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THE RENORMALIZED VOLUME AND THE VOLUME OF THE CONVEX CORE OF
QUASIFUCHSIAN MANIFOLDS

JEAN-MARC SCHLENKER

ABSTRACT. We show that the renormalized volume of a quasifuchsian hyperbolic 3-manifold is equal, up to an
additive constant, to the volume of its convex core. We also provide a precise upper bound on the renormalized
volume in terms of the Weil-Petersson distance between the conformal structures at infinity. As a consequence
we show that holomorphic disks in Teichmiiller space which are large enough must have “enough” negative
curvature.

1. RESULTS

1.1. Notations. In all the paper we consider a closed surface S of genus g > 2, and we call Tg the Teichmiiller
space of S. Given a complex structure ¢ € Tg, we denote by Q. the vector space of holomorphic quadratic
differentials on (S, ¢). We also call Gg the space of quasifuchsian metrics on S x R, considered up to isotopy.

The Bers Simultaneous Uniformization Theorem provides a homeomorphism between T 5 and Gs. So Gg
is parameterized by 7, x 7_, where 7, and 7_ are two copies of Tg corresponding respectively to the upper
and lower boundaries at infinity of S x R.

For q € G, we denote by Vi(q) the renormalized volume of (S x R, g) (as defined in Section 3 following e.g.
[12]), while C(q) is the convex core of (S x R, g) and V(q) is its volume.

1.2. Comparing the renormalized volume to the volume of the convex core. The first result pre-
sented here is a precise comparison between the volume of the convex core and the renormalized volume of a
quasifuchsian hyperbolic manifold.

Theorem 1.1. There exists a constant Cyq > 0, depending only on the genus g of S, as follows. Let ¢ € Gg be
a quasifuchsian metric. Then

Vr(q) < Vo(q) = (1/4) Lin(l) < Vr(q) +Cy

where 1 is the measured bending lamination of the boundary of C(q), m is its induced metric, and L,,(l) is the
length of I with respect to m. Equality in the first inequality occurs exactly when q is Fuchsian.

Note that the the quantity Vo (q) — (1/4) L., (1) appearing in this theorem can be interpreted as the half-sum
of the volume and the “dual volume” of the convex core (as appearing e.g. in [I1]). Recall also that there is an
bound on L,,(I) depending only on the genus g, see [2].

Theorem [I.1] can be extended to convex co-compact manifolds with incompressible boundary. We do not
elaborate on this here but the statement and proof of the extension should appear clearly from the proof of
Theorem [[T] below.

1.3. An upper bound on the renormalized volume. The next result is a precise upper bound on the
renormalized volume of a quasifuchsian manifold, in terms of the Weil-Petersson distance between its conformal
structures at infinity.

Theorem 1.2. For any quasifuchsian metric g on S X R,

(1) Vr(q) < 3V/m(g — Ddwp(c—,cy) ,

where c_ and cy are the conformal structure at infinity of ¢ and dwp is the Weil-Petersson distance.

This result is related, through Theorem [I1] to the following result of Brock on the comparison between the
Weil-Petersson distance dw p(c—,cy) and the volume of the convex core Vo (q).
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Theorem 1.3 (Brock [3]). For a given surface S, Vo(c—,cy) is comparable to dwp(c—,cy), that is, there are
constants ki, ko > 0 such that

2) et

We will recover a precise form of the upper bound on Vi from Theorem [[L.1] and Theorem Recall that
Bridgeman [2] Proposition 2] proved that the length of the measured bending lamination, L,, (1), is bounded from
above by a constant K, depending only on the genus of S. The following statement then follows immediately
from Theorem [[.2] and Theorem [L.I}

—ky <Vie(e—,eq) < kidwp(e—,cq) + ko .

Corollary 1.4. There exists a constant K, depending only on the genus of S such that

VC(C*’C+) < 3 \% ﬂ-(g - 1)dWP(C*aC+) + Kg )

This is a more precise version of the first inequality in (2)).

