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Abstract

We propose a general approach to the formal Poisson cohomology of r-matrix induced quadratic
structures, we apply this device to compute the cohomology of structure 2 of the Dufour-Haraki
classification, and provide complete results also for the cohomology of structure 7.
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1 Introduction

The Poisson cohomology was defined by Lichnerowicz in [Lic77]. It plays an important role in
Poisson Geometry, gives several information on the geometry of the manifold, is closely related to the
classification of singularities of Poisson structures, naturally appears in infinitesimal deformations of
Poisson tensors [second cohomology group (non-trivial infinitesimal deformations), third cohomology
group (obstructions to extending a first order deformation to a formal deformation)], and is exploited
in the study and the classification of star-products.

The case of regular Poisson manifolds is discussed in [Xu92] and [Vai94], some upshots regard-
ing the Poisson cohomology of Poisson-Lie groups can be found in [GW92]. Many results have been
proven only in two dimensions. Nakanishi [Nak97] has computed, using an earlier idea of Vaisman,
the cohomology for plane quadratic structures. But also more recent papers by Monnier [Mon01] and
Roger and Vanhaecke [RV02] are confined to dimension 2. Ginzburg [Gin99] has studied a spectral
sequence, Poisson analog of the Leray spectral sequence of a fibration, which converges to the Poisson
cohomology of the manifold. Related cohomologies, the Nambu-Poisson cohomology (which generalizes
in a certain sense the Poisson cohomology in dimension 2) [Mon02,1] or the tangential Poisson coho-
mology (which governs tangential star products and is involved in the Poisson cohomology) [Gam02]
have (partially) been computed. Roytenberg has computed the cohomology on the 2-sphere for special
covariant structures [Roy02] and Pichereau has taken an interest in Poisson (co)homology and isolated
singularities [Pic05].

In Deformation Quantization we are interested in the formal Poisson cohomology, where ”formal”
means that cochains are multi-vector fields with coefficients in formal series. Let us emphasize that
the formal Poisson cohomology associated to a Poisson manifold (M, P), where the Poisson tensor
P gives Kontsevich’s star-product *g, is linked with the Hochschild cohomology of the associative
algebra (C°(M)][[h]], *x) of formal series in A with coefficients in C*°(M).

In [Mon02,2], Monnier has computed the formal cohomology of diagonal Poisson structures.

The aim of this work is to provide a general approach to the formal Poisson cohomology of a broad
set of isomorphism classes of quadratic structures and to illustrate this modus operandi through its
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application to two of the most demanding classes of the Dufour-Haraki classification (DHC, see [DH91]).

Our procedure applies to the quadratic Poisson tensors A that read as linear combinations of wedge
products of mutually commuting linear vector fields. In the three-dimensional Euclidean setting this
means that

A=aYo NY3+bY3AY1 +cY1 AYy a,bceR,

where the vector fields Y7,Y5, Y3 have linear coefficients and meet the condition [¥;,Y;] = 0. Let us
stress that most of the structures of the DHC have this admissible form. The advantage of the just
defined family of admissible tensors is readily understood. If we substitute the Y; for the standard
basic vector fields 9; = 9/0,,, the cochains assume—broadly speaking—the shape > fY, where f is a
function and Y is a wedge product of basic fields Y;. Then the Lichnerowicz-Poisson (LP) coboundary
operator [A, ] is just

A FY) = [A, f] A Y.

More precisely,

where X7 = aYs — ¢Y3, Xo = bY3 — aY7, X3 = ¢Y; — bY5. So the coboundary of a 0-cochain is a kind of
gradient, and, as easily checked, the coboundaries of a 1- and a 2-cochain, decomposed in the Y;-basis
are a sort of curl and of divergence respectively. Asin the above “gradient” the operators X; act in these
“curl” and “divergence” as substitutes for the usual partial derivatives. The preceding simplification
of the Lichnerowicz-Poisson coboundary operator is of course not restricted to the three-dimensional
context.

Let us emphasize that, if cochains are decomposed in the new Y;-induced bases, their coeflicients
are rational with fixed denominator. Hence a natural injection of the real cochain space R in a larger
potential cochain space P. As a matter of fact, such a potential cochain is implemented by a real
cochain if and only if specific divisibility conditions are satisfied. This observation directly leads to
a supplementary cochain space & of R in P. It is possible to heave space S into the category of
differential spaces. Since P is as R a complex for the LP coboundary operator, we end up with a
short exact sequence of differential spaces and an exact triangle in cohomology. It turns out that S-
cohomology and P-cohomology are less intricate than R-cohomology, but are important stages on the
way to R-cohomology, i.e. to the cohomology of the considered admissible quadratic Poisson structure.

In this work we provide explicit results—obtained by the just depicted method—for the cohomolo-
gies of class 2 and class 7 of the DHC. Observe that the representative

A7 = b(z% + :1:%)81 A 82 + ((2b + C)I‘l - (IJCQ).Tgag A 83 + (CLCCl + (2b + C)l‘g)xgag AN 81

of class 7 reduces to the representative of class 2 for parameter value ¢ = 0. Actually computations
are quite similar in both cases, hence we refrained from publishing those pertaining to case 7.

We now detail the Lichnerowicz-Poisson cohomology of structure class 2. Remark first that
Ao = 20Y5 N Y3 +aY3 AY] + bY; AYs,

where Y7 = 2101 + 2202, Yo = 1102 — 2201, and Y3 = x393. As case b = 0 has been studied in
[Mon02,2], we assume that b # 0. We denote the determinant (2% + 23)z3 of the basic fields Y; by
D. The results of this article will entail that the abundance of cocycles that do not bound is tightly
related with closeness of the considered Poisson tensor to Koszul-exactness. If a = 0, structure Ag is
exact and induced by bD. The algebra of Casimir functions is generated by 1 if a # 0 and by D if
a = 0. When rewording this statement and writing A instead of Ag, we get

0 . o R, if 0/750,
i (A)_CaS(A)_{ P> RD™, if a=0.

m=0

Remind now that our Poisson tensor is built with linear infinitesimal Poisson automorphisms Y;. It
follows that the wedge products of the Y; constitute “a priori” privileged cocycles. Of course, 2-cocycle
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A5 itself, is a linear combination of such privileged cocycles. Moreover, the curl or modular vector
field reads here K(A) = a(2Y3 — Y1) and is thus also a combination of privileged cocycles. As the LP
cohomology is an associative graded commutative algebra, the first cohomology group of As is easy to
conjecture:

HY(A) = @cas(/\m

It is well-known that the singularities of the investigated Poisson structure appear in the second and
third cohomology spaces. Observe that the singular points of structure A, are the annihilators of
D' = 2?2 + x3. Note also that any homogeneous polynomial P € R[z1, 22, x3] of order m reads

m m
P=> aiPuwi, o) = Y af (D' Qu+ A" + Bea(' ),
£=0 =0

with self-explaining notations. Hence, the algebra of “polynomials” of the affine algebraic variety of

singularities is
m

oo
@ @xé (Ra7 "+ Ra ™ lay).
m=0 ¢=0

The third cohomology group contains a part of this formal series. More precisely,

{ R 0123, it a#0,

3 _
H(A) = Cas(A) Yizs & | " "R yma o0 0 @ o (R + Rarg) Diog, if a =0,

where Y1a3 (resp. 0123) means Y1 AYaAY3 (resp. 91 A02A03). The reader might object that the “mother-
structure” A is symmetric in z1,x2 and that there should therefore exist a symmetric “twin-cocycle”

@, 25" (Ray + Rza)di23. This cocycle actually exists, but is—as easily checked—cohomologous to

the visible representative. Finally, the second cohomology space reads

H?(A) = Cas(A)Yas @ Cas(A)Y3; @ Cas(A)Y12

e it a0,
@:nO:O R .’L'gnalg (&) @:no:o .’L‘?lnil (R!E1823 + R($1831 + m$2623)) , if a=0.

For m > 1, the last cocycle has the form
(RZET + Rzgn_le) 023 + </ 372(R;z:§” + Rx;n_lggQ) dI1> 031

and is thus also induced by singularities.

Our paper is organized as follows. Sections 2-8 deal with the explicit computation of the cohomology
of tensor As. In Section 9 we completely describe the cohomology of structure A;. Finally, the last
section is devoted to explanations regarding the connection of the Poisson structures that are accessible
to our method with r-matrix induced Poisson structures. Upshots relating to the admissible quadratic
tensors different from A, and A; are being published separately.

2 Simplified differential

In this and the following sections, we compute the formal cohomology of the second quadratic
Poisson structure of the Dufour-Haraki classification. This structure reads

A = b(x? + 22)0) A Oy + x3(2bx1 — axa)dy A O3 + x3(axy + 2bao)dz A Oy,

where b # 0 (if b = 0, we recover the case studied in [Mon02,2]).
As mentioned above, we get

A=bY; AYs+2bYs AYs +aYs A Yy, (1)



Poisson cohomology 4

if we set
Yi = 2101 + 2202, Y2 = 2102 — 2201, Y3 = x305. (2)

We also know that it is interesting—in order to simplify the coboundary operator—to write the cochains
in terms of these fields. Let us recall that in the formal setting, the cochains are the multi-vector fields
with coefficients in R[[z]], the space of formal series in & = (21, x5, 23) with coefficients in R.

Note first that if D = (2} + 23)z3 and if z;; = 25,

1
— (2] + 23)Ys.

1
293Y1 + 213Y2),05 = D

1
({91:* 5(

D($13Y1 - £U23Y2),C{92 =

. . 0 _ I . . . I _ i1,i2,i3 i i i
An arbitrary 0-cochain C° = >, s crz’ (I = (i1,42,i3),c1 € Ry’ = 2" = o' 222%?) can be

written
T o
cY = —ay = = =g,
Y. por=p =i

with self-explaining notations. Similarly, 1-, 2-, and 3-cochains C! = 0101 4+ 0902 + 0303, C? = 01093 +
020531 + 03012, C® = 00123, where 0;,0 € R[[z]] (i € {1,2,3}) and where for instance da3 = 92 A O3,
read in terms of the Y; (i € {1,2,3}), C!' = q1Y1 + @Yo + 3Y3, C? = ¢ Yo3 + Y31 + 6379, and
C?3 = Y123, again with obvious notations. If [-,-] denotes the Schouten-bracket, the coboundary of C°
is given by

[A, C% = X1(s)Y1 + Xa()Ya + X3(c)Y3,

where
X, =bYs — aYs, Xo = —bY; 4 2bY3, X3 = aY; — 2bY5.

Set V =37, X;(.)Y;. A short computation then shows that
[A,C% =VC° [A,C=VACYLAC? =V.C? and [A,C% =

where the r.h.s. have to be viewed as notations that give the coefficients of the coboundaries in the
Y;-basis. For instance, [A,C? = (3, X;(ci))Y123. We easily verifie that

QCJ I ) ZL’J
X (=) =0b(j=—-i=2) —a(s—1)]—
1<D) [(]2962 11361) a(Jjs )]D’

J 27
Xao(=5) =b[2j3 — (1 +Jz)]f
and ; ;
x ) . To \, T
X3(— —2)—2b — —j1— |]—=.
(55 = lati+ia -2 -2 (2 5 2 )15
When writing the quotients ¢ in the cochains in the form
plk—tr—k

N ) ) S i

reN k=0 (=0

we see that cochains are graded not only with respect to the cochain-degree d € {0,1,2,3}, but also
with respect to the total degree r in x and the partial degree k. The preceding results regarding
XZ(%) allow to see that the coboundary operator is compatible with both degrees, k and r, so that
the cohomology can be computed part by part.
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3 Fundamental operators

Denote by Py, the space of homogeneous polynomials of partial degree k£ and total degree 7, and
by Qg the space %Pk,.. We now study the fundamental operators X; as endomorphisms of Q..
It is easy to verify that

Lk—L0,r—k
X3 (Z?:O az%) = (3)
L k—C,r—k
Sholb(k — €4+ Dap—1 — a(r —k — 1)y — b(€ + Vag] 25—,

Xy = (2r — 3k) bidg,, . (4)
and L k—C,r—k
o (S ) - .
S o[=2b(k — £+ 1)y + ak — 2)ay + 2b(£ + D] 222"

Note also that if D' = z? + 23, we have X;(D’) = 0, Xi(x3) = —az3, X1(D) = —aD,
XQ(D/) = —2bDI, XQ(.’L'3) = wad, XQ(D) = O, XS(DI) = QCLD/, Xd(itg) = 07 X3(D) = 2aD. Hence
X1(DY) = —alD', X5(D") = 2alD", for all £ € Z. In particular, Dz ! € @, 35 is an eigenvector of
X1 and X3 associated to the eigenvalue 1a(2 — k) and a(k — 2) respectively, for all k € 2N.

