A Nitsche’s method method for mixed dimensional analysis: conforming and
non-conforming solid-structure coupling

Vinh Phu Nguyen®!, Pierre Kerfriden®?, Susanne Claus®?, Stéphane P.A. Bordas®**

@School of Engineering, Institute of Mechanics and Advanced Materials, Cardiff University, Queen’s Buildings, The Parade, Cardiff
CF24 3AA
bSchool of Engineering, Institute of Mechanics and Advanced Materials, Cardiff Universi

Contents
[1__Introduction 3

[2 Problem description 5

4.2.3  Coupling ma&riceg ............................................ 14

Stabilisation paramete
4.4 Solid-plate (’Olll’)lind ............................................... 18

4.4.1 Discretisation of the platd
4.4.2  Coupling ma&riceg ............................................ 18
4.4.3 Tmplementation of coupling matriced . . . . . . .. ... 19

*Corresponding author

Inguyenpv@cardiff.ac.uk, ORCID: 0000-0003-1212-8311
2pierre@cardiff.ac.uk

3pierre@cardiff.ac.uk

4stephane.bordas@alum.northwestern.edu, ORCID: 0000-0001-7622-2193

Preprint submitted to Elsevier July 25, 2013


n
p
p
s

Slino
i ko beam: non nformin 1pli

iﬁ 2.1  Cantilever plate: (‘onforming (‘Olll’)liné .................................

[6.2.2  Cantilever plate: non—conforming (’Olll’)lin% ...............................

[7_Conclusions

24

25
26
26
27
27
29
29
29
29

33



A Nitsche’s method method for mixed dimensional analysis: conforming and
non-conforming solid-structure coupling

Vinh Phu Nguyen®!, Pierre Kerfriden®?, Susanne Claus®3, Stéphane P.A. Bordas®**

¢School of Engineering, Institute of Mechanics and Advanced Materials, Cardiff University, Queen’s Buildings, The Parade, Cardiff
CF24 3AA
dSchool of Engineering, Institute of Mechanics and Advanced Materials, Cardiff Universi

Abstract

A Nitche’s method is presented to couple different mechanical models. They include coupling of a solid and a beam
and of a solid and a plate. Both conforming and non-conforming formulations are presented. In a non-conforming for-
mulation, the structure domain is overlapped by a refined solid model. Applications can be found in multi-dimensional
analyses in which parts of a structure are modeled with solid elements and others are modeled using a coarser model
with beam and/or plate elements. Discretisations are performed using both standard Lagrange elements and high order
NURBS (Non Uniform Rational Bsplines) based isogeometric elements. We present various examples to demonstrate
the performance of the method.

Keywords: Nitsche, mixed dimensional analysis (MDA), isogeometric analysis (IGA), NURBS

1. Introduction

Nitsche’s method ﬂ] was originally proposed to weakly enforce Dirichlet boundary conditions as an alternative to
equivalent pointwise constraints. The idea behind a Nitsche based approach is to replace the Lagrange multipliers
arising in a dual formulation through their physical representation, namely the normal flux at the interface. Nitsche
also added an extra penalty like term to restore the coercivity of the bilinear form. The method can be seen to lie in
between the Lagrange multiplier method and the penalty method. The method has seen a resurgence in recent years
and was applied for interface problems E, E], for connecting overlapping meshes [4, B, , B], for imposing Dirichlet
boundary conditions in meshfree methods B], in immersed boundary methods ﬂQ, , H], in fluid mechanics ﬂﬂ] and
for contact mechanics ] It has also been applied for stabilising constraints in enriched finite elements ﬂﬂ]

In this paper, a Nitsche’s method is presented to (1) couple two dimensional (2D) continua and beams and (3) three
dimensional (3D) continua and plates. The continua and the structures are discretised using either Lagrange elements
or high order isogeometric elements. The need for the research presented in this paper stems from the problem of
progressive failure analysis of composite laminates of which recent studies were carried out by the authors HE, E, ﬂ]
It was shown that using NURBS (Non Uniform Rational B-splines) as the finite element basis functions—the concept
coined as isogeometric analysis (IGA) by Hughes and his co-workers HE, ] results in speed up in both pre-processing
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and processing step of delamination analysis of composite laminates. However in order for IGA to be applied for real
problems such as large composite panels utilized in aerospace industry Mixed Dimensional Analysis (MDA) HE] must
be employed. In MDA some portions of the object of interest can be modeled using reduced-dimensional elements
(typically beams and shells), while other portions must be modelled using volume (solid) elements. In this way, large
structures are likely tractable. The question is how to model the coupling of different models in a flexible and efficient
manner.