1.4. Holomorphic disks in Teichmiiller space. An interesting difference between Theorem [ 2land Theorem
[[3lis that the renormalized volume has, in addition to the “coarse” properties of the volume of the convex core,
some remarkable analytic properties related to the Weil-Petersson metric on Teichmiiller space. We will use
this and the upper bound on V¢ to obtain a statement on the global geometry of the Weil-Petersson metric on
Teichmiiller space, more precisely on the maximal radius of holomorphic disks with curvature bounded from
below (see Theorem [LE). The statement below is probably not optimal, it is more of an indication of the type
of results one can obtain using the remarkable properties of the renormalized volume.

Theorem 1.5. There exists a smooth, increasing function ¢ : [0,1) — R>q with ¢(0) = 0, ¢'(0) = 2 and
lim; ¢ = oo as follows. Let k > 0 be such that 3k?\/m(g — 1) < 2. There is no immersed holomorphic disk D of

radius ¢(3k*\/m(g —1)/2)/k in Ts with curvature K > —k?.

The radius here is the radius of the metric induced on D by the Weil-Petersson metric on 7g. The expression
of the function ¢ can be obtained by solving a simple differential equation, see Section 6. This kind of statement
is presumably most interesting close to the boundary of Tg for the Weil-Petersson metric, where the sectional
curvature tends to be close to 0 in many directions.

1.5. From the boundary of the convex core to infinity. There is a clear parallel between data “at infinity”
and corresponding data on the boundary of the convex core.

| Boundary of the convex core | At infinity |
Induced metric m Conformal /hyperbolic metric at infinity
Measured bending lamination { Iy
Bound on L,,(1) [2] Theorem 5.1
Volume of the convex core Renormalized volume
Bonahon’s Schlafli formula Proposition [3.10]
Brock’s upper bound on Ve [3] Theorem

TABLE 1. Infinity vs the boundary of the convex core

The results presented here can be considered as clarifying a few items to this correspondence.

Acknowledgements. The author would like to thank Juan Souto for useful conversations related to the results
presented here, and Frédéric Paulin for providing relevant references necessary at some points of the arguments.
2. CONFORMAL CHANGES OF METRICS

We gather in this short section some basic and well-known results on conformal changes of metrics on surfaces.

Lemma 2.1. Let h be a Riemannian metric on S, of curvature K. Let u: S — R, let h = e?“h, and let K be
the curvature of h. Then

K =e¢ (K + Au) .

Here A is the “geometer’s” Laplacian, that is, it is non-positive at the minima. The proof of this lemma can
be found e.g. in [I Section 1]
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Lemma 2.2. Let h be a hyperbolic metric on S, and let u : S — R be such that e2*h has curvature K > —1.
Then u > 0.

Proof. Let x € S be a point where u is minimal. Then Au < 0 at x, and K= 6_2“(—1 + Au) < —e~2%_ Since
K > —1 it follows that u > 0 at . O

3. THE RENORMALIZED VOLUME

3.1. Some background. Consider a Poincaré-Einstein manifold M, that is, a manifold M with boundary,
with an Einstein metric g on the interior of M which can be written as

where p is a function which vanishes on dM with ||dp|lz =1 on OM.

The volume of (M, g) is infinite, however there is a well-defined way to define a “regularized” version of this
volume, called the renormalized volume of M, which is finite (see e.g. [8, [7]). If the dimension of M is odd, it
depends on the choice of a metric in the conformal class of the boundary of (M, g), while if the dimension of
M is even it is canonically defined.

If M is a convex co-compact hyperbolic manifold, it is Poincaré-Einstein according to the definition above,
so that the definition of its renormalized volume applies. The fact that the metric has constant curvature makes
it possible to give an explicit description of the geometry of the leaves of an equidistant foliation, see [13]. Since
the dimension is odd, this renormalized volume depends on the choice of a metric at infinity, however there is
a canonical choice available for this metric: the unique metric of constant curvature —1 in the conformal class
at infinity.

This renormalized volumes turns out to be strongly related to the Liouville functional previously studied by
Takhtajan, Zograf and Teo [14] [15], see [9]. In particular it has some remarkable relations to the Weil-Petersson
metric on Teichmiiller space. Moreover, there is a simpler definition specific to dimension 3. We recall below
this definition and the key properties of this 3-dimensional renormalized volume in a form suitable for the
applications considered here.

