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Abstract

We obtain a classification up to isomorphism of complex-analytic super-
manifolds with underlying space CP! of dimension 1|3 with retract (k, k, k),
where k € Z. More precisely, we prove that classes of isomorphic complex-
analytic supermanifolds of dimension 1|3 with retract (k, k, k) are in one-to-
one correspondence with points of the following set:

Gryp_43UGry_42UGry,_g1UGra_40

for k > 2. For k < 2 all such supermanifolds are isomorphic to their retract
(k, k. k).

1 Introduction.

A classical result is that we can assign the holomorphic vector bundle, so called
retract, to each complex-analytic supermanifold (see Section 2 for more details).
Assume that the underlying space of a complex-analytic supermanifold is CP'.
By the Birkhoff-Grothendieck Theorem any vector bundle of rank m over CP* is
isomorphic to the direct sum of m line bundles: E ~ @ L(k;), where k; € Z. We
obtain a classification up to isomorphism of complexl—ailalytic supermanifolds of
dimension 1|3 with underlying space CP' and with retract L(k) @ L(k) ® L(k),
where k € Z. In addition, we give a classification up to isomorphism of complex-
analytic supermanifolds of dimension 1|2 with underlying space CP!.

The paper is structured as follows. In Section 2 we explain the idea of the clas-
sification. In Section 3 we do all necessary preparations. The classification up to
isomorphism of complex-analytic supermanifolds of dimension 1|3 with underlying
space CP' and with retract (k, k, k) is obtained in Section 4. The last section is de-
voted to the classification up to isomorphism of complex-analytic supermanifolds
of dimension 1|2 with underlying space CP*.
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The study of complex-analytic supermanifolds with underlying space CP" was
started in [BOJ]. There the classification of homogeneous complex-analytic super-
manifolds of dimension 1|m, m < 3, up to isomorphism was given. It was proven
that in the case m = 2 there exists only one non-split homogeneous supermanifold
constructed by P. Green [Gi] and V.P. Palamodov [B]. For m = 3 it was shown
that there exists a series of non-split homogeneous supermanifolds, parameterized
by £k=0,2,3,---.

In [V] we studied even-homogeneous supermanifold, i.e. supermanifolds which
possess transitive actions of Lie groups. It was shown that there exists a series
of non-split even-homogeneous supermanifolds, parameterized by elements in Z x
Z., three series of non-split even-homogeneous supermanifolds, parameterized by
elements of Z, and a finite set of exceptional supermanifolds.

2 Classification of supermanifolds, main defini-
tions

We will use the word ”supermanifold” in the sense of Berezin — Leites [BLL [L], see
also [BOJ. All the time, we will be interested in the complex-analytic version of
the theory. We begin with main definitions.

Recall that a complex superdomain of dimension n|m is a Zs-graded ringed
space of the form (U, Fy ® A\(m)), where Fy is the sheaf of holomorphic functions
on an open set U C C" and A(m) is the exterior (or Grassmann) algebra with m
generators.

Definition 1. A complex-analytic supermanifold of dimension n|m is a Zy-graded
locally ringed space that is locally isomorphic to a complex superdomain of dimen-
sion n|m.

Let M = (My, Op) be a supermanifold and

Im = (Om)1 + (Om)1)?

be the subsheaf of ideals generated by odd elements in Ou. We put Fuy =
Om/Irm. Then (Mg, Faq) is a usual complex-analytic manifold, it is called the re-
duction or underlying space of M. Usually we will write M instead of (Mg, Fy).
Denote by Ty, the tangent sheaf or the sheaf of vector fields of M. In other words,
T is the sheaf of derivations of the structure sheaf O, . Since the sheaf Oy, is
Zs-graded, the tangent sheaf Ty also possesses the induced Zs-grading, i.e. there
is the natural decomposition Ty = (Tam)g B (Tam)1-

Let My be a complex-analytic manifold and let E be a holomorphic vector
bundle over M. Denote by £ the sheaf of holomorphic sections of E. Then the



ringed space (Mg, A\ E) is a supermanifold. In this case dim M = n|m, where
n = dim M, and m is the rank of E.

Definition 2. A supermanifold (Mg, O ) is called split if Opg >~ A\ € (as super-
manifolds) for a locally free sheaf &.

It is known that any real (smooth or real analytic) supermanifold is split. The
structure sheaf Oy, of a split supermanifold possesses a Z-grading, since Oy ~ A\ €

and the sheaf A & = @ A’ € is naturally Z-graded. In other words, we have the
P

decomposition Oy = @P(Opn),. This Z-grading induces the Z-grading in Ty in
P

the following way:

(Tam)p = {v € Tm | v((Opm)q) C (Opt)ptq for all ¢ € Z}. (1)
In other words, we have the decomposition: Ty = € (Tam)p. Therefore the

p=—1
superspace H°(My, Tyy) is also Z-graded. Consider the subspace

EndE c H°(My, (Tam)o).