Broadly speaking the coupling can be either surface coupling (non-overlapping coupling) or volume coupling (over-
lapping coupling) ] Volume coupling indicates the existence of a region in which both model co-exist and is usually
realized using the Arlequin method ﬂﬁ] of which Abaqus implementation can be found in ] Arlequin method is
best suited for coupling different physical models such as continuum-particle modeling see Refs. ﬂﬂ, , , ] among
others. In Arlequin method care must be taken when choosing the space of Lagrange multipliers and the numerical
integration of coupling terms on unstructured meshes is a non-trivial task, particularly for three dimensional problems.
In surface coupling there is no overlapping of models and the two models can be coupled using Lagrange multipliers
as in the mortar method @], or the penalty method. Both Lagrange multiplier method and the penalty method have
their own disadvantages—in the former it is the introduction of extra unknowns (thus destroys positive definiteness of
the augmented system of equation) and the proper choice of the Lagrange multiplier discrete space. In the latter it
is the choice of the penalty parameter. Other method is to use constraint equations m, @] (the common multipoint
constraint MPC method in commercial FE packages). MPC based coupling is a strong coupling method whereas all
other coupling methods are weak couplings. In @% constraint equations are determined by equating the work done by
the stresses in each part of the model at the interface between dimensions. The authors also provided error estimations
for their MDA. The theory of MPC method is described in details in @] In @] a comparative study of three cou-
pling methods: MPC, mortar method and Arlequin method was presented for the concurrent multiscale modeling of
concrete material where the macro domain is discretised by a coarse mesh and the micro domain (with heterogeneities)
is discretised by a very fine mesh. The authors concluded that the Arlequin method is too expensive to consider. A
somehow related approach is the global-local technique, see e.g., @] and references therein. In a global-local approach,
the whole system is first analyzed as a global entity, discarding details deemed not to affect its overall behavior. Local
details (cutoffs, cracks etc.) are then analyzed using the results of the global analysis as boundary conditions. In ﬂﬁ] a
global-local technique was adopted as a non-intrusive coupling method. The authors in M] compared the performance,
through a simple numerical example, of the MPC method, the Arlequin method and the global-local method and the
conclusion was that the Arlequin method is a promising coupling method for it results in lower stress jumps at the
coupling boundary. In aforementioned coupling methods either a modified weak formulation has to used or a system
of linear equations has to be solved with a set of (linear) constraints (for the MPC method). Transition elements are
a yet another method in which standard weak forms can be reused to couple solid elements and beam/shell elements
see e.g., @, @] or in an IGA context the bending strip method ﬂﬂ, @] A mesh-geometry-based solution to mixed-
dimensional coupling was presented in @] It should be emphasized that solving mixed dimensional models is much
faster than solving full 3D models, but the time required to process these mixed dimensional models might eliminate
that advantage.

In this paper, we decided to use a surface coupling method and a Nitsche based weak coupling formulation. Surface
coupling was chosen because we are not solving a multi-physics model and the Nitsche’s method is adopted due to a rich
mathematics behind it and the related discontinuous Galerkin methods @] The method is symmetric for symmetric
problems and do not need additional degrees of freedom. However, a user-defined stabilization parameter is required.
Our target is modeling large scale composite laminates and the long-term goal is to start the analysis from a laminate
shell model, build goal-oriented error estimates to identify the hot-spots where intra or inter-laminar failure is likely to
take place, to refine these zones with a continuum description, and, once the delaminations and intra-laminar cracks
are fully open, replace them by an homogenised shell model.

The contribution of the paper are listed as follows
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(a) conforming coupling (b) non-conforming coupling

Figure 1: Solid-structure coupling: (a) conforming coupling and (b) non-conforming coupling. The bold lines represent
the coupling line/surface.

1. Formulation and implementation details for 2D solid and beam coupling;

2. Formulation and implementation details for 3D solid and plate coupling;

3. Conforming and non-conforming coupling are presented, cf. Fig. [Tl

4. Study of both symmetric Nitsche’s method and non symmetric Nitsche’s method.

The remainder of the paper is organised as follows. Section [2] presents the problem description followed by variational
formulations given in Section Discretisation is discussed in Section @l Non-conforming coupling is detailed in
Section [f] and numerical examples are provided in Section[6l The presented algorithm applies for both Lagrange basis
functions and NURBS basis functions. The latter have been extensively used in isogeometric analysis (IGA) ﬂﬁ, ]
and facilitates the implementation of rotation-free beam/plate/shell elements see e.g., @, ] which is also adopted
in this work. Additionally, IGA is also the numerical framework for our recent works on failure analysis of composite
laminates , , ] Coupling formulation for both classical beam/plate model and first order shear beam/plate
model are presented. We confine to quasi-static small strain problems although Nitsche’s method was successfully
applied to finite deformation ﬂa]

We denote d, and d, as the number of parametric directions and spatial directions respectively. Both tensor and
matrix notations are used. In tensor notation, tensors of order one or greater are written in boldface. Lower case
bold-face letters are used for first-order tensor whereas upper case bold-face letters indicate high-order tensors. The
major exception to this rule are the physical second order stress tensor and the strain tensor which are written in lower
case. In matrix notation, the same symbols as for tensors are used to denote the matrices but the connective operator
symbols are skipped.