3.2. Metrics at infinity and equidistant foliations. We now consider a quasifuchsian hyperbolic 3-manifold
(M, g).

Definition 3.1. Let E be an end of M. An equidistant foliation in E is a foliation of a neighborhood of infinity
in E by convex surfaces, (Sy)r>r,, for some rg > 0, such that, for all ¥’ > r > rg, S, is between S, and infinity,
and at constant distance ' — r from S,..

Two equidistant foliations in £ will be identified if they coincide in a neighborhood of infinity. In this case
they can differ only by the first value r¢ at which they are defined.

Note that given an equidistant foliation (S;),>r, and given 7 > r > 0, there is a natural identification
between S, and S,,, obtained by following the normal direction from S, to S,,. This identification will be
implicitly used below.

Definition 3.2. Let M be a convex co-compact hyperbolic manifold, let E be an end of M, and let (S;);>r,
be an equidistant foliation in E. The metric at infinity associated to (Sy),>r, is the metric:

I* = lim e %1, ,
T— 00

where I, is the induced metric on S,.

Proposition 3.3. I always exists, and it is in the conformal class at infinity of E.

Let M be a convex co-compact hyperbolic manifold, let E be an end of M, and let h be a Riemannian metric
in the conformal class at infinity of E. There is a unique equidistant foliation in E such that the associated
metric at infinity is h.

This equidistant foliation can be defined from I* in terms of envelope of a family of horospheres, see [5], we
recall this construction here. Consider the hyperbolic space H? as the universal cover of M, then I* lifts to
a metric on the domain of discontinuity € of M, in the canonical conformal class of O, H2. Let x € . For
each y € H3, the visual metric hy on 9.H? is conformal to I*. Let H, , be the set of points y € H? such that
hy > €* I* at x — it is not difficult to check that H, , is a horoball intersecting 0. H® at z, and the lift of S,
to H? happens to be equal to the boundary of the union of the H, ., for x € Q.
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3.3. Definition and first variation of W.

Definition 3.4. Let N C M be a convex subset. We define

1
W(N)=V(N)- - Hda
4 Jon
Lemma 3.5. Under a first-order deformation of N,
1 H
3) W= _/ - 21 na
4 Jon 2

Lemma 3.6. Let r > 0, let N, be the set of points of M at distance at most r from N. Then W(N,) =
W(N) — 2mrx(0M).

Proof. For s € [0,7], let Ny be the set of points of M at distance at most s from N, and let w(s) = W(N;). Let
I, I, Ty and Bg be the induced metric, second and third fundamental forms and the Weingarten operator of
ON;. According to standard differential geometry formulas,

IL=20,, I'=1M,+1I, .
Lemma therefore shows that

W(Ns) = / (Ml + I, — Ho I, I)das = / tr (B%) 42 — H2da, =
ON ON

= / 2 — det(Bs)das = —Kdas = —2mx(ON) .
oN ON

d

Definition 3.7. Let h be a metric on dM, in the conformal class at infinity. Let (S)),>r, be the equidistant
foliation at infinity associated to h. We define W (M, h) := W(S,.) + 2mrx(OM), for any choice of r > 0.

This definition does not depend on the choice of r by Lemma
Corollary 3.8. For any p € R, W(M,e?*’h) = W (M, h) — 2wpx(OM).

3.4. Variational formula for W from infinity. Given an equidistant foliation of the end FE, the hyperbolic
metric ¢ actually takes a remarkably simple form. It can be written as

q=dr* + ¥ I + 2" +e I

where I* is the metric at infinity called h above, and I* and IIl* are analogs at infinity of the second and third
fundamental forms of a surface. More precisely, there is a unique bundle morphism B* : T'S — T'S which is
self-adjoint for I* and such that

I* = I*(B*.,-) , Il* = I*(B*-, B*") .

Then B* satisfies the Codazzi equation d¥~ B* = 0, where V* is the Levi-Civita connection of I*, and an analog
of the Gauss equation, tr (B*) = —K*, where K* is the curvature of I*.

Going back to the setting above of a convex subset N C M, the data at infinity I'*, I'*, ll* can be written in
terms of the data I, II, Il on the boundary of N, and conversely. Using the transformation formulas, one can
write the first-order variation of W in terms of the data at infinity, and it turns out to be remarkably similar
to the variation formula (B)) in terms of the data on ON.

