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Abstract—This paper addresses training-based channel estimation in distributed amplify-and-forward (AF) multi-input multi-output
(MIMO) multi-relay networks. To reduce channel estimation overhead and delay, a training algorithm that allows for simultaneous
estimation of the entire MIMO cooperative network’s channel
parameters at the destination node is proposed. The exact CramérRao lower bound (CRLB) for the problem is presented in closedform. Channel estimators that are capable of estimating the overall
source-relay-destination channel parameters at the destination are
also derived. Numerical results show that while reducing delay,
the proposed channel estimators are close to the derived CRLB
over a wide range of signal-to-noise ratio values and outperform
existing channel estimation methods. Finally, extensive simulations
demonstrate that the proposed training method and channel estimators can be effectively deployed in combination with cooperative
optimization algorithms to significantly enhance the performance
of AF relaying MIMO systems in terms of average-bit-error-rate.

I. I NTRODUCTION
Cooperative communications has attracted considerable research interest due to its potential for multiplexing and diversity
gain through resource sharing amongst nodes within the network.
Pioneering contributions can be found in [1], [2] and results on
multi-input multi-output (MIMO) broadcast and multiple-access
channels have been reported in [3], [4]. Note that almost all
of the proposed algorithms require knowledge of channel state
information (CSI) to deliver the promised performance enhancements. Therefore, accurate and efficient channel estimators are
key to future deployments of MIMO cooperative networks.
In [5], a novel and iterative expectation conditional maximization channel estimator for single-relay MIMO-orthogonal
frequency division multiplexing (OFDM) two-way relaying cooperative networks is analyzed. However, the results in [5] are
limited to the case of single-relay networks, the CRLB for
estimation of channel parameters is not derived, the performance
of the proposed estimator is not analyzed, and the estimator
in [5] requires 3-4 iterations to estimate the overall network’s
channel parameters. In [6], a new and innovative TS design
approach for separate estimation of channels from source to
relay and relay to destination in single-relay two-hop cooperative
networks is proposed. Nevertheless, the proposed algorithm in
[6] is based on the assumption that the overall CSI corresponding
to source-relay-destination links is known at the destination. In
[7], channel estimators and training sequence design guidelines
are proposed for correlated single-relay MIMO cooperative networks. However, the approach in [7] is only capable of estimating
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a small portion of the cooperative network’s CSI. As a result,
the effect of the estimator in [7] on the performance of MIMO
cooperative networks is not investigated. Finally, in [8] and [9]
the authors devise new channel estimators for full-duplex multirelay MIMO cooperative networks, i.e., where all nodes within
the network can transmit and receive at the same time. However,
the estimators in [8] and [9] are only applicable to the case of
single antenna relays and require a total of K + 1 time slots,
where K denotes the number of relays in the network, to estimate
the network’s channels. Moreover, the full-duplex assumption in
[8], [9] may not be realistic from a practical point of view.
Decode-and-forward relaying cooperative networks require
channel estimation and signal detection at both the relays and
destination terminals [10], where algorithms similar to that of
point-to-point MIMO systems can be used to estimate the CSI
[11]. However, in the case of fixed-gain amplify-and-forward
(AF) cooperative networks, the relays do not need to perform
channel estimation, since they do not decode the received signal.
Therefore, the network’s overall CSI can be estimated at the
destination node [10]. Similarly, in the AF approach here, relays
are not required to estimate and forward their CSI to the
destination which improves bandwidth efficiency, reduces power
consumption, and avoids further distortion by transmission over
the relay-to-destination link.
Under the considerations of half-duplex cooperative networks,
this paper proposes a new training method for AF MIMO
multi-relay cooperative networks that allows for simultaneous
estimation of source-relay-destination channels at the destination
node. The contributions of this paper can be summarized as
follows:
• Unlike existing channel estimators that require the training
to be carried out, relay by relay, we propose a novel training
scheme that enables simultaneous estimation of the overall CSI
from source to relays to destination. The proposed training
scheme can significantly reduce the delay associated with the
channel estimation process in multi-relay MIMO cooperative
networks while enabling the application of synchronization
algorithms in these networks [12]–[14].
• The estimation problem is parameterized and a new closedform CRLB expression for channel estimation for AF multirelay MIMO cooperative systems is derived to benchmark the
performance of the proposed channel estimators.
• Low complexity least squares (LS) and weighted LS channel
estimators are derived that applies the proposed training method
to estimate the overall CSI from source to the kth relay to
destination, for k = 1, · · · , K, simultaneously.
• Numerical results are presented showing that the performances
of the proposed estimators are close to the CRLB over a
wide range of SNR values. It is shown that in addition to
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Fig. 1. System model for the multi-relay MIMO two-hop
cooperative network.