Remark If Y is a, aY; + Y2 + Y3, aYas + Y31 + 7Y, or aYias (o, 3,7 € R), the cochains
D'Y are cocycles for all £ if @ = 0 and for £ = 0 otherwise. Indeed, the coboundary of these cochains
vanishes if [A, D] = VD’ does.

In order to compute the spectrum of the endomorphisms X; and X3 of Qg,, note that their matrix
in the canonical basis of Q- is

A B 0 0 0 0
—kB A 2B 0 0 0
0 —(k-1)B A 0 0 0
MO = 9
0 0 0 ... -2B A kB
0 0 0o ... 0 -B A

where (A, B) = (a(k—r+1),-b) and (A, B) = (a(k —2), 2b) respectively. A straightforward induction
shows that for odd k the determinant of My — AI is

(A=N2+B)((A=N*+(3B)?)...((A= N2+ (kB)?),
whereas for even k its value is
(A=N((A=XN2+(2B)*) (A= N2+ (4B)?) ... (A= N2+ (kB)?).
We thus have the

Proposition 1. (i) For any k € 2N + 1, the operator X1 (resp. X3) has no eigenvalue.
(i) For any k € 2N, the unique eigenvalue of X1 (resp. X3) is

A=alk—r+1) (resp. a(k —2)).

The vector

1 E
5(33%‘5‘33%)237;, M e Qy

is a basis of eigenvectors.

Note that this result is an extension of the above remark regarding eigenvectors of X; and X3 in
the space @y, 3y, i.e. for 2r — 3k = 0.
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Corollary 1. (i) If k € 2N + 1 and if k € 2N,a # 0,k # r — 1 (resp. k € 2N,a # 0,k # 2), the
operator X1 (resp. X3) is invertible.

(i) Ifk € 2N and a =0 or k=r—1 (resp. k € 2N and a =0 or k = 2), the operator Xy (resp. X3)
is degenerated and the eigenvector

1 kol
5( %+x§)2x3 M e Q.

is a basis of the kernel kerXy (resp. kerXs). Moreover,
kerX; @ imX1 = Qpr (resp. kerXs @ imXs = Q).

Proof. Only the last result requires an explanation. It suffices to show that kerX; N imX; = 0
(i € {1,3}). Let X;(q) € kerX; (q € Qkr), i-e. ¢ € kerX?. Since kerX; C kerX?, dim kerX? > 1. We
prove by induction that the eigenvalues of X2 are —((i + 1)¢b)? (¢ € {0,...,%}), all of them having
multiplicity 2, except 0 that has multiplicity 1. So dim kerX? = 1 and kerX; = kerX? > ¢.

The following proposition is obvious.

Proposition 2. (i) If 2r — 3k # 0, operator X5 is invertible.
(i) If 2r — 3k = 0, we have X3 =0 and X3 = —2X;.

The next proposition is an immediate consequence of the commutativity of the Y; (i € {1,2,3}).

Proposition 3. (i) All commutators of X;-operators vanish:
[X1, Xo] = [X1, X3] = [X2, X3] = 0.

(i) If X; is invertible,
(X1 X,] =0,V € {1,2,3}.

4 Injection and short exact sequence

Any 1l-cochain C}, of degrees k and r can be written in the form %(plYl +p2Y2 + p3Y3), with
p; € Pi,. Conversely, any element of this type reads %[(pwh — p2x2)01 + (P12 + pax1)ds + p32303],
and is induced by a cochain if and only if pyx1 — paxs is divisible by D and p3 by D’ = 2% + 3. Indeed,
the first condition implies that pixs + poxq is also a multiple of D. This cochain is then an element of
Py 201 + Pr_1 y_202 + Pi_g ,_20s5, of course provided that k > 2,r > 2,k <r — 1. If p3 = 0, this
condition reduces to k > 1,7 > 2,k <r —1, and if p; = py = 0, it is replaced by k > 2,r > 2,k < r.
Of course, the space

Phr = AkrQrr Y1 + A Qi Yo + Ap1 Qpr Yz

of potential 1-cochains of degrees k,r (where A;; = 1 — d;;, defined by means of Kronecker’s symbol,
is used in order to group the mentioned cases) has to be taken into account only if the injected space
of real 1-cochains of degrees k,r,

Riy = DprPi1,7—201 + Ay Pr—1,0—202 + Ag1 P—o p—203,

is not vanishing, i.e. if k > 1,7 > 2,k < r. In the following, we often write x,y, z instead of x1, 2, z3.
It is easily checked that the space

k—1_r—k
St = {=—F—[ArrexY]

+AgfaYa + A1 (gz + hy)Ys] s e, de, f € R}

is supplementary to R}, in P}, . Similar spaces P, R¢, , S¢, can be defined for d = 0,k > 2,7 > 3,k <
r—1;d=2,k>0,r>1,k<randd=3,k>0,r >0,k <r. These spaces are described at the end of
this section. Hence the whole space of potential cochains P = EBd,k_’TP,‘jT is the direct sum of the whole
space of real cochains R = @4, R¢, and the supplementary space S = @5 S¢,. (we can view k and
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r as subscripts running through N (k < r), provided that the spaces associated to forbidden values
are considered as vanishing).

The spaces (P,0p) and (R, dr), where Op = Og = [A, ‘], are differential spaces. Denote by pr and
ps the projections of P onto R and S respectively and set for any s € S,

¢s = prOps,Oss = psOps.

Proposition 4. (i) The endomorphism 0s € EndS is a differential on S.
(i) The linear map ¢ € L(S,R) is an anti-homomorphism of differential spaces from (S,0s) into

Proof. Direct consequence of 93 = 0.

Proposition 5. Ifi denotes the injection of R into P, the sequence
0-RLPES -0
is a short exact sequence of homomorphisms of differential spaces. Hence the triangle

if

H(R)

on (ps)t

1S exact.