1 H*
(4) W == / ("' — —T1*'1*)da
4 Jon 2
3.5. The renormalized volume. We can now give the definition of the renormalized volume of M.

Definition 3.9. The renormalized volume Vi of M is defined as the equal to W (h) when the metric at infinity
h is the unique metric of constant curvature —1 in the conformal class at infinity of M.

Another possible definition is as the maximum of W (M, h) over all metrics h in the conformal class at infinity
of M, under the condition that the area of h is equal to —2my(9M).
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3.6. A variational formula for the renormalized volume.

Proposition 3.10. Under a first-order deformation of the hyperbolic structure on M,
1 .
dVe = —Z<E§,I*) .

Here (,) is the duality bracket, I} is considered as the real part of a holomorphic quadratic differential, and
therefore a vector in the cotangent bundle of 7.

3.7. Comparing metrics at infinity.

Proposition 3.11. If h,h' are two metrics in the conformal class at infinity on OM and b’ is everywhere at
least as large as h, then W (M, k') > W (M, h), with equality if and only if h =h'.

The proof of this proposition will follow the next two lemmas.

Lemma 3.12. Let h,h' be two metrics in the conformal class at infinity on OM . Suppose that h' is everywhere
at least as large as h. Let r be large enough so that both Sy, and S/ . are well-defined. Then Sy, is in the
interior of Shs r.

Proof. We have seen above that S}, can be defined as the boundary of the complement of the union of the
horoballs associated to h of “radius” r at points of M. Since h’ is everywhere at least as large as h, the horoball
associated to h’ of radius r is at each point contained in the horoball associted to h of radius r. It follows that
Mh,r C Mh/,r- O

Definition 3.13. Let E be a hyperbolic end, let S, S’ be two surfaces in E such that S is contained in the
“interior” of S’. We set ) )
W(S,8")=V(S,5) -~ Hda+—/Hda.
4 S/ 4 S
It follows from this definition that if F is an end of M containing two surfaces S and S” with S contained in
the interior of S, if h is the metric at infinity in the conformal class at infinity on M corresponding to S in
OF and h' is another metric in the conformal class at infinity on M, equal to h except that it corresponds to
S’ in OF, then
W(M,h')=W(M,h)+W(S,5") .

Lemma 3.14. If S is contained in the interior of S’, then W(S,S8") > 0, with equality only if S = S’.

Proof. Choose a smooth one-parameter family of surfaces, (S¢)¢cjo,1), with Sp = S, 51 = ', and such that, for
t <t', S is contained in the interior of Sy.. It is sufficient to prove that

d
dtW(S’ Sy) >0,
with equality only if S; is stationary.
Consider now a fixed value of ¢, and suppose that the normal first order deformation of S; is given by ulNV,
where N is the unit exterior normal to S; and u is a non-negative function on S;. We know (see [I0, Eq. (41)])

that the first-order variation of W (S;) is given by

1 H
oW (Sy) = - O0H + (61,1 — —1I)da ,
4 Js, 2
where 0 H is the first-order variation of H and 61 is the first-order variation of the induced metric.

Now a direct and classical computation shows that
0l = —Hess(u) +u(ll +1),

while
01 = 2ull .
It follows that
SH = tr (011 — gw,m — Au+2u.
Therefore
SW(Sy) = i g Au+2u+ (2ull | I — g])da .

Let k1, ko be the principal curvatures of S. Then

H
2<2uﬂ,ﬂ — 5I> = (k% + k% — 2]€1]€2) = (kl — k2)2 .
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If we call W this quantity (which is related to the Willmore energy) we find that

OW(Sy) = i Au + 2u +uWda .
St

But the integral of Aw is zero, while the other two terms are positive, and the result follows. (I

The proof of Proposition B.I1] clearly follows from this lemma.

4. PROOF OF THEOREM [[.1]

4.1. The upper bound on Vg. Let hy be the “grafting metric” on 0M (it is also sometimes called the
Thurston metric). Recall that hg, is a metric with curvature in [—1,0] in the conformal class at infinity. In
the simplest case where the support of I is a simple closed curve ¢, with a weight w, hgy, is obtained by cutting
(OM,m) along the geodesic realizing ¢ and gluing in a flat strip of width w.

