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Abstract

This paper encloses a complete and explicit description of the derivations of the Lie algebra
D(M) of all linear differential operators of a smooth manifold M, of its Lie subalgebra D' (M) of all
linear first-order differential operators of M, and of the Poisson algebra S(M) = Pol(T*M) of all
polynomial functions on 7 M, the symbols of the operators in D(M). It turns out that, in terms of
the Chevalley cohomology, H'(D(M), D(M)) = Hyr(M), H'(D'(M), D (M)) = HLx(M) ® R?,
and H'(S(M),S(M)) = Hbg(M) ® R. The problem of distinguishing those derivations that
generate one-parameter groups of automorphisms and describing these one-parameter groups is
also solved.

1 Introduction

In [PS54], Pursell and Shanks proved the well-known result stating that the Lie algebra of all smooth
compactly supported vector fields of a smooth manifold characterizes the differentiable structure of
the variety. Similar upshots were obtained in numerous subsequent papers dealing with different Lie
algebras of vector fields and related algebras (see e.g. [Ahe82, [AG90, [Gra78, [Grad3l, [HM93]
Oma76, SE=7).

Derivations of certain infinite-dimensional Lie algebras arising in Geometry were also studied in
different situations (note that in infinite dimension there is no such a clear correspondence between
derivations and one-parameter groups of automorphisms as in the finite-dimensional case). Let us
mention a result of L. S. Wollenberg [Wol69] who described all derivations of the Lie algebra of
polynomial functions on the canonical symplectic space R? with respect to the Poisson bracket. It
turned out that there are outer derivations of this algebra in contrast to the corresponding Weyl algebra.
This can be viewed as a variant of a "no-go” theorem (see [Jos70]) stating that the Dirac quantization
problem [Dirb8] cannot be solved satisfactorily because the classical and the corresponding quantum
algebras are not isomorphic as Lie algebras. An algebraic generalization of the latter fact, known as
the algebraic "no-go” theorem, has been proved in [GGOI] by different methods. Derivations of the
Poisson bracket of all smooth functions on a symplectic manifold have been determined in [ADMI74]
(for the real-analytic case, see [Gra86]). Another important result is the one by F. Takens [Tak73)
stating that all derivations of the Lie algebra X' (M) of smooth vector fields on a manifold M are inner.
The same turned out to be valid for analytic cases [Gra81]. Some cases of the Lie algebras of vector
fields associated with different geometric structures were studied in a series of papers by Y. Kanie
[Kan75]-[Kang].

Our work [GP03] contains Shanks-Pursell type results for the Lie algebra D(M) of all linear dif-
ferential operators of a smooth manifold M, for its Lie subalgebra D!(M) of all linear first-order
differential operators of M, and for the Poisson algebra S(M) = Pol(T* M) of all polynomial functions
on T*M, the symbols of the operators in D(M). Furthermore, we computed all the automorphisms
of these algebras and showed that D(M) and S(M) are not integrable. The current paper contains a
description of their derivations, so it is a natural continuation of this previous work and can be con-
sidered as a generalization of the results of Wollenberg and Takens. It is also shown which derivations
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generate one-parameter groups of automorphisms and the explicit form of such one-parameter groups
is provided.

2 Notations and definitions

Throughout this paper, M is as usually assumed to be a smooth, Hausdorff, second countable, con-
nected manifold of dimension n.

Recall that the space D(M) (or D for short) of linear differential operators on C*°(M) (or A for
short) is filtered by the order of differentiation, D being the space of at most i-th order operators
(for i > 0; D' = {0} for i < 0), and is equipped with an associative and so a Lie algebra structure,
o and [.,.] respectively, such that D' o DI C D and [D!, D/] C D=1, Obviously, D = A is an
associative commutative subalgebra and D! is a Lie subalgebra of D. We denote by D.. (respectively
Di) the algebra of differential operators (respectively the space of (at most) i-th order operators) that
vanish on constants. For instance D} is the Lie algebra X (M) = Vect(M) (or X for short) of vector
fields of M, i.e. the Lie algebra Der A of derivations of the algebra of functions. Observe also that we
have the canonical splittings D = A® D,, D' = A® D:.

The classical counterpart of D, the space S(M) (or S for short) of symmetric contravariant tensor
fields on M, is of course naturally graded, S; being the space of i-tensor fields (for i > 0; S; = {0} for
i < 0). This counterpart S is isomorphic— even as a D!-module—to the space Pol(T*M) of smooth
functions on 7% M that are polynomial on the fibers. Furthermore, it is a commutative associative and
a Poisson algebra. These structures - and {.,.} verify S;-S; C S;4; and {S;,S;} C Siyj—1 respectively.
The Poisson bracket can be viewed as the symmetric Schouten bracket or the standard symplectic
bracket. Note that Sy = A is an associative and Lie-commutative subalgebra of §. Clearly, S is
filtered by S' = @®;<;S; and S! is a Lie subalgebra of S isomorphic to D! and A ¢ X.