Proof. We only need check that the linear map ¢y induced by ¢ coincides with the connecting
homomorphism A. It suffices to remember the definition of A. B

Remark now that the exact triangle induces for any (k,r) € N2,k < r, a "long” exact sequence of
linear maps:

0— HY (R) 2 ...

% mg (R) % HE (P) " HE (8) B i (R) B 3 (8) 0.
We denote the kernel and the image of the restricted map ¢y € L(H{ (S), HTH(R)) by ker{, ¢y C

H{ (S) and im{ ¢y ¢ H'(R). Similar notations are used if iy or (ps); are viewed as restricted
maps.

Corollary 2. For any d € {0,1,2,3},k € N,r € N, k < r, we have

H? (R) =~ kezZTiﬁ & im%iu
= iﬂZkr?ﬁ D kerkg(]fé’)ﬁ
~ Hy " (S)/kery, " éy & HE(P)/kerf, ;.

Proof. Apply exactness of the long sequence. i

We will compute the R-cohomology by computing the simpler S- and P-cohomology (and in some
cases the anti-homomorphism ¢).

The preceding result is easily understood. The space Zr of R-cocycles is a subset of Zp. Among the
P-classes there may be classes without representatives in Zz. Take now the classes with a non-empty
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intersection with Zx. Two cocycles in different intersections can not be R-cohomologous. Two cocycles
in the same intersection are or not R-cohomologous. Hence the picture of the P- and R-cohomologies.
Remember now that the isomorphism H(R) ~ keriy @imiy means that H(R) = keriy @ x(imiy), where
X is a linear right inverse of ¢4. The space imiy = {[p]p : p € Zr}, where [-]p denotes a class in P,
is the space of P-classes with intersection. The space x(imiy) ~ imis is made up of one of the source
classes of each P-class with intersection. We obtain the missing R-classes when adding the kernel.

As for the meaning of ¢, since dss = Ops — ¢s, this anti-homomorphism is nothing but the
correction that turns the Poisson-coboundary in a coboundary on S. If ¢ were 0, we would of course
have H(R) = H(P)/H(S). We recover this result as special case of the preceding corollary.

Corollary 3. For any d € {0,1,2,3}, ke N,re Nk <,

(1) if
HIH(S) =0 (resp. HITHS) = HE(S) = 0),

then
iy € Isom(H,fT(R),imzriﬁ) (resp. iy € 150771(111,21(73),H,f,ﬁ(’/))))7
(i) f
H{(P)=0 (resp. H.~(P) = H{.(P) =0),
then

¢ € Tsom(H{ "\ (S) /kery by, Hif (R))  (resp. ¢y € Isom(H{ (), H{,(R))).
Proof. Obvious. I
The below basic formulas are obtained by straightforward computations. For instance, a potential

0-cochain of degree (k,7), 7 = £ € 732,. = Qkr, is a member of the corresponding real cochain space
RO = Pio,—3 (k> 2,r >3,k <r—1),if and only if p € Py, is divisible by D' = 2% + 23 =

2242 Ifp = Z?:o aprbk—br=k  this divisibility condition means that ag — as + a4 — ... = 0 and
a1 —asg + a5 — ... = 0. Hence, a potential cochain can be made a real cochain by changing the
coefficients a1 and «y, so that any potential cochain can be written in a unique way as the sum of

a real cochain and an element of Sp = {%(cm +dy) :c,d € R}.

Formulary 1

1. 0-cochains
k>2,r>3k<r-—1:

P]gr = ri
0 _
Rir = Pr_2,-3

mk—lzr—k,

Sy ={*%—(cx +dy) : c,d € R}

A potential cochain m = & is a real cochain if and only if p is divisible by D’
2. 1-cochains

k>1,r>2k<r:

Pl = D Qrr Y1 + Ak Qir Yo + A1 Qi Y

Ri, = Ak Pi_1,,—201 + Ay P 202 + Aj1 P_o 203

k*lzr—k

St = {=—F—[ApreaYs + Ay foYa + Mg (g2 + hy)Ys) -
€, fv 9, he R}
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A potential cochain 7w = % [Akrp1 Y1+ Akrp2 Yo+ A1 psYs] is a real cochain if and only if Ag,.[p1a1—paxs]
and Ayi1ps are divisible by D’

3. 2-cochains

k>0,r>1,k<r:

P, = AkoQrrYos + AkoQrr Y31 + AprQrer Y2

R2,. = AkoPy—1,-1023 + Do Pr—1,,-1031 + Djr P r—1012

Ikzrfk

Sty =1

[AroiYas + AgojYai] 14,5 € R}

A potential cochain © = %[AkoplYgg + Agop2Ys1 + AgppsYia] is a real cochain if and only if
Ago[p171 — p2xa] is divisible by D’

4. 3-cochains
k>0,r>0k<r:
PET = riyug
R}, = PrOi2s
S =0
The spaces of potential and real cochains coincide
We write the coefficients (e, f,g,h) (resp. (4,7)) of the coboundary dso?,. (resp. Osoi,) in terms

of the coefficients (c,d) (vesp. (€Agy, fAkr, gAk1,hAk1)) of the supplementary cochain of, € SP |
k>2r>3k<r—1 (resp. o}, € Si,., k> 1,7 > 2.k <r) and of the Pauli type matrices

(10 (01 (0 1 (1 0
:LLO_ 01 ,,Ul— 1 0 ):LLQ_ _1 0 7/“‘L3_ 0 _1 .

The expressions of ¢(of ) are not all indispensable.
Formulary 2
1. 0-cochains
Coefficients of 83027_ in terms of the coefficients of 027«7 k>2r>3k<r-—1:

(&

L | - (Rt ot tis ) (5
h

2. 1-cochains

Coefficients of 850,; in terms of the coefficients of oir, k>1,r>2k<r:

EAkT
fAkr
9AK1
hAL,

( ; ) = ( 2bkpo — a(k — 2)pa | a(r —k — 1)pq + 2b(r — k)ps )



Poisson cohomology 10

Value of ¢(cl,) in terms of the coefficients of o, r > 2,a = 0:

%[—Tl‘(gaj + hy)Yas + (—h 2 + rgzy + (r — 1)hy2)Y31]
= —be*Q[(rgx + (r — 1)hy) 023 + hxds]

©-
—
Q
S =
3
N

3. 2-cochains

Coboundary dso?,., k> 0,r > 1,k <r:
agdﬁr =0

Value of ¢(c2,) in terms of the coefficients of o2, r > 1:

¢(o7,) = [(ai — brj)z — briy]Yia3 (6)

>

4. 3-cochains

Coboundary dsoy,., k> 0,7 > 0,k <r: [
630,‘; =0

5 0 - cohomology spaces

5.1 S - cohomology
Proposition 6. The 0 - cohomology space of S vanishes: H°(S) = 0.

Proof. If (c,d) are the coefficients of an arbitrary cochain of,. (k > 2,7 > 3,k < r — 1), we have for
instance

MO ( ; ) = 0, MQ = a(k; - 2)//"0 - Qbk'/,l,g

Since det My = a?(k — 2)? 4+ 4b%k? > 0, it follows that o, = 0.1

Corollary 4. For any k> 2,7 > 3,k <r — 1, we have dim im}. ds = dim S? =2

5.2 P - cohomology and R - cohomology

Theorem 1. The 0 - cohomology spaces of P and R coincide:

(i) if a #0, H'(P) = H°(R) = Hys(P) = H33(R) = R,

(“) ifa=0, HO(P) = HO(R) = @1?;1 Hgm,k(P) = 69211 Hgk,3k(R) = @::0 RD™.

Proof. The equality of both cohomologies is a consequence of Corollary 3. Solet k > 2,7 >3,k <r—1
and 7 = q € PY. N kerdp. We have X;(q) = X2(q) = 0. Apply now Proposition 2 and Corollary 1.

If3k—2r #0 and if 3k —2r =0, a # 0 and k # r — 1, the cocycle vanishes. If 3k —2r =0 and a =0
ork=r—1,q=aD>"! (¢ €R). i

6 1 - cohomology spaces

6.1 S - cohomology

Proposition 7. Ifa # 0, H'(S) =0, and ifa =0, HY(S) = @®.._, H.,.(S) =D, _, #(Rﬂcl +
R)Ys.
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Proof. Set My = 2bkpg —a(k —2)pue and Ny = a(r —k — 1)y + 2b(r — k)us (kK > 1,7 > 2,k <r). The
coefficients of any 1-cocycle of degrees k, r verify

Akr< ; > = AklMl‘lN1< Z >

If £ = 1, the cocycle vanishes. If £ = r the cocycle equation reads Ny < Z > =0, with Ny = —au,. For

a # 0, the cocycle vanishes again, and for a = 0, the cohomology space is H},.(S) = 25— (Rx + Ry)Ys,
since coboundaries do not exist for £ = r. Finally, if 2 < k < r — 1,7 > 3, Corollary 4 shows
that there is no cohomology. (A direct proof of this result, based upon the multiplication table
pitt; = (=180 + i) (4,7 € {1,2,3}), where €5, is the Levi-Civita symbol, is also easy.) I

6.2 P - cohomology and R - cohomology

Theorem 2. The first cohomology groups of P and R are isomorphic:
(i) H'(P) = H'(R) = Hy(P) = Hy3(R) = RY1 + RYz + RY3, if a #0,
(i) H'(P) = H'(R) = @pZ; Hyp 5. (P) = ©Z1 Hyp 5, (R) = @ D™ (RY1 +RY2+RY3), if a = 0.

m=0

Proof. Let w1}, = Aprq1Y1 + DprqaYo + Ag1gsYs (k> 1,7 > 2,k < r) be a member of P}, N kerdp.
The cocycle equation reads

Xo(Ar1q3) — X3(Akrg2) =0,

X3(Aprq1) — X1(Ar1g3) =0,

X1(Agrq2) — Xo(Akrqr) = 0.

Moreover, for k > 2,7 > 3,k < r — 1, this cocycle can be a coboundary, i.e. there is 7y, = ¢ in Pg.

such that
X1(q) = q1, Xa2(q) = q2, X3(q) = g3.
l.k=1lork=r

We treat the first case (resp. the second case). The cocycle equation implies X3(q1) = X3(g2) = 0
(resp. Xa(g3) = 0). In view of Corollary 1 (resp. Proposition 2) X3 (resp. X3z) is invertible and
cocycles vanish.

2. 2<k<r—1 (thenr > 3)

2.a. 2r— 3k #0

Set ¢ = X5 *(¢2). Due to Proposition 3 and the cocycle relations, we then have X;(q) = q1, X3(q) = g3,
so that all cocycles are coboundaries.

2.b. 2r — 3k = 0 (then k € 2N)

Here Xy = 0 and X3 = —2X;. The cocycle condition is X;(g2) = 0 and X3(q1) = Xi(g3), ie.
X1(2q1 +¢g3) = 0.

2bJa#0and k#r—1 (i.e. a#0and (k,r) # (2,3))

In this case g2 = 0 and we choose ¢ = X *(q1). This entails that X3(g) = gs.
2bIla=0ork=r—1(ie. a=0or (k,7)=(23))

Corollary 1 allows to decompose ¢ in the form ¢; = a1 D51 +X1(q) (a1 € R, q € Q). Tt is clear that

g2 = s D% 1 + X2(q) (a2 € R) and that g3 = ang_l —2q1 = asD5~1 + X35(q) (o4, a3 € R). Hence,
the considered cocycle is cohomologous to Df'_l(alYl + asYs +asY3). As the kernel and the image of
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X5 and X3 are supplementary and X5 vanishes, such cocycles—with different a-coefficients—can not
be cohomologous.

As for the isomorphism between the P- and R-cohomology, remember that H%(S) = 0. Corollary
3 then implies that iy € Isom(H}, (R), HL,.(P)), for all k,r. Indeed, if H} (S) # 0, we have k = r > 2
and H,.(P) =0 =1im}, i I

7 2 - cohomology spaces

7.1 S - cohomology

Proposition 8. If a # 0, H*(S) = H}(S) = Z(RYas + RY3), and if a = 0, H*(S) =
Doy Hin(S) = By 5 (RYas + RYz1).