enabling coherent detection, knowledge of the estimated CSI
can be applied to optimize the average bit-error rate (ABER)
performance of AF MIMO multi-relay cooperative networks.
The remainder of the paper is organized as follows: in Section II the signal model and the proposed training method is
presented. Section III derives the new CRLB for the estimation
problem. In Section IV, we derive the proposed LS and ML
channel estimators. Section V, presents the simulation results
while Section VI concludes the paper .
Notations: Italic letters (x) are scalars, bold lower case letters
(x) are vectors, bold upper case letters (X) are matrices, and (·)∗ ,
(·)T , (·)H , Tr(·), E(·), denote conjugate, transpose, conjugate
transpose (hermitian), trace, and expectation, respectively. Re{·}
and Im{·} represent real and imaginary parts, respectively. IX×X
and 0X×X denote the X × X identity and all zero matrices,
respectively. diag(x) is used to denote a diagonal matrix with
elements given by vector x. The operator, ⊗ denotes Kronecker
product while  represents the Khatri-Rao or column-wise Kronecker product. vec(·) denotes the vectorization operator. Finally,
CN (µ, Σ) denote a multivariate complex Gaussian distribution
with mean vector µ and covariance matrix Σ, respectively.

interval, the estimated CSI can be used for optimization and
coherent detection. Moreover, the proposed relaying scenario is
unidirectional and is not based on the assumption of channel
reciprocity as encountered in the case of time division duplex
systems. In this paper, the following set of assumptions is
adopted:
A1. In both training and data transmission intervals, the signal
from the source is transmitted to the destination over two
time slots: in the first time slot, the source broadcasts its
training and data symbols referred to as a frame, to the
relays and in the second time slot, the relays simultaneously
transmit their training and data symbols to the destination
(see Fig. 1 and 2).
A2. The TSs at source antennas and relays are assumed to be
mutually orthogonal.
A3. Quasi-static and frequency flat-fading channels are considered, where the source-relay-destination channels are
assumed to remain constant over two time slots, i.e., over
the length of a frame, the channels are modeled as unknown
non-random parameters. However, the channels are assumed
to change from frame to frame and each channel parameter
is assumed to be independently and identically distributed
(i.i.d), CN (0, σ 2 ). Similar to previous work in the literature,
e.g., [10], the variance, σ 2 , is assumed to be known at the
receiver.
Assumption A3 is used in previous channel estimation analyses
[8]–[10], [15], [16]. Moreover, A3 is justifiable if applied to
orthogonal frequency division multiplexing (OFDM) systems,
which are used to combat frequency-selective fading in modern
wireless systems.

II. S YSTEM M ODEL AND P ROPOSED T RAINING M ETHOD
A half-duplex space-division multiple access cooperative network consisting of a source, destination pair and a cluster of K
relay nodes is considered, where the relays are assumed to be distributed throughout the network as shown in Fig. 1. The source,
relays, and destination are equipped with M , P , and N antennas,
respectively. Throughout this paper indices m = 1, · · · , M ,
p = 1, · · · , P , n = 1 · · · , N , and k = 1, · · · , K, are used to
denote source antennas, relay antennas, destination antennas, and
number of relays, respectively. As depicted in Fig. 1, the channel
from the mth source antenna to the pth antenna of the kth relay
is denoted by hp,m,k , the channel from the pth antenna of the
kth relay to the nth destination antenna is denoted by gn,p,k ,
and the overall channels from source to relays to destination
are denoted by ψn,m,p,k , hp,m,k gn,p,k , ∀n, p, m, k. As shown
in Fig. 2, transmission is divided temporally into two intervals:
training and data transmission. During the training interval, a TS
of L symbols is used to estimate the cooperative network’s CSI,
ψn,m,p,k , ∀n, p, m, k, at the destination. In the data transmission