The algebras D and S are models of a quantum and a classical Poisson algebra in the sense of
[GP03]. All the results of this paper apply to these algebras. It is well known that D%, S;, and S* are
algebraically characterized in the following way:

{DeD:[D A cD}=D* (i >-1), (1)
{SeS:{S, A} CS}=A+Sit1 (i > —1), (2)

and
{Se€S:{S A} CcSt=8"(i>-1). (3)

Moreover, S is the classical algebra induced by the quantum algebra D. Thus, S; = D!/D~!. For any
non-zero D € D, the degree deg(D) of D is the lowest i, such that D € D\D"!. If cl; is the class in
the quotient S, the (principal) symbol o(D) of D is

(D) = claeg(n)(D)

and the symbol o;(D) of order i > deg(D) is defined by

o o ifi > deg(D),
0i(D) = cly(D) = {U(D), if i = deg(D).

Then, the commutative multiplication and the Poisson bracket of S verify
0(D1) - 0(D2) = 0deg(Dy)+deg(Ds) (D10 Da) (D1, Dy € D) (4)

and
{U(Dl)a U(D2)} = Gdeg(D1)+deg(D2)—1([Dl7 DQ]) (D17 D2 € D) (5)
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3 Locality and weight

The characterizations (@), @), and @) of the filters D! of D and the terms S;41 and filters S“*1 of
S (i > —1), can be "extended” in the following way:

Lemma 1 For anyt > —1 and any k > 1, we have

{DeD:[D,D*|c D'} =R -1+ D1, (6)

{SESZ {S,Sk}CSi}:R-1+Si_k+1, (7)
and ‘ ‘

{(SeS:{58)CS}=R-1+87+1 (8)

Proof. (i) Note first that {S € S : {S,St} = 0} = R - 1. Of course, we need only show that the
commutation of S with S; implies S € R-1. But this is obvious: on a connected Darboux chart domain
U, take for instance the polynomials Sy € Sy defined by Si(;&) = (&)* and Sk(z;€) = 2%(&)F (z € U,
ge R {g,a' =00, 4,5 € {1,...,n}).

More generally, we have {S € S : {S5,8} C &} = R -1+ S;_j41 for all i > —1. Take ¢ > 0.
Writing S = Si—k—i—l + 8’ with Si—k—i—l S Si—k—i—l and S’ S @Si—k+17 we get {S/,Sk} SN (8 S, 81),
so {9, S,} =0and S’ € R- 1. Hence the conclusion.

(ii) In order to prove (&), observe that it is enough to consider the case i > 0. If {S,S;} C S and
S§=3%;8j,Sj €Sj, we have {S;,Sc} =0forallj>i—k+1 SoS;eR-1and S € R-1+87kHL

(iii) Assume [D,D¥] € D and D € D\D'~**!, so that deg(D) > i — k + 1. Clearly, o, : D¥ — S
is surjective, so any Sy € Si\{0} reads Sy = o(A), deg(A) = k. Thus,

{o(D), Sk} ={0(D),0(A)} = 0deg(py+k-1([D; A]) = 0.

Soog(D)€R-1and D € R-1. Eventually, D € R-1+Di=++1 1

Let (P, [.,.]) be either the Lie algebra (D, ., .]), its Lie subalgebra (D!, [.,.]), or the Poisson algebra
(8,{.,.})- The sign ”-” stands for the multiplication "0” of differential operators and the multiplication
7.7 of polynomials of T*M. We denote by Der P the Lie algebra of all derivations of the Lie algebra

(P[]
Proposition 1 Any derivation of the Lie algebra P is a local operator.

Proof. If P € P! vanishes on an open U C M and if zg € U, we have

P=> [Xx, P

k

for certain X;, € X, P, € P* with Xy|v= P |v= 0 for some neighborhood V' C U of zy. In the
quantum case, this follows for instance from [Pon(02]. In the classical case, a straightforward adaptation
of [DWLST, Ex. 12] shows that the set {Lx : [(SS'TM) — I'(SS'TM) | X € X}, where I'(SS'TM) is
the space of smooth sections of the tensor bundle &,;<;S7T'M, is locally transitive. Since it is obviously
stable under locally finite sums, the announced result is a direct consequence of [DWL&T Prop. 3,
Def. 2].

For any C' € Der P, the preceding decomposition of P and the derivation property then imply that
(CP)(xz0)=0.1

Lemma 2 There is a finite set F = {f1,..., fm} C C®(M) (m <2n+1), such that
(j) the C>=(M)-module Q' (M) of differential 1-forms on M is spanned by dF = {df1,...,dfm},
(i) if P € P verifies [P, F| C P* then P € Pt for any i > —1.
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Proof. Assertion (j) is a consequence of Whitney’s embedding theorem (see [AGI0, Prop. 2.6],
[Whi36]). It suffices to prove (jj) for i = —1. Indeed, by induction, if (jj) is verified for ¢ (i > —1) then
it is for i + 1:

[P,F] Cc Pt =[P, F], A C P

= [[P,A],F] C P

= [P, A] Cc Pl

= P e Pt
As

[D,F]=0= {o(D),F}=0,YD € D,

it is enough to consider the classical case, which is obvious in view of (j). Indeed, if f € A we have
df =30 9sdfs (9s € A) and if S € S = S(M) = Pol(T*M) and A denotes the canonical Poisson
tensor of T*M, then

{5, f} = A(dS.df) = ng{st }=0.