It consists of all endomorphisms of the vector bundle E inducing the identity
morphism on M. Denote by Aut E C End E the group of automorphisms of E,
i.e. the group of all invertible endomorphisms of E. We have the action Int of
Aut E on Ty, defined by

IntA:v— AvA™L

Clearly, the action Int preserves the Z-grading , therefore, we have the action
of Aut E on H*(Mo, (T ,)2)-

There is a functor denoting by gr from the category of supermanifolds to the
category of split supermanifolds. Let us describe this construction. Let M be a
supermanifold and let as above Jy; C Ouq be the subsheaf of ideals generated by
odd elements of Oy,. Then by definition we have gr(M) = (M, gr Op), where

gr OM = @(gr O/Vl)pﬂ (gr OM)p = jﬂ/jﬁl, \7/(\)4 = OM

p>0

In this case (gr Opq); is a locally free sheaf and there is a natural isomorphism of
grOxn onto A(grOm)i. I b = (Vreq, ¥*) : (M,0pn) — (N,Op) is a morphism
of supermanifolds, then gr(¢) = (yeq, gr(¢*)), where gr(¢*) : gr O — gr Oy is
defined by

gr(V)(f + Tx) =" (f) + TRy for f e (Tn)'™

Recall that by definition every morphism v of supermanifolds is even and as con-
sequence sends Jy into Jy,.



Definition 3. The supermanifold gr(M) is called the retract of M.

For classification of supermanifolds we use the following corollary of the well-
known Green Theorem (see |Gr], [BO] or [DW] for more details):

Theorem 2.1 [Green] Let N = (Ny, NE) be a split supermanfold of dimension
n|lm, where m < 3. The classes of isomorphic supermanifolds M such that
gr M = N are in bijection with orbits of the action Int of the group AutE on

H' (Mo, (T y)2)-

Remark. This theorem allows to classify supermanifolds M such that gr M = N
is fixed up to isomorphisms that induce the identity morphism on gr M.

3 Supermanifolds associated with CP!

In what follows we will consider supermanifolds with the underlying space CP'.

3.1 Supermanifolds with underlying space CP*

Let M be a supermanifold of dimension 1|m. Denote by Uy and U; the standard
charts on CP' with coordinates  and y = %, respectively. By the Birkhoftf-

Grothendieck Theorem we can cover gr M by two charts

<U07Ong|Uo) and (U17Ong|U1)

with local coordinates z, &1,...,&, and y, 01, ..., M, respectively, such that in
Uy N Uy we have

-1 ks .
y=x , N = Zé-ial:]-?"'am?

where k; are integers. Note that a permutation of k; induces the automorphism
of gr M. We will identify gr M with the set (ki,...,kn), so we will say that
a supermanifold has the retract (ki,...,k;). In this paper we study the case:
m = 3 and k; = ks = k3 =: k. From now on we use the notation 7 = 7, for
the tangent sheaf of gr M.

3.2 A basis of H'(CP', T3).

Assume that m = 3 and that M = (ky, ko, k3) is a split supermanifold with the
underlying space My = CP'. Let 7 be its tangent sheaf. In [BOJ the following

decomposition
=) T’ (2)

1<j
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was obtained. The sheaf 7,7 is a locally free sheaf of rank 2; its basis sections over
(Uo, Opmlu,) are:

0
fz‘fg‘%, &&& f (3)

where [ # 4, 7. In Uy N U; we have

2 1-k;i—k;

B I, B
Ei— = — i, — — k J i
§§a y nmay 1y nmmgm "

iy 0
&&& lmmmmgﬁ

o6
The following theorem was proven in [V]. For completeness we reproduce it
here.

Theorem 3.1 Assume thati <j andl #1,j.
1. For k; + k; > 3 the basis of H'(CP', 7,7) is

0
sznéigj@_ nzl,...,ki+kj—3,

xingzgj& é n:177k1+kj—17

2. for k; + k; = 3 the basis ole((ClP’l,T;j) is

71616]& 72&5]51

o0&’ f
3. for ki +k; = 2 and k; = 0 the basis of H(CP', T,7) is

l‘_lflfjgl 5

4. ifki+ k=2 and k #0 or k; + k; < 2, we have H'(CP*, T,7) = {0}.