2. Problem description

In this section the governing equations of two mechanical systems are presented namely (1) solid-beam and (2)
solid-plate system. For sake of presentation, we use the classical Euler-Bernoulli beam theory and Kirchhoff plate
theory. The extension to Timoshenko beam and Mindlin-Reissner plate is provided in Section For subsequent
development, superscripts s, b and p will be adopted to denote quantities associated with the solid, beam and plate,
respectively.



2.1. Solid-beam coupling

We define the domain Q C R% which is divided into two non-overlapping domains— Q° for the solid part and €°
for the beam part, cf. Fig. The boundary of QF is partitioned as I'* = I's UT'§, I'$ NI = (0 where I'}, and I'}
denote the Dirichlet and Neumann boundaries respectively with an overline representing a closed set. Let u®, €® and
o’ be the displacements, strains and stresses in the solid part, respectively. In the beam part, w denotes the transverse
displacement. The global coordinate system is denoted by (z,y) and a local coordinate system (z,y) is adopted for the
beam. Note that €, is the mid-line of the beam QY,,. The coupling interface I'* is defined as I'* = Q* N QY.

The governing equations are

e For the solid part

—Vo°=b on O (1a)
u'=u on I (1b)
c°-n=t on I} (1c)

where the strain is taken as the symmetric part of the displacement gradient €® = %(VuS + VTu®). And the
Cauchy stress is a linear function of the strains o® = C? : €® where C® denotes the fourth order tensor of material
properties of the solid according to Hooke’s law. Prescribed displacements and tractions are denoted by u and ¢,
respectively.

e For the beam part

d4
Eld—;: —p on Q (2a)
w=w on IY (2b)
d _
d_lgfc) =—6 on T} (2¢)
d2
Eld—;gn —m on I (2d)

where I is the moment of inertia of the beam which is, for a rectangular beam, given by I = % with h being the
beam thickness and b denotes the beam width; FE' is the Young’s modulus and p denotes the distributed pressure
load. w, 6 and m are the prescribed deflection, rotation and moment, respectively.

e For the coupling part

b on I (3a)

u’ =u
o’ -n*=0-n* on I* (3b)

where n® is the outward unit normal vector to the coupling interface I'*; u® denote the beam displacement field,
in the global coordinate system, of a point on the coupling interface I'* which is defined as

W =R, o= [-gw; w@)] (4)
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Figure 2: Coupling of a two dimensional solid and a beam.

and o? is the beam stress field defined in the global system which is given by
o’ =T '’ (5)

where R,, and T~! denote the rotation matrices for vector transformation and stress transformation, respectively

. cos? ¢ sin? ¢ —2sin ¢ cos ¢
R, = [—C(s)isn¢¢ (S;)I; ﬂ , T l'=| sin?¢ cos? ¢ 2sin ¢ cos ¢ (6)
singcos¢ —singcosp cos? ¢ —sin® ¢
The beam stresses are defined as
ab, E 0 0] [é,
b | =b | _ b
g’ = Oy | = 0 00 egby (7)
Ty 0 0 0] |26,
Cb
where the only non-zero strain component is €;, = —jw zz.

2.2. Solid-plate coupling

The coupling of a solid and a plate is graphically illustrated by Fig.[8l The coupling interface I'* is the intersection
of the solid domain and the three dimensional plate. The mid-surface of the plate is denoted by P.
The governing equations for a solid-plate system are as follows

e For the solid part, cf. Equation (IJ).
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Figure 3: Coupling of a three dimensional solid and a plate.

e For the plate part

0w 0w tw  p
TV o 9% YW _ P p
ot "o Tyt D " Y (82)
w=w on I? (8b)
Z—Z =0 on I} (8¢)

where w(z,y) denotes the transverse displacement field of the plate; D is the plate rigidity which is given
by D = % with h being the plate thickness and E, v denote the Young’s modulus and Poisson’s ratio,
respectively. p denotes the distributed pressure load; n denotes the normal of the boundary I'Y. The prescribed
transverse displacement and rotations are represented by w and 6, respectively. Note that for simplicity we have

omitted force/moment boundary conditions since the classical plate theory we are using is standard, we refer to

[42, 143] for details.

e For the coupling part

on I (9a)

u’=u
o’ n*=0"-n° on I (9b)

where n® is the outward unit normal vector to the coupling interface I'*.