Hence the result. i

Proposition 2 Any derivation C of the Lie algebra P has a bounded weight, i.e. there is d € N, such
that , ,
C(P%) c P4, Vi € N.

Proof. Set d = max{deg(Cfs),s € {1,...,m}}, where deg is the degree in the filtered algebra P and
where the set F = {f1,..., fm} is that of Lemma Bl Then C maps all functions into P?. Indeed, if
f € A we have for any fs € F,

= C[f, fs) = [CF, fs] + [f, OS]

and [Cf, fs] € P91, so that Cf € P9 The announced result can then once more be obtained by
induction. Take P € P! (i > 0) and apply again the derivation property:

C[P, fs] = [CP, fs]+ [P, Cfs],Vs € {1,...,m}.

Hence the conclusion. i

Remark: Evidently, for C' € Der D!, we have C(D°) C D! and C(D') C D! C D

4 Corrections by inner derivations

Proposition 3 Let C € Der P. There is (a non-unique) P € P, such that C —ad P € Der P respects
the filtration. The set of all elements of P that have this property is then P+ PL.

Proof. Take an arbitrary derivation C' of the Lie algebra P. Let (U,, ¢,).cr be an atlas of M and
U= (U= (x',...,2")) any chart of this atlas. The restriction C|y of the local operator C to the
domain U is of course a derivation of the Lie algebra Py, similar to P but defined on U instead of M.

Set now

P4 =Cly (2) € PE.

This element Pg s equal to or symbolically represented by a polynomial of T*U of type

PE(x;6) = ) vh(@) €,

| <d

where we used standard notations, 7§, € C°°(U) and ¢ € (R")".
Since it follows from C|y [z, 7] = 0 that [P4", 29] = [P, 2], we get

O, P4 (2 €) = 9, PAY (a3 ).
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Thus, there is a polynomial of T*U,

Pé(z;6) = Y val@)e”

la|<d+1
(polynomial character in ¢ and smooth dependence on z easily checked), such that
D¢, P4 (2;€) = Pg’i(m;f),w e{1,...,n}.
Finally, P4 € P& (interpret—if necessary—the polynomial as differential operator) and
Cly (z) = [PY, z%), Vi.
For any function f € A and any i € {1,...,n}, we then have

0=Cly [flv,2'] =[(Cflv. '] + [flv, [P, 2"]]
= [(Cf)|U _[Plcj'{v.ﬂU]aml]'

In view of Lemma P this entails that
(CHlu —[PE, flu] € C=(U). (9)

Now we will glue together the elements Pg € ’Pgﬂ. Let (U,, ., %.).er be a partition of unity
subordinated to the considered atlas and set

Po = Z W, P4

Clearly Po € Pt Furthermore, C — ad P is a derivation of P = D and of P = S. Let us emphasize
that for P = D!, this map C — ad P¢ verifies the derivation property in D!, but is a priori only linear
from D' into D. For any P, it respects the filtration. Indeed, for any f € A and any open V C M, we

have
(Cf=[Pe, fDlv = (ChHlv =[Zilv P& lviav, flv]
=50l ((CPlu, ~[BE flod Jluiev € C=(V),

in view of ({@). We can now proceed by induction. So assume that CP — [Pg, P] € P!, VP € Pt (i > 0).
Then, if P € P! and f € A4,

[CP_[PCaP]vf] :O[Paf]_[Pacf]_[P07[Paf]]+[P7[P07f]] ) (11)
:(O[Paf]_[P07[Paf]])_[Pacf_[P07f]]Epl'

(10)

Hence the result for P = D and P = S. For P = D!, Equation (1)) shows that [Pz, D] C D! In
view of Lemma [Il this means that Pc € D!. Finally, Equation () allows to see that C(D°) C D°, so
that C respects the filtration. B

Remark: Thus the inner derivation of Proposition Bl can be taken equal to 0, in the case P = D!.

Proposition 4 If C € Der P respects the filtration, there is a unique vector field Y € Der A C P such
that C —ad Y € Der P respects the filtration and

(C—adY)|a= & id,
where k € R is uniquely determined by C.

Proof. Consider a derivation C of P that respects the filtration and denote by C(P) the centralizer
of ad A in the Lie algebra & = End P of endomorphisms of P, i.e. the Lie subalgebra C(P) = {¢ €
€ : [,ad Alg = 0}, where [, .]¢ is the commutator of endomorphisms of P. The derivation C' € Der P
induces a derivation adg C' € Der £, which respects the centralizer. Indeed, for any ¢ € C(P), we have

[(ade C) (¥),ad Ale = [[C,9]e,ad Ale
= —[[t,ad Alg,Cle — [¥,[C,ad Alele =0,
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as [C,ad fle = ad(Cf) € ad A for each f € A, since C is a derivation that respects the filtration.

