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HEAT EQUATION DERIVATIVE FORMULAS 43

1. INTRODUCTION

Let M be ann-dimensional oriented Riemannian manifold (not necelssari
complete) without boundary ankl a smooth Hermitian vector bundle ovéf.
Denote byI'(E) the smooth sections df. Further assume thdt is a second
order elliptic differential operator ofi( ) whose principle symbol is the dual of
the Riemannian metric of/ tensored with the identity section Bfom(E). In
this paper we derive stochastic calculus formulasiet’ o ande!” Da where
a € T'(E) and D is an appropriately chosen first order differential oparato
I(E).

As an example of the kind of formula found in this paper, letassider one
representative special case. Namely supposelthit a compact spin manifold,
E = Sisaspinorbundle ove¥/, D is the Dirac operator oii(S) andL = —D>2.
Let scal denote the scalar curvatureléf Then

(e_TD2/2Da) (x) = (De_TD2/2oz) (x)

1 1T " -
= B [ ¥ st (X (2)]

where X;(z) is a Brownian motion or\/ starting atz € M, //, is stochastic
parallel translation along (z) in S relative to the spin connectioB; is aT,. M-
valued Brownian motion associatedXg(z) andvyg,. is the Clifford multiplication
of By onS,. This result is described in more detail in Section 5.2 below

Itis also possible to get a formula fér2e=TP*/2¢ by iterating a minor gener-
alization of the previous formula. For exampl®ik 77 < 7" then

(D2e*TD2/2a) (z)
1

= 71_'1 (T — Tl)E [6_% fo scal X (x))dt F)/BTl ’YBT—BTl //;1 a(XT(a:)) :

see Theorem 7.4 below.

There are a number of other related approaches to derivatiraulas in the
literature, see for example Norris [44], Elworthy and Li [26], Stroock and
Turetsky [54, 55] and Hsu [35, 34].

Let us end the introduction with a short outline of the pap8ection 2 in-
troduces the basic stochastic and differential geometiation along with the
standing Assumption 1 used throughout the paper. Geonetaimples satisfy-
ing Assumption 1 are also presented here. More details ondtagion and the
examples of Section 2 may be found in Appendix A.

Section 3 introduces a number of local martingales assatiatthe geometric
data of Section 2. Theorem 3.7 and Corollary 3.9 of this sadre fundamental
to the rest of the paper. In Section 4 we describe some gehesadlequation
derivative formulas under the assumption that the locatimgales introduced in
Section 3 are in fact martingales, see in particular Eq22{4and (4.23).
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44 DRIVER AND THALMAIER

Section 5 illustrates our results for compadt Dirac operators are covered
in Section 5.2 and the differentidland co-differentiati* are treated in Section
5.3. Heat equation derivative formulas involving covatiderivatives are covered
in Section 5.4, and Section 5.5 in the contextiefbrms. In Section 6 we show
how to relax the compactness assumptiod®dnSome technical heat semi-group
properties used in the section are gathered in Appendix B.

Section 7 is devoted to higher derivative formulas. Thesdwa illustrated in
Theorems 7.4 and 7.7. Theorem 7.4 gives a formula for thereqfehe Dirac
operator on spinor valued solutions to the heat equatiotewitieorem 7.7 gives
a formula for the Hessian of a solution to the scalar heattémua

2. GENERAL STOCHASTIC AND GEOMETRIC NOTATION
2.1. Brownian Motion on M

Let M be ann-dimensional oriented Riemannian manifold (not necelssari
complete) without boundary;, -) be the Riemannian metric i/, andvV’™
be the Levi-Civita covariant derivative dfiM. Let (Q,F,{F:}:+>0,P) be a
filtered probability space satisfying the usual hypothesisl for eache € M
let{X¢(z) : t < ((z)} be anM -valued Brownian motion o(€2, F, { 7 }:>0, P),
starting fromz, with possibly finite lifetime{(z). Recall thatX; = X,(z) is said
to be anM -valued Brownian motion provided that is a diffusion process such
that

M = X0 = f(X0) — 5 [ AF(X s on{t < C(@))

is areallocal martingale for evefyc C'*°(M). HereA f denotes the Riemannian
Laplacian off.

2.2. Covariant Derivatives and Parallel Translation
LetE — M andE — M be two vector bundles over the Riemannian manifold
M. Further assume thd and E are equipped with covariant derivativég?
andVE respectively. In the case that and E are Riemannian vector bundles
with fiber metrics(-, -)g and (-, -); respectively, we willalways assume that

VP andV¥ are metric compatible covariant derivatives. Given a sinaotrve
o :[0,00] = M, let
/M (o) : Ty M = TyyM, [/{(0) : Eg) = E,) and
/1E(0) : Ey) = Eqq
denote parallel translation alorgup to timet relative toVZ¥, V£, andVZ

respectively.
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HEAT EQUATION DERIVATIVE FORMULAS 45

The correspondingtochastic parallel translationalong the Brownian motion
X (x) will simply be denoted by /™ : T,M — Tx, )M, //{ : Ex = Ex, ()

and//E : E, — Ex, ) respectively.

Notation2.1. In what follows, let(-, -) denote the pairing between a vector
spacé/ and its dual spacg*. Foralinear operatar : V — W, letC*" : W* —

V* denote the transpose©f If V- andWW are inner product spaces; : W — V
will denote the adjoint o relative to the inner products dnandW. The inner
product onV” will be denoted by(-, -) or (-, -)v.

The covariant derivative§ 7™, V¥, andV¥ induce covariant derivatives on
any vector bundl€ over M which is constructed by taking tensor products of the
bundlesI'M, E, E and their dual bundles. In order to simplify notation we will
simply write V for the induced covariant derivative on any such vector buéd
and similarly we will write//, : £, — Ex, () for stochastic parallel translation
and R for the curvature tensor relative to this covariant denixat

EXAMPLE 2.2. Supposethaf = TM ® E* ® Eandthat @ a ® € € &,,
then

iweawg)=(/[{"v) e (/[ )@ (/) (2.1)
and fora,b € T, M,
R(a,b)(v®a®f) = R™(@,bvoawt
+v® (—ao RF(a,b)) ®€+v®a®RE(a,b)§,
where(//f") " a := a o (//7)~" andR"™™, R”, and RZ are the curvature
tensors fov? M, V£ andV ¥ respectively. Our convention of denoting parallel
translation and the curvature tensor/asandR respectively on all bundles asso-

ciated toI'M, E, andE leads to the strange looking identitiglg* = //;* and
R" = —R. Forexample,of =TM ® E* ® E,

1= ()" e ()" e ()"
= (e e e 1F)

whichis//;' on&* = T*M ® E ® E*. Similarly, R* = —R is a consequence
of the fact that, in generaR?” = —(RF)tr,

DeriniTION 2.3.  The orthogonal frame bundle @i will be denoted by
O(M). Given a pointz € M, the principle bundle (M) may be realized as
Umem Om (M), where

Om(M) :={u:T,M — T,,M | uis an isometry.
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46 DRIVER AND THALMAIER

(The base point will be suppressed from the notation since differestlead to
equivalent principle bundles.) Let: O(M) — M be the fiber projection map
defined byr(u) = m if u € O,,(M) and letd be theT, M -valued one-form on
O(M) defined byd(¢) = u=tn.£forall ¢ € T,0(M).

DEFINITION 2.4 (Brownian Motion onZ,M). Associated to the Brownian
motion X;(z) on M is aT, M -valued local martingal®; defined orf0, {(z)[ by
the Fisk Stratonovich stochastic integral,

Bo= [ ox = [ o6i,

see [28], [22].

2.3. Laplacians and First Order Differential Operators

For a vector bundleZ over M, let I'(E) denote the smooth sections Bt
In case of a Riemannian vector bundieover M, let L?(E) denote the square-
integrable sections relative to the Riemannian volume omeas)/ andL?-I'( E)
the square-integrable smooth section#of

DerINITION 2.5 (Horizontal Laplacians). The horizontal Laplacians
0:T(E) - T(E) and O:I(E) — [(E)
are the second order differential operators given by
Oa:=Y» V2g.a and Oa:=Y V2_ a,

i=1 i=1
where{e;}™ , is any local orthonormal frame @t/ and fora € I'(E)

V2 ge,a = (VE)?a - VggMeia (2.2)
with V2. . a being defined analogously. In other worisis given as the follow-
ing composition,

*MQE

S D(TM @ T*M ® E) -1 1(B).

vE vT
O: I'E) — T(IT"™M®E) -

DEFINITION 2.6. A multiplication magfrom E'to E~ is a smooth sectiom of
the vector bundle Hoi™* M © E, E) = TM ® E* ® E. To each multiplication
mapm we define a first order differential operatdy,, : ['(E) — ['(E) by

D,,a = mVa. (2.3)
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HEAT EQUATION DERIVATIVE FORMULAS 47

Notation2.7. Forv e T, M, letm, € Hom(Ew,Ez) be given by
mvf = m((vv ) ® 5) € Ew
forall ¢ € E,. Inthe sequel we will typically describe by describingn,, for
veTM.

DeriNITION 2.8 (Compatibility withV). A multiplication mapm is said to
becompatiblewith V providedVm = 0, i.e.

VvE(mXa) = m(vg"MX)a + mx (VUE(I)

forall X e I'(TM),a € T'(E),andv € TM.
Sincea € T; M ® E, = Hom(T,, M, E) may be writtenag = """ (e;, ") ®
a(e;) where{e;}!"_, is an orthonormal frame fdF, M, it follows that

ma = Z me,a(e;). (2.4)
i=1
In particular, the operatadp,,, defined in Eq. (2.3) may be expressed as
(Dma), =Y me,Ve,a, (2.5)
i=1

wherea € T'(E) and{e;};_, is an orthonormal frame faf, M.

DerINITION 2.9.  To each multiplication map:, there is adual multiplica-
tion mapm ' which is the smooth section of the bundle H(TriM ® E*, E*)
determined byn! = (m,)* forallv € TM. If E andE are Riemannian vec-
tor bundles, thedjoint multiplication mapm* from E to E is determined by
m? := (my)* forallv e TM.

v

Remark2.10. Itis easily checked that i, is compatible withv then so is its
dualm' and its adjointn*. Moreover, ifm is V-compatible, theq/, *m = m,
/) tm® = m* and//,; 'm* = m*. More precisely

my = (//tE)il ’ITL//}"MU //tE;
ms = (//E) mGea, (//F) 7,
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48 DRIVER AND THALMAIER

and
my = (//£) 7 m3 e, [1F

for all v € T,M. Also recall that wherV® and V¥ are metric compatible
covariant derivatives, thefy/£)~! = (//F)* and(//F)~ = (//F)*.

In geometrically natural situations one is often presentét the following
formalism.

_ AssumpTION 1. We suppose thab is a multiplication operator and. and
L are given second order differential operators BOE) and'(E) respectively
which satisfy the following conditions.

1. The operatorsD := D,,, L, and L obey the commutation relation:
DL =LD — p,

for somep € I'(Hom(E, E)).
2. The operators

R:=0-L:T(E)—=T(E) and R:=0-L:[(E) - I[(E)

are zeroth order operators, i.® andR are sections i’ (End E)) andl'(End(E))
respectively.

2.4. Examples

Letus now gives some examples where Assumption 1 is satidfleck detailed
comments about these examples and the general setup mayrikifoSection
A.3 of Appendix A.

ExampLE 2.11 (Exterior Bundle Examples). LetT™*M := &7 _ A*T*M
denote the exterior bundle ovéf, Q¥ (1) denote the sections df*7*M and
Q(M) = en_,Q%(M) be the space of differential forms ova&f. Letd denote
the exterior differential of2(1/), d* be the co-differential and

A=—(d+d*)* = — (d*d + dd*)

be the de Rham-Hodge Laplacian@f\/). We now give three related examples
satisfying Assumption 1 witlp = 0.

1. LetE := A*T*M, E := AM'T*M and letm, = C, be the exterior
product or creation operator which is defined®yx := (v, -) Aaforv € T, M,
« € AT M andz € M. Then

Do =dj, =d|QF (M), L:= Ay, := A|Q¥ (M), L := Appy = A|JQF (M)
satisfy Assumption 1 withp = 0.

Copyright© 2001 by Academic Press
All rights of reproduction in any form reserved.



HEAT EQUATION DERIVATIVE FORMULAS 49

2. LetE := A*T*M, E := A¥1T*M andm, = A, betheinterior productor
annihilation operator which is defined By, o := «(v, -, ..., -) forallv € T, M,
a € AFT*M andx € M. Then

Da = —dj = —d"|Q (M), L= A = AJQY(M), £ = Ap_y = AR5 (M)

satisfy Assumption 1 with = 0.

3. LetE = F := AT*M, L = L := A and letm = v be the “Clifford”
multiplication defined byy = C' — A. Then

D,=d+d,L=L=A
satisfy the Assumption 1 with = 0.

Item 3 of the last example generalizes to differential fomith values in a
vector bundle. This is described in the next example.

ExamPLE 2.12 (Vector-valued Forms). Lef — M be a Euclidean vector
bundle overM (with fiber inner product denoted b, -)s) equipped with a
metric compatible covariant derivativé®. Let E = E = AT*M ® S and let
m be the Clifford multiplicationy determined byy = C — A, where as above
Cya:= (v,-) Aaand4,a = a(v,-,..., ) forallv € T,M,a € A*T:M ® S
andz € M (see Section A.1 of Appendix A for our conventions). THen =
dy + dy wheredy, andds, are the covariant differential and co-differential on
A(E) :==T(AT*M ® S). ThenL = L := —D? = —(dy, + d%)? andy satisfy
Assumption 1 withp = 0.

ExaMmPLE 2.13 (Dirac Operator on a Spin Manifold). Assume now that
M is a spin manifold and — M a spinor bundle over/. Let V° denote the
spin connection or$ and letS = S. Further letn,a = v,a denote the Clifford
action ofv € T, M ona € S;. ThenD, is the Dirac operator off(S) and
L = L := —D? satisfy Assumption 1 with = 0 andR = R = 1 scal, where
scal is the scalar curvature df. For details on this and the next example, see (for
instance) Theorem 3.52 on p. 126 of [4].