A. Training Method and Model at the Relays
Let L denote the length of the TSs. Based on the above
assumptions, the L × P matrix of received training symbols at the kth relay, Rk , [r1,k , · · · , rP,k ] with rp,k ,
T
[rp,k (0), · · · , rp,k (L − 1)] , is given by
Rk = T[s] Hk + Vk ,

k = 1, · · · , K

(1)
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i
h
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[s]
• T
, t1 , · · · , tM is the L × M matrix of the transH
[s]
mitted TSs such that T[s] T[s] = LIM ×M , tm ,
[s]
[s]
[tm (0), · · · , tm (L−1)]T denotes the known TS transmitted
from the mth source antenna,
• Hk , [h1,k , · · · , hP,k ] denotes the unknown deterministic
M × P channel matrix from source to the kth relay, hp,k ,
[hp,1,k , · · · , hp,M,k ]T , hp,m,k is the channel from the mth
source antenna to the pth antenna of the kth relay, which
is assumed to not change, i.e., deterministic, over a frame

but to change from frame to frame according to hp,m,k ∼
CN (0, σh2 p,m,k ), and
• Vk , [v1,k , · · · , vP,k ] is the L × P matrix of additive white Gaussian noise (AWGN) at the kth relay and
vp,k , [vp,k (0), · · · , vp,k (L − 1)]T such that vp,k ∼
CN (0L×1 , σv2k IL×L ), ∀p, k.
To enable simultaneous estimation of the overall cooperative
network’s CSI, ψn,m,p,k , ∀n, p, m, k, at the destination and
reduce delay, we propose that the kth relay forwards a linear
transformation of its received training signal, denoted by R̃k ,
for k = 1, · · · , K, to the destination, given by
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average transmission power constraint, ρm , ρp,k denote the
average transmit power from the mth source antenna and
from the pth antenna
ofthe kth relay,respectively, and

[r]
[s]H
• Ṽk , Tk Ξk IP ×P  T
Vk /L is the L×P matrix
of the transformed AWGN.
The second equality in (2) follows from Assumption A2, i.e.,
H
T[s] T[s] = LIM ×M . The scaling factor ξp,k is selected
to keep the average power of the pth antenna of kth relay as
[r]
ρp,k . In addition, ξp,k follows from the assumption that unit
amplitude
 symbols are transmitted

from both source and relays,
[s]

H
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=
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i.e., tm
tm = L and tp,m,k
tp,m,k = L, ∀p, m, k and
since the ith symbol, for i = 1, · · · , L, of the transformed
AWGN at the pth
 antennaof the kth relay, ṽp,k , is distributed
M σ2

as ṽp,k (i) ∼ CN 0, Lvk , ∀p, k.
The linear transformation in (2) ensures that the TSs corresponding to source-relay-destination antenna links are mutually
orthogonal. This orthogonality of the TSs is used in Section
IV to estimate the overall cooperative network’s CSI, ψn,m,p,k ,
∀n, p, m, k, simultaneously at the destination.
B. Training Signal Model at the Destination
The matrix of received training signals at the N antennas of the destination, YL×N , [y1 , · · · , yN ] with yn ,
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by concatenating vectors of orthogonal TSs from M source
antennas corresponding
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h
i of the kth relay,
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Gk , [g1,k , · · · , gP,k ] is a P × N matrix of unknown
channels from the kth relay to the destination, gp,k ,
T
[g1,p,k , · · · , gN,p,k ] , gn,p,k , is the channel from the pth
antenna of the kth relay to the nth destination antenna that
is assumed to be unknown and deterministic over the length
of a frame and to change from frame to frame according to
CN (0, σg2n,p,k ),
T