It follows from the description of the centralizer, see [GP03, Theo. 3], that if ¢» € C(P), then
1 respects the filtration and there is 11 € C(P), such that ¢1(P) € P! and ¢ = Ly + 1.
Obviously, the left multiplication ¢y : P 3 P — f.-P € P by an arbitrary f € A belongs to
the centralizer C(P). So (ade C) (¢5) € C(P) and for any g € A, [C,lfle(g) = [C,lrle(1) - g, ie.
C-C)(f-9)=C-=CQA))(f)-g+f-(C—=C(1))(g)- As constants are the only central elements
and as derivations map central elements to central elements, C(1) = x (k € R), and the preceding
result means that (C' — « id)|4 is a vector field Y. Finally, C —ad Y &€ Der P respects the filtration
and (C — ad Y)| 4= k id| 4. Uniqueness of Y is readily obtained. Indeed, if Y is a suitable vector field,
then the corresponding constant is necessarily xk = C'(1) and Y is unique. 1

5 Characterization of the derivations for the Lie algebra D'(M)

Let | 1 | be a fixed smooth nowhere zero 1-density. The associated divergence divy, (or simply div) is
defined for any vector field X as the unique function divj, X that verifies Lx| n |= (div,; X) | 7 |,
where Lx| n | is the Lie derivative of | n | in the direction of X. In any local coordinate system in
which | 7 | is a constant multiple of the standard density, this divergence reads div),, X = >, 9,: X",
with self-explaining notations. For details regarding the origin of the class of the divergence, we refer
the reader to [Lec(2].

Theorem 1 A map C : DY(M) — DY(M) is a derivation of the Lie algebra D*(M) = C>(M) &
Vect(M) of first order differential operators on C*® (M), if and only if it can be written in the form

CY’R7A’W(X+f)=[KX-Ff]-f—Hf—F/\diVX—l—w(X), (12)

where Y € Vect(M), k,A € R, and w € QY (M) Nker d. All these objects Y,k,\,w are uniquely
determined by C.

Corollary 1 The first group of the Chevalley-Eilenberg cohomology of the Lie algebra D'(M) of first
order differential operators on C*° (M) with coefficients in the adjoint representation, is given by

HY(DY(M), D' (M)) ~ R* & Hpp (M),
where HLx (M) stands for the first space of the de Rham cohomology of M.

Proof. Let C; be a derivation of P that respects the filtration and reduces to x id (k € R) on
functions. The derivation property, written for f € A and X € X, shows that Cy(X) C A, and written
for X, Y € X, it means that Ci|y is a 1-cocycle of the Lie algebra X’ canonically represented upon A.
The cohomology H(X,.A) is known (see e.g. [Fnc87 or [DWLS3]). Having fixed a divergence on X,
we get

Cilx= A div 4w,

with A € R and w € Q}(M) Nker d. Finally,
Ci(X+f)=rf+AdivX +w(X),VX € X,Vf c A

To prove uniqueness of Y, w, k, A, it suffices to write Equation ([[2) successively for 1 € A, f € A, and
X € X. Hence Theorem [l Corollary[lis clear. Indeed, if C and ¢’ =C +ad(Z+h) (Z € X, he A)
are two cohomologous 1-cocycles and if we denote by (Y,w,x,\) and (Y’ ', k', \) the respective
unique quadruples, then necessarily ' = k, N = A, and w’ = w — dh, so that the map

HY D' DY) 3[C]l = rk+ A+ [w] € R*@® Hpx(M)
is a well-defined vector space isomorphism. i

Remarks: 1. Observe that the preceding proof is valid for the generic algebra P, so not only for
D! but also for S and D.
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2. Note that, for A # 0 and w = df (f € A), AdivX 4+ w(X) = A div' X, where div' X =
div X + A" tw(X) is another divergence.

3. Denote Cy’070’0 = Oy, 0071’070 = OA, 0070’170 = Cdiv, 0070,07W = Cw. The Lie algebra structure
of Der D! is determined by the following commutation relations (the commutators we miss are just 0):

[Cy,Cy/] = Cly,y,[Cy, Caiv] = Caaivy): [Cv, Cu] = Carvy)s [Ca, Caiv] = Caiv, [Ca, Cu] = Co.
(13)

6 Characterization of the derivations for the Lie algebra S(M)

Remark: Let us recall that we mentioned in [GP03, Sect. 4] two specific types of derivations: the
canonical derivation Deg € DerS, Deg : §; 2 S — (i —1)S € S; and the derivation @ € Der P
implemented by a closed 1-form w of M. If U is an arbitrary open subset of M and if w|y= dfy,
fu € C*°(U), this cocycle w is defined by

W(P)lu= [Plv, fu],YP € P.

Remark that, if P = D', @ coincides with the derivation w. In the case P = S the lowering derivation
@ can be interpreted as the action of the vertical vector field w? (the vertical lift of the section w of
T*M) on polynomial functions on T*M.

Theorem 2 A map C : S(M) — S(M) is a derivation of the Lie algebra S(M) of all infinitely
differentiable functions of T*M that are polynomial along the fibers, if and only if it is of the form

Cpono(S) = {P, S} + & Deg(8) +w"(9), (14)

where P € S(M), k € R, and w € QY(M) Nker d. Here k is uniquely determined by C, but P and
w are not. The set of all fitting pairs is {(P + h,w + dh) : h € C°(M)}, so we get uniqueness if we
impose that the polynomial function P vanishes on the 0-section of T*M .

