed as

Ep[X7]= XoP[w; does not explode on [0, T']],
where (w;):¢[0,7] 1S given by
dw; =a]w,dBtl +a2w,dBt2 —l—agw,dBt3 + (a -a)wtzdt, wo=1.
Then we have
dw, = |a|lw; dW, + (a - o)w? dr. (A2)

It follows from Lemma 4.3 of [24] that the unique solution of (A.2) explodes to
400 in finite time with positive probability. This implies that Ep[X7] < X0, and
therefore X is a strict local martingale under P.

Now we have to prove that the process (M;)c[o,7] is indeed a Radon-Nikodym
density process, i.e., that it is a true martingale under the measure P. It follows from
Lemma 4.2 of [24] that the expectation under P of M7 is given by

Ep[M7]= MyP[; does not explode on [0, T1], (A3)
where (0;);e(0,7] satisfies
db, = a0, dB} + axb; d B> + a30, dB} — (a - o) ()% dt + a3|a|*D; dt
=|a|d; dW; — (a - 0)(0;)? dt + a3|a|*?; dt.
The explosion time of (;);¢[0,7] is given by
Too = inf{t > 0: 9, ¢ (0, 00)}.

We apply Feller’s test to v (see Sect. 5.5 of Karatzas and Shreve [18]) in order to
prove that

P[To = +00] = P[9; does not explode on [0, T]] = 1.

To this end we compute the scale function

* Y —(a-0)7* +azlal’z
p<x>=/ exp(—zf @o)e *dslel dz)dy,
1 1 loe]“z

and examine the limits lim, o p(x) and limy 400 p(x).
We distinguish two cases:
Case 1: a3 =0. We have

X . y
p(x)=/ exp(z(a f)f dz)dy
1 || 1

. * 2(a-o0)y _ la|? 2(a-o)x B
_kfl exp( o2 )dy_klz(wo)exp( o2 ) ©
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with k, k1, ko € R;. Clearly
lim p(x) = 400,
x100
since a - o > 0. Therefore it follows from Problem 5.27 of [18] that

u(00) = 400,

where
wo=[ v [~ dzay.
1 1 P (@lel?z?
Furthermore
. 2
xl_1)161+p(x) =ki 2a-0) k2 > —oo.

As required by Feller’s test, we now compute
li li % ’ 2 dzd
im u(x)= lim ————dz
Jim, (x) x_)0+/1 p(y)/1 a2y @) o
X 2 X
im _ "(y)dydz
x—>0+/1 |a|2z2p/(z)/z Py
i / 2 2a-0)z / 2@-0)y\ g
im exp| - ——— exp| ———
04 i Ja22 &P w2 ) ) P\ ey )
_Z(avg) X 2 X
lim e dyd
x—0+ /; |0l|222,/; yaz

1 _2(u»(27) 2 X 1 d
1 lal# — _ _
04 <e o |2 /1 z? (=2 Z)

_ 2(a0)

lo 2 oF xir&r(—logx —x+1)=+o00.

Ju—
=

v

=e

Applying Theorem 5.29 of [18], we obtain
Pl1oo = +00] =1.

This shows that 0 does not explode on [0, T]. In view of (A.3), we have proved
Ep[M7]= My. Thus the process (M;);¢[0,7] 1S a true martingale, and we denote by
Q ~ P the probability measure with the density process given by M.

Applying Girsanov’s theorem, we see that under the measure Q, the bivariate pro-
cess (X, v) satisfies

dX; =010, X;dB2" + oov, X, dB2*,  Xo=x,

dv,=ayv dB2" + a0, dBZ? — (a-on?di,  wvo=1.
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Thus X is a positive local Q-martingale. To show that is a true martingale, it is enough
to show that it has constant expectation. By applying Lemma 4.2 from [24], we obtain

Eo[X7]= XoQ[o does not explode on [0, T]],
where
dv, = a\v,dB} + a>v; d B2 (A.4)

Since (A.4) has linear coefficients, it follows from Remark 5.19 in [18] that it has a
non-exploding solution. Therefore (X;);c[0,7] is @ Q-martingale.
Case 2: a3 = 1. The scale function is in this case equal to

* Y —(a-0)2? +|afiz
p(x):/ exp(—Z/ 22' E dz)dy
0 1 le]*z

X .
:k/ exp <2(a U2)y>y_2dy,
i ||

where k € R. We examine the limits lim, o p(x) and limy o0 p(x).
We have

limp(x)zlimk/xexp 2N 2y
x}0 x10 Jq |()[|2

Then it follows from Problem 5.27 of [18] that

u(0+) = 400,

where

X , y 2
M(X)Z/I P()’)/ll Wdzdy.

Furthermore, we have

X .
lim p(x) = lim k/ exp (299DY ) 24y — oo
xtoo xtoo  Jq |o¢|2

Then it follows from Problem 5.27 of [18] that

u(00) = +o00.
Applying Theorem 5.29 of [18], we obtain
Plteo =+o00] = 1.

Therefore v does not explode on [0, T']. Thus the process M is a true martingale.
Applying Girsanov’s theorem, we see that under the measure Q, the bivariate pro-
cess (X, v) satisfies

dX, = o0, X, dB"? + 020, X, dB"2, 1€][0,T],

dv; =a1vtdBtl’Q +a2vtdB,2’Q + v,dB?’Q —(a 'O')Utzdt + |oe|2v, dt.
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Thus X is a positive local Q-martingale. As in the previous case, in order to show that
is a true martingale, it is enough to show that it has constant expectation. By applying
Lemma 4.2 from [24], we obtain

EolXr]= XOQ[@, does not explode on [0, T]],
where
di; = ay, dBC + axth, dBPC + 0, d B C + )Xy dt. (A.5)

Due to the linearity of the coefficients, it follows from Remark 5.19 in [18] that (A.5)
has a non-exploding solution. Therefore (X;);¢[0,7] is a Q-martingale.
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