Proof. We use the Cech cochain complex of the cover & = {Up, Ui} as in 3.1,
hence, 1-cocycle with values in the sheaf 7'” is a section v of 7'1 over Uy NUj. We
are looking for basis cocycles, i.e. cocycles such that their cohomology classes form
a basis of H'(4, T;7) ~ H'(CP', 7,7). Note that if v € Z' (8, 7;7) is holomorphic
in Uy or U; then the cohomology class of v is equal to 0. Obviously, any v €
ZM4U, T;7) is a linear combination of vector fields (3 with holomorphic in Uy N U,
coefficients. Further, we expand these coefficients in a Laurent series in x and drop



the summands 2", n > 0, because they are holomorphic in Uy. We see that v can
be replaced by

- 0 - 0
:E . Ebﬁ*ni'—, 6
v — CLZ].Z’ 55_7 o + — z]x ’Sf]é-l agl ( )
where aj, b, € C. Using (4), we see that the summands corresponding to n >

k; +k; — 1 in the first sum of @ and the summands corresponding to n > k; + k;
in the second sum of @ are holomorphic in U;. Further, it follows from that

0

0
27]61‘7]6]' N ~ — 1*ki*kj ¥ S S
z 515] O klx flgjfl a&

Hence the cohomology classes of the following cocycles
e, O
TG =Lkt =3,

0
&

generate H'(CP', 7,7). If we examine linear combination of these cocycles which
are cohomological trivial, we get the result.[]

SIS n=1,..k+k —1,

Remark. Note that a similar method can be used for computation of a basis of
HY(CP',T,) for any odd dimension m and any q.

In the case ky = kg = k3 = k, from Theorem [3.7], it follows:
Corollary 3.2 Assume thati < j andl #1,7.
1. For k > 2 the basis of H'(CP', T,7) is
mp e O
T fzfja—x, 7121,...,2]6—3,

0
fb’fnfiﬁj&a—g

2. If k < 2, we have H'(CP', T5) = {0}.

n=1,...,2k—1.

3.3 The group AutE

This section is devoted to the calculation of the group of automorphisms Aut E of
the vector bundle E in the case (k, k, k). Here E is the vector bundle corresponding
to the split supermanifold (k, k, k).

Let (&) be a local basis of E over Uy and A be an automorphism of E. Assume
that A(&) =D a;j(x)&. In Uy we have

Ay = AWN&) =y ai(y ™ m
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Therefore, a;;() is a polynomial in z of degree < k; — k;, if k; — k; > 0 and is 0,
if k; — k; < 0. We denote by b;; the entries of the matrix B = A~!. The entries
are also polynomials in = of degree < k; — k;. We need the following formulas:

A(§1§2§3%)A71 = det(A) ; bks&fﬁsa%s;

Al A™ = det(A) X (<1 hiag ot ©

k<s

+det(A) Y b&iki&iar,

where i < j, [ #4,j and r # k, s. Here we use the notation b}, = a%(bls). By ,
in the case k1 = ky = k3 = k, we have:
Proposition 1. Assume that k; = ko = k3 = k.
1. We have
Aut E ~ GL3(C).

In other words
AwE = {(a;;) | a;; € C, det(a;;) # 0}.

2. The action of Aut E on 75 is given in Uy by the following formulas:
AlGi&bsgg)A™" = det(A)6 68 2 ks e

A& £2)A™ = det(A4) ¥ (~) b e 2,

k<s

where i < j, | #i,j and r # k, s. Here B = (b;;) = A™!

4 Classification of supermanifolds with retract

(k,k, k)

In this section we give a classification up to isomorphism of complex-analytic su-
permanifolds with underlying space CP' and with retract (k, k, k) using Theorem
m. In previous section we have calculated the vector space H'(CP', T3), the group
Aut E and the action Int of AutE on H'(CP',73), see Theorem and Proposi-
tion [T, Our objective in this section is to calculate the orbit space corresponding
to the action Int:

H'(CP',T3)/ AutE. (10)

By Theorem classes of isomorphic supermanifolds are in one-to-one correspon-
dence with points of the set .