ExampLE 2.14 (Twisted Dirac Operators). The spinor bundlés tensored
with an auxiliary Riemannian/Hermitian vector bundiever M to give a Dirac
operator of the form

vser ¥ 1®1
D:T(S®F) —T(IT"™M®S®F) —T(S®F), (2.6)

where as in the previous exampjedenotes Clifford multiplication. Then again
L = L = —D? satisfy Assumption 1 witlp = 0.
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50 DRIVER AND THALMAIER

ProrposiTiON 2.15 (V on a General Vector Bundle).LetE — M beavec-
tor bundle with covariant derivative’ £, RE be the curvature tensor 67 2,

E:=T*M ® E = Hom(T M, E)

andm : T*M ® E — E = T"M ® E be the identity map considered as a
multiplication map fron to E. (Notice thatD,,, = V¥.) GivenR € I'(End E))
let

R =Ric" @1 — 2R”- + 17 ® R € T(EndE)) (2.7)
and
p=V-RE 4 VEUEIR e T(Hom(E, E)), (2.8)

where forn € E, = T!M ® E, = Hom(T, M, E,), v € T,M, a € E,, and
{e;} again an orthonormal frame fdf,, M,

(B ) (v) = 3 BE (v, em(ed), (2.9)
(V-RFa)(v) = Z(v“ RE)(e;,v)a, (2.10)
(VEUEIR o) (v) = (VEMEIR)q, (2.11)

andRic is the Ricci tensor o/,

Rico =) " R™(v,e;)e;. (2.12)

i=1

ThenL := 0 - R, L =0— R, p, andm = id satisfy Assumptiof.

Proof. By Eq. (A.18) of Appendix A,
VPLa=vVE (O -R)a=VE0a— (VE"PIR)a - RVZa

= (E]VEG) (v) = Vricva + 2 Zn: RE(v,e))V,,a
(V- REa)(0) - (VEMEIR)a - RVEa
= (LV"a)(v) = (pa) (v).
I
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2.5. The Adjoint of D,,

We will end this section by computing the formal adjointof, whenm is
compatible withv.

LEMMA 2.16. Suppose thalf and E are vector bundles with fiber metrics
(-,-)g and(-, -)z and thatV¥ and V¥ are metric compatible covariant deriva-
tives onE and E respectively. Also assume that is a V-compatible multi-
plication map and lein* be the adjoint multiplication map. Then the operator

D,,- : I'(E) — ['(E) is the formal adjoint of-D,,,. More precisely,

/ (DS, Tz dvol = —/ (S, D« T) g dvol
M M

for all smooth section§ € I'(E) andT € I'(E) such thatS ® T' has compact
support.

Proof. ForS andT fixed as above, leX be the compactly supported vector
field on M determined by

(’ITLUS, T)E = (X, 'U)TM
forallv € TM. Let{e;};_, be alocal orthonormal frame oW, then

ei(X,ei)rm = € (me; S, T) 5 = (Ve, (me;S), T) g + (me; S, Ve, T) f
= (mvei S, T)E + (me; Ve, S, T + (S, m;iveiT)E
= (Xv veiei)TM + (meivei S: T)E + (Sa m;veiT)E .

Hence

n n

dIV(X) = Z(Vein ei)TM = Z[ei(X, ei)TM — (Xaveiei)TM]

= Z [(mei veis7 T)E‘ + (S7 m;veiT)E]
i=1

The Lemma now follows by integrating this last expressioarad and using
Stokes’ theorem to conclude that

/ div(X)dvoI:/ d(Ax vol) = 0.
M M
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52 DRIVER AND THALMAIER

Remark2.17. An analogous proof shows thatsif is a V-compatible multi-
plication map, then

/ (DS, T) dvol = — / (S,D, T dvol
M M

for all smooth section§ € I'(E) andT € T'(E*) such thatS ® T has compact
support.

3. LOCAL MARTINGALES

In this section, suppose that is a multiplication map and. = O — R and
L = 0 — R are second order differential operatorsitfE) andI'(E) satisfying
Assumption 1, i.e.p := LD,, — D,,L € T(Hom(E, E)). LetQ, € End(E,)
andQ; € End(E,) denote the solutions to the ordinary differential equatjon

d 1 . .

%Qt =3 QtRy, WithQo =idp, (3.1)
and

d ~ 1~ = o~ .

%Qt = —5 Q{R,//t with Qo = IdEw, (32)

whereR ), := (//F)"'R //F andR;, := (//F)~"R //F are linear operators
on E, andE, respectively.

Notation3.1. A time dependent sectiofu; }o<;<7 Of E is said to be smooth
if (t,z) — a¢(x)isinfinitely differentiable fol(¢, z) € 10, T[x M with derivatives
extending continuously t, 7' x M.

PROPOSITION 3.2. Letm, L and L be as in Assumptioh and ) and () be
defined by Eqg3.1)and (3.2) respectively. Suppose further that; }o<;<7 is a
smooth time dependent sectionffvhich satisfies the backwards heat equation,

0 1
aat + §Lat =0. (33)

For ¢ in the stochastic intervaD, ¢(z) A T7 let
Ny = Q1 /i tar(Xe(@)) (3.4)
and
Ny := Q1 //7 ' Dar(Xi(x)). (35)
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Then the stochastic differentials &% and N; are given by

dNt = Qt //;1V//tTMdBtat(Xt($)) (36)

and
dN: = Q1 //:'V j7,a8, Dar(X4()) + %Qt /] (pay) (Xe(x))dt,  (3.7)

wherep := LD,, — D,,L € I'(Hom(E, E)) as in Assumptiod.

Proof. The proofis an application ofdts lemma and the commutationrelations
in Assumption 1. In more detail we have,

ANy = Q; //t_lv//tdBtat(Xt(x))
1 ( ~QeRyy, /¢ ar(Xe(@) + Qe //; ' Dar(Xe(x) > W
2 ~Qt /¢ Lar(Xi(x))
= Q //t_lv//tdBtat(Xt(x)):

where in the last equality we used the identity,
Ry M+ 8=/ @ =-R)=//; L.
Similarly,
dN: = Q¢ //7'V /a8, Dar(Xi(x))

L1 ( ~Qe Ry, /)y Dar(Xe(@)) + Q1 //; ' ODar (X (x)) > “
2 ~Q1//¢ ' DLay(Xi(x))

Q¢ //7'V y.ap, Day(Xe(x)) + %Qt /17" (pa) (Xi(z)) dt

because

~Ry,//e*D+//;'0OD - //;'DL = //;(LD — DL) = //; p.

3.1. Dual Pairs

_ DEeFINITION 3.3. A pair of adapted continuous procesdgsc E; and
¢, € E} is called adual pairif Z; = (Ng, €) — (Ny, L) is a local martingale.
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54 DRIVER AND THALMAIER

TuroreM 3.4. Suppose that, € E* and/, € E* are continuous semi-
martingales such that
dgt = Oy dBt + Bt dt
and

dl; = &, dB, + f3; dt,

wherea; € Hom(T, M, E}), & € Hom(T,M, E*), p; € E} andf; € E} are
predictable processes. Thémnd/ is a dual pair provided

a =0, (3.8)
%p”//t )il = //,Qi" B, and (3.9)
myy o /) QF B = 1/, Qf aw (3.10)

foreachv € T, M.

Proof. LetZ, = (Ny,4) — (Ny,¢,) and writedX ~ dY if X —Y is a local
martingale. ComputingZ; using Proposition 3.2 gives

dZy =~ (AN, b)) + (Ny, dly) + (dNy, dly) — (Ny, dy) — (dNg, dly)
~ (SQu /[T (par) (Xi(w)), br) dt

+ (Ne, Beydt +(Qi //7'V y,.ap, Dar(Xy (@), &y dBy )
— (Ne, By dt — Q¢ //7'V /y,aB,a4(X1(x)), oy dBy)

= Q7 o) (o

l\:JI>—A

+ > {Qe /17 My eV e (Xe(x), Br) di

i=1

+> (Qu//7'V e Dar(Xi(x)), Gves) di

i=1

—{Qu /[ ar(Xo(w)), Be) dt
- Z(Qt //t_lv//teiat(Xt(m))aatei> dt.
Keepingin mindthat/, = (//7 1)t (.e. //E" = ((//F)~")t") we find, by com-

paring termsinvolving, V, ..a, andV , ., Da, thatdZ; ~ 0 provided that Egs.
(3.8), (3.9) and (3.10) are satisfieq.
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HEAT EQUATION DERIVATIVE FORMULAS 55

The upshot of the previous theorem is that to make a dual gesheuld choose
a=0 (le dly = Bt dt),

(Q¥) "/ 0/, Qi and
DT QB

Bi

1
2
QLU (

foreachw € T, M. R
Because the process@s and@!" will arise often in the sequel, it is convenient
to introduce the following notation.

Notation3.5. LetQ, := Q{* € End(E})andQ, := Q" € End(E}). Taking
the transposes of Egs. (3.1) and (3.2) shows thaind Q solve the following
ordinary differential equations:

d 1., . .

%Qt = —§R//t Qt with QO = |dE;< (311)
and

45, = _Lru o ith Qp = id 3.12

%Qt__ﬁ /7, Qe with Qp =idg. . (3.12)

DeriNITION 3.6 (Finite Energy Process). L&t be a finite dimensional
vector space. A’-valued proces$ls } (0,7 IS Said to be dinite energy process
provided/ is adapted and (on a set of measure ane) £, is absolutely continuous
andfOT |d€s/ds|%, ds < oo, Where| - |,, denotes any one of the equivalent norms
onV. If in addition there is @ € [1, co) such that

p/2

E{</0T|d£s/ds|%,ds> } < o0,

then we say thad/, } ;¢ (o, 7] is anLP-finite energy process.

We have the following immediate consequence of Theorem B #his theorem
and in the rest of the paper we will writerather tharf for a finite energy process
with values inE:.

THEOREM 3.7. Leta, N, andN be as in Propositior3.2, ¢, € E; be a finite
energy process and define thé-valued process,

t - 1 [t ~
Ul i= [ Q1 1,00+ 5 [ Q.10 Qutuds, (319
0 0
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wherep, = //p(Xs(2))//, and

P = 10 (X (@) (/) = )7 (Xe@)) /], (3.14)

(See the remarks at the end of Examexplaining the identity /% = //;1.)
Then

Ztl = (Nt7€t> — (Nta Ut£> (315)
is a local martingale or0, ¢(z) A T'[ and

de = (Qt//;lv//tdBtDat(Xt(x)),€t>
— Qe //7'V a8, 0:(Xe (@), Uf)
—(Ne, Q717 ) ap, 1] Qe ) (3.16)

Proof. Because of Theorem 3.4 and the comments after its proof, we ne
only prove Eq. (3.16). Since we already know ttZtis a local martingale, we
need only keep track of those termsiii{ which depend linearly odB;. Hence
Eq. (3.16) follows from the identity

de = (dNt7€t> + (Nt7d€t> + (dNtv d€t>
— (AN, Ufy — (Ny, dUE) — (dNy, dUY)

and Eqgs. (3.6), (3.7) and (3.13}

By Remark 2.10, if the multiplication operator is compatible withv, then
my = /[ my (T =7 my
forallv € T,,M. Hence, the formula foi/{ in Eq. (3.13) simplifies to
t ~ 1 [t ~
vi= [ 0 mip 0t +3 [ 0 p 0tds. (3a)
0 0 ¢

Remark3.8. Supposethat € F, is afinite energy process. Under the further
assumption thafl and E are Riemannian vector bundles amdis compatible
with V, the results of Theorem 3.7 remains true withand Z{ defined by

¢ —1\*%,__* Ak 1 t —1\* *x )k
Ut ;:/ Q1Y) mstst’s+§/ (@10, Q luds (3.18)
0 0
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and
Ztl = (Ntagt)ﬁ‘_ (NtvUtl)E7 (319)
wherep), = //71p*(Xs(@))//,-
We WI|| fInISh th|s section with another equivalent versidimmbeorem 3.7.

CoRroLLARY 3.9. Suppose thatn is compatible withV (for simplicity), k;
is an E-valued finite energy process and N are as in Propositior8.2. Also
define:

Nt = //t_lDat(Xt(x))a (3.20)
/Q mY k'—l— R /Q 1pt/; ksds (3.21)

and
ZF o= (Ny, ky) — (Ny, UF). (3.22)

ThenZ} is a local martingale o0, ¢ () A T'[ whose Itd differential is given by

dZf = {//7'V j,a8, Dar(Xe(x)), k)
—{(Q¢ //t_lv//tdBtat(Xt(l'))a[A]tk>

- <Q;1Nt,m&%t (ké +5 // kt)> (3.23)

Proof. Comparing Egs. (3.5) and (3.20) shows that_ Q.N;. Define the
finite energy process, by 7 := (Q )"k, so thatk, = Q,/, Because

ky = Quly — SRY) Quls = Quly — SRY) k (3.24)
it follows from Eg. (3.17) thaU’c U/f. This identity and

(Nta£t> = (QtNtv (Qt)_lkt> = <Ntakt>

shows thatZ¥ = Z! as well. By Theorem 3.Z} = Z!is a local martingale on
[0,¢(z) A T[and by Eq. (3.16) and Eq. (3.24) the differential4jf is given by

dZf =(Q¢//7'V )),ap, Dar(Xe(x)), (Qr) ke )
—(Qs //;1v//tdBtat(Xt( ), UF)
— (Ve @ M, (ki + 5 1Ry k)

Copyright® 2001 by Academic Press
All rights of reproduction in any form reserved.



58 DRIVER AND THALMAIER

which is the same as Eq. (3.23].

4. THE FUNDAMENTAL DERIVATIVE FORMULAS

In this section, we will give a number of derivative formulasder the assump-
tion that the local martingales in Proposition 3.2 and TkeoB.7 are in fact
martingales. In the later sections we will verify this hyipesis in a number of
cases. To simplify notation, we will from now on assume thatmultiplication
mapm is compatible with the covariant derivati¥e Thus the assumptions which
are in force in the remainder of the paper are:

AssuMPTION 2 (Standing Assumptions). Let E and E be vector bundles
endowed with covariant derivatives. Assume fhak, andm are given satisfying
Assumptiorl and thatm is compatible with the covariant derivatives.

All of our examples in Section 3 satisfy this assumption. fitlewing theorem
contains the basic derivative formulas in this paper.

TuHEOREM 4.1 (Basic Derivative Formula I). Leta be a solution to E(3.3)
andQ andQ be given by3.1)and (3.2). Also letr be a stopping time bounded
by T < oo such thatr < ¢(z) and let¢, € E* be a finite energy process on the
stochastic interval0, 7]. Assume that and¢ have been chosen such that

< 00,

E|(Q://+"' Dar (X+ (@), £:)

<00, E|(Q://; ar(X:(2)),U})

whereU* is defined in Eq(3.17) Further assuméz*)7 := Z/, . is a martingale
whereZ! is the local martingale in E(3.15) Then

E[(Dao(®), o)) = E[(Q+//; ' Dar (X;(2)), )]
_EI:<QT//‘IT10’T(XT($))7U£>:| (41)

Therefore,

1. if ¢, =0andly = £ € E* then
(Dao(x),€) = —E[(Q-//7 ar (X-(2)), U], (4.2)
2. orif o = 0 and¢, = ¢ € E* (where¢ may be random here) then
E[(Q+//; ' Dar(X;(2)),€)] = E[(Q+//; ar (X, (@), U] . (43)
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Proof. Since we have assumed that the expres$ioh)™ in Eq. (3.15) of
Theorem 3.7 is a martingale, it follows tHaZ§ = E(Z¢)T. = EZ¢, i.e.