—T3W 1
u’ = | —z3wa (10)
’LU(Il, IQ)



The strain field is then given by

0%w
€11 = —UC3W = —T3W 11
1
0%w
€22 = —T355 = —T3W2) (11)
2
82
2619 = —25[:38 v = —21[:3’[1}712
XT1T2
011 E 1 v 0 €11
ol = |o9a| = T |V 1 0 €2 | = CPeP (12)
o] 77 0 0 0501 -v)| |2600

3. Weak forms

In our method, interfacial conditions, Equations @) and (@), are enforced weakly with Nitsches method @]

3.1. Solid-beam coupling
We start by defining the spaces, S* and V* over the solid domain that will contain the solution and trial functions

respectively:

S5 = {u(x)|u’(x) € H'(Q*),u* =a on '}

s s 1 s s s (13)
VE={w’(x)|w’(x) e H (Q°),w*=0 on I}

In the same manner, we define the spaces, S% and V? over the beam domain that will contain the solution and trial

functions

dub
8P = {u*(x)|[u’(x) € H*(Q%),u® =4 on T® and di =fOonTh}
x

(14)
d b
VP = {w’(x)|[uw’(x) € H*(Q),w’ =0 on T’ and di =0onT%}
x
The standard application of Nitsche’s method for the coupling is: Find (u®,u?) € §% x §° such that
/ ew) A0+ [ Elwmu,,d — / ([w] ®n°) : {o}dl / ([u] ©n%) : {or(w)}dl
s Qb T* *
_ d
—|—/ afw] - [uldl' = [ w®-bdQ+ [ w®-tdl +/ w’pdQ + <—wm> (15)
* Qs Ff Qb dw F?n

for all (w*,w’) € V* x V.



In Equation (IH), the jump and average operators [-] and {-} are defined as

[l =w —u', {0} = 50" +o") (16)

which are quantities evaluated only along the coupling interface I'*.

The last term in the left hand side of Equation (IH]) is the so-called stabilisation term that aims to stabilise the
method. Therefore « is a penalty-like stabilisation term of which there exists a minimum that guarantees stability, see
e.g., @] In Section 3], a numerical analysis is provided to determine this minimum.

3.2. Solid-plate coupling
The standard application of Nitsche’s method for the coupling is: Find (u®,u’) € §% x §° such that

/Se(wS);USdQJF/m e(w?) : o7 — ([[W]]@ns):{a}dl"—/r* ([u] © n%) : {or(w)}dr

IT*

—I—/F*a[[w]]-[[u]]dl":/gw-bdﬂ—i- Ftw-‘Edl" (17)

for all (w*,w’) € V* x V.

4. Discretisation

In principle any spatial discretisation methods can be adopted, NURBS-based isogeometric finite elements are,
however, utilized in this work because (1) IGA facilitates the construction of rotation-free bending elements and (2)
IGA is also the numerical framework for our recent works on failure analysis of composite laminates ﬂE, 14, ﬂ] to
which the presented coupling formulation will be applied in a future work. For simplicity, only B-splines are presented,
the formulation is, however, general and can be equally applied to NURBS.

4.1. Basis functions

We briefly present the essentials of B-splines in this section. More details can be found in the textbook HE]

4.1.1. B-splines basis functions and solids

Given a knot vector Z = {&1,&2, ..., &ngpri1}, & < &1 where & is the ith knot, n is the number of basis functions
and p is the polynomial order. the associated set of B-spline basis functions {N; ,} , are defined recursively by the
Cox-de-Boor formula, starting with the zeroth order basis function (p = 0)

I it & <& <&t
N; = 18
0(&) {O otherwise (18)
and for a polynomial order p > 1
Nip(©) = =5 Ny () + 28 N9 (19)

S i — &

in which fractions of the form 0/0 are defined as zero.

Sitpr1 — &it1

10



Fig. [ illustrates a corresponding set of basis functions for an open, non-uniform knot vector. Of particular note
is the interpolatory nature of the basis function at each end of the interval created through an open knot vector, and
the reduced continuity at & = 4 due to the presence of the location of a repeated knot where C° continuity is attained.
Elsewhere, the functions are C! continuous (CP~1).

Ns.o Nyo
N ; ; Ns 5

0 : : DA

0 1 2 3 4 5

Figure 4: Quadratic B-spline basis functions defined for the open, non-uniform knot vector = =
{0,0,0,1,2,3,4,4,5,5,5}. Note the flexibility in the construction of basis functions with varying degrees of regularity.