Corollary 2 The first group of the Chevalley-Eilenberg cohomology of the Lie algebra S(M) of all
polynomial functions on T*M with coefficients in the adjoint representation, is given by

HY(S(M),S(M)) ~ R @ Hhg (M).

Proof. If C1 € Der S respects the filtration and coincides with x id (k € R) on A, the proof of Theorem
[ yields
Ci( X+ f)=rf+AdivX+wX),VXe X VfeA

(A € R,w € QY(M) Nker d). This outcome is apparent since a derivation of S that respects the
filtration, restricts to a derivation of S' ~ D!. It is easy to check that Cy = C; + k Deg — has all the
properties of C7, but verifies in addition

Co(X + f) = A div X, VX € X,Vf € A.

The derivation property, written for S € S and f € A, shows inductively that Cy is lowering. It is
easily seen that A = 0, i.e. that Css1= 0. Indeed, for any X € X and f € A, we have

{C2(X?), f} = Co{ X2, f} = 20 (X3(f) + X(f) div X) . (15)

The left hand side of this identity is, with respect to f, a differential operator of order 1, and the right
hand side is of order 2, if A # 0. Hence A = 0.

Now, we need only check that any derivation C of S, which vanishes on S' ~ D!, is identically zero.
Suppose by induction that C' vanishes on S¥, k > 1. We will show that then C also vanishes on Sy 1.
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For fe A, X € X,and S € Sg+1, we have 0 = C({S, f}) = {C(5), f} and C({X, S}) = {X,C(5)}, so
C maps Si41 into A and intertwines the adjoint action of X. Hence C({fX, X*™'}) = fX (C(X*1))
and the map Dx : A > f — C({fX, X*1}) € A is a differential operator of order 0. On the other
hand, Dx (f) = —(k+ 1)C (X (f)X*) is of order 0 only if it is just 0. Thus, C (X(f)X*™!) =0,
for all f € A and all X € X. Let us now work locally. Homogeneous polynomials of degree k + 1 on
(R")*, n = dim M are spanned by (k + 1)-th powers X¥*!1 X € R", and any function reads X (f)
for any non-vanishing X € R". So polynomials of the form X (f)X**+! locally span Sy1; and C = 0.
This completes the proof of Theorem B, except for uniqueness of x and the convenient pairs (P,w).
Equation ([[@), written for S = 1 € A, shows that x necessarily equals —C(1). Setting S = f € A,
then S = X € X in this same equation, we get (C'— C(1) id)|4= (ad P)|4 resp. (C —ad P)|x= w.
So, if (P’,w’) is another suitable pair we have {P' — P, A} =0, so that P' = P+ h, h € A. But then,
w —w=ad(P—P')=—ad h=dh on X. Corollary Bl is now obvious. Il

Remark: Denote Cpoo = Cp, Cp,1,0 = Deg, Cp 0, = w’. The Lie algebra structure of Der S is
determined by the following commutation relations (the missing commutators are just 0):

[Cp,Cpr] = Cyp,pry,[Deg,Cp] = Cpeg(p) ; W, Cp] = Cpo(py , [w", Deg] = w".

7 Characterization of the derivations for the Lie algebra D(M)

Lemma 3 Any derivation C € Der D(M) that respects the filtration induces a derwation C €
Der S(M), which respects the graduation:
C:8(M)> 8 — oi(C(o;'(9))) € Si(M),

for alli e N.

Theorem 3 A map C : D(M) — D(M) is a derivation of the Lie algebra D(M) of all linear differ-
ential operators on C°°(M) if and only if it can be written in the form

Cpw(D) = [P,D] +©(D), (16)

where P € D(M) andw € Q' (M)Nker d are not unique. Again the appropriate pairs are (P+h,w+dh),
h € C*>®(M), so we get uniqueness if we impose that P is vanishing on constants.

Corollary 3 The first cohomology group of the Lie algebra D(M) of all linear differential operators on
C™ (M) with coefficients in the adjoint representation is isomorphic to the first space of the de Rham
cohomology of M:

H'(D(M),D(M)) ~ Hpp(M).

Proof. Lemma Blis a consequence of the surjective character of o; : D — S; and Equation @) that
links the Poisson and the Lie brackets.

Propositions Bl and Theorem [ show that in order to establish Theorem Bl we can start with
C1 € Der D, such that C1(D?) C D!, Vi € N and C1(X + f) = s f + A div X + w(X), with the usual
notations. When correcting by @, we get a filtration-respecting derivation Co = C7 — @, which maps
X + f to Co(X + f) = & f + X div X. The derivation Cy induced on the classical level then verifies
Cy(X + f) = & f. Theorem Bl now implies that

Ca(5) = —r Deg(5), (17)

for all S € S.