Proof. As 8% = 0, any cochain is a cocycle. Let of. (k > 0,7 > 1,k < r) be a cocycle with

coefficients (Agot, Agoj). If & > 1,7 > 2,k < r, it is a coboundary if there are coefficients
(Agre, Agpf, Ag1g, Ag1h), such that

A;We

(; >= ( 2bkpo — alk —2)pa | a(r — k = 1)py +20(r — k)us ) i:i;g

Aprh

If » > 1,k = 0, all cochains vanish. If »r = 1,k = 1, there are no coboundaries. Consider now the case
r>2k>1. If k#randif Kk =r and a # 0, any cocycle is a coboundary. If k£ = r and a = 0, the
unique coboundary is 0. B

7.2 P - cohomology
Proposition 9. The second cohomology group of the complex (P, 0p) is,

(i) if a 0,
H?*(P) = Hss(P)® H}, (P)
= RYs3 +RY3 +RYp
®%5 [R (D — $x12223)003 + $a323031) + R (D + 4a13023)051 — $x303023)]
(i) if a = 0,

H*(P) = @y, Hyp3,.(P)® Hi, (P) ® D,y H,(P)
Do D™ (RYa3 + RY31 + RY72)
® Rdos + ROs1 @ D,y R Oro.

Proof. The cocycle equation for a cochain w,%r = Akoq1Yos + AkoqaYs1 + AprgsYia (K> 0,7 > 1,k <

7341, G2, 93 € Qgr) reads
X1(Aroqr) + Xa(Arogz) + X3(Akpgs) = 0.

This cocycle can be the coboundary of a cochain w,iT = Apr01 Y1 + Agro2Yo + Ag103Ys (kK > 1,1 >
23 k S r;01,02,03 € ri):

Xo(Ag103) — X3(Agr02) = Aroq,

X3(Akro1) — X1(Ak103) = Aroqe,

X1(Agro2) — Xo(Akro1) = Akrgs.

1. k=0,r > 1 (then k <r)

We get X3(g3) = 0. If a # 0, the cocycle 73, vanishes, and if a = 0, it has the form

o
o = 5OZTY12 =apz" 01 (a=0,7>1,090 €R).
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2.k>1,r>1,k=r
Cocycle condition: ¢a = — X5 ' X1 (q1).
2a k=r=1

It follows immediately from Equation 3, Equation 4 and Equation 2, that

2 = é(am + a2y)Yos + 5 ((2 + %ar)z + (Yaz — a1)y) Yar ™)
= 5 [al ((D — $wyz)0oz + %szagl) + ag ((D + §xyz)031 — %y22823)} (1,2 € R).
2.b. k=r>2

As the coboundary condition reads Xa(03) = q1, X1(03) = —¢a, we only need choose 03 = X5 ' (q1).
3. k>1,k<r—1 (then r > 2)

Cocycle condition: Xi(q1) + Xa(g2) + X3(g3) = 0.

3.a. k=1

Coboundary condition: X3(02) = —q1,X3(01) = ¢2,X1(02) — X2(01) = g¢s. It suffices to take
01 = X35 (q2), 00 = — X3 ().

3.b. k> 2 (then r > 3)

All A-factors in the cocycle and coboundary conditions disappear.
3.b.I. 3k —2r £0

Set g2 = 0,03 = X5 '(q1), 01 = —X5 ' (g3).

3.b.II. 3k —2r=0

Since X, = 0 and X35 = —2X7, the equations read X(g1 —2¢3) = 0 and X;(02) = 2¢1, X1(201 + 03) =
—@2, X1(02) = g3 respectively.

3.b.Il.a. a #0,(k,r) # (2,3)
As X is invertible, ¢; = 2¢3 and we set 01 = 0,02 = X; '(g3), 03 = —X; ' ().
3.b.Il.53. a=0or (k,r)=(2,3)

Corollary 1 allows to write ¢; (i € {1,2,3}) in a unique way as the sum ¢; = QQHD%’l +4q}, aoy €
R,q, € Qk%k of an element of ker X; and an element of im X;. As ¢1 — 2¢5 — (ag — 2a5)D§_1 =
q1 — 2q5 € ker X1 Nim X;, we conclude that ¢f = 2¢5. Hence ¢} Y23 + ¢5Y31 + ¢4Y12 is the coboundary
of 01Y1 + 02Y2 + 03Y3, where o1 = 0,X1(02) = ¢4, X1(03) = —¢b. Finally, the original cocycle is
cohomologous to

Wi,%k ~ D371 (a3Yas + 0 Ys1 + 05Y12)
(a=0and k € {2,4,6,...} or a # 0 and k = 2; a3, 04,5 € R).

Due to the supplementary character of the kernel and the image of X7, two different cocycles of this
type can not be cohomologous. i
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7.3 'R - cohomology
Theorem 3. (i) If a # 0,
H?*(R) = H3;(R) = RYa3 + RY3; + RYia,
(i) ifa =0,
H*(R) = @22:1 H22k3k(R) &P H2n(R) & @D, Hi,(R)

D, _o D™ (RY23 + RY3; + RY72)
(&%) @::1 ZT_Q (Rxlagg =+ R($1831 =+ (m — 1)1’2823)) (&) @fnozo Rxgné'm.

Proof. We apply once more Corollary 3.

If (kr) # (mm) (m > 1), the map iy is an isomorphism between HZ, (R) and HZ (P).

If (kr) = (11), we get iy € Isom(H% (R),im?, iy). Since no coboundaries exist for this degree, the
R-cohomology is made up by the P-cocycles in R. But, 72, € R, see 7, if and only if aa; = aaz = 0.
So, for a # 0, we have H? (R) = 0, whereas for a = 0, we obtain H? (R) = Rds3 + Rs1.

Consider now (kr) = (mm) (m > 2). As H},,(P) = H2,,(P) = 0, the map ¢ is an isomorphism
between H} (S) and H2,, (R). So, if a # 0, both spaces vanish. In the case a = 0, we obtain, see

Formulary 2, H2,, (R) = 2™ 2 (Rxda3 + R(x031 + (m — 1)yda3)).

Remark. So, when passing from the P- to the R-cohomology, the P-class of degree (kr) = (11) is lost
for a # 0, whereas for a = 0 new R-classes of degree (kr) = (mm), m > 2 appear. This is coherent
with the picture described in section 4, if ¢(c), o = zwgl (gz+hy)Ys € S, Nkerds, m > 2, g,h € R,
is a coboundary in P but not in R. Since msdpc = dso = 0, we definitely have ¢(o) = dpo. If ¢(o)
were an R-coboundary, ¢(c) = Orp, p € RL,,,, the difference p — o would be a P-coboundary in view
of Theorem 2: p — o = dpp, p € P2, = 0.