Let us fix the following basis of H*(CP', T3):

o =27 166E, v = —11GEGE, vy =a271G6E,
_ =D 0 D o] _ P 0
vp1 = & P&l3h, vpp = —x G183, v = 1 P18y,
Uprin = 8 iboages o Uprig = 77 66 gg,
. (12)
Vg1 = $7a§1§2§38%7 T Vg3 = xfa&fzfs%,

where p = 2k — 3, a =2k — 1 and ¢ = p+ a = 4k — 4. (Compere with Theorem
3:2]) Let us take A € AutE ~ GL;3(C), see Proposition [Il We get that in the
basis - the automorphism Int A is given by

1
o St

Note that for any matrix C' € GL3(C) there exists a matrix B such that
1
= B.
det B
Indeed3 we can put B = \/d;WC’ . We summarize these observations in the following
proposition:
Proposition 2. Assume that k; = ko = k3 = k. Then

H'(CP', T3) ~ Matgx (4—4)(C)

and the action Int of AutE on H'(CP',T3) is equivalent to the standard action
of GL3(C) on Matgy(4p—4)(C). More precisely, Int is equivalent to the following
action:

Int A(’Uis) =

D — (W +—— DW), (13)

where D € GL3(C), W € Matgy(ax—4)(C) and DW is the usual matrix multiplica-
tion.
Now we prove our main result.

Theorem 4.1 Let k > 2. Complez-analytic supermanifolds with underlying space
CP' and retract (k,k,k) are in one-to-one correspondence with points of the fol-

lowing set:
3
U Gra—a,,
r=0

where Gryg_y, s the Grassmannian of type (4k — 4,r), i.e. it is the set of all
r-dimensional subspaces in C*4.

In the case k < 2 all supermanifolds with underlying space CP' and retract
(k,k, k) are split and isomorphic to their retract (k,k, k).
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Proof. Assume that k > 2. Clearly, the action preserves the rank r of matrices
from Mats (4r—4)(C) and r < 3. Therefore, matrices with different rank belong to
different orbits of this action. Furthermore, let us fix » € {0, 1,2,3}. Denote by
Maty, (4,—4)(C) all matrices with rank r. Clearly, we have

3
Matgy (4r—4)(C) = U Matg, (41.—4) (C).

r=0

A matrix W € Matg, 4,_4)(C) defines the r-dimensional subspace Vi in CH—1,
This subspace is the linear combination of lines of W. (We consider lines of a
matrix X € Matgxak—4)(C) as vectors in C*~%) Therefore, we have defined the
map F.:

W +— FT(W) =Vw € GI‘4k_4’r.

The map F, is surjective. Indeed, in any r-dimensional subspace V' € Gry;_4,,
where » < 3, we can take 3 vectors generating V' and form the matrix Wy €
Matj, 45—4y(C). In this case the matrix Wy is of rank r and F,.(Wy) = V. Clearly,
F.(W) = E,.(DW), where D € GL3(C). Conversely, if W and W' € F'(Vi),
then there exists a matrix D € GL3(C) such that DW = W’. It follows that
orbits of GL3(C) on Matj, 4,_4)(C) are in one to one correspondence with points
of Gryg_4,. Therefore, orbits of GL3(C) on

3
Matgy (ar—1)(C) = U Mats, (4,—4)(C)
r=0
3
are in one-to-one correspondence with points of |J Grag—s,. The proof is
r=0
complete.[]

5 Appendix. Classification of supermanifolds
with underlying space CP' of odd dimension 2.

In this Section we give a classification up to isomorphism of complex-analytic
supermanifolds in the case m = 2 and gr. M = (ky,ks), where ki, ko are any
integers. As far as we know the classification in this case does not appear in the
literature, but it is known for specialists.

Let us compute the 1-cohomology with values in the tangent sheaf 75. The
sheaf 75 is a locally free sheaf of rank 1. Its basis section over (Uy, Onlu,) is
5152%. The transition functions in Uy N U are given by the following formula:

0 ok, O
ﬁlﬁza—x— Yy 771772ay-
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Therefore, a basis of H'(CP*,73) is

0
x*"&ég—, n = 1, cee ,kl + k’g - 3.
ox

Let (&) be a local basis of E over Uy and A be an automorphism of E. As in
the case m = 3, we have that a;;(x) is a polynomial in = of degree < k; — k;, if
kj —k; > 0 and is 0, if k; — k; < 0. We need the following formulas:

A(Inglgga;ax)Al = (det A)$n€1§2%

Denote 9
Un:x_nfléé_a n = 17 ak1+k2_3-
ox
We see that the action Int is equivalent to the action of C* on C¥1+#2=3 therefore,

the quotient space is CP***2~* U {pt} for k; + ky > 4 and {pt} for ki + ky < 4.
We have proven the following theorem:

Theorem 5.1 Assume that ki + ko > 4. Complex-analytic supermanifolds with
underlying space CP' and retract (k1,ka) are in one-to-one correspondence with
points of
CPMR2=4 | {pt}.
In the case ky+ky < 4 all supermanifolds with underlying space CP' and retract
(k1, ko) are split and isomorphic to their retract (ky, ko).
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