Let us emphasize that Theorem B is based upon Theorem [ and Theorem B itself built upon
Theorem M The point is that the degree-derivation is not generated by any canonical quantum
derivation. Therefore the proof of Theorem Blis a little bit more complicated than that of Theorem
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Observe first that Equation ([[) means that, for each i € N,

)

pi= k(1 — 1) id+xi, (18)

where y; € Homg (D!, D'~ 1). Indeed, it entails that, if D € D!, i € N, the operator CoD — k(1 —i)D
has a vanishing i-th order symbol. As easily checked, xo = 0, x1(X+f) =k f+A div X, and x;f = ik f
(X € X, f € A,i € N). Injecting now this structure into the derivation property, written for D* € D!
and AJ € DI, i, j € N, we obtain

XiJrj*l[Dia AJ] = [XiDia AJ] + [D17XJAJ] (19)

When using the decomposition D = A @ D,.., we denote by my and 7. the projections onto A and
D. respectively. Furthermore, if D € D, we set Dy = gD = D(1) and D, = n.D = D — D(1), and if
C € End D, we set Cy = mg o C € Homgr (D, A) and C. = 7. o C € Homg (D, D..).

The projections on A of Equation ([[d), written for D € D (i > 2) and f € A, then for D! € D!
and Al € DJ (i +j > 3), read

(xi.eDe)(f) = (i = 1) De(f) + Xi—1,0[Des fle (20)
and o ' _ _ '

Xi+j—1,0[De Al] = De(x;.0A%) — Al(xi.0De) (21)
respectively. Exploiting first Equation ([20) with i =2 and D! = Y2 Y € X, we get the upshot

X2..Y2 = 2N+ K)Y? +2)\ (divY) Y, (22)
for all Y € X. If we apply the second order symbol o2 to both sides of this equation, we see that
20+ k=0. (23)

There is an atlas of M such that in each chart (U, z!, ..., 2") the divergence takes the classical form,
div (3, X'0,:) = Y, 0,: X". We work in such a chart and write  (resp. f’ and B(f), f € C>=(U))
instead of 9,1 (resp. 0f and x2,0(f8?%)). Fori=1,D! = g9, j =2,Al = 02, f,g € C*°(U), Equation

&) yields
Blgf' —2fg') = M'g" + 9 (B(f))". (24)

In particular, B(f') = (B(f))" and B(g’) = 0. But then B = 0, A = 0 (see Equation @), x = 0 (see
Equation [£3)), and Cs|p:1= 0.

We now proceed by induction and show that Co|prr1i= 0, if Ca|lpr= 0, k > 1. As Cy|pr+1 only
depends on the (k + 1)-th order symbol, as [C2(D), f] = 0, and Cs ([X, D]) = [X,C2(D)], for all
D e D1 X € X, and f € A, Cy defines a map Cy - Si+1 — A that intertwines the adjoint action
of X. We have shown in the proof of Theorem ] that such a map necessarily vanishes. Hence Cs = 0.
This completes the proof of Theorem Bl Indeed, the statement regarding the appropriate pairs (P,w)
is obvious. The same is true for Corollary B 1

Remarks: 1. Denote Cpy = Cp, Cy, = w. The Lie algebra structure of Der D is determined by
the following commutation relations (the missing commutator is 0):

[Cp,Cp] = Cppy, [@0,Cp] = Cypy -

2. Corollary Ml Corollary B and Corollary Bl imply that the first adjoint cohomology spaces of the
Lie algebras D!, S, and D are independent of the smooth structure of M, provided that the topology
of M remains unchanged.

3. It is worth comparing our cohomological results with those obtained in other recent papers. Let
Dy = (End A)jgc,c be the Lie algebra of local endomorphisms of A that vanish on constants. A well-
known theorem of Peetre, [Pee6l], guarantees that these operators are locally differential. The main
theorem of [Pon99] asserts that the first three local cohomology groups H? (D, A)oe (p € {1,2,3})
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of Dys canonically represented upon A are isomorphic to the corresponding groups H{, (M) of the de
Rham cohomology of M. In particular,

H*(Dpr, C°(M))10c =~ Hpr(M).
Let us quote from [AAT02] the outcome
H*(Vect(M),D(M)) ~ H*(Vect(M),D'(M)) ~ R @ Hix (M),

for all 7 € N.

8 Integrability of derivations

In this section we distinguish those derivations that generate (smooth) one-parameter groups of auto-
morphisms of the Lie algebra P (we will call such derivations integrable) and we find explicit forms
of these one-parameter groups of automorphisms. The smoothness of a curve in Aut P is defined in
the obvious way with relation to the smooth structure on M. For instance, ®; is smooth in Aut D if
for any D € D and any f € C*°(M) the induced map (t,2) — P(D)(f)(x) is a smooth function on
R x M, a curve ®; in Aut S is smooth if for any S € S the induced map (t,y) — ®+(S)(y) is a smooth
function on R x T*M, etc. In the following all one-parameter groups will be assumed to be smooth.

Since the group Diff (M) of smooth diffeomorphisms of M is embedded in Aut P (see [GPO3]), a
partial problem is the determination of one-parameter groups of diffeomorphisms. This, however, is
well known and the one-parameter groups of diffeomorphisms are just flows Exp(tY") of complete vector
fields Y. Note that in general it is hard to decide if a given diffeomorphism is implemented by a vector
field, since neighbourhoods of identity in the connected component of the group Diff (M) are far from
being filled up by flows (even in the case when M is compact and all vector fields are complete (see
[Gra88, [Kop70, [Pal73])); that differs Diff (M) from finite-dimensional Lie groups.