8 3 - cohomology spaces
8.1 S - cohomology

Proposition 10. The third cohomology group of S vanishes: H3(S) = 0.
Proof. Obvious. I

8.2 P - cohomology
Proposition 11. (i) For a # 0,

H3(P) = H3(P)® Hiy(P)
RYi123 ® ROh2s,

(ii) for a =0,
H3(P) = @2y H3y 51,(P) & @0 Hi(P)
= 69::0 DmRY123 D 69::0 R.Tgnalgg.

Proof. Of course any cochain m = ¢Y123 € Py, ¢ € Qr, k > 0,7 > 0,k < r is a cocycle. For
k>0,r > 1,k <r, this cocycle is a coboundary, if there are g1, 02, 03 € Qk such that

X1(Aroo1) + X2(Apooz2) + X3(Agro3) = q.

1.r=0

The cocycle reads

a
Tao = 503/123 = agOi23 (ap € R)
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and no coboundaries do exist.
2.k=0,r>1

The coboundary condition reads X3(03) = q. If a # 0, we set o3 = X5 '(q). Otherwise we decompose
q in the form ¢ = %5~ 4 ¢/, oy € R, ¢’ € im X3. Then the cocycle

o 2"
WS)T = Tylzg = alzralgg (a =0,r> 1,&1 (S R)

is not a coboundary (except of course if a; = 0).

3.k>1,r>1k=r

Coboundary condition: Xj (1) + X2(02) = q. As 2r — 3k = —r # 0, it suffices to take p; = 0 and
02 = X5 '(q).

3.k>1,r>1,k<r—1 (then r >2)

Condition: X1(01) + X2(02) + X3(03) = q.

3.a. 2r—3k #0

We only need choose g1 = g3 = 0 and 02 = X5 '(q).

3.b. 2r — 3k = 0 (then (kr) € {(23), (46), (69),...})

Here X3 = 0 and X5 = —2X; and the condition reads X (01 — 203) = ¢. If a # 0 and (kr) # (23),
take o3 = 0 and o, = X; (). If a = 0 or (kr) = (23), set again ¢ = auD* 1+ ¢/, ay € R,¢ € im X;.

The cocycle
3 D™ layYias (a=0,mcN*ora##0,m=1;a, €R)

2m,3m —

can not be a coboundary (if ay # 0).

8.3 R - cohomology
Theorem 4. (i) If a #0,

H*R) = H3(R) @ Hi(R)
= RYi23 ® R0O123,
(i) if a = 0,
H3(R) = @2, HSk,Sk(R) OB Hon(R) @ P,y HY,(R)

= @ _ D"RYi23 & @D Ra 0123 & Pro_y 27 (Raq + Rag)dras.
Proof. If a # 0, (kr) # (11) and if a = 0, (kr) # (mm), m > 1, then
iy € Tsom(H},(R), H3,(P)) (a # 0, (kr) £ (11) or a = 0, (kr) £ (mm),m > 1),

As H?,.(P) =0, m > 1, it follows from Corollary 3 that ¢y € Isom(H2,,(S)/ker?, ¢4, HS,,(R)).
If a = 0,m > 2, the group H2,, (P) also vanishes and

¢y € Isom(HZ,,(S),H2,.(R)) (a=0,m>2).
For m = 1, we have to compute the kernel ker?,, é. If ¢4[o]s =0, 0 € S Nker ds = S, the image
¢(0) = dpo is an R-coboundary drp, p € R¥,. So, p — o € P N ker Op. Equation 7 shows that

p—JZWflz%[((a—%5)$+ﬂy)}/23+(ﬁm+(

- o) o 5 g o]
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where the first (resp. second) term of the r.h.s. is a member of R?; (resp. 8% ). Hence, if a = 0, the
cochain o vanishes and kerf; ¢y = 0:

¢ € Isom(H7\(S), H}1(R)) (a=0).

If a # 0 and 0 = £ (iYa3 + jY31), see Formulary 2, we get a = —gj,ﬁ = —%i, which provides p in
terms of 0. Equations 3, 4, and 6 then immediately give kerf; ¢y = Hi; (S), so that

H}H(R) =0 (a#0).

The announced theorem is then a direct consequence of Equation 6. il

9 Further results

In this section, we provide complete results regarding the formal cohomology of structure 7 of the
DHC,

A7 = b(l‘% + x%)@l A 82 + ((Qb + C)Sﬂl - CL.IQ)ZL’gaQ A 83 + (axl + (2b + C)xg)xgag A 81.

We obtained these upshots, using the same method as above for structure 2. Computations are quite
long and will not be published here. We assume that ¢ # 0, otherwise we recover structure 2.
In the following theorems, the Y; (i € {1,2,3}) denote the same vector fields as above, namely,

Y1 = 2101 + 2202, Y2 = 2102 — 2201, Y3 = 2305.

Moreover, we set
/ 2 2 2 2
D' =ai+x5,D = (] + x5)x3.

If % € Q,b(2b+ ¢) < 0, we denote by (3,7) ~ (b,c) the irreducible representative of the rational
number %, with positive denominator, g € Z,y € N*. If% € Q,b(2b+c) > 0, (8,7) ~ (b, c) denotes the

irreducible representative with positive numerator, 8 € N*, v € Z*. Furthermore, we write A instead of
A7, ,; Cas(A)Yj; instead of Cas(A)Ya3 + Cas(A)Ys1 + Cas(A)Yia, Sing(A) = €D, 5, Sing” (A) instead

of R[[z3]] = @, -, R}, and O, Yz (v € {2,4,6,...}) instead of RD'Z 123 'Y; = RD'3195.
Some comments on the results given in the theorems hereafter can be found below.