is the M P K × N matrix comΨ , ΨT1,1 , · · · , ΨTP,K
prised of the entire collection of source-relay-destination
channel coefficients, Ψp,k is the unknown M × N sourcerelay-destination channel matrix corresponding to the pth
antenna of the kth relay,
Ξ , diag(ξ1,1 , · · · , ξ1,1 , · · · , ξP,K · · · ξP,K ) is an M P K ×
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M P K diagonal matrix,
T
• W , [w1 , · · · , wN ] with wn , [wn (0), · · · , wn (L − 1)] ,
is the L × N AWGN noise matrix at the destination, where
2
IL×L ).
wn ∼ CN (0L×1 , σw
Based on (3) the following remark is in order:
Remark 1: Based on the proposed training method the channel parameters can be estimated simultaneously and the training
and data symbols are transmitted from the source terminal to the
destination in two time slots. On the other hand, using existing
channel estimation algorithms, e.g., [8]–[10], the training and
data symbols need to be transmitted to the destination, relay by
relay, or source-antenna by source-antenna, which for the same
diversity order would reduce the overall throughput of the system
by factors of K or M , respectively. Thus, by simultaneously
estimating the overall networks channel parameters, the proposed
training approach significantly increases the overall throughput
of MIMO multi-relay cooperative networks. For example, for
accurate channel estimation, the training sequence length is
typically of length L = 16 or L = 32 symbols [10]. Using a
relay by relay [8] or source antenna by source antenna training
approach, for a typical network with M = 2, P = 2, K = 4,
N = 4, L = 16, the training overhead as the total time spent in
training in symbol duration is 80 and 64 symbols, respectively.
On the other hand, using the proposed approach the overall
training overhead can be reduced to 32 symbols.
III. C RAM ÉR -R AO L OWER B OUND
In this section, the exact CRLB for joint estimation of channels
in AF multi-relay MIMO cooperative networks is derived. Based
on the received training signal model in (3), the vector of
parameters of interest, λ, is given by

T

λ , λT1 , · · · , λTN ,
(4)
 T
 T
  T
where λn , Re ψn,1,1 , · · · , Re ψn,P,K , Im ψn,1,1 ,
 T
T
· · · , Im ψn,P,K
is a 2M P K × 1 vector and ψn,p,k ,
[ψn,1,p,k , · · · , ψn,M,p,k ]T is an M ×1 vector of channel parameters. According to the assumptions in Section II, vk , vḱ , ∀k 6= ḱ,
wn , wń , ∀n 6= ń, and vk , wn , ∀k, n, are mutually independent.
Proposition: Based on the proposed training method, the
2M P KN × 2M P KN Fisher’s information matrix (FIM) corresponding to (4) is given by
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concatenated TSs with Θn,p,k , vk p,k
Tp,k .
L
Proof : See Appendix A.
The CRLB is given by
(8)

Moreover, in order to derive the CRLB for the estimation of the
combined real and imaginary parts of channel parameters, the
set of parameters of interest, λ, is modified as [17]


λ , IM P KN ×M P KN jIM P KN ×M P KN λ.
(9)
|
{z
}
,J

The CRLB for the estimation of λ is given by

CRLB λ = JCRLB (λ) JH .

Based on the parameterizations of the estimation problem in
Section III, in this section the LS and ML estimators for the
estimation of the source-relays-destination channels are derived.
A. Least Squares Estimator
From (3), the optimal LS estimates of the channel matrix Ψ,
denoted by Ψ̂[LS] , can be determined as
H
Ξ−1 T[r] Y
Ψ̂[LS] =
L
H
Ω + Ξ−1 T[r] W
=Ψ +
,
(11)
L
|
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}
,∆Ψ[LS]

where Fn,n̄ , for n, n̄ = 1, · · · , N , are 2M P K × 2M P K
submatrices of the FIM and are given by
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CRLB(λ) = F−1 .

IV. C HANNEL E STIMATION

(10)

Since the CRLB is the lower bound on estimation of deterministic parameters it is often the case that it depends on the set of
parameters that are being estimated [17].
Remark 2: Based on (8), it can be concluded that the CRLB
and channel estimation performance are a function of TS length,
L, channels from relays to destination, SNR, and number of
source antennas, M , due to ξp,k . In addition, the CRLB in (8)
demonstrates that due to the proposed training approach, unlike
the existing channel estimators for AF relaying networks, e.g.,
[10], channel estimation performance of the proposed scheme is
not affected by the number of relays, K, number of antennas per
relay, P , nor by the number of destination antennas, N .
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IP ×P  T[s] VK GK
and T[s] , t1 , · · · , tM .
The second equality in (11) follows from (3), and the proposed
training method in (2) and the third equality in (11) follows from
the definition of Ṽk in (2).
Based on the assumptions in Section II, vk , vḱ , ∀k 6= ḱ, wn ,
wń , ∀n 6= ń, and vk , wn , ∀k, n, are mutually independent. Thus,
the covariance matrix of the LS estimation error, ∆Ψ[LS] , can
be calculated as
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where Φ , diag σv21 ||g1,1 ||2 , · · · , σv21 ||g1,1 ||2 , · · · ,
|
{z
}
Repeats M
times