Let 2! = {&, &, .. &ntpt1 ) E2 = {n1, M2, s Mmtgr1 1> and =2 = {¢1,Co, . ., (g1 b are the knot vectors and a
control net P; ; x € R%. A tensor-product B-spline solid is defined as

n m 1
V(¢ n,¢) = Z Z D Nip(©)M; g () L (O)Pi j (20)
or, by defining a global index A through
A=nxm)(k—1)4+n(j—1)+1 (21)

a simplified form of Equation (20) can be written as

nxmxl

V(€)= > PaN{(§) (22)
A=1

4.1.2. Isogeometric analysis

Isogeometric analysis also makes use of an isoparametric formulation, but a key difference over its Lagrangian
counterpart is the use of basis functions generated by CAD to discretise both the geometry and unknown fields. In
IGA, regions bounded by knot lines with non-zero parametric area lead to a natural definition of element domains.
The use of NURBS basis functions for discretisation introduces the concept of parametric space which is absent in

11
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Q = [717 1]dp ‘é
q;e parent space
. R . x¢=So0¢°
n Q' Q2 (0 ¢
e
S parameter space
2
@ Y

',

physical space

Figure 5: Diagrammatic interpretation of mappings from parent space (€) through parametric space (Q) to physical
space (€2). The parent space is where numerical quadrature rules are defined.



conventional FE implementations. The consequence of this additional space is that an additional mapping must be
performed to operate in parent element coordinates. As shown in Fig. Bl two mappings are considered for IGA with
NURBS: a mapping (;36 Q= 0fand S: Q — Q. The mapping x° : Q—Q°is given by the composition S o gi;e.

For a given element e, the geometry is expressed as

x“(€) = 3 PLNE(E) (23)

a=1

where a is a local basis function index, ne, = (p + 1)% is the number of non-zero basis functions over element e and
P¢ . RS are the control point and NURBS basis function associated with index a respectively. We employ the commonly
used notation of an element connectivity mapping @] which translates a local basis function index to a global index
through

A =1EN(a,e) (24)

Global and local control points are therefore related through P4 = Pign(a,e) = Py with similar expressions for Rf. A
field u(x) which governs our relevant PDE can also be discretised in a similar manner to Equation (23] as

Nen

u’(€) =Y diNg(é) (25)
a=1

where d¢ represents a control (nodal) variable. In contrast to conventional discretisations, these coefficients are not
in general interpolatory at nodes. This is similar to the case of meshless methods built on non-interpolatory shape
functions such as the moving least squares (MLS) [46, 47, [48].

4.2. Solid-beam coupling

The solid part and the beam part are discretised into finite elements, cf. Fig.[6l In what follows discussion is made
on the discretisation of the solid, of the beam and the coupling interface.

Based on the weak form given in Equation (IH), the discrete equation reads

(K*+K'+ K"+ (K")" +K*)a=f (26)

where K*/® are the stiffness matrices of the solid and beam, respectively; K® and K™ are the coupling matrices. The
superscript st indicates that K*! is the stabilisation coupling matrix (involving ). In the above, a represents the nodal
displacement vector. The external force vector is designated by f.

4.2.1. Discretisation of the solid
The solid discretisation is standard and the corresponding stiffness matrix is given by

nels

KS:/ (B5)TC*B*dQ = U/ (B)TC*B2dN (27)
Qs 1 /s

where nels denotes the number of solid elements of Q° and |J denotes the standard assembly operator; B® is the
standard strain-displacement matrix and C? is the elasticity matrix. For two dimensional element e, BZ is given by

N, 0 N5, O

B:=| 0 Nj, 0 Nj,
Niy Nip N3y Nig

(28)

13



Figure 6: Finite element discretisations of the solid and the beam.

Expressions for three dimensional elements can be found in many FEM textbooks e.g., ﬂﬂ] The notation Ny, denotes
the derivative of shape function N; with respect to z. This notation for partial derivatives will be used in subsequent
sections.

The external force vector due to the solid part, if exists, is given by (for sake of simplicity, body force was omitted)

5 = / (N*)Ttdr (29)
where N? denotes the matrix of shape functions. For 2D, it is given by

N? =

e

[Nf 0 N; 0 (30)

0 Nf 0 N;

4.2.2. Discretisation of the beam
Since NURBS facilitate the implementation of rotation free beam elements, we use NURBS to discretise the beam
transverse displacement field

w = N]w[ (31)
where w; denotes the control point transverse displacement. The resulting stiffness matrix reads ]

nelb

K’= [ EIB"B"Td0 = U EIBb B?)Td0 (32)
Qb

where nelb denotes the number of beam elements and BY denotes a vector containing the second derivatives of the
shape functions associated with element e with respect to z.

4.2.8. Coupling matrices

In order to focus on the coupling itself, we assume that the coordinate system of the beam is identical to the global
one. Therefore rotation and transformation matrices are unnecessary. We postpone the treatment of a general case to
Section

The displacement field of the beam defined for a point on the coupling interface is given by, cf. Equation ()

b _
M _ { y]fvw wy = N'ab (33)

uy I

14



And the strain field defined in Equation () can be written as

b

emm _yNI,xI
=1 | = 0 wy = Bba’ (34)
2egy 0

The jump and average operators defined in Equation (I6) are thus given by

[u] = N*(x)a® — N°(x)a’

35
{o} = % (C*B®a® + C"B"“a") %)

where C? was defined in Equation ().