Lemma 4.1. Let m and l be the induced metric and the measured bending lamination on the boundary of the

convex core of M. Then

WM, hyr) = Vo(M) ~ 2 Ln(l)

let hy be the hyperbolic metric in the conformal class at infinity of M. It follows from Lemma that
hgr > ho at all points of Ooo M, and Proposition BI1] therefore indicates that W (M, ho) < W (M, hyy). Since
Vr(M) =W (M, hg), we find that Vg(M) < Vo (M) — L, (1) /4.

4.2. The lower bound on Vg. The area of hy, is equal to —27x(0M) + Ly, (I). Therefore, the metric
—2mx(OM) b
—2mx(OM) + Ly, (1) 7"

has area equal to —27y(0M), which is equal to the area of hg. Since Vg (M) is the maximum over W (M, h) for
h a metric in the conformal class at infinity of area equal to the area of hg (see [10, 12]) we find that

W(Ma h:]r) < VR(M) .

I
hgy =

However Corollary [3.8] indicates that

W (M, hl,) = W(M, hg,) + mlog ( —2m(OM)

2rx(OM) +
It is also known that, if M has incompressible boundary, then L, (l) <
W (M, hgr) < Vg(M)+C' (M),

where C'(M) is a constant which can easily be explicitly computed in terms of C(M) and of x(0M). This
concludes the proof of Theorem [T11

7 (l)) x(OM) .
C(M). Tt follows that

5. PROOF OoF THEOREM

5.1. The Bers embedding. We recall here a the basic setup of the Bers embedding. We consider a quasi-
fuchsian hyperbolic 3-manifold M ~ S x R, denote by c4 and c_ the complex structures at +o0o and —oo,
respectively, and by o4 and o_ the complex projective structures at infinity. We also call af , o the Fuch-
sian complex projective structures with underlying complex structures c;,c_ on S. We can then define two
holomorphic quadratic differentials

F F

q— =0_—0_ , 44+ =04 — 04,
where the minus sign refers to the comparison of two complex projective structures on a given Riemann surface
using the Schwarzian derivative, see [4].

Then, if ¢ is the holomorphic quadratic differential on (OM,¢) corresponding to g+ on the corresponding
boundary component of M, we have (see [I0, Lemma 8.3])

II§ = —Re(q) ,

that is, the real part of ¢ is minus the traceless part of the second fundamental form at infinity.

We now fix the conformal structure c_ on the lower boundary at infinity of M, and vary c;. Each choice
of ¢4 determines a complex projective structure o_ on the lower boundary at infinity of M, and therefore a
holomorphic quadratic differential q_ € @._. This defines a map By : T, — Q._, called the Bers embedding.

Using the hyperbolic metric A_ in the conformal class of ¢_, we can measure at each point of S the norm of
g—. We call Q2 the vector space )., endowed with this L> norm.
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Theorem 5.1 (Nehari). The image of By contains the ball of radius 2, and is contained in the ball of radius
6 in Q2°.

See [6, Theorem 1, p. 134].
Consider now on Q._ the L?-norm for the Weil-Petersson metric, and denote by Q% the vector space Q.._
endowed with this norm.

Corollary 5.2. The image of B, is contained in the ball of radius 12/m(g — 1) in Q% .

5.2. The upper bound. We now prove Theorem [[2l Let c_,c € T, and let d = dwp(c—,cq).
With the notations introduced here, Proposition [3.10] can be written as follows. Recall that @)._ is naturally
identified with the complex cotangent space of T at c_.

Proposition 5.3. Under a first-order deformation of the hyperbolic structure on M,
1
dVR = Z(<Re(Q*)7 CL> + <R€(q+), CI+>) .

Proof of Theorem[L.Z. Let ¢: [0,d] — T be the geodesic segment parameterized at constant velocity 1 between
c_ and c,. Integrate the equation in the previous proposition with ¢y replaced by ¢(t), t € [0, d], in Proposition
5.3l This shows that

d
Vil ey) = / alo), ¢ (D)t

where ¢(t) is the holomorphic quadratic differential equal to the Schwarzian differential of the identity between
the Fuchsian complex projective structure obtained from Riemann uniformization from c¢(t), and the quasifuch-
sian complex projective structure obtained by applying the Bers double uniformization theorem to (c—, ¢(t)).
The inequality in Corollary shows that for all ¢ € [0, d],
1
). ¢0) <3n5 =1,

and the statement follows. O

6. THE SIZE OF ALMOST FLAT HOLOMORPHIC DISKS

In this section we prove Theorem [[LH giving an upper bound on the radius of holomorphic disk in 7g which
are flat enough. The proof is based on a well-known upper bound on the curvature of gy p and on two key
properties of the renormalized volume, as collected in the next lemma.