σv2 ||gP,K ||2 , · · · , σv2k ||gP,K ||2 is an M P K ×M P K diagonal
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matrix. Eq. (12b) follows from (12a), since the noise at the relays
and destination are assumed to be mutually independent and due
to the orthogonality of the transmitted TSs.
Finally, it can be shown that the proposed LS estimator is an
unbiased estimator, since,
#
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h
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E Ψ̂
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1
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L
where the second equality in (13b) follows from the fact that Ω
and W denote the zero-mean Gaussian noise at the relays and
destination, respectively.
B. Weighted Least Squares
Since y defined below (6) is a Gaussian observation vector
and since

0

10



 H
[r]
%(y) = Πy − Π T Ξ ⊗ IN ×N ψ


 
[r]
× Πy − Π T Ξ ⊗ IN ×N ψ .

CRLB
LS Estimator
WLS Estimator

−1

10

MSE

, the log-likelihood function (LLF) of the vector of channel
parameters, the covariance matrix, Σy , is positive semi-definite1 ,
using Cholesky decomposition, the
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According to (14), it is well-known that the ML estimator for ψ
denoted by ψ̂ [ML] is given by
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In addition, it can be also shown that the proposed ML estimator
is unbiased since
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y E [w̃]
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Fig. 3. Comparison of the proposed LS and ML channel
estimators’ MSE and the CRLB in (8) vs. SNR for L = 16,
K = M = N = P = 2.

(16b)
(16c)

Since it is well known that multiplication of an X × W
by a W × Z matrix and the inverse of an X × X matrix require O(XW Z) and O(X 3 ) multiplications plus additions, respectively, with O(·) denoting the big Omicron notation [18], the computational requirements of the proposed LS
and ML algorithms are O(M P KLN ) and O(M 3 P 3 K 3 N 3 +
M 2 P 2 K 2 N 2 L), respectively. The following remark is in order:
Remark 3: The covariance matrix of the observation vector
at all the receive antennas of the destination, Σy defined in
(7), is a function of the unknown channels from relays to
T
destination, gp,k = [g1,p,k , · · · , gN,p,k ] , for p = 1, · · · , P and
k = 1, · · · , K. As a result, the proposed ML estimator in (15)
has little practical application in estimating the source-relaysdestination channels. However, note that gn,p,k is distributed as
CN (0, σg2n,p,k ). Thus, gn,p,k can be replaced by σgn,p,k in (7),
to derive a weighted least squares (WLS) estimator for obtaining
the source-relays-destination channels.2
1 The covariance matric of a vector of random variables is always positive
semi-definite.
2 Note that σ 2
gn,p,k can be estimated at the destination using routine estimation
algorithms as outlined in [17].