Using Equation (B5) and from the last three terms in the left hand side of the weak form given in Equation (IH),
one obtains the following expression for the coupling matrices

1 1
— / NsTn§CSBSdr - / NSTn§CbBb’CdF

/ NTn=C*B*dl’ / NTn=CPBYcdr
. 2 - 2
and by
/ aN*sTNsdlr - / aN*TN?dr
K* = p . (37)

- / aN’TN*dr / aN’TNbdr
I* I*

And the normal vector in a matrix notation is represented as the following matrix

_qnz 0 my
n—[o ny nw] (38)

4.2.4. Implementation of coupling matrices

Computation of the coupling matrices involves integrals over the coupling interface I'* of which integrands are the
shape functions and its derivatives which are zero everywhere except at elements that intersect I'*. We denote €2} a
set of solid elements that intersect with I'* and 2 the beam element that intersects I'*, see Fig. [Tl

We then use the trace mesh of € on I'* to compute the coupling matrices. For example, the following term taken
from K* are computed as

nce nce ngp
/ aN*TNtdr = | / aN*TNPAL = | ) >~ aN*T(£)N(y, &) )w? (39)
’ e=1"1%¢ e=1i=1

where nce (number of coupling elements) denotes the number of 2} .; ngp is the number of Gauss points and w; are
the weights. This matrix will be assembled to the rows of the global stiffness matrix using the connectivity array of
solid element Q2 _ and to the columns corresponding to the beam element Q0.

15
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Figure 7: Coupling a beam and a continuum using a Nitsche based method.

4.3. Stabilisation parameter

The Nitsche’s bilinear form in the weak form given in Equation ([0 can be written as

a(u,v)zd(u,v)—i—a/ [[u]]-[[v]]dr—/ ([[V]]@ns):{a}dl"—/ ([u] @ 0%) : {o(v)}dT (40)

* I "

where a(u,v) denotes the bilinear form of the bulk i.e., without the interfacial terms

a(u,v) :/ e(v®): USdQ+/ EIv 40U 5,dS) (41)
Qs Qb

The problem is to find « such that the bilinear form is coercive i.e., a(u,u) > ¢'®||u||. One can write a(u,u) as
follows

a(u,u) =a(u,u) +a [ [u] - [u]dl — / [ul@n®: [C*: € +C": €] dl (42)
r. r.
and the last term can be rewritten as

[u] @n®: [C*: €+ C’: eb] dl' = ([u], t)r- (43)
r.

where (-, )« is the Lo(I'™) scalar product.
For any scalar product and any parameter €, one has

2 2 2
[Ju—ev|[” = [[ul” + e [|v]" — 2¢(u, v) (44)

16



where ||-|| is the norm equipped with (-,-) i.e., ||-|| = v/(-, ). From this equation, one can write
1 1
(w,v) = 5 [l + 5 [1vI[* = flu = ev][* < o [ul[* + 5 []v]|” (45)

If we apply Equation @) to ([u], t)r,, we have

2
r+

([l B)r. < o 1Dl + 5 I (46)

Substituting Equation (&) into Equation [2) leads to the following

ofu) > o) + (= o) [Tl - 5 - (47)

The main idea of the method is to suppose the existence of a configuration-dependent constant C' such that
7, < C%a(u,u) (48)

which means that the flux are bounded by the gradient inside the domain.
Substituting Equation (@8] into Equation ([@1) leads to the following

C? 1
a(u,u) > (1- == ) a(ww) + (a— o ) [|[u]]* (49)
2 2e
which indicates that the bilinear form is coercive if the following inequalities are satisfied

C2%e 1
1—-—>0 -——>0 50
2 = T e (50)
If we take e = 1/C?, the first inequality in Equation (G0) will be satisfied. Therefore the bilinear form a is positive
definite if o > C?/2. In what follows we present a way to determine the constant C satisfying Equation ([@8). This is
where one has to solve an eigenvalue problem.
The discrete version of Equation (g is

/ (n°C’¢® + nSCbeb)T (C*e'n® + C€’'n®) dI' < C? (/ (e)TC*e*d +/ (eb)TEIebdQ) (51)
. E] Qb
Or .
altla_ (52)
aTKa

where K = K* + K" is the total stiffness matrix without coupling terms; a is the unknowns vector and H is given by

/ (BS)T(CS)T(HS)TnSCSBSdI\ / (BS)T(CS)T(nS)TnSCbBde\

H-= * * (53)
(Bb)T(Cb)T(nS)TnSCSBSdF (Bb)T(Cb)T(nS)TnSCbBbdF
T. T.
So we need to find the maximum of the Rayleigh quotient R defined as R = EIEE By theorem this maximum is
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A1, the largest eigenvalue of matrix K 'H. Finally the stabilisation parameter « is chosen according to

_M

“T5

(54)
4.4. Solid-plate coupling
The discrete equation is identical to Equation (26) in which K® will be replaced by K?. The discretisation of the

solid was presented in Section 2.1l Therefore only the discretisation of the plate and the computation of coupling
matrices are presented.