E(N,,{,) — E(No,l) = E(N,,U’)

which along with the definitions a¥, NV in Proposition 3.2 proves Eq. (4.1}

Remarks.2. Supposethat € E, is afinite energy process. Underthe further
assumption thakl andE are Riemannian vector bundles ands compatible with
V, Theorem 4.1 remains valid with all pairings -) replaced by the appropriate
inner productg-, -); or (-, -) ; and all transposes replaced by adjoints &ffd
defined as in Eq. (3.18) above.

THEOREM 4.3 (Basic Derivative Formula Il). Leta be asolutionto E(3.3)
and @ be given by3.1). Also letr be a stopping time bounded By < oo such
thatr < ¢(z) and letk, € E? be afinite energy process on the stochastic interval
[0, 7]. Assume that andk have been chosen such that

E|(//+ ' Daq (X, (x)), k)

<00, E[(Qr//; ar(X: (), UF)

< 00,

whereU* is defined in Eq(3.21) Further assumeéZ*)7 := ZF, _is amartingale
whereZ} is the local martingale in Eq3.22) Then

E[(Dao (), ko)] = E[(//7" Dar (X, (), k)]
— E[(Q+// ar (X-(2)), U)] (4.4)

Therefore,

1.if k, = 0 andky = ¢ € E* then
(Dag(2), €) = ~E[(Q// ar (X (), UF)], (4.5)
2.orif kg =0andk, =€ € }_77; (where¢ may be random here) then

E[(//7 Dar(X:(2)),€)] =E[(Q+//7'ar (X, (2)),UF)] . (48)

Proof. The proofisthe same as Theorem 4.1 except that we use Ggi@Man
place of Theorem 3.7]
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The formulas appearing in Theorem 3.7 take on a simpler fotranan is
compatible withV and/; is of the form¢; = ;& whereZ, is anR-valued finite
energy process argoc E*. Towrite outthese formula, itis convenient to introduce
the proces¥;! € Hom(E,, E,) by

_ t 1 t
V= [0Quman 0t 45 [ GGy 07 @)
0 0
wherep,, = //;'p(X,(x))//, and theE, -valued process

th = ZtNt — ‘/;[Nt (48)

COROLLARY 4.4. Leta be a solution to Eq(3.3)and Q and @ be given by

(3.1)and (3.2). Also letr be a stopping time bounded Yy < oo such that
T < ((z) and let/; be anR-valued finite energy process on the stochastic interval

[0, 7]. Assume that and/ have been chosen such that

E VEQ: /[ ar (X (@) < oo,

ZTQT//;lDaT(XT(x))‘ <00, E

whereV'’ is defined in Eq(4.7). Further assuméZ?)] := Z{,, is a martingale
whereZ/ is the local martingale in Eq4.8). Then

Dao(s) = E[:Q// ' Dar(X;(2)] ~ E [V} Qr// ar(X: ()] . (49)

Moreover,

1.if £, = 0andly = 1 then
Dag(w) = ~E [V} Q+//; ar (X; ()], (4.10)
2.0rif {o = 0 andf, = 1then

E[Q+//; ' Dar (X, ()] =E[VIQr//, ar (Xr ()] (4.11)

In the remainder of Section 4, we will illustrate the type ofrfiulas that can
be derived from Theorem 4.1. For now we will just assume thatiypothesis of
Theorem 4.1 or Corollary 4.4 are satisfied. The subsequetibee will address
the issue of verifying these hypotheses in a number of diffecontexts.

In order to apply Theorem 4.1, it is necessary to have a swolatto Eq. (3.3).
There are basically two choices which will be used in the sequ
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() a; = eT-YE/2q wherea € I'(E) and (ii) a; = o whereLa = 0. The
second case is formally a special case of the first.

4.1. Feynman-Kac Formulas
For this subsection, we willassume thatthe lifetif(ie) of the Brownian motion
is infinite. We begin by recalling the Feynman-Kac represton foret’” ande?”.
ProposITION 4.5 (Feynman-Kac). Suppose that anda are smooth sec-

tions of E and E such that there exist smooth solutions to the partial ciffial
equations

%u(t) = %Lu(t) with u(0) = « (4.12)
and

9 . 1z ith @(0) = & 4.1

5,0t = 5 La(t) with @(0) = & (4.13)

Further assume that there is a solution to E4.13)whena = Da. We will
write e!=/2a for u(t), respectivelyt/2a for 4(t), ande!~/? Da for the solution
to Eq.(4.13)whena = Da. Leta, = u(T —t) = eT-9L/2q, respectively,
a; = u(T—t) = eT-L/24, andletN, and N, be defined by Eqé3.4)and(3.5).
If the local martingalesV; andt — Q; //; *&(X,(x)) are in fact martingales for
0<t<T,then

(") (2) = E[Qr /7' a(Xr(2))] (4.14)

(eTL2a) (z) = B[Qr //7 &(Xr(x))]. (4.15)
Under the further assumptions:
T ~
(1) / E‘Qt p//tQt_lNT‘dt < o0 (4.16)
0

(with p,, asin Eq.(3.14) and (ii) the local martingale

t
t= [ Q1171 am, Dar (X, (2) (4.17)
is a martingale orj0, 7], then
(eTE/ZDa) (z) = (DeTL/Za) (z)

1 T
+5E </0 Q¢ P//tQt_ldt> QT//Ela(XT(l‘))] . (4.18)
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Remarkst.6. (i) Eq. (4.18)is a stochastic version of Duhamel’s prineipl
(ii) The hypotheses of the previous proposition are easitised when\/ is
compact, see Proposition 5.1 below.

Proof (of Proposition 4.5). Sinc&/; is assumed to be a martingale,
(e"2a) (z) = E[No] = E[N7] = E [Qr //7" (X1 (2))]

which proves Eq. (4.14). The proof of Eq. (4.15) is the samn, put “tildes” on
everything.

Taking expectations of Eq. (3.7) of Proposition 3.2 and gigiq. (4.15) with
& = Da, we find that

(eTI:/2Da) (x)

=E[Qr //7' Da(Xr(2))| = E[N7]

- 1 T
= BWNo] + 5E [ Qe /i (par) (o)) de
0
S _ _
= (D"20) @)+ 5B [ Qo o) 1,03 @ X))
T
= (Det2a) (z) + %E/ Qtpy, Q7 Ny dt. (4.19)
0

Note that Eq. (4.16), along with the martingale propertyNef implies as well
that

T
/ E‘Qt Py, Q7 Ny dt < oo. (4.20)
0

To simplify notation, le; := Q; m Q;*. From the bounds in Egs. (4.16) and
(4.20) and Fubini's Theorem, it follows that

E|Il''Ny| <oo and E|I' Ny < oo (4.21)
for almost everyt € [0,7]. At anyt¢ where Eq. (4.21) holds, one shows using
the martingale property av; thatE[I'; N;] = E[['; Nr]. (This is done by first

truncatingl’; and then passing to the limit.) Sing¢l’; ;] = E[I"; N] for almost
everyt, we find that

T T T
IE/ Qtp//tQt_thdt:/ E[FtNt]dt:/ E[T; Ny]dt,
0 0 0
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which along with Eq. (4.19) implies Eq. (4.18) since
Nr = Qr//7 ar(Xr(2)) = Qr//7 a(X1(2)).

4.2. Semigroup Derivative Formulas

Leta; = eT-91/2q wherea € I'(E) andet!/? is the semigroup generated
by a suitable extension df. Takingr = 7" in Theorem 4.1, we find the following
derivative formula from Eq. (4.2),

(De™2a(z),€) = ~E[(Qr//; a(Xr(z)), UL)] (4.22)

forany¢ € E;, where/l is an appropriate finite energy process with valueé;in
such thatz = 0 and{, = £. Similarly, using Proposition 4.5 and Eq. (4.3),

("L Da(x), €) = E[(Qr//7*Da( X (2)), )]
=E[(Qr//7lalXr@),U8)] @29

for any¢ € Er, where now; = ¢ and/, = 0.

Remark4.7. Itis interesting to notice that by choosiig to be random, we
may also use Eq. (4.3) of Theorem 4.1 to get a formulafdr2Da(z) for any
operatorl, onI'(E) of the formL = [J — R. To do this, let

d

EQ = ——QtR// with Qo = id;_, (4.24)

whereR ;, := (//F)~'R //F, and choosé such that

ly=0 and lr = (QrQ7')"¢

with ¢ € E; non-random. Then by the Feynman-Kac formula (Propositiéh 4

(™2 Da(a),€) = E[(Qr//7' Dar(Xr(2)),¢)]
E[(Qr//7' Dar(Xr (@), (Qr@Q7")"€)]
(

E|(Qr//7' Dar(Xr (@), tr)]. (4.25)

This equation along with Eq. (4.3) aag = a implies that
("2 Da(x),€) = B[(Qr//7' (X1 (2)), Uf)], (4.26)
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where! is an E;-valued process such that = 0 andér = (QrQ;")"¢.

Remarkd.8. Eqgs. (4.22) and (4.23) provide stochastic formulagfef “/>«
ande”%/2 Da, not containing derivatives of the section These and related
formulas rely on the fact that one of the local martingalesgiby Eq. (3.15), or
Eq. (3.19), orEqg. (3.22), isamartingale for certain cheia finite energy process
{t:}, respectively{k;}. Nevertheless there is an essential difference between
formula (4.22) and (4.23). To get the formula oe?~/2q, we need to know that
the local martingale

Z{ = (Ny, &) — (N, Uf),

as given by Eq. (3.15), is a martingale for a finite energy essé such that

ly = £ andlp = 0. As we shall see (Section 6), this can always be achieved
(independently of whethek/ is compact or complete), for instance, by taking
fs = 0 already fors > 7 A T wherer is the first exit time ofX (x) from some
relatively compact neighborhood of On the other hand, to get the formula for
eTL/2Dq, the martingale property faZ* is exploited where now, = 0 and

Ly = &, which no longer is a local problem. It implies the secondadityin
(4.23), which combined with the Feynman-Kac represemtdtioe’2/2 Da gives
both equalities in Eq. (4.23). As will be seen in Section &,rthartingale property

in this case is easily checkediif is compact (for most applications, completeness
of M is sufficient), but it is not automatically satisfied in gealerFor instance,
sticking to the case = 0 for simplicity, and under the assumption tht is a
martingale also fof, = &, we get the formula

(D) (@),€) = E[(Qr//7' Da(Xr(x)), )]

which combined with Eq. (4.23) shows thBe’L/2q = ¢7L/2Dq, see also
Eq. (4.18). The validity of such commutation rules is knowrbe an intriguing
guestion for (non-complete) Riemannian manifolds.

4.3. Harmonic Section Derivative Formula

Suppose that € I'(E) is aL-harmonic section (i.eLa = 0) defined locally in
a neighborhoo® of z. Letr be the first exit time of{;(x) from some relatively
compact neighborhood af which is contained iV. If {¢;}o<¢< is a bounded

L'-finite energy process (i.€.[; |€’(s)|2ds)1/2 € L') such thatty = ¢ € E*
and/, = 0, then

(Da(z), &) = —E[(Q-//7 ' a(X-(2)),U})] (4.27)

whereU* is the process defined in Eq. (3.17).
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5. APPLICATIONS FOR COMPACT M

In order to avoid technical complications we will first denstnate some appli-
cations of the previous results under the assumptionitheta compact manifold
without boundary. Applications in the case tiidtis not compact will be givenin
the next section. One key consequence of the compactnéssathat((z) = oo
a.s.forallz € M. Again recall that Assumption 2 (at the beginning of Sectipn
is in force throughout the remainder of this paper.

By standard elliptic P.D.E. theory and the MinakshisundaRieijel method
for constructing heat kernels we have the following factse hieat equation

at(lt = La; with g =« € F(E) (51)

has a unique solution which we write #«. The linear operatoP; : ['(E) —
I'(E) extends continuously to a one-parameter semigroup®git), see for ex-
ample Chapter 2 of [4]. Th&? generator of this semigroup is the closiref L.
To verify this last assertion, let be theL? generator ofP, and L' denote the
formal adjoint ofL. Then using the resultin [4],! generates (in the same way

generated?) the adjoint semigrou@;*. Therefore, forw € D(L) andb € T'(E),
we have that

. d d
La,b)=—| (Pa,b)=— P*b) = (a, LTh).
( a, ) dt 0+( ta, ) dt 0+(aa t ) (a7 )

This shows that, ¢ L ¢ L c (L')*. However, by basic elliptic regularity
theory,D((L")*) = D(L) = H? —the Sobolev space with two derivativeslif.
ThereforeL = L = (L')*. From now on we will writeet? for P,.

PROPOSITION 5.1. Suppose thak anda are L? sections off and E respec-
tively, then the Feynman-Kac formula in E¢.14)and (4.15)of Propositior4.5
are valid. If we further assume thatis an H* section off (i.e. ais anL? section
of E with one weak derivative ih?), then Eq(4.18)is valid as well.

Proof. Using a continuity argument, it suffices to prove Egs. (4.044)15) and
(4.18) under the assumption thaanda are smooth sections @& and E respec-
tively. SinceM is compactQ);, Q;* andQ, are bounded by*t, wherekK is anon-
random constant depending on the bound®amndR. Using these facts and the
assumed smoothnessofinda, itis easy to see that the assumptions in Proposition

4.5 are satisfied ]

Remarks.2. A simple consequence of Eq. (4.18) is thatt2/2q = etL/2Da
whenp = 0. Of course this may be proved directly as well. Indeedeofar ['(E),

a; = Dett/2q andb, = ¢tL/2 Do are both solutions to the heat equatiga, =
1 La, with initial conditiona;|;—o = Dea. Uniqueness of solutions to tifeheat
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equation gives; = by, i.e.
Detl2q = ¢L/2Dqa foralla € I'(E).

By continuity, the previous equation extends tofll sectionsy of E.

For a more general account on the elliptic theory of the hgaagon (5.1), in-
cluding elliptic boundary problems in the case of compaatifieéds with bound-
ary, the reader is referred to Agranovich [1], Grubb [33],veall as Seeley
[47, 48, 49].