Before we start the investigation into one-parameter subgroups in Aut P we have to define the group-
analogue of the divergence, which is important for the case P = D(M). Let us stress that in this paper
the divergence is not an arbitrary 1-cocycle of vector fields with coefficients into functions, but a cocycle
obtained as described in [GP03] from a nowhere vanishing 1-density or as depicted in [GMMO03] from
an odd volume form. These cocycles or divergences form some privileged cohomology class. We will
integrate any such divergence div : X(M) — C*°(M) to a group l-cocycle J : Diff (M) — C*°(M),
which is a sort of Jacobian. Indeed, if |n| is the odd volume form inducing the divergence and if
¢ € Diff (M), we have ¢*|n| = J(¢)|n| for a unique positive smooth function J(¢). It is easily verified
that if ¢ is a diffeomorphism between two domains of local coordinates and if f and g are the component
functions of |n| in the corresponding bases, then locally

J@)(@) = L2 4ot 9,9,

f(x)
where @ is the local form of ¢. For any ¢, € Diff (M), we clearly have
J(@ov) =v*(J(9)) - J (). (25)
In particular, .
1y
M) = Ty

A similar concept may be found under the name of Jacobi determinant in [AMRSS, Def. 6.5.12]. Let
us put Div(¢) = In J(¢).
Proposition 5 For any X € X(M) and ¢ € Diff (M), we have

(a)
¢* (div (X)) = div X + X (Div(¢)) (26)

and, if X is complete,
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(b)
Div(Exp(tX)) = /0 (div X) o Exp(sX)ds. (27)

Proof. (a) By definition of the action of ¢ on vector fields and differential forms, ¢*(iy, x)In|) =
ix(¢*|n|), so that
(;5* (d1V|n| qf)* (X)) = diV@«m‘ (X)

Since ¢*|n| = J(¢)|n|, EL) follows.
(b) Let us put F; = Div(Exp(tX)). It is easy to see that Fy1, = F; + F, o Exp(tX), which implies
the differential equation . .
Fy = X (F) + Fo. (28)

Additionally, we have the initial conditions Fy = 0 and, due to
. d N .
Folnl = — le=o(Exp(tX))"|n| = (div X)[n,

Fy = div X. Applying formally the variation of constant method, we find
t t
F, = (Exp(tX))*(/ Fy 0 Exp(—sX)ds) = / (div X) o Exp(sX)ds.
0 0

It is easily verified that this integral is really a solution. Equation 28) is in fact a PDE of first order,
which can be written in the form .
LoF = Iy,

with X = 8, — X € X(R x M). A well-known consequence of the theorem of Frobenius allows to see
that this equation, completed by the boundary condition F'|p; = 0, has locally one unique solution.
Hence,

¢
F, = / (div X) o Exp(sX)ds.
0

8.1 The case D'(M)

Theorem 8 of [GP03] states that an endomorphism @ of D! is an automorphism of the Lie algebra D!
if and only if it reads

Co a0(X + ) = 62 (X) + (K f+ AdivX +Q(X))og™", (29)

where ¢ is a diffeomorphism of M, K, A are constants, K # 0,  is a closed 1-form on M, and ¢, is
the push-forward

(0:(X))(f) = (X(fog) oo™, (30)
all the objects ¢, K, A, Q being uniquely determined by ®. The one-parameter group condition
P k000,02 © Py Ko A0 = Pouy Ko A Qs
gives immediately

Girs =G0 Ps, Kiys=Ki- Ky, Myo =AM+ Ky Ay,

and, in view of (20,

Quys = KiQs + ¢ + Ay d(Div(¢s)), (31)
with the initial conditions ¢g = idy, Ko = 1, Ag = 0, Q¢ = 0. One solves easily: ¢; = Exp(tY),
K, =et A = )\emn_l (with e";—l =t if Kk = 0), for some unique complete vector field Y and some
unique real numbers &, A. To solve (Bl we derive the differential equation

Oy = kQy + Nd(Div(¢y)) + ¢fw,
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where w = Q. This is an inhomogeneous linear equation, which can be solved by the method of
variation of the constant. We get

¢
Q= e"‘t/ e "(Ad(Div(¢s)) + ¢iw)ds
0

and, in view of (1),

t s
Q= / er(t=9) (/\d (/ divY o EXp(uY)dU) + (Exp(sY))*w) ds.
0 0

Since ¢g =Y, Ko =k, Ag =\, Qp = w, we get the following:
Theorem 4 A derivation
CyunwX + )=V, X+ fl+rf+XdivX +w(X)

of DY(M) induces a one-parameter group ®; of automorphisms of DY (M) if and only if the vector field
Y is complete. In this case the group is of the form

D (X + f) = (Exp(tY))«(X) + (e"“t f+ )\Ln_l div X) o Exp(—tY)+
(fg e =) (X [ X (divY o Exp(uY))du + ((Exp(sY))*w) (X)) ds) o Exp(—tY).

8.2 The case S(M)

We know from [GP03, Theorem 9] that an endomorphism ® of § is an automorphism of the Lie algebra
S if and only if it has the form
d = ol oe.