4.4.1. Discretisation of the plate
The deflection w is approximated as follows

w = Ni(§,n)wr (55)

where Ny(€,n) is the NURBS basis function associated with node I and w;y is the nodal deflection.
The plate element stiffness matrix is standard (see e.g., [43]) and given by

KP = / (B2)TDIBLAQ (56)
Qr
where the constitutive matrix DP reads
1 v 0
ER?
p_
D; Ba=7) v 1 0 (57)
0 0 05(1-v)

and the element displacement-curvature matrix B? is given by

Nl,zz N2,xm e Nn,xac
B = | Niyy DNoyy -+ Ny (58)
2N1,zy 2N27ry e 2Nn7ry

where n denotes the number of basis functions of element e.

4.4.2. Coupling matrices
Using Equation (B3]), the displacement field in Equation (I0) is given by

—x3N1 1
u? = —ZE3N172 [w[] ENZI)aZI) (59)
Ny

and the strain field given in Equation (Il is written as

€11 —x3N71 11

_ _ ppep
€99 = —£L'3N])22 [’u}]} = BI ar (60)
2¢€12 —2x3Np 12

The coupling matrices are thus given by Equations [36) and ([31) where quantities with superscript b are replaced by
ones with superscript p.
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4.4.8. Implementation of coupling matrices

Basically the implementation is similar to the solid-beam coupling presented in Section £2.4] but much more
involved due to the fact that one solid element ©j . might interact with more than one plate element  _ or vice versa,
Fig. { illustrates the former.

s
Qb,e

Figure 8: Coupling a plate and a 3D continuum using a Nitsche based method.

For each of the solid coupling elements, €2 ., a number of GPs {&,mi, w; 10 are placed on the coupling surface I';.

Those GPs are transformed to the physical space and then transformed to (1) the parent space of the solid, [—1,1]3
and to (2) the parent space of the plate, [—1,1]%. The solid GPs are represented by & = (£,7,¢)$ and the plate GPs
by &8 = (&,n)?. We refer to Fig.[@l Concretely, one performs the following operations

x; = M(&,ni)Xrs
xi = N*(&8,m8, C)xE — (€8,m5,¢F) (61)
x; = NP(& ) )xE — (&, m7)

where xr: denotes the coordinates of the nodes on the coupling surface I';. The nodal coordinates of solid and plate

elements are designated by xz/ P The last two of Equation (EI]) are solved using a Newton-Raphson method.
Coupling terms can now be computed, for example

nbe nbe ngp
/ aN*TNPdr = (| / aN*TNPdQ = | | > aN*T(&5)NP(€0))w; (62)
: e=1"14% e=11i=1
with @; = w; ||a; X az|| where a, are the tangent vectors of I'} defined by
a; = M,ﬁnga ag — MJIXFZ (63)
These tangents are needed to compute the outward normal vector n = H:ii:z\l and put in a matrix notation, we write
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the normal as follows
ng 0 0 ny, 0 mn,

n=|0 n, 0 ny, n; 0 (64)
0 0 T 0 Ny Ng

(s, or, 1) AT (1)

/\\ * | o | (&Gmiwi)

> ¢

) ‘
/ &
7 (_17_1)

(-1,-1,-1)

Figure 9: Coupling a plate and a 3D continuum using a Nitsche based method: determination of Gauss points for
evaluating the coupling terms.

Care must be taken when assembling the coupling matrix given in Equation (G2]) since it depends on to which plate
element Q , the GP &} belongs.

Remark 4.1. Due to the mismatch between the number of stress components in the solid (six) and the plate (three),
the 6 x 6 solid constitutive matrix C* used in the coupling matrices are reduced to a 3 x 6 matrix in which the third,
fifth and sixth rows (correspond to zero stresses in the plate theory) are removed. Accordingly, the normal matrix n is
reduced as
ng 0 mny
n= {0 ny ng (65)
0 0 O

Remark 4.2. The previous discussion was for the standard Lagrange finite elements which are defined in the parent
space where quadrature rules are defined. For NURBS-based isogeometric finite elements, the basis are defined in the
parameter space and thus there is a slight modification to the process. First, the GPs {&;,7;, w; }7) are transformed

to the parameter space {&;, n;, w; } 7}, we refer to ﬂE, @] for details. Next, Equation (GI) is used as usual to compute
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GPs defined now in the parameter space. Note also that if Bézier extraction is used to implement NURBS-based IGA,
see e.g., @], then this remark can be ignored since with Bézier extraction the basis are the Bernstein basis, which are
defined in the parent space as well, multiplied with some sparse matrices.