5.1. Corollaries of Theorem 4.1

COROLLARY 5.3. Suppose that is a bounded measurable sectionfofand
¢ € E. Let{l;}o<i<r be anL'-finite energy process with values &} (see
Definition3.6) such that/; = 0. Then, with¢ := ¢, € E?,

<DeTL/2oz(x), €> - _E |:<QT//;1Q(XT($)), U%>] , (5.2)

whereU? is given by Eq(3.17) More generally, lettingr € (1,00) andgq =
p/(p — 1) be the conjugate exponent pf if {{;}o<¢<7 is an L¢-finite energy
process and is an L? section ofF, then Eq(5.2)is still valid.

Proof. We will apply Theorem 4.1 with, (z) := (e(T~9L/2q)(z). By the
Burkholder-Davis-Gundy inequality, there exists a conistg depending only on

q € [1,00), K andT, such that
T o /2
([ wra)”
0

([ vra)"]
([era)’])

These equations together show thitis Li-integrable.

First suppose that is a bounded measurable sectionfaf As in the proof
of Proposition 5.1, the local martingal@é and N of Proposition 3.2 andz¢
of Theorem 3.7 are already martingales. In cH3e!’/2q| is not bounded on
(0,T] x M it may be necessary to first modifysuch tha¥(T" — ¢) = 0 for some
smalle > 0 and then to take the limit as— 0, see [58] for details.

q

E <CE

T
—1 t 3
/ Q0 ity O,
0

and also

T q
IE/ Q7' pYy Qstsds| <CE
o .

§0(63+E
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Finally, if p € (1, 00) and{/; }o<:<7 is anL?-finite energy process, then both
sides of Eq. (5.2) depend continuouslyere LP(E), hence it suffices to prove
Eq. (5.2) whenx is smooth. But for smooth it is easy to verify the hypothesis of

Theorem 4.1.]

COROLLARY 5.4. Suppose thatr € I'(E) is an L-harmonic section (i.e.
La = 0) and¢ € E?. Let{/;}o<:<r be anL!-finite energy process with values
in E* such that/; = 0 and/, = ¢ € E*. Then

(Da(2),€) = ~E[(Qr//7' (X1 (2)),Ur)], (5.3)

where again’* is given by Eq(3.17)

Proof. This is a consequence of Theorem 4.1 with := « or directly
from the previous Corollary upon noting theft”/?>a. = a sinceLa = 0. ||

COROLLARY 5.5. Suppose thatv is a C'* section ofE and§ € }_77;. Let
{¢:}o<t<T be anL'-finite energy process with valuesi#} such that, = 0 and
(1 = ¢ € E*. Under AssumptioB,

(e"F2Da(w), €) = E[(Qr//7 a(Xr(2)), UL)] (5.4)

whereU* is given by Eq(3.17) If instead we choosé as above except with
by =& € EY andlp = 0, then

(TP Da(e), &) = E[(Qr//7 a(Xr(x)), WE)] (5.5)

where

tr
1/t~ _
Wi :=5</ Qe pyy, @ 1dt> ¢~ Up-
0

Proof. Eq.(5.4)follows from Eq. (4.3) of Theorem 4.1 wiih := e(T—01/2¢,
Eq. (5.5)is aconsequence of Eq. (4.2) of Theorem 4.1 andEB) which imply,

~E[(Qr//7 o7 (Xr(2)), Uf)| = (DT a(x),€)
= ((¢"*/*Da) (), €)

- %E [< (/OT Q P//tQt_ldt> QT//Ela(XT(fE))a§>] :
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Remark5.6. Suppose thaE and £ are Hermitian vector bundles with metric
compatible covariant derivatives. Under these conditithesresults of Corollaries
5.3, 5.4, and 5.5 may be rewritten by replacing the dual sgcey E, and the
dual pairingg-, -) by the appropriate Hermitian metrics and then using Eq8(3.1
to define the proceds/.

5.2. Formulas for Dirac Operators
Let us specialize Corollaries 5.3 and 5.5 to the case wheteE = S is a spin
bundle overl/. Recall thatS is Riemannian vector bundle with metric compatible

spin connectiorvV*, see Example 2.13. In this caRe= R = Lscal, p = 0,

QT = QT = e_% foT scal Xy (x))dt |dsm

and
T
Up = —/ Yas, by
0
wherein we have used the fact thgt = —+. Corollary 5.3 (see Remark 5.6)
becomes

(De_TD2/2a(w),§) .

T
=K [e_% Jo© scalX:(@))dt (//;“la(XT(x))’/ rYdBSg;)S ]
0 »

where/ is an L!-finite energy process with values i), such that’r = 0 and
ly = £ € S,. Taking?; = h;& in the previous equation (whegec S, andh; is
an L*-finite energy process with valuesity gives

(De_TD2/2a) (x)

T T
=-E [e_%fo sca(Xe (z))dt </0 h'ﬂd&) //Tla(XT(w))] (5.6)

wherein we have used the fact thgt = —v,. Choosingh; = 1 — ¢/T in this
equation implies

2 1 1 pT
(De7™"a) (e) = B [emt 0 sty frta(Xn(@)] . (67)
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Similarly, using Eg. (5.4) of Corollary 5.5 (with € S,.),

(eiTD2/2Da(w),§) .

T
__E [e% S scal X, (z))dt (//;104(XT(517))7/ ’ystgg) ]
0 e

where/ is an L!-finite energy process with values #, such that/; = ¢ and

£y = 0. Taking¢;, = t£/T in the previous equation gives the same formula for
e~TD*/2Dq(z) as in the right hand side of Eq. (5.7). This of course should be
the case sincfD, L] = 0.

5.3. Applicationtod and d*

LetE = E = AT*M, L = L = A andP, := ¢'2/2 whereA is the self-
adjoint extension of\. An application of Corollary 5.3 withn being either the
interior productd or the exterior product’ (see Example 2.11 and Definition A.1
in Appendix A for the notation) gives the following theorem.

THEOREM 5.7. Let M be a compact manifold; be a bounded measurable
section ofAT*M andv € AT, M for somer € M. Then

((dPra)g,v) = —E

(117tarteo). er [ "o (an 00 e;))] (5.8)

((d* Pra);,v)y = —E

<//;1a(XT(x)), or /OT Q,; t (dBy A Q4 e;)>] (5.9)

where( is any L' -finite energy process with values AT, M such thatly, = v
and/7 = 0, Q; is the solution to the differential equation

d 1 . .
EQt = _ERt/7t Q: with Qp = ida7, ur, (5.10)

Rt/r/t = //7'R¥™//, and R*™ is the Weitzenbdck curvature term described in
Eq.(A.16) of LemmaA.9, Appendix A.

Similarly an application of Corollary 5.5 withu being either the interior product
A or the exterior produdf’ implies the following theorem.

Copyright® 2001 by Academic Press
All rights of reproduction in any form reserved.



70 DRIVER AND THALMAIER

THEOREM 5.8. LetM be a compact manifold, be aC* section (! would
do) of AT*M andv € AT, M for somex € M. Then

((Prda),,v) =E

(7taxra.or "o (a1 e;))] (5.11)

((Prd*a);,v) =E

<//;1a(XT(w)), Qr /OT Q7 (dBy A Q e;)>] (5.12)

where/ is any L!-finite energy process with values AT, M such that/, = 0
and/7 = v and Q, solves Eq(5.10)as above.

This theorem also follows from Theorem 5.7 becad$ga = Prda and
d* Pra = Ppd*a for C* sections: of AT* M, see Remark B.9 below.

In the special case whefe= constant, the formulas (5.9) and (5.10) have been
derived by Elworthy and Li [26] from a non-intrinsic formuly the techniques
of filtering out redundant noise, as developed in Elworthg #ar [27]; see [23]
for a general account on this.

Specializing Eq. (5.8) to zero forms gives the following iBig type formula,
see [24], [58], [56].

COROLLARY 5.9. Letf: M — R be bounded and measurableec M and
v € T, M. Then, for any..!-finite energy proceséwith values irll, M such that
£y = v, andlr =0,

T
((dPrf)e,v) = —E lf(XT(fL")) /0 (Qt €;,dBy)

whereQ; is theAut(T, M )-valued process satisfying the differential equation:

1 . .
%Qt = —§RiC//t Qt with QO = |dTmM . (513)

Proof. Lettinga = f € A°(T*M) in Eq. (5.8) and using the fact thAt, and
Q. act as the identity ofi-forms we find that

((dPrf)e,v) = K

T
£ (X1 () / Ags, 2, 4]

=-E

?

T
£ (X)) / (Q1,,dBy)
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whereQ, is the restriction of the solution of Eq. (5.10)19 M. By Eq. (A.17) of
Appendix A;RY|T'M = Ric, and thug, restricted tdl, M solves Eq. (5.13)]

The following theorem is a special case of Eq. (5.9) of Theo&7 and
improves a result in [19] (see Corollary 5.18 below) by giyia formula for
E[V - Y (Xr(x))] which does not contain derivatives of the curvature tensor.

THEOREM 5.10. Let M be a compact Riemannian manifol@; denote the
solutionto Eq(5.13) Y be a smooth vector field avf, V-Y denote the divergence
of Y, T > 0and/ be areal-valued.!-finite energy process. 4f = 0 andér = 1,
then

T
E[V Y (Xy(z))] = —E[(//}1Y(XT($)),QT/O 6(,Q7'dB, )| . (514)

Proof. Leta = (Y,-) € Q'(M). By Eq. (A.9) of the Appendix
d'a=-Y A Vea=-Y A (V.Y )=-V-Y.
Applying Eq. (5.12) withw = 1 € A%(T,, M) implies,

E[V Y (X7(z))] = — (Prd*a)s,1)

—E

<//;’1‘1(XT($))7 Qr /OT ;' dBt>

where we have used the fact it = 0onA°(TM) andR* = RiconA! (T M)
and hence tha@;|A°(T, M) = id and Q;|A (T, M) solves Eqg. (5.13). This

proves Eq. (5.14) becaugé, ' a(Xr(z)) = (//7'Y (X7 (2)), ). 1

Note that compactness 61 is not essential here: the formulas in Theorem 5.8
only require the martingale property of (3.15), or (3.18) Some’ such that, = v
and/; = 0. As indicated in Remark 4.8, this can always be achieved amd @
formulafor(dPra)(x), respectively(d* Pra)(z), as long afra is well-defined,

i.e. Q' // 7 a(Xr(x)) € L. Inparticulara need not be differentiable. Also the
finite lifetime of the Brownian motion only effects the stastic representation of
Pra, see Section B.1 of Appendix B, but not the given argumerde (Section 6
for precise statements in this direction.)

In the situation of Theorem 5.10 this shows that the rightehgide of Eq. (5.14)
is just—d* Pra wherea = (Y, -). To verify however that

d*Pra = -E[(V - Y)(X7(z))] (= Prd*a) (5.15)
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72 DRIVER AND THALMAIER

requires assumptions (in particular, differentiabilifyad: it precisely reflects the
property that the local martingale (3.5) is actually a nmaydile, from where (5.15)
follows by taking expectations.

5.3.1. An Integrated Logarithmic Gradient Estimate for Heat Kernel on\/

As an application of formula (5.14) we get the following igtated estimate for
the gradient of the logarithmic derivative of the heat kéome)/. Of course this
result may be derived by partial differential equation t@ghes as well.

THEOREM 5.11. LetM be acompact Riemannian manifold without boundary.
For everyq € [1, co[ there is a constant’, < oo such that for allt < 1,

1/q
(/ |V, log pt(z, 2)|? pt(m,z)vol(dz)> < C, eHt=1/2) (5.16)
M
whereK is a bound on the Ricci curvatu(®ic) of M.

Remark5.12. This estimate withy = 1 may be used to show that pinned
Brownian motion on a compact manifold is a semimartingale.

Proof. Without loss of generality, we may assume that 2. Since

E[V-Y(Xr(z)] = /M pr(z,z)V - Y (z)vol(dz)

- - /M (¥ (2), V- logpr(a, 2))gar pr( 2) vol(dz),

Eq. (5.14) is equivalent to:

/Mmz),vz log pr (2, 2)) 741 pr(z, 2) vol(d2)

=B (/7Y (X (@), 0 "1071ap,)

’

where/ is a real-valued.!-finite energy process such thfgt= 0 and/7 = 1.

Copyright© 2001 by Academic Press
All rights of reproduction in any form reserved.



HEAT EQUATION DERIVATIVE FORMULAS 73

If K is a bound on Ric antl/p +1/¢q = 1, Holder's and the Burkholder-Davis-
Gundy inequalities imply

\ /M (Y (2), V. logpr(z, 2)) pyy pr(e, 2) vol(dz)‘

T
< eKTER |Y(XT(33))| ‘/ 0, Qt_ldBt
0

q>1/q
T q/2 1/q
/u[(@;l)*Q;l}e;?dt >
0

T g/2\ /4

/éQth )

0

for some constar@, < co. Choosing/; := t/T in this inequality shows,

T
< eKT (IE|Y(XT(m))|p)1/p (E‘/ 0, Q7 'dB,
0

< C,eiT (E|Y(XT(x))|p)l/p (E

< C,e2KT (E|Y(XT(m))|p)1/p <]E

‘ [ 0@V 08pr(0,2) 1y pr(e,2)vol(d:)

< T 120, 2KT (]E| Y (Xr(z)) |p) 1/p

1/p
_ 120, KT ( [ @) vol(dz)) :
M
Now choosé’(z) := |VZ log pr(z, Z)|q_2vz log pr(z,2) to get
/|Vzlong(w,Z)|qu(ﬂ?aZ)V°|(d2)
M
. (4-1) v
< T—l/chezKT (/ |VZ long(m,z)|p e pT(g;,z)voI(dz)>
M
1-1/q
=T 120, e?KT (/ |V log pr(z, 2)|" pr(z, z) VO'(dZ)> '
M

Solving this equation fof ,, |V . log pr(z, ) |'pr(z, 2) vol(dz))l/q proves Eq.
(5.16). I

5.4. Formulas for VeTL/2

In this subsection, we will write out the results in Corokar 5.3, 5.5 and
Theorem 4.3 wheD = V. Let E — M be a Riemannian vector bundle with
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74 DRIVER AND THALMAIER

metric compatible covariant derivativé”, R € I'(EndE)), E := T*M ® E,
m = id (the identity multiplication map)D,,, = V¥, andL = 00 — R. We also
defineR € T(End E)) andp € T'(Hom(E, E)) by

7?, = RiCtr ® IdE —2RE -+ IdT*M ®R,
and
p=V - RF 4 (VENEIR).

By Proposition 2.15L := O — R, L = O — R, p, andm satisfy Assumption 2.
We have the following immediate consequences of Coro&id and 5.5.