Lemma 6.1. Let D be a holomorphic disk immersed in Tg, with induced metric q, with center cy. Consider
the function u: D — R defined by u(c) = Vg(co,c) for all c € D. Then
(1) q has negative curvature,
(2) lldully < 3y/m(g —1),
(3) Aqu=—2.
Proof. The first point follows from the fact that the Weil-Petersson metric on Tg has negative sectional curvature
[16] and from the Gauss formula, which indicates that the curvature of a holomorphic disk in a Kéhler manifold
is at most equal to the sectional curvature of the ambiant metric on its tangent space.
The second point follows from Proposition [3.10] and from Corollary
For the third point recall that the renormalized volume Vg (c_, ), considered as a function on Tg, is a K&hler
potential for the Weil-Petersson metric on ¢Ts, see e.g. [I4] [15] 10, 12]. In other terms:

285‘/3(0_, ) = iwwp .
But the restriction of 90 to D is 99, so equal to —(1/4)A,, where A, is the Laplace operator of (D, q). O
Lemma 6.2. There is continuous, increasing function ¢ : [0,1) — R>o with ¢(0) = 0 and lim; ¢ = oo as

follows. Let (D, q) be a Riemannian disk of center ¢y, and let u: D — R be a smooth function. Suppose that:

e the radius of (D, q) is ¢(9),

e Aju=1,

o the curvature K4 of q is in [—1,0].
Then there is a point x € D where ||dul|q > 4.

The precise value of the function ¢ can be obtained by solving a differential equation.
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Proof. For r € (0, R] the geodesic disk B(r) of center ¢y and radius r is convex. We denote by A(r) its area,
by L(r) the length of its boundary, by x(r) the total curvature of its boundary, and by K(r) the mean of its
curvature. By definition, K(r) € [—1,0] for all 7 € (0, R]. Moreover:

o A(r) = L(r),

o L'(r) = r(r),

e A(r)K(r) =27 — k(r) by the Gauss-Bonnet theorem.
It follows that

Let y(r) = A(r)/L(r). Then
, A'(r)L(r) — A(r)L/(r L(r)? — A(r)(2m — A(r)K (r — 27 9
yio) = AL = AOLE) _ B = Meor — ATy (- 22

The initial condition is limgy = 0 since A(r) ~ 7r? and L(r) ~ 277 at 0. Since ¢ has curvature in [—1,0],
A(r) > 7r? and K(r) > —1 for all 7, so that

) vz (14 2) ey

So y(r) > yo(r), where yo is the solution vanishing at 0 of the equation obtaining by taking the equality in (&).
Let u(r) be the mean of u over dB(r). Then

1 1
u'(r) = —/ du(n) = — Aguda = =y(r) .
L(r) Jos L(r) Jpwy L(r)
It follows that there exists a point at distance r from ¢ where Ju/0r > y(r), and therefore where |dul|, >

y(r) > yo(r).
The lemma follows, with ¢ equal to the reciprocal of yg. O

Corollary 6.3. Let Ag,k,6 > 0. Let (D, q) be a Riemannian disk of center co, and let u: D — R be a smooth
function. Suppose that:

e the radius of (D, q) is ¢p(k*6/Ao)/k,

o Aju=Ay,

e the curvature K, of q is in [—k?,0].
Then there is a point x € D where ||dullq > §.

Proof. The statement is obtained by scaling the metric ¢ by a factor k2 and the function u by a factor k2/Aq
in Lemma O

Proof of Theorem LA Tt follows directly from Lemma [6.1] and from Corollary The function ¢ is inverse
function of the solution of the differential equation

v =1-(1+ %) sy

which vanishes at 0. An easy asymptotic analysis shows that lim., y = 1, while y'(0) = 1/2. Tt follows that ¢
is defined on [0, 1) with lim; ¢ = co, and that ¢'(0) = 2. O
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