Throughout this section, propagation loss is modeled as
−m
β = (d/d0 )
[19], where d represents the distance between
transmitter and receiver, d0 is the reference distance, and m is the
path loss exponent. In this paper d0 = 1km and m = 2.3, which
corresponds to urban area cellular networks. The distances from
source to relays and relays to destination are denoted by d[sr] and
d[rd] , respectively, with d[sr] + d[rd] = 2km. The channels from
source antennas to relays and from relays to destination antennas
are modeled as i.i.d complex Gaussian random variables with
CN (0, 1). Walsh-Hadamard codes combined with binary phaseshift keying (BPSK) modulation are used during the training
[r]
[s]
interval. Finally, ρm = ρp,k = 1, ∀m, p, k, the noise variances
2
2
is set to the inverse
at the relays, σvk , ∀k, and destination, σw
of source to relay and relay to destination SNRs, respectively.
Fig. 3 presents the CRLB and MSE of the LS and WLS
channel estimators vs. SNR. Note that the proposed LS and
WLS estimators both are close to the CRLB and their MSEs
are very close. The latter follows from the fact that the error
corresponding to the LS estimator is white as shown in (12)
due to the application of proposed training algorithm. Therefore,
there are no correlations in the residual channel estimation errors
that can be exploited by the WLS estimator for better estimation
performance.
In Fig. 4 the performance of the proposed LS estimator is
compared against the estimator in [10], where time division
multiple access (TDMA) is used at the source antennas to
extend the results in [10] to the case of MIMO cooperative
networks. Due to the application of TDMA, the algorithm in [10]
requires a total of 2M time slots to estimate the source-relaysdestination channels (the proposed scheme requires 2 time slots).
Therefore, to maintain the same channel estimation overhead and
ensure a fair comparison the TS length, L, for the proposed
algorithm and the algorithm in [10] is set to L = 32 and
L/M = 8, respectively (M = 4 in this case). Fig. 4 illustrates
that the LS algorithm proposed in this paper outperform the
estimator in [10] by an average margin of 3.2 dB. Moreover,
it should be pointed out that due to the overhead required by
the algorithm in [10], its application to AF MIMO cooperative
networks is not straightforward. Finally, comparison of the MSE
of the proposed estimators against other references in addition
to [10] is made difficult by the fact that the parameterizations
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Fig. 4. Comparison of the proposed LS estimator and the estimator in [10] for
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Fig. 5. BER performance of AF and the AF relaying in [20] for perfect and
estimated CSI for M = 2, and N = 2.

VI. C ONCLUSION
and training methods applied in many references significantly
vary and are not applicable to the proposed channel estimation
problem. However, in this paper the CRLB for the estimation of
channels is derived and used as a performance benchmark for
the proposed estimators. This is one of the main advantages of
the analysis presented in this paper.
Fig. 5 shows the ABERs of AF relaying and the cooperative
relaying in [20] for different numbers of antennas and relays
when considering perfect and estimated CSI. To maximize
throughput, during the data transmission interval the Vertical Bell
Laboratories Layered Space-Time Architecture [21] in combination with a minimum-mean square error (MMSE) equalizer and
successive interference cancelation (SIC) are applied. Quadrature
phase shift keying (QPSK) modulation is used with L = 16 and
a frame length of 128 symbols, resulting in an overall estimation
overhead of 12.5%. The LS estimator proposed in Section IV is
used, where it is assumed that channel estimation is performed
at an SNR=30dB. Relays are uniformly distributed throughout
the network. New channels are generated from frame to frame.
Two scenarios are provided: 1. the relays simply amplify and
forward the received signal to the destination (denoted by AF
relaying); 2. to demonstrate that the estimated channels can
be applied to improve the overall networks performance, the
AF relaying approach in [20] in combination with estimated
or perfect CSI is used to optimize the performance of an AF
relaying MIMO cooperative network (denoted by AF relaying
in [20]). The results in Fig. 5 illustrate that in the case of
AF relaying the proposed channel estimation algorithm can
be effectively combined with optimization algorithms, e.g., in
this case the algorithm in [20], to significantly improve the
performance of multi-relay AF MIMO cooperative network. For
example, compared to AF, by applying the LS estimated CSI, the
AF relaying algorithm in [20] can result in a 5 dB performance
gain for a network equipped with 2 relays and 2 antennas at
all the terminals. This demonstrates in addition to enabling
coherent detection at the destination, the estimated channels
parameters can be applied to cooperative optimization. Fig. 5
establishes the importance of considering the effect of imperfect
channel estimation on the performance of AF MIMO cooperative
networks.