THEOREM 5.13. Suppose that is a bounded measurable sectionfofand
¢ € E; =T, M ®E; and{{; }o<;<r a L*-finite energy process with valueshtf
(see DefinitiorB.6) such that7 = 0 and{y = £ € EZ. Then

<veTL/2a(l.),£> =-E[(Qr//7' a(Xr(z)), U%)] ) (5.17)

whereU* is given by Eq(3.17) If we further assume thatis an H' section offf
and{/, }o<;<r is anL*-finite energy process with valuesE’I such that/y, = 0,
then

(" *Va(a), &) = E[(Qr//1' a(X7(2)), UF)] (5.18)

Remark5.14.  We may extend Eq. (5.18) using Remark 4.7 as follows. et
be an arbitrary section of EQH), L = 0 — R and

d

. 1A - o
%Qt = —§Qt Ry, with Qo =idg_, (5.19)

where as befor® ;, = (//E) 'R //E. Then
(T *Va(w),€) = E[(Qr//7 o(Xr(2)), UL)]
where(, is anyL!-finite energy process such thgt= 0 and
tr = (QrQz")"e.

By using Theorem 4.3, we may get another (more explicit) fdenfor Ve /2,
This theorem will be given after the following preparatomrhma.
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LeMmMA 5.15. The transpose of the multiplication map = id is the “anni-
hilation” operator A, whereA, : E* = TM ® E* — E* is determined by

Ay(wea) =(w,w)a forallv,weT,M, ac E;, z€ M.

Also

n
R =Ric®idg- +2 ) e; ® RY (-, ;) + idra @R™, (5.20)

i=1

where{e;}7_, is a local orthonormal frame ané; ® RP"(-,e;) € T'(End(E*))
is determined by

ei @ RE (e)(v®a) =e; ® RY (v,e;)a = —e; @ a0 RE(v, ;)

forv e T, M anda € E}. Moreover,

t

P = (V- RE)" + (VEEIR)™ € T(Hom(TM ® E*, EY)),  (5.21)
where
(V-RE)" (v@a) = ao(V-R¥)(v) = ao (Vo R®)(ei,v))  (5.22)

and

(VEEOR)" (05 0) = o (VEUPR). 529

Proof. Letv,w € T,M, ¢ € E, anda € E*. Sincem, : E, —» E, =
T*M ® E, is given bym,¢& = (v, -) ® &, it follows that

(my€,w @ a) = (v,w){€, a) = (£, (v, w)a) = {§, Ay (w @ a))

which shows that!" = A,.
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Nowlets € Hom(T, M, E,) = T M ® E,. Then Eq. (5.20) follows by taking
transposes of Eq. (2.7) along with the computation,

(RF)"(w®a),p)= (voa,RY-B)

n

= > (o, R¥(v,e;)B(es))

i=1
n

= D (ei® RP(v,e;)"a, B)

i=1

- Z(ei ® R (v, e;)a, B).
i=1

Egs. (5.21), (5.22) and (5.23) are proved similarly:

n

(V-RP)¢v®@a) = Z«veiRE)(ei, V)€, @)

and

<(VEnd(E)R)£7,U ® a) - <(v5nd(E)R)§,a>
= <§, (vEnd(E)R)tr(v ® a)> _ <£7 ao (vEnd(E)R)>

THEOREM 5.16. LetR € I'(EndE)), @ beasinEq(3.1), L=0- R, and
m = id. Supposethatis a bounded measurable sectior, is al; M-valued
L!-finite energy process and

t
‘/tl = / <(£; + % RIC//S gs,st) — R/E/ (ES,(SBS) + %(gsa((j_Bs)R// > Q;l
0 : °

whered B, andd?s denotes the Fisk-Stratonovich and backwards Ito difféaén
respectively. (More precisely, X is another semimartingale, theki; § B; =
X, dB, + 1dX,dB, and X, dB, = X, dB, + dX,dB,.)

If {o =v € T, M and/7 = 0 then

Vo't 2a(z) = —E [VEQr /)7 a(Xr ()] , (5.24)
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and assuming in addition thate I'(E), if {, = 0 and{r = v € T, M then

(e192%a), = E[V{ Qr//7"a(Xa(2))] (5.25)

Proof. Leta; := eT"YL/2q, ¢ € E*, ¢, be anL'-finite energy path with
values inT, M andks; = /; ® . In order to apply Theorem 4.3 we need to work
outU} defined in Eq. (3.21). Using Lemma 5.15,

= (£.,dB,)¢ + = (Rlc// ly,dB,)¢
+Zel,dB)R// (s, €€ + 5 (es,dB) RY, &

i=1

1. .
(e, + 5 Ricy/, L, dBs)¢ + R} (€5, dBs)E

1 tr
+§(€S,dBS)R//S§.
Similarly,
pi ke = (V- BE) )

. L)E+ (VIR (8)¢

and hence from Eq. (3.21),

Uf =

t
:/OQ <(z'+ Ric//, Ls,dBs)¢ + R} (Ls,dBL)E + 5 (Zs,dB )RY, 5)
1 t
+§/0 Q, ((v RE)// (Ls)€ + (VEM( E)R)// (£s )g) ds

t 1 —

:/ o7 <(€’ + = R|c// l,,dB; )£+R (5,0B5)6 + 5 (Es,st)R“/;5§>
0

= (V)" ¢,

where in the last equality recall th&”" (v, w) = —(R” (v, w))*. This compu-
tation along with Eq. (4.5) of Theorem 4.3 gives:
If {7 =0andly =v € T, M then

<VveTL/2a(:v),£> = <VeTL/2a(:1:),U ® &)
= ~E[(Qr//7'ar(X1(2)), (ViH)"6)]
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which implies Eq. (5.24) sincg € E is arbitrary. Similarly iféy = v € T, M
and/, = 0, then by Eq. (4.6) of Theorem 4.3

E[(//7'Va(Xr(2),v @ €)] =E[{Qr//7'a(Xr(2)), (VH)6)].
By Eq. (4.15) of Proposition 4.5,

<(6Til/2va)v7§> - ((eT'j/ZVa)(ﬂJ),U ® &)
E[(//;1VQ(XT($))7U®€>}'

Combining the last two equations proves Eq. (5.2p).

COROLLARY 5.17. Leta € L*(E) andT > 0 and Q; be theEndT, M)-
valued process defined as the solution to the ordinary diffigal equation

. 1 _. . .
Q; + 3 Ric,,, Q: =0 with Q¢ = idr, ar -

If hy =0andhg = v € T, M then

T .
v,eT0/20 = _F H/ [(cht,dBt) + Rf}t (6By, cht):l } //Tla(XT)] )
0
(5.26)

Assume in addition that € T'(E). If hy = Q7'v € T, M andhg = 0, then

(ele/2Va)v =E

T
{ /0 |(Quhe,dBy) + Rf), (6B1, Qihy)| } //;1a(XT)]
(5.27)

whereE = T*M ® E.

Proof. Thisfollows from an application of Theorem 5.16 with= 0 and(; :=
Qthe. |1

As an application of Theorem 5.16 we may recover the follgwasult in [19]
(see Theorem 4.1 and Corollary 4.3). A better version offtimisiula has already
appeared in Theorem 5.10 above.
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COROLLARY 5.18. Suppose thal” is a C'! vector field ond and k is an
L!-finite energy path with values iR such thathy = 0 andhr = 1, then

E[(V-Y)(Xr(2))]

=E (//;,W(XT(Q:)),/OT (h;st — %hs Ricy;. cﬁs)) . (5.28)

Proof. By Theorem 5.16 withE? = T'M, R = 0 (and hence&) = id) and
fo = 0, we have

E[//7 (Vipe00) Xr@)] =E[VE /7 a(Xr@)],  (5.29)

where

t 1 _. t
V! ;:/ (€ + 5 Ricy, es,st)—/ RIM(t5,6B;).
0 0

Let {e;}_, be an orthonormal basis fat, M. Replacel in Eq. (5.29) by/? :=
hse;, take the inner product with; and then sum onto find:

E[(V ) (Xr(@))] = D E[(V/,eY (X1 (@), //11)]

i=1

= Y E[(/2'Y Y (Xr(@) i)

i=1

SB[V /R (X @), )]

i=1

= ZE [(117*Y (Xr(@)), (V) e ]

This finishes the proof since

n

S (VE) e

i=1

T n
1 .
= / Z <(h;e,- + §hs Ric/, e;,dB;)e; + R/T/:/[(hse,-, (5Bs)e,->
0 =1

T 1 :
= A <(h; + §hs RIC//S)dBs — hy RIC//S (SBS>
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and
I .
5 hs Ricy; dBs — hs Ricy 0B,
= % hsRic;, dBy — hsRic;, dB, — % hs dRic/; dBs
= _% hsRic/, dB, — %hs dRic;, dB,
. _é hyRic,_ dB,.
|

Remark5.19. The backwards & differential in Eq. (5.28) may be expressed
as

. . 1 ,
hyRicy;, @B, = hyRicy;, dB, + 5hs /7' Vscal(X,(2))ds,  (5.30)

whereV scal denotes the gradient of the scalar curvaturilofThe proof proceeds
as follows:

hs RlC// &_Bs = h, RIC//S dBs + hs dR|C//S dBs

s

= hsRic/) dBs+ Y hs//7" (Ve RiC) [/ eids
i=1

= hyRic/y, dB, + hy //;V - Ricds (5.31)

whereV - Ric is the vector field onV/ given by
V- Ric:= Y (V,,Ric) ¢;

Jj=1

where{e; };.‘:1 isalocal orthonormal frame aif. Onthe other handfare T, M,

vscal = Zv(RiCe,-,e,-) = Z(VU Rice;, ;)
i=1 i=1
= > ((VoR™)(ei,e5)e;,€:)
i,j=1
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which by the Bianchi identitydy R”* = 0) may be written as

n

vscal = — Z (Ve,R"™)(v,e)ej, ;) — Z ((Ve, RT™M)(ej,v)e;, €:)

4,j=1 b=t

= zn: ((Ve, R"™M) (v, e;)es, ) + En: ((Ve, R™) (v, e5)ej, €:)
= |

- 22 V., Ric)v, e;) _Qi ((Ve,Ric)e;,0)

- (V-Rlc,v). B

HenceV - Ric = ﬁscal/2 which combined with Eg. (5.31) proves Eq. (5.30).

5.5. Formulas for Vet4/2 on Q1 (M)

Using Example 2.11, Theorem 5.13 we may write formulasWef*/> on
QF(M)for0 < k < n. Rather than doing this in general, we will content ourselve
with the casek = 1. So in this section leE = T*M, E = T*M © T*M, and
A = —d*d — dd* on QY (M).

ProprosITION 5.20. Suppose that is a bounded measurable differential
form (i.e. section of™*M) and¢ € E‘; =T,M T, M. Let{l;}o<¢<7 be an
L!-finite energy process with valuesi M @ T, M (see Definitior8.6) such that
{r =0and{y, = £. Then

(Ve™a(2),§) = —E[(Qr//r'a(Xr@). Uf)],  (632)
where
t
Ul = “1Ayp, Q. 0, + SpY Qslsd 5.33
t/OQSdBSQs/Q Oulyds,  (533)
p¥ € I'(Hom(TM ® T M,TM)) is given by
P (v ®w) = (V,Ric)w — (V- R™) (v)w, (5.34)

Q and Q are defined by Eqg3.11)and (3.12)with R** = Ric and

R'™ = Ric®idry +2)_ e; @ R™ (-, e;) + idra ® Ric, (5.35)

i=1

where (see Lemnt&a 15

e; @ RI™M (e (v @ w) = e; @ RT™ (v, e;)w
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forv,w e T, M.

Proof. By Eq. (A.17) of Lemma A.9, we havA = [0 — R whereR = Ric".
LetE =T*M,E = T*M @ T*M andm, p andR be as in Proposition 2.15. By
Lemma 5.15 abovep!* = A4,, R'" is given by Eq. (5.35) and

ptr — (V . RT*M)tr + (vEnd(T*M) Rictr)tr‘

SinceR™ M (v, w) = — (RTM(v,w))tr and in general/,, (A") = (V,A4)", the
previous equation is the same as Eq. (5.34) above. Finall{gg=2R) follows from

Corollary 5.3. ]
We may get another formula by using Theorem 5.16 in place oblGoy 5.3.

PROPOSITION 5.21. Suppose is a bounded measurableform onM and/;
is a7, M-valuedL!-finite energy process such that= v € T, M and{; = 0.
Then

Vool 2a(2) = B[ Vi Qr//3 a(Xa(2))]

where
p t 1 M
, :
= /0 <(€s + 5 Ricyy, €5, dBs) — Rjy M (6, 0Bs)
1 S5\ tr -1
+ 5 (gs, dBS)RIC//S> Qs

and(@ solves

dQ, L .

z = —QsRmt//s with Qo = idr=as .

See Theorerf.16for the meaning o B, and LTBS.

Remark5.22. The expression fol,’ may be written solely in terms ofat
differentials using

n

. . 1 .
RI'M(¢,,0B,) = R} M (t,,dB,) + 5 > (Ve R" M), (e ds
i=1
. 1 .
- R//SM(KS’ dB;) — §(v -RY M)//s (4s) ds
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tr

/7, 9

(65, dBs)RicY, = (L, dBo)RicY + 3 (£, ¢;) (V... Ric)

i=1

- tr .o\ tr
(€5, dBs)Ricy; + (V¢ Ric) , ds.

6. APPLICATIONS FOR NON-COMPACT M

For E = AT*M let againA = O — R be the de Rham-Hodge Laplacian
on I'(E) whereR ¢ I'(EndE) denotes the Weitzelok curvature term, see
Proposition A.7 of Appendix A. Further, I& = min SpecR, i.e.

R(z) = min {{Ryv,v) : v € Ey, Jv| =1}, (6.1)

and consider the scalar semigrony as defined in Appendix B, Sect. B.1.
Now let A be the Friedrichs extension &f|T'.(E) and P;a = et/22 ¢ be the
semigroup onl.2(E) generated by /2 and @, denote the solution to Eq. (3.1).

Then,

Pra(x) = E[Q¢ //7 ' a(X¢(2)) 1it<c(a)}] (6.2)

forall @ € L?(E) with PtE|a|(x) < 00, see Appendix B, Theorem B.4.

On a complete manifold, by the spectral theorem, oneditag = P,da, and
dual to this,d* P;a = P.d*a, see Section B.2 in Appendix B below. If we drop
completeness then these equations are no longer true feleisiBM-complete,
see [59]. But we will show that there always exist Bismut tigrenulas ford P;a
andd* P;a, not involving derivatives ofi, independently whetheris smooth or
not.