Theorem 5. If a # 0, the cohomology spaces are
H(A) = Cas(A) =R, H'(A) = P Cas(A)Y;

@ Cas(A)Yi;, H?(A) = Cas(A)Yia3 @ Sing”(A)d)23

Theorem 6. If a =0 and b =0, the cohomology is
H°(A) = Cas(A) = @RD", H'(A) = @ Cas(A)Y;

r>0

= @D Cas(A)Y;; @ Sing(A)dr12,  H(A) = Cas(A)Yi23 ® Sing(A)dr23

Theorem 7. If a =0 and 2b+ ¢ = 0, the cohomology groups are
H(A) = Cas(A) = @D Raj, H'(A) = P Cas(A)Y; & CyYs,

r>0

= @D Cas(A)Y;; © Sing(A)d12 ® C2Y3 A (RY; + RY),

H3(A) = Cas(A)Y123 @ Sing(A)d123 & CoYz ARY1 o
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Theorem 8. Ifa=0 and%gﬁQ 07“%6Q,b(2b+c) <0,

(b,c) ~ (—1,7),v€{4,6,8,...} : C,Y35

(A) as(A) ) (1) @ as(A) 69{otherwise:()

(b,e) ~ (=1,7),v € {4,6,8,...} :
C,Ys A (RY: + RY3)

otherwise :

0

H?(A) = €P Cas(A)Yi; ® Sing(A)dra @
ij

) b,c) ~ (-1 4,6,8,...}: C,Y3 ARY]
H(A) = Cas(A)Yizs ® Sing(A)dyzs @ { 029 = (L) 7 € (4,68, }: O3 ARY
otherwise : 0

Theorem 9. Ifa =0 and % € Q,b(2b+¢) >0,

H(A)=Cas(A)= @ RD™H523% HY(A) =P Cas(A)Y;,
neN,nye2Z i

H?(A) = €P Cas(A)Yi; @ Sing(A)d1a, H?(A) = Cas(A)Yi23 @ Sing(A)d123
ij

Remark. The preceding results allow to ascertain that Casimir functions are closely related with
Koszul-exactness or “quasi-exactness” of the considered structure. Observe that C, = RD'~'+3 23!
(v €{2,4,6,...}) has the same form as the basic Casimir in Theorem 9 and that the negative super-
script in x5 ! can only be compensated via multiplication by Y3 = 2395. Clearly, such a compensation
is not possible for RD’ _”+%mg ", n > 1. Hence cocycle C, Y3 is in some sense “Casimir-like” and “ac-
cidental”. Note eventually that the “weight” of the singularities in cohomology increases with closeness
of the considered Poisson structure to Koszul-exactness.

10 Suitable family of quadratic structures

The objective of this final section is to explain that our technique applies to all the quadratic
Poisson classes induced by a special type of r-matrices.

Tt is well-known that the action tangent to the canonical action of the Lie group GL(n,R) on R",
is the Lie algebra homomorphism

J:g:=gl(n,R) > a=(a;) — ajjz;0; € Sec(TR™) =: X'(R")

(Sec(TR™): Lie algebra of smooth sections of the tangent bundle TR™, i.e. Lie algebra of vector fields
of R™; © = (x1,...,x,): canonical coordinates of R™; 01,...,0,: partial derivatives with respect to
these coordinates), which is a Lie isomorphism if valued in the Lie algebra X1 (R") of linear vector
fields.

Let us recall that a standard construction allows to associate to any Lie algebroid E a Gersten-
haber algebra, made up by a graded Poisson-Lie algebra structure on the shifted Grassmann algebra
Sec(\ E)[1] of multi-sections of E. We denote this Schouten-Nijenhuis superbracket, which extends
the algebroid bracket on Sec(E), by [.,.]g or simply by [.,.], if no confusion is possible.

The above Lie homomorphism J extends to a Gerstenhaber homomorphism

J: /\g — XR") = Sec(/\TR"),

where the Gerstenhaber structures have been obtained as just mentioned. Let

AR =D (s*®R") @ A\ "R")
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be the Gerstenhaber subalgebra—of the algebra X'(R™) of poly-vector fields—made up by k-vectors
with coefficients in the corresponding space of homogeneous polynomials in z € R". It is obvious that
J viewed as Gerstenhaber homomorphism with target algebra AR™,

J:/\g—>/~\R”7

is onto. It is also known that the restriction J* to the space /\k g has a non-trivial kernel (provided
that k,n > 2).

Remember that a classical r-matrix is a bi-matrix r € g A g that verifies the classical Yang-Baxter
equation [r,7] = 0. The space S2(R")* ® A R™ of quadratic bi-vectors coincides with the image
J%(g A g) and

T3] = [J*r, %], regAg.

So any bi-vector A = J?r that is the image of an r-matrix is a quadratic Poisson structure of R".
Conversely, any quadratic Poisson tensor of R™ is induced by at least one bi-matrix. However, the
characterization of those quadratic Poisson structures that are implemented by an r-matrix, is an open
problem (see [MMRO2]). Quadratic Poisson structures generated by an r-matrix are of importance
e.g. in deformation quantization, in particular in view of Drinfeld’s method.

One easily understands that the study of r-matrix induced structures involves the orbit O, and
stabilizer G of the considered structure A for the canonical action on tensors of the general linear
group GL(n,R). Our paper is confined to the three-dimensional Euclidean setting. Let us recall that
the isotropy group G is a Lie subgroup of G := GL(3,R), the Lie algebra of which is the stabilizer
ga of A for the corresponding infinitesimal action,

g = {a € gl(3,R) : [Ja, A] = 0}.

As already stated, the objective of this paper is to provide a universal approach to the formal
Poisson cohomology for a broad family of quadratic structures in the classical physical space. Let us
just indicate that the classes of the DHC that are accessible to our modus operandi are exactly those
classes that are implemented by r-matrices in gy A ga. The quadratic Poisson tensors can defacto
be classified according to their membership in the family of structures induced by an r-matrix in
the “stabilizer”. It then turns out that the members of this family are those tensors that read as a
linear combination of wedge products of mutually commuting linear vector fields, hence those that are
accessible to the above detailed and applied technique.

We refer to the classes implemented by an r-matrix in the stabilizer as admissible classes. The
DHC gives the quadratic Poisson structures up to linear transformations. Let us finally mention that
admissibility is of course effectively independent of the chosen representative. This means that if
A = J%r,r € gpn A ga,[r,r] = 0, then any equivalent structure A,A, A € G—A, denotes the natural
action of A—has the same property, i.e. A,A is also induced by an r-matrix and this matrix can be
chosen in the stabilizer of A,A. Indeed, it is easily seen that the orbit of J2r for the canonical G-action,
is nothing but the pointwise image of the orbit of r for the adjoint action Ad of G,

A (J?*r) = JA(Ad(A)r).

Since the adjoint action respects the Schouten-Nijenhuis bracket, Ad(A)r is an r-matrix in the stabilizer
of A,A.
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