In this paper a new training algorithm is proposed that can
simultaneously estimate a MIMO relaying network’s complete
CSI at the destination node. Next, an LS estimator is derived and
it is shown that its performance is close to the derived CRLB
and to that of the derived WLS estimator over a wide range
of SNR values. Unlike estimators proposed in the literature,
the proposed estimators do not require the relays to perform
channel estimation. Furthermore, the proposed estimators are
shown to outperform the channel estimator in [10] by an average
of 3.2 dB. Moreover, it is demonstrated that the estimated sourcerelays-destination channels can be effectively applied to enhance
cooperative communication, e.g., [20], to significantly enhance
the performance of MIMO AF multi-relay cooperative networks
in terms of ABER.
A PPENDIX A
D ERIVATION OF CRLB
In this appendix, we provide the derivation steps for the
FIM for channel estimation in MIMO AF multi-relay networks.
Based on the proposed training method and assumptions in
Section II, the received
training vector at all receive antennas,

T T
y , y1T , · · · , yN
, is distributed as CN (µy , Σy ), where

T
the mean of y is given by µy , µTy1 , · · · , µTyN
with
PK PP
[r]
µyn , k=1 p=1 ξp,k Tp,k ψn,p,k and the LN × LN covariance matrix of y, Σy , is given by

K
P
2
X
X

ξp,k
|gn,p,k |2 [r]  [r] H

2

σ
Tp,k Tp,k

vk


L
k=1
p=1

2
Σyn,n̄ =
+σw
IL×L ,
n = n̄


K
P
2
2



X
X ξp,k |gn,p,k | [r]
H

[r]


Tp,k Tp,k
, n 6= n̄
σv2k


L
p=1
k=1

(A.1a)
(
2
ΘΘH
n + σw IL×L , n = n̄
=
ΘΘH
n 6= n̄.
n,

(A.1b)

where Θn , [Θ1,1 , · · · , ΘP,K ] is the L × M P K matrix of
σ ξ gn,p,k [r]
√
Tp,k . Note that
concatenated TSs and Θn,p,k , vk p,k
L
(A.1) follows from the assumption that the noise terms at the

destination and relays are mutually independent, the definition
of ṽp,k , and the assumption that the noise terms at the antennas
of the relays are mutually independent. For parameter estimation
from a complex Gaussian observation sequence, the entries of
the mpkth row and m̄p̄k̄th column of the submatrix Fn,n̄ , for
m, m̄ = 1, · · · , M , p, p̄ = 1, · · · , P , k, k̄ = 1, · · · , K, and
n, n̄ = 1, · · · , N , are given by [17]
)
(
∂µH
∂µ
y
y
Σ−1
(A.2)
[Fn,n̄ ]mpk,m̄p̄k̄ =2Re
∂λn,m,p,k y ∂λn̄,m̄,p̄,k̄


∂Σy
∂Σy
−1
+ Tr Σ−1
Σ
,
y
∂λn,m,p,k y ∂λn̄,m̄,p̄,k̄
where λ is defined in (4). The derivative components of the
CRLB are computed as
∂µy
∂µy
= −j
(A.3)
∂Re{ψn,m,p,k }
∂Im{ψn,m,p,k }

T

T
[r]
= 01×L(n−1) , ξp,k tp,m,k , 01×L(N −n) ,
{z
}
|
,un,m,p,k

and using (A.1a)
∂Σy
∂Σy
=
=0.
∂Re{ψn,m,p,k }
∂Im{ψn,m,p,k }

(A.4)

After substituting the derivatives in (A.3) and (A.4) into (A.2)
and carrying out straightforward algebraic manipulations, the
elements of Fn,n̄ can be obtained as
[Fn,n̄ ]mpk,m̄p̄k̄ =
(A.5a)
 H
−1
2Re un,m,p,k Σy un̄,m̄,p̄,k̄ ,
[Fn,n̄ ]mpk,(m̄+M )(p̄+P )(k̄+K) =
(A.5b)
 H
−1
−2Im un,m,p,k Σy un̄,m̄,p̄,k̄ ,
[Fn,n̄ ](m+M )(p+P )(k+K),m̄p̄k̄ =
(A.5c)
 H
−1
2Im un,m,p,k Σy un̄,m̄,p̄,k̄ ,
[Fn,n̄ ](m+M )(p+P )(k+K),(m̄+M )(p̄+P )(k̄+K) =
(A.5d)
 H
−1
2Re un,m,p,k Σy un̄,m̄,p̄,k̄ .
Using (A.5a)-(A.5d), FIMk,k̄ , for k, k̄ = 1, · · · , Nr , can be
obtained as shown in (6) in Section III.
APPENDIX II
Proof of Theorem 2
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