THEOREM 6.1. Let M be a Riemannian manifold, € L2(AT*M) andx €

M such thatP}—2|a|(:z:) < oo for somel’ > 0, further let be the first exit time
of X (z) from some relatively compact neighborhood@ndT* = (T' —¢) A T
for some arbitrary smalt > 0. Then for anyw € AT, M the following formulas
hold:

T
(dPra),v) = —E [< /7 a(Xr (@)L r<cy, Or / Q" (Aus, e;)>]

T
(@ Pra).,v) = -E [< J/7 oK @) r<cony Or [ 07" (@B n @ 4))]
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for any bounded finite energy proceswith values inAT, M such that/y = v,
¢, = 0 forall t > T*, and the property thalE[(fOT |€;|2ds)1/2] < oo. If,in
addition,a € L*(AT*M) is bounded on this neighborhood, one can take 0.

Proof. Recall thatQ; is defined by (5.10) and lep; := Q. We fix a
relatively compact neighborhodd of «. Then|(Pr_:a)(X¢)|, |[(dPr_ta)(Xy)|
and|(d* Pr_;a)(X}:)|, whereX = X (x) denotes our Brownian motion starting
from z, as well ask; and Q;, are all bounded on the stochastic interiéall™].
This shows that the local martingales in Proposition 3.2 iaritheorem 3.7 are
uniformly integrable martingales when stopped at 7*. Taking expectations at
time 0 and7™* leads to

((dPra),,v)

=-E l<QT* [/ 7+ (Pr—r- a)(XT*),/O Q' (Aan, QY 5'(t))>] :
Note that

Q1+ /[ 7+ (Pr—r-a)(X7+) = B"* [Qr//7 a(X1) Lir<g(a)y]

which is by definition a boundefir--measurable random variable. This gives the
first formula of the Theorem, the second one is derived in gpderaly analogous
way.

If ais bounded, eventually by modifyifgwe assume first thét= 0 already on
[T AT, T|N[T —¢, T] for some smalt > 0. Finally, this restriction can again be re-
moved in the resulting formulas by lettingtend to0, see [58] for technical de-
tails. |

6.1. Bismut's Formula

The following example is taken from [58]. There are similammhulas for(du),,
if u is harmonic on some domain abaytsee [58], [60].

THEOREM 6.2. Letf: M — R be a bounded measurable functiane M
andv € T, M. Then, for any bounded finite energy procgss}:co,.o With

values inT, M such thatE[( OTAT |]2 ds)l/z] < oo, and the property that

by =v,l, =0forall s > 7 AT, the following formula holds:

AT
(@Pr £)or) = B | F (K1) Loy [ (@0dB)| (63)
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wherer is the first exit time oX () from some relatively compact open neighbor-
hoodD of x and Q is the process defined in E¢h.13)of Corollary 5.9.

On the other hand showing, for instance, that

((dPrf)e,v) =E[(Qr /)7 (df) X1 (2), ) LiT<c()}]

is a quite different matter: it requires the martingale @by of

Qi /17 AdPr—if)x,(2) Lig<c(zyy, 0<t<T,

which comes down to a question of differentiation under tkpeetation. In
particular, it is necessary fgtto be differentiable.

6.2. Dirichlet Problem for Harmonic Forms
We conclude this section by specializing our results in odtiee Dirichlet prob-
lem for harmonic forms on bounded domains. In particularpvesent stochastic
formulas for differentials and co-differential of harmofidorms on manifolds with
boundary. These formulas can be used to prove local Hargpekestimates for
harmonic forms in the same way as has been done for harmaratidas in [60].

THEOREM 6.3. Let M be a compact Riemannian manifold with non-empty
boundan®dM,a € T(AT*M), z € M\OM andr be a positive bounded stopping
time which is dominated by the first time the Brownian motlofx) hits the
boundany M. (For simplicity,a is assumed to be smooth up to the bounday of
Let Q; denote the solution to E¢5.10)of Theoren®.7 defined on the stochastic
interval [0, 7] and@Q; = Q}". If a is harmonic (i.eAa = — (d*d + dd*) a = 0)
on M\OM, then

al#) = E[Q+ // o X, ()] (6.4

and for anyv € AT, M the following formulas hold:
(@a)e0) == [(Q/f ol o), [ 0 (m @) 09)
(@ a) ==& (@) ot @), [ o7 apn )] (©9)

where{l} o, IS @ bounded.'-finite energy process taking valuesAiT, M
such thatly = v, £, = 0, and the property thaf . |€’s|2ds)1/2 € L.
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Proof. Note thata, da, d*a extend as bounded sectionsitbsinceM is com-
pact. The proofis now essentially the same as the proof abféme 5.7 above with
P,areplaced by: andT by . The key pointis that the local martingales of Proposi-
tion 3.2 and Theorem 3.7 are easily seen to be martingalesthe stopping time.
Hence the optional sampling theorem applies to give stoppesions of Proposi-
tion 4.5, Corollary 5.3 and Corollary 5.5 from which Eqs.4(6(6.5) and (6.6) fol-

low. |

Remarké6.4. The formulas (6.4), (6.5), (6.6) in Theorem 6.3 hold as wéléw
7 is the first time the Brownian motiali (z) hits the boundary) M, provided that

E [exp <_%/OTE(XS(JC)) /\Ods)] < oo 6.7)

whereR is given by Eq. (6.1) and thB!-finite energy procesf} sco,00[ iN EQS.
(6.5), (6.6) is chosen with the additional restriction that= 0 if s > 7 A #, for
somet, € (0,00). Indeed, ifr denotes the first hitting time of the bounda&y/
then the formulas (6.4), (6.5), (6.6) hold wit\ T" instead of- foranyT" > ¢, and
condition (6.7) gives the existence of Ah-dominating function fo{ Q. a7} >0
(see estimate (B.11) of Appendix B) which allows by the dcatéial convergence
theorem to pass to the limit 85 — oo.

The method used in Theorem 6.3 can easily be adapted to dtilegtians, for
instance, ifa is smooth om\/\0M and extends only continuously &a\/.

For technical details about how to construct finite energgessesg satisfying
the conditions in Theorems 6.1, 6.2, 6.3 and Remark 6.4 tderds referred to
[58] and [60].

7. HIGHER DERIVATIVE FORMULAS

We can get higher derivative formulas by iterating our poasgiformulas fol-
lowing the ideas of Elworthy and Li in [24] and [26]. In order tarry this out,
we will need a minor extension of the results in Section 4. {&t} denote the
filtration associated to the Brownian motidiy (z) andE*¢ denote conditional
expectation relative to the-field 7. As usual we will assume thét, £, L, L, m
satisfy Assumption 2 at the beginning of Section 4. For siaity| let us assume
that M is a compact manifold. The next theorem is the conditionedieg of
Theorem 3.7 and Corollaries 5.3 and 5.5.

THEOREM 7.1. Let0 < 7 < T, a be a bounded measurable sectionEif

ay = eT-DL/2,
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{¢;};<i<7 be anL'-finite energy process with valuesl?; (see DefinitiorB.6),
andN and N be as in Egs(3.4)and (3.5).
For0 <7 <t<Tlet

vto= | 0ty 0,07, + / 07l 0,07 ds  (71)
and
Zfy o= (Ne, Q7 i) — (Ni, U ). (7.2)
Then{Z! ,},<i<r is an{F;}-martingale with

dZ£7t = <Qt//;1v//tdBtDat(Xt( )) 1€t>
<Qt//t v//tdBtat(Xt( )) >
— (N, Q; 'mlfy, O OF10}) (7.3)

and
(/|7'Da, (X, (x)), ;) =B [(QT /7' Dar(Xr (), QN;%T)]
~ & [(Qn /5 ar (Xa(), ULs)]. (7.4)

Therefore,

1. if {4 = 0then

<//;1D€(T_T)L/2O‘(XT (2)), €T>
= B [(Qr /7" a(Xr (@), ULL)],  (75)

2. orif £, =0then

B [(@r /7' Da(Xr(2)), Q; er)]
=B [(Qr /7' (X1 (@), UL 1) (7.6)

Remark7.2. The results in this theorem are direct analogues of TheoBems
and Corollaries 5.3 and 5.5. In fact this theorem could baided using these
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results along with the strong Markov property of the Browniaotion X, (x). (If
H:C(Ry; M) — Ry is bounded measurable ana finite stopping time, then

E*" [Ho X,4.(x)] =E[H o X.(y)] ly=x,(x) a.5) (7.7)

We will sketch a proof here using the methods already deeelap Section 3.
Proof. Notice thatdU?, = Q;lm};twt QO + 597 ' pY, Qi Q7 iy dt
and hence by Theorem 3.4/, andQ;'(, for r < ¢ < T are a dual pair, i.e.

{Z¢ }r<i<risan{F;}-martingale. The same computations leading to Eq. (3.16)
in Theorem 3.7 proves Eq. (7.3). (In fact Eqg. (7.3) is Eq. §3With ¢, replaced

by Q;lét and the lower limits in the integrals definiiﬁf:v being changed from
Otor.)

SinceZz! , is an{F;}-martingale Z! , = E*~[Z ;]. This identity is the same
as Eq. (7.4) because

Zf,r = <NT7 Q;1€T> = <QT //;1DaT(XT(a:)), Q~;157>
= (//;lDaT(XT(x)),€T>

and
B (24 = B [(¥r, 87 tr)] - B [(Ve,ULy)]
= E]:"' [(QT //EIDGT(XT(:E)): Q;1€T>]
— E7- [(QT /17 ar (X1 (), Uf,Tﬂ'

Finally, Egs. (7.5) and (7.6) are immediate consequenciEsg of7.4). |

The following Corollary is the conditioned analogue of E4.10) of Corol-
lary 4.4,

COROLLARY 7.3. Let0 < 7 < T, a be a bounded measurable sectionff
{0} - <¢<1 be anL!-finite energy process with valueslisuch that’; = 0. For
0<7<t<Tlet

_ t o, B
Vie= / Q-1Qs (Z’Smst + %P//sfs dS) Q" (7.8)
Then
/7 DT 20 (X, (@) E- = ~BF [VEp Qr fl7 (X (@))] . (7.9)
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Proof. Let¢ be a boundedr, -measurable random variable with valueséip
and let/; = ¢;¢. In this case

T o 1 T o B
Urr = / Q5 mify, Qs 07 U + 5 / Qo)) Qu Q7 ds = (Vip)“'¢
wherer:T is defined in Eq. (7.8). Hence by Eq. (7.5) above,

(/7 DT 0 (X, (@), :6) = ~E [(Qr /7 a(Xr (). (Vg)"6)]
= —(E" [Vir Qr /7' (X1 (2))].€).

Since¢ is arbitrary, this proves Eq. (7.9)]

7.1. Higher Derivative Formula for Dirac Operators

LetE = E = S — M be a spinor bundle ove¥/, m = ~ be the Clifford
multiplication, D = D., the Dirac operator, anfi = L = —D?. Recall that in
this casep = 0, andR = R = iscal.

THEOREM 7.4. Supposethdt < Ty < T and/is anL!-finite energy process
with values inR such thatty = 2, {7, = 1 and{r = 0, then

(DQe*TDzﬂa) (x)
—E [e*éfg el XDy e ams, TP 0 b S a(Xe(@)]  (7.10)
whereq is a bounded measurable section%fFor example, if
O, =—(T7 "oy + (T = T0) 17y 7)),
Eq.(7.10)becomes
(D26_TD2/2oz) (z)
1

— —ifr z _
= Tl (T — Tl)E [6 8 fo scal( X (z))dt ,YBTI rYBT—BTl //Tl a(XT(Z‘))] -
(7.11)

Proof. SinceR =R = iscalandp =0,

Q= Qt — eféfot sca(XS(z))ds7

Copyright® 2001 by Academic Press
All rights of reproduction in any form reserved.



90 DRIVER AND THALMAIER

¢
VT,t

t
—eslo sca(Xs(ﬂv))dS/ O yap, =esJ0 sca(Xs(I))dSryf: i as,

and hence by Corollary 7.3, for< r < t,

/)7 De= =D 20 (X, (2))L,
- _RFr 6_% S Sca(XS(Z))dS'th 7 dB. //;1oz(Xt (x)):l (712)
where/ is anR-valued L' -finite energy process such that= 0.
Leth := £][0,T1] — 1 andk := ¢|[Ty, T] so thath andk are L*-finite energy
processes of), 71| and[T}, T'] respectively such thdiy = 1, hyy, =0, kp, = 1,

andky = 0. Using the semigroup propertyeTtD2 and the fact thab commutes
with e~t0%,

DzefTDQ/Qa —De D2/2D67(T7T1)D2/2a‘
By Eq. (7.12) withr = 0 andt = T,

(D26_TD2/2oz) (x)

_1 T z _ (T 2 /e
= —E[e BNy [l Den TP P (@)
and by Eq. (7.12) withr =77 andt =T

/7 De” T a( X, (@)
— _E.’FTl [e_§ le scal X, (Z))dsv‘]‘;{l b dB. //j_leé(XT(l'))] .

Combining these two equations implies that

(Dze*TD2/2a) (z)

—Lr i(z _
=FE [e 5 Jo scalX¢(z))dt ’}/IOTl h., dB., 'Yf;"l k., dB., //Tla(XT(l'))]

—Lr i(z _
=K [e 3 [, scalX:(z))dt ’}/IOTl ¢, dB,, ’YfTTl Zégstz//Tla(XT(m))] .

Remark7.5. The method used in this proof already appears in the work of
Elworthy and Li, see [24] in the context 6fforms on a manifold and [26] for
proving formulas fodd* P.a, d*dP;a, A* P,a wherea is a differential form.
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Remark7.6. Let0 < Ty < Ty < --- < Tp_y < T, = T. The previous
Theorem may easily be extended to give

(D”e*TDzﬂa) (z) =

1T -
E|e %o Sca(Xi(w))dt/Jﬂgl l,, .. 'glsn7d3317d332 - Vam,, /7 a(X7(z))

where/ is anR-valuedL! -finite energy process such tfgt=n, {7, =n —1,...,
{r,_, =1land{r, =0and

J:{(317527"'7Sn): 0<s STISSZSTZSSTnflgsnSTn}

7.2. A Hessian Formula
In this section we will work out a formula for

Hess(eT2/2f) := VdeT2/2 f

wheref is a bounded measurable function bh

Similar formulas hold forvde?2/2a, wherea is a differential form on)/.
Related Hessian formulas may also be found in Norris [44)yohy and Li
[24, 26], Stroock and Turetsky [54, 55] and Hsu [35, 34].