Here ¢ € Diff (M) and if S is interpreted as the algebra Pol(T*M) of polynomial functions on 7% M,
the automorphism ¢ is implemented by the phase lift ¢* of ¢ to the cotangent bundle T*M, a sym-
plectomorphism of 7*M. If, on the other hand, S is viewed as the algebra I'(ST'M) of symmetric
contravariant tensor fields on M, the automorphism ¢ is the standard action of ¢ on such tensor fields.

Further, K € R*, Q is a closed 1-form on M and the automorphism Ux € AutS, Uk : S; 5 S —
K718 € S;, is, for K > 0, the exponential of the derivation In K Deg, whereas the automorphism e
induced by the lowering derivation €, i.e. the action of the vertical vector field 2V, is the composition
with the translation 7o by € in T*M. Note that since the homothety hx of T*M by K acts on
homogeneous polynomials of degree i by multiplication by K?, the automorphism Uy can be written
also in the form Ux (S) = K~! Sohg. Hence, every one-parameter group of automorphisms of the Lie

algebra S has the form
Oy, k,0,(5) = K; 1S o0Tq, ohg, o (¢ )"

It is easy to prove the following commutation relations.
Proposition 6
hgod™ = ¢ ohk,

Toohxk = hgolg-1q,
(1) 0Ta = Tyao(p )"

These relations together with the one-parameter group property yield

¢t+s = ¢t o (bs 5
Kt+s - Kt : Ks 5
Qys = U+ K- 9,05,
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with the initial conditions ¢ = idpys, Ko = 1, Q9 = 0. The obvious unique solutions are ¢; = Exp(tY’)
for a certain complete vector field Y, K; = et for a certain x € R, and

t
Q= / e™ (Exp(sY)) wds
0
for a certain closed 1-form w on M.

Let us systematically characterize derivations by the unique triplet with first member vanishing on
the O-section. As well-known there is a Lie algebra isomorphism between S;(M) = Pol'(T*M) and
X (M). We denote a homogeneous first order polynomial P on T*M by P, when it is viewed as vector
field of M. Note that the hamiltonian vector field Xp of P is nothing but the phase lift (Py)* of P.
We then have the following theorem.

Theorem 5 A derivation
Cprw(S) ={P,S} + k Deg(S) + w"(S) (32)

of the Lie algebra S(M) of all infinitely differentiable functions of T*M that are polynomial along the
fibers, where P is vanishing on the 0-section, is integrable if and only if the polynomial function P
belongs to S1(M) and is complete, i.e. the hamiltonian vector field Xp of P is complete, i.e. the basis
vector field P, is complete. In this case the one-parameter group of automorphisms ®; generated by
Cpww reads

(I)t(S) —e S0 Tfot ers (Exp(sP,))* 0 hgnt O EXp(—tXp).

wds

8.3 The case D(M)

Let us eventually recall that Theorem 10 of [GP03| asserts that automorphisms of the Lie algebra D
have the form B
®=¢,0C%0e", (33)

where € (Q € QY(M) N ker d) is the formerly mentioned automorphism of D and where ¢, (¢ €
Diff(M)) is the automorphism of D defined by ¢.(D) = ¢ o D o ¢~ 1, ¢(f) being of course f o ¢!
(D € D,f € A). Moreover, superscript a is 0 or 1, so that C% is C° = id or C! = C, C being the
opposite of the conjugation operator *. Remember that for an oriented manifold M with volume form
7, the conjugate D* € D of a differential operator D € D is defined by

/MD(f)-glnlz/Mf-D*(g)lnL

for any compactly supported f,g € A. Since (D o A)* = A* o D* (D, A € D), the operator C := —x
verifies C(D o A) = —C(A) o C(D) and is thus an automorphism of D. Formal calculus allows to show
that this automorphism exists for any manifold, orientable or not. Clearly, the automorphism C is not
implemented by a derivation and [B3) belongs to the connected component of identity only if a = 0.
Thus we can consider one-parameter groups of automorphisms of the form

¢¢t7Qt = (¢t)* © em'

It is easy to prove that B -
eQ 0y = Py 0 e¢*Q’

so that the one-parameter group property yields

(btJrs = ¢t o ¢s 3
Qirs = U +01Q,

with initial conditions ¢ = idas, 20 = 0. The obvious general solutions are ¢, = Exp(tY) for a
complete vector field Y, and Q; = fot (Exp(sY))*wds for a certain closed 1-form w. Thus we get the
following.
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Theorem 6 A derivation
Cpo(D) = [P, D] +3(D) (34)

of the Lie algebra D(M) of all differential operators is integrable if and only if P € X (M) and P is
complete. In this case the one-parameter group of automorphisms ®; generated by Cp,, reads

®, = (Exp(tP)). o elo (Bxp(sP))*wds

Remark: The results of this section describing commutations rules for automorphisms easily imply
that AutP is an infinite-dimensional regular Lie group in the sense of A. Kriegl and P. Michor (see
[KM97al] or [KM97b, Ch. 8]). The integrable derivations (in fact, those with compact supports) form
the Lie algebra of AutP.
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