THEOREM 7.7. LetM be a compact Riemannian manifofde 7, M ® T, M
for somer € M, further f : M — R be a bounded measurable function ih
Alsofor0 < Ty < T, let{l,}o<s<T, bE anL!-finite energy process with values in
T, M ® T, M such thaty = ¢ and{7, = 0, and let{h,}r,<,<7 be anR-valued
L!-finite energy process such thiat, = 1 andhz = 0. Then

T
(Hess(e"2/2f) (2),6) = E | f(Xr(2)) [ hy(QsUfy.dBs)|,  (7.13)
T1
whereQ solves
Q; = —% RIC//S Qs with QO = |dTmM (714)

and U%l is given in Eq{(5.33)of Proposition5.20. (The proceséf%1 depends on
the curvature tensor and its first derivatives.)
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Proof. SincedA = Ad,

VdeTA/Zf — VdeTlA/Ze(Tle)A/Zf — veTlA/Zde(Tle)A/Zf'
Consequently by Proposition 5.20,

(V"1 €) = —5 (@ /7 de=TIA2 £ (X, (), U,
=-E [(//;11de(T7T1)A/2f(XT1 (), Or U§1>] . (7.15)

Suppose now thatks } 1, <s<r is aT, M-valuedL*-finite energy process such
thatky = 0 andky, = Qp U%l. By Eq. (7.5) of Theorem 7.1 above applied to
thecasewher® = M xR, E=T*M,L=A0 L=A0 R =0,R = Ric"
andm = C (asin item 1. of Example 2.11) gives

(/)7 deT"TIA2 f(Xp, (), QrUf, ) = =B [f(Xr(2))UF, ] (7.16)

where

T T
Uf, = / Cip, Qs Qr K, = / (Qs Q7 KL, dBy). (7.17)
11

T

(Notice that when applying Theorem 7.@, = id and Q is the Q defined by
Eq. (7.14) above.) Plugging Eq. (7.16) into Eq. (7.15) shthas

T
(Vde™>/2 f,€) ZElf(XT(w))/ (Qs Q7 ki, dBy)

T

Takingks := hs;Qp, U%l in this formula implies Eq. (7.13) which proves the theo-
rem. |

Remark7.8. Inamore general setting, it is possible to develop highavde
tive formulas in the following situation. Leb;: T'(E) — I['(E') be a “Dirac
type” operator such thab, L. — L'D; = 0, assuming conditions to ensure that
Die tL/2 = ¢tL'/2D,  Let Dy: T(E') — I'(E") be another Dirac type oper-
ator such that

DZL, — L"Dz =p.

Then using the ideas described above, one can derive a stinctepresentation
formula for D, D,etL/2.
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APPENDIX A
Differential Geometric Notation and Identities

A.1. Conventions on Differential Forms
Let V andW be finite dimensional vector spaces andA&t* := @, A*V* be

the exterior algebra ovéf*. As is usual, we will identify elements df*V* @ W
and alternating:-forms onV" with values ini¥’. Our convention for doing this is
to define, wherx = a3 Aas A - A oy, @ w,

a(vy,va,...,vk) ;= det {ai(vj)}f,jzl w (A1)
forall {v;}*_, in V. Eq. (A.1) givesrise to the pairing, -) : AFV* x A*V = R
determined by

(a,v1 Avg A~ Avg) = a(v1,v2,...,0) . (A.2)

This pairing allows us to identifyA*V)* with A*V*.

Supposé&” andIV are equipped with inner produdts -)y and(-, -)w respec-
tively. Given this data, we may define the inner productaf A*V* @ W and
B e ANV W by

1

(avﬂ):(sk,ZH Z (a(Ul,’U2,---,'U]g),ﬂ(Ul,UQ,--.,Uk))W
v1,02,..., U €L
= Oyt > (alei Aeig Ao ANei ), Ben New Aes Aei))yy
1< <ia<---<ipr<n
(A.3)
wherel’ = {e1,ea,...,ey} is any orthonormal basis df. It may be checked

that(-, -) onA*¥V* @ W is the unique inner product with the property that
(1A ANag@w,Bi A ABr@w')
= b det [{(as, B7)v- 1o, | (w, 0w

for all o, 8; € V* andw,w’ € W. The dual inner product oAV relative to the
pairing in EqQ. (A.2) is determined by

(GANE A ANEkym Ama Av-- Ang) = b det [{(&J?j)v}f,j:l}
as is easily checked because, by Eq. (A.3),

{eil/\eiz/\---/\eik: 1§i1<i2<---<ik§n}
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is an orthonormal basis fot* V.

DEFINITION A.1. Forv € V, thecreation (exterior product) operatar, is
the linear operator onV @ AV* given byC,¢ = v A andCya := (v, - )v A
for ¢ € AV anda € AV*. Theannihilation (interior product) operatod,
is the linear operator olV & AV* given by the adjoint ofC’,. Notice that
Cy (APV @ AFV*) = ARV @ AMFIVrand A, (AFV & AkV=) = AV @
ARy,

We have the following well known (and easily checked) fatiswaC' and A.

LemMA A.2. LetA andC be as in DefinitiorA.1, then

1. (Formulaford,) Forwv,vi,vs,...vx € Vanda € AV*, Aya :=
a(v, +,...,-)and

n
Ay(vi Aua A=+ Awg) = Z(—l)”l(v,vi)vl Ava A ANOj+++ A vg.
i=1

2. (Derivation Property) For eachv € V,
Ay(aAB)=A,a B+ (-1)anA,pB

wherea € AFV* andB € AV* ora € A¥V andj € AV.
3. (Multiplicative Property) For eachv € V,

ColanpB) = (1) anC,p

fora € A¥V*andp € AV* ora € A¥V andj € AV.

4. (Transposes) The pairing in Eq(A.2) allows us to identifA V> with (AV')*
and hencé AV *)* with (AV)™* = AV. Under these identification§}'" = A,.

5. (Commutation Relations)For all v,w € V,

C,Cy + CuC, =0,
AyAy + AyA, =0, and
Avcw + CUJAU = (U,UJ) id(AV@AV*) .
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Let~, := C, — A,, an operator o := A*V* forallv € V. Then
W=Cr-Ar=A - Cy=
and by property 5. above,

YoYw + YuwYo = —2(v,w)y id. (A.4)

Notation A.3. If W is another vector space, we will abuse notation by using
A, andC, to denote the operators, ® idy andC, ®idy on(AV & AV*)W.

DEFINITION A.4 (Clifford Multiplication). LetV andE be inner product
spaces, a multiplication map: V* ® E — E is called a Clifford multiplication
providedy* = —, forallv € V and

YoYw + VYo = —2(v,w)y idg

holds for allv,w € V.

A.2. Curvature
Suppose thatl — M is a vector bundle and th&t)\/ andE are equipped with

covariant derivative¥ © andv”™ respectively. Asin Section 2.2, these covariant
derivatives induce a covariant derivative BhM @ E as well. For € T'(E) and
v,w € T, M,letV2, a = (VI"M®ETEq) (v, w). Using this notation, we have
the following useful formula for the curvature &f”.

LEmMA A.5. Forv,w € T, M,

V2 0wt — Vig,a = RE(v,w)a — V%mw)a,

where RE is the curvature tensor o¥Z and T is the torsion tensor oV 1M,
Hence ifVTM s torsion free, as is the Levi-Civita connection, then

2 2 E
Viowtd — Vige,a = R (v, w)a.

Proof. LetX,Y € I'(T'M), then
Viegva=VEiVia— v’é;{MYa
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and hence
= VEV¥a—-Vyviae -V e
VE
(VMY —vIMx_[X,y])?
= R¥(X,Y)a - V§xy)o
i

A.3. Weitzenbick Formulas for Generalized Dirac Operators

Suppose thall — M is a Riemannian vector bundle with metric compatible
covariant derivative. Suppose further that T*M ® E — FE is a Clifford
multiplication map, i.e. v,Yw + YuYe = —2(v,w) for all v,w € T,M and
x € M. We also assume thatis compatible with the covariant derivative @h
and thaty, acts as a skew adjoint operator 6R for all z € M. This implies
by Lemma 2.16 that the formal adjoint &f, is D,. Let L := —D?2, then the
following Weitzenldck formula holds:

1
=5 2 YeVe RE(eires), (A.5)
1

where{e;}_, is any local orthonormal frame &f M. Fixing « and choosing
{e;}_, suchthatVe;), = 0foralli, thisis verified by the following computation:

D? = Z%ZVE;N Z%I”Nelv

1
= 2782'76] e; ®eJ - 2 Z (%i%jve ®ej +’76]782ve]®el)
4,

= 3 Z ( F)/egfyez 6 ®6j - 26i7jv§i®6j + F)/ejﬁ)/ei vi,@el)

_ 2 2
= -0 + 5 Z’Y@j’yei (vej@eZ ve,®e])

i.j
1
= 0O+ 5 Z%j'yeiR(ej,ei),
,J
where the last equality is a consequence of Lemma A.5. @learhlso have that
D,L=1LD,.
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A.3.1. Dirac Operator on a Spinor Bundle

If M is a spin manifoldF = S is a spinor bundle ovel/, andV* is the spin
connection orf, then the previous formula reduces[D@ =-0O+ %scal, where
scal is the scalar curvature 8f, see p. 126 in [4].

A.3.2. \ector-Valued Differential Forms

Let M be a Riemannian manifold with Levi-Civita connection die~ M be a
Riemannian vector bundle ov&f, endowed with a Riemannian linear connection.
Let AP(E) = I'(APT*M ® E) be the space gi-forms on/ with values in the
vector bundleE and let

A(E) =T(AT*M & E) = P A?(E).

p2>0

The same symbd¥ will be used to denote various covariant derivations induce
naturally from the Riemannian metric dd and the metric connection iA. Let
C:T*"M®(AT*M @ E) - AT*M @ E be the creation multiplication operator
and definely : A(E) — A(E) by dy := D¢ = CV. The explicit formula for
dy is

p+1
dva(vla .- .,’Up+1) = Z(_I)H’l(vvia)(vl7 B 761'7 .- '7vp+1)7

i=1

wherea € AP(E) anduvy, ..., vp11 € T, M for somez € M.
Since

Vx (Cla®a))=Vx(aAha)=VxaAha+aAVxa
=C(Vxa®a+a® Vxa) (A.6)

the exterior multiplicatior®” is compatible withv. The following properties afy
(see [20], [21]) follow from the product rule f&¥, EqQ. (A.6), and basic properties
of C:

1. dya =Vafora € A°(E) =T(E).

2. dy(aAa) =daAa+ (—1)% g A dya for all homogeneous differential
formsa on M anda € A(E).

3. d&(a A a) = a A dia for all homogeneous differential formson M/ and
a € A(E).
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4. 1fa € A°(E) :=T(E), thendZa = R¥a because

CVCVa

n
— 2
= > CeiCe; Vi g0

ij=1

- % Zn: {Cei Ce; (vgi@)eia - ng@)e,-a)]

ij=1

dia

1 n
=5 Z Ce,Ce; R(ei, ej)a = R¥a,

ij=1

wherein we have used Lemma A.5.

5. Property 4 may be extended toale A(E) to readdZa = R” A a, where
RF Aisthelinear operator oh(7* M) ® E determined by?” A (a®b) = aARFb
fora € A(T*M) andb € A°(E). Alternatively,

1 n
2 _
dga =3 ,-Ej::l Ce, Ce, R(eiy e))a, (A7)

where nowR is the curvature tensor for the induced connectiod¢fi* M) ® E.

RemarkA.6. If E = M x Ris the trivial vector bundle so th@? = 0 and
hencel2 = 0, thendy is precisely the exterior differentidlon differential forms

onM.
Relative to the Riemannian structuresiéand? M , the co-differential operator
dy: AP(E) — AP~'(E) is characterized as the adjointd§ via

/M (dva(@),b(2)) p (1« p1y s VOI(d2)
_ /M(a(w),d*vb(w))Ap,l(T*M)@EVol(dar) (A8)

for a € AP7!(E) of compact support ande A?P(E). By Lemma 2.16 and the
fact thatC = A,

dya=—Y A, V.a forac A?(E) (A.9)
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see [21], p. 8. SincdZ is a zero order operator, see Eq. (A.7), it follows tifigt
is the zero order operator:

I
dVZb = 5 Z RE(ei7ej)A8iA8jb = Z RE(eiaej)Aei Aej b; (AlO)
ij=1 1<i<j<n

because

(R" Na,b) = (Ce,Ce, R" (e, €j)a,b)

-

<
I
-

DN | =
™=

(RE(eia ej)aa Aej A, b)

-

<
I
-

Il
DN | =
™=

(a7 RE (eia ej)Aej Aez' b)

-

<
I
-

Il

|

DN | =
™=

(a, RE(ei, ej)AeiAej b) .

Il
DN | =
™=

I
-

2%)

There are now different Laplacians éivalued differential forms, e.g.,
A = —(dgdy + dydy) and A’ = —(dy +dy)* = D2, (A.11)

where~ is the Clifford multiplication defined by, = C, — A,. The Laplacians
A and

A'=A—dg—-d7 =A— > RP(eie)) (A Ae; +Co,Ce;) (A12)
1<i<j<n

do not coincide o4’ (E), except in the case of flat bundles. BathandA' are
elliptic, negative, and essentially self-adjoint on coateimanifolds. The operator
A is the most popular choice since it has the advantage of beimgpgeneous, i.e.
A : AP(E) - AP(E). For our purposes howevek’ seems to be more natural.

ProposiTiON A.7 (Weitzentdck’s Formula). The relation betweerk and
OisA =0-7R, where

R ==Y CeA;R(e;e;). (A.13)

ij=1

Alternatively,R may be described by requiring

(Ra) (v1,..,vp) = > Y (=1 (R(vk, e5)a) (ej,v1,. .., B, .., 0p)

k=1 j=1
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forall a € AP(E), v1,...,vp € TuM, z € M andp > 1 andRa = 0 if
a € A°(E). Similarly (using Eq(A.12)), A’ =0~ R’, where

R=R+ Y RPeie;) (e A, + Ce,Ce;). (A.14)

1<i<j<n

Proof. By the definition ofA,

A = CVAV + AVCOV
= C¢,Ve, AV + A, V., CV
= C.,AV.,V + A.,CV.,V
= Ceo;Ae; Voo, + Ae;Ce. Vi e,
= CeiAej Vi—@e,— ( (/A CeiAEj) Vg,—@ei
= O+ Coide, (Ve = V250, )
= O+ Ce, Ac; R(es, €5),

where we are summing on repeated indices. This praves] — R whereR is
given as in Eq. (A.13). Foyy,...,vp, € Ty M,

—

—(Ra)(vi,...,vp) = ((e:, ) A Ae; R(es,€5)a) (vy, ..., vp)

[
M=

(—1)’chl (ei,vk)(Ae].R(e,-,ej)a) Vi, Oy e, Up)

i
I

[
M=

(—l)k"'1 (R(vk, ej)a) (€j, V15, Vs ..., Up)

i
I

which proves Eq. (A.14).1

RemarkA.8. Because\, A’, andO are symmetric operators on compactly
supported smooth sections, it follows tiHatand R’ are fiberwise symmetric
operators as well. In particular it follows that

R = R* = — Z (R(ei,ej))* A:]_C;
.7].71
Z R(e; ej)Ce; Ae; = Z R(ej,e;)Ce, A, (A.15)
t,j=1 i,j=1
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The derivative formulas that appear in the body of this krtidten involve the
operatorR' rather thariR.

LEMMA A.9. Thetranspos®' of R € I'(EndA(T*M)® E))in Eq. (A.13)
is formally given by the same formula ®Rs

n

R™ == 3" Ce;Ae;Rleie5) = = > Rlej,e)Ce; Ae,, (A.16)

i,j=1 ,j=1

but now acting o\ (T'M) ® E*. In particular whenE = M x R (SOA(T*M) ®
E=AT*M)),ifv e TM = A'TM C ATM, then

Ry = Z R(e;,ej)ej(v,e;) = Ricw. (A.17)
i,j=1

Proof. SinceRisthe curvature tensorinduced by the covariant derivative’
andT' M, it follows thatR(v, w)* |(A(TM) ® E*) = —R(v,w)|(A(T*M) ® E).
Hence starting with Eq. (A.13) and using Lemma A.2 we find,

Rtr — _ 2 6,,63 trAtr Ctr
4,j=1
n
= § R(ezaej Ce]Ael = - § 6], e el-
i,j=1 5,j=1

An analogous computation starting with Eq. (A.15) shows

R™ == " Ce; A, Rles, €5).
i,j=1
PROPOSITION A.10. Leta € A°(E) =T(E)andv € TM, then
[O,V], a = Vricoa + (V- R¥),a — 2R (v,e;)V.,a (A.18)

whereRicv = Y1 | RT™ (v, ¢e;)e; and(V - RE), = 30 | (Ve, RF)(e;,0).

Proof. We start with the relation,

Ady — dy A

dv(d*vdv + dvd*v) - (d%dv + dvd%)dv
= dzvd*v —d*vd2 :R/\d*v—d*vR/\.
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Applying this relation taz € Ay (E) gives
(0—-R)Va—VUOa = Adya —dyAa = —d*v (RAa)

_E:A&V&}m }:Aﬁ (Ve,Ra+ RV.,a)
i=1 i=1

Z{(ve,R) (ei, ') a + R(e;, -)Veia}

i=1

:(v R)a—R-V(L,

whereR is defined in Proposition A.7 above. Adding this equatiomsformula
for RVa,

(RVa) (v)

—Z (v,e;)Va) (e;)
_ Z RE('U, ei)Veia + Z VR(v,ei)eia
i=1 i=1

—R-Va+ vRicva/;

completes the proof]

APPENDIX B
Semigroup Results

B.1. Some Spectral Theory for Vector-Valued Schiidinger Operators

Let M be a Riemannian manifoldand E — M a Riemannian vector bundle
over M, endowed with a Riemannian connection. Recall INg@) denotes the
smooth sectiong;.(E) the compactly supported smooth sections, AA€"(E)
the smooth square-integrable section&ofFinally, L?(E) is the Hilbert space of
square-integrable sections Bfwith the inner product

m@wmzﬂmmﬂm&mwm (B.1)

LemMmA B.1. The operatord] = tr V2 is non-positive and formally self-
adjoint. More precisely,

(D(l,b)L2(E) = _(va7Vb)L2(T*M®E) (BZ)
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for a,b € T'(E) with a or b of compact support.

Proof. Letm be the identity multiplication map from to E := T*M ® E.
ThenD,, = V¥, m*S = S(v) for S € T'(E) = I'(Hom(T'M, E)) andd =
D,,-D,, and hence by Lemma 2.16,

(Ba,b) 125y = (D Dima, b) p2()
== —(Dma, Dmb)LQ(T*M®E)
= —(Va, Vb)L2(T*M®E)-

B.1.1. Self-adjoint Extensions and Elliptic Regularity

Let L = O — R whereR € I'(EndE) is assumed to be symmetric, iR,
is a symmetric linear transformation &%, for eachz € M. Suppose thatd —
R)|T.(E) is bounded above, i.e.,

(H=R)a,a)r2

(a, a)Lz

Ao(R) :=sup { :0#a€ FC(E)} < 0. (B.3)

In this situation, there is a canonical self-adjoint extenf (1 — R, the so-
calledFriedrichs extensiojcf. [45]. We briefly sketch the construction: Defining
E(a,b) := —(Va,Vb)rz — (Ra,b)r= fora,b € D(E) := ['.(E), then for any
c> /\0 (R),

Q(a’a b) = _g(av b) tc (a7 b)L2 (B4)

is a positive quadratic form oR(£). On completingD(€) in theg-norm toD(€)
and extending by continuity to a closed quadratic forfnon D(&), we get

g(av b) = ((D - R)Aa’a b)L2 (BS)

for some self-adjoint operatdfl — R)” with domainD(£) ¢ L*(E). The

operator{] — R)” is called the Friedrichs extension @l — R)|T.(E).
RemarkB.2. Ifthe manifold}/ iscomplete, thef—R) | (E) is essentially

self-adjointandd — R)” = (O — R)~ where(d — R)~ denotes the closure of

(0 —R)|IT:(E). See for example Strichartz [51] and Davies [11].
In the sequel, we are going to deal with th&semigroup

Pia = et(D_R)Aﬂa, a € L*(E), (B.6)
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defined by the spectral theorem. First, we note some consegsi&om standard
elliptic theory.

RemarkB.3. (Elliptic Regularity) Fora € L?(E) the following properties
hold:
(i) If a € ker(O — R)” thena € L2-T(E).

(i) The map(t,z) — Pia(x) is smooth on0,oo[ x M, fora € L*-I'(E)
even on[0,c0[ x M. In addition, there exists a kern@l, z,y) — p(t,z,y) €
Hom(E,, E,) which is smooth orj0, co[ x M x M, such that

Pra(a) = [ p(t.a,y)aty) vol(dy) ®.7)
for the C* version ofP;a, see [11].

B.1.2. Semigroup Domination and Feynman-Kac Identities
Givenp: M — R continuous and a measurable functipon M, let

Pf@) =B |oxp (= [ pCn@) ) SOG@D Lccay|  (©9)

when the right-hand side is well-defined.
Consider agai. = O — R whereR € I'(EndE) is assumed to be symmetric,
and let

R(xz) = min {(R,v,v) : v € E,, |v| =1}. (B.9)

By uniform continuity,R is a continuous function of/. If (Q;) is defined by

d 1 . .
d_Qt = —5 @R/, with Qo = idg,, (B.10)
t 2
then
1 t
|Qtlop < exp (—5/ E(Xs(a:))ds> . (B.11)
0

which can be seen, for instance, by representing the soltdi(B.10) in terms of
a productintegral ([13], p. 28) or by Gronwall’'s inequality
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THEOREM B.4. LetO— R be as above wher® € I'(EndE) is a symmetric
field of endomorphisms. Suppose tfiat— R)|T'.(E) is bounded from above.
Fora € L*(E) let

Pia = el/2(B-R)"g (B.12)
be theC* version of thel.? semigroup. Then the formula
Pra(z) = E[Q¢ /7 a(Xe(2)) Lp<c (@] (B.13)

holds for alla € L?(E) with PE|a|(z) < .

Proof. SinceP.a has an integral kernel, using a monotone class argument,
it is sufficient to check (B.13) fou € L?(E) NT'.(E). Further, note that any
(connected) manifold/ can be exhausted by a sequence of relatively compact
open domain®,, with smooth boundary. For instance, (et;).cn be a partition
of unity such thad < ¢, € C*(M). Considerp,, := 27:1 pe. Choosing
numbers:,, \, 0 such thaf{¢,, = ¢,,} are smooth submanifolds @t (which is
possible by Sard’s theorem), then

D! :={¢p>en} "M

gives a smooth exhaustion &1, since¢,, 1 pointwise. Finally, by fixing a
pointz, in M and definingD,, as the component dp/, containingz,, we get a
sequence of connected sélg with the desired properties.

Now, fix an exhausting sequenég, , M as above, and lek,, denote the
Friedrichs extensions 4 — R)|T'.(E/D,). Then, by monotone convergence
of the corresponding quadratic forms, see e.g. [36], Thmdrél-3.11, we get

PMa:=etn/2q 5 Pa in L. (B.14)

We use the following two properties ﬂ(”)a:

1. the mag(t, z) — P a(x) is smooth (in particular bounded) {h T] x D,,,
2. the semigrou;t’t(”)a vanishes 0@D,,.

Recall that for each > 0,
N = Q, /7 P a(X,(x)) (B.15)
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is a local martingale with lifetime A 7, (z) wherer, (z) denotes the first exit
time of X (z) from D,,. SinceNs(”) in Eqg. (B.15) is bounded, we may conclude

E[N§"™] =B[N} ). Butnote that

]E[Nt(flm)] = ]E[Nt(n) 1{t<m(z>}] + E[Nif?w 1{t2m(w)}]
= E[Nt(n) 1{t<rn(z)}} = E[Qt /i a(X(x)) 1{t<‘rn(z)}:|

and

Q¢ /i a(Xe(@)) Lir<ra (e |
< exp (——/ R(X > lal(X¢(®)) Lizec(a)-
By assumption, the right-hand side isfi,, thus by dominated convergence,
P ale) =B[N, )] = B[Qu /7 a(Xe(@) Licgony]

which combined with (B.14) gives the clainj
Note that the above proof shows in particular semigroup dation, see The-
orem 4.3 of Donnelly and Li [14]:
|Pral(z) < PEal(x), (B.16)

see [50], [3] for a general account on this. Before discuyssiis point, let us
specialize Theorem B.4 to a Feynman-Kac identity on fumstior he following
Corollary is well-known at least in the cage= 0, e.g. [12].

CoroLLARY B.5. LetM be aRiemannian manifoldy,, its Laplace-Beltrami
operator, andA%, := Ay — p wherep: M — R is continuous. Suppose that
Af,|C (M) is bounded from above, i.e.,

Xo(p) ::sup{%: 075<,0€Cé’°(M)}<oo. (B.17)

ThenP?|f|(z) < o forany f € L?(M) andx — P/ f(z) is continuous for
t > 0. Let A, be the Friedrichs extension & ,|C°(M). Then,

A2 f = pry (B.18)

for the L? semigroup given by the spectral theorem.
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Proof. Take the trivial bundl&Z = M x R, then'(E) = C*° (M) andOf =
Ays f. Theorem B.4 gives the claim at least for smopth restriction which can

easily be removed]

THEOREM B.6 (Semigroup Domination). ForafieldR € I'(EndE) of sym-
metric endomorphisms, I&? =0 - R andA% = Ay —R. Then

Ao(R) < Ao(R). (B.19)

In particular, if A%|C§°(M) is bounded from above, theb®|T.(E) is also
bounded from above, and moreover the following estimatgshol

|Pral < PEla]. (B.20)

Proof. We may assume thap(R) < oo. If Ag(R) < oo, then the Friedrichs
extension.,® of L®|I'.(E) is well-defined, and by Eq. (B.16),

MoRI2 = g { (a,eE"/2a) }
aer (BN} L (a,a)

AR .
< sp { (|a|,eAM/Z|G|) } < M®)/2,
acr.Enfoy L (lal,]al)

To see thaby(R) < ocoimpliesAg(R) < oo, we note that the above argument can
be appliedfirstto give, (R|D,,) < Ao(R) for eachD,, of a sequence of smoothly
bounded, relatively compact open domaihs ~ M. From this the claim follows

obviously. |

B.2. A Commutativity Result

In this subsection, we investigate conditions under whiBlirac type operator
D commutes with thé.? semigroup generated by the Friedrichs extensiab‘af
In particular, we shall recover the fact thatand d* commute withe!® when
M is complete. The precise statement is given in Remark B.&beBimilar
discussions may be found in @ring and Lesch [7], Xue-Mei Li [41, 40] and in
Bueler [8].

THEOREM B.7. Let D be a closable densely defined operator on a Hilbert
spaceH. ThenD*D and DD* are densely defined, self-adjoint ard0. Fur-
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thermore

D*eftDD* D(D*) — eftD*DD* and DeftD*D|fD(D) — eftDD*D

(B.21)

Proof. (By "Nelson’s trick”, as in [57], section 5.2). The operator

0 D
Qz:(z‘) 0)

on H & H is self-adjoint (see [57], Lemma 5.3). Thus, by the spettrabrem,

» (DD 0
Q‘( 0 DD*

is densely defined, self-adjoint and non-negative and haneéts components
D* D respectivelyDD*. By the spectral theoren)e~'?°|D(Q) = ~1Q°(Q.
It makes no difference applying the spectral theorertoas a whole or to its
components. Hence

0 D*e—tDD* 0 D* e—tD*D 0
De—tD*D 0 =\D o 0 e—tDD"

B e—tD*D Q Q D*
- 0 e—tDD* D 0

0 eftD*DD*
- (etDD*D 0 ) '

RemarkB.8. In Theorem B.7, the operatd* D is the Friedrichs extension
of D?, e.g. Reed-Simon [45]. In particular, I? is essentially self-adjoint, i.e.
D = D*, thenD commutes (on the domain @) with the semigroup generated
by the Friedrichs extension ef D2.

RemarkB.9. LetE = AT*M andD = d+ ¢ on compactly supported smooth
sections off/, whered andé denote the exterior differential and its formal adjoint,
both restricted to smooth sections of compact support. Utideassumption
that M is complete,D = d + § and all its powers are known to be essentially
self-adjoint onl'.(E) C L2(E), see [9], also [51], Theorem 2.4. An immediate
consequence is

d+d=d+6=26"+d*. (B.22)
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Hence, the Hodge-de Rham Laplacian= —D? is essentially self-adjoint on
[.(E) C L*(E). Thus, on a complete manifold,

dP, = P,d onthe domainofl, and
d*P, = P,d* onthe domain ofl*,

whereP, is the semigroup generated by= . = —D*D = —DD*. Indeed, this
follows from Theorem B.7, together with Eq. (B.22), by takiimto account that
Py, d, d* are homogeneous respectively of dedigg, —1.

RemarkB.10. For non-complete manifold&/ there are in general several
different self-adjoint extensions efD? = —(d + §)?|T'.(E), see [32], [31], [10]
for details.
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