4.5. Shear deformation models

The proposed formulation can be straightforwardly extended to shear deformation beam/plate theories. In this
section, a treatment of Timoshenko beam (with axial deformation included) and Mindlin-Reissner plate theory is
given.

4.5.1. Timoshenko beam
The element stiffness matrix associated with a Timoshenko beam element is standard and thus not presented here.
Instead, we focus on the coupling matrices. The displacement field of a Timoshenko beam is given by

u

u(z) — yb(x)

66
w(z) (66)

u

< T 8T

where u, w and @ are the axial, transverse displacement and the rotation of the beam mid-line, respectively. The strain
field is therefore given by

e = Uy — Y0 5, egy =0, 2627! =—0+wy (67)
The stresses are defined as
ab, E 0 0 €.
ng =10 0 0 el = CPeP (68)
Ty 0 0 kG 2egy

where k denotes the shear correction factor (a value of 5/6 is usually used) and G is the shear modulus.
For sake of simplicity, assume that the beam is discretised by two-noded linear elements. In this case, the displace-
ments of any beam element e are given by

uy
w1
Ub o N1 0 —le N2 0 —yN2 91
|: ] o |:0 Nl 0 0 N2 0 u9
w2

02

(69)

N°b

where (ur,wy,07) are the nodal unknowns at node I of a beam element; N;(£) are the univariate shape functions, and
the strains are given by

Ui
Egm Nl,:E 0 _le,;E N2,m 0 _yNQ,m 1;}1
= =10 0 0 0 0 0 o (70)
2%, 0 M. -N 0 Now —N 2
, ws
Bbe 02

Having obtained N®, C” and B%¢, the coupling matrices given in Equations (36) and ([37) can be computed.
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4.5.2. Plane frame analysis
Firstly we introduce the rotation matrix R that relates the local nodal unknowns to the global unknowns as

U1 [ cos¢ sing 0 0 0 Of w1
w1 —sing cos¢ O 0 0 0| [wy
51 _ 0 0 1 0 0 0 |4 (71)
U2 0 0 0 cos¢ sing 0| [ug
wWo 0 0 0 —sing cos¢ 0| |we
| 52 | | 0 0 0 0 0 1] [B=2],
—— ——
ab R al
where ¢ is the angle between z1 and x and subscript [ represents quantities in the local coordinate system.
The jump operator is rewritten as follows after transforming the beam quantities to the global system
[u] = u® —u’ = v’ — R v} = N*a® - RIN’a} = N°a* - R, N’Ra’ (72)

where N? is given in Equation (69) and R, denotes the rotation matrix for vector transformation defined in Equa-
tion ({Gl).

The averaged stress operator is rewritten as

1 1
{o} =50+ ) = 5(C'Ba” + T 'C'B*“Ra") (73)
Therefore, the coupling matrices are given by
1 1
- NSTnECSBSdF — NsTn§TflchvaRdr
K" = I+ 1 I* 1 (74)
/ RTNbTRUn§CSBSdr / RTNbTRUn§T‘1CbBb’CRdF
and by
/ aN*TN*dI - / oN*TRIN’RAD
Kst — * * (75)
— / aRTNYTR,N*dI' / oRTNYTNPRAD

4.5.8. Mindlin-Reissner plate

The independent variables of the Mindlin-Reissner plate theory are the rotation angle S, (o = 1,2) and mid-surface
(transverse) displacement w. The displacement field of the plate is given by

uy (21, 2, x3) = —w351
Uz (1, 2, x3) = —x302 (76)

ug(z1,x2,23) = w(zw, 22)
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The strain field is then given by

€11 = —33351,1
€22 = —33352,2
2e19 = —x3(B12 + P2,1) (77)

2¢13 = =1 +w,
2e93 = —fBa+wp

Finite element approximations of the displacement and rotations are given by

w = Nl(é.a 77)11)17 ﬂa = NI(&? n)ﬂal (78)

where Ny(&,n) is the shape function associated with node T and wy, 811, B2r denote the nodal unknowns that include
the nodal deflection and two rotations.
The element plate stiffness matrix is now defined as, see e.g., HE]

K= [ [(B[)"D{BY + (B2,)"DLBL] o (79)
and the element displacement-curvature matrix By, and displacement-shearing matrix are given by

Bge = [Bbl Bb2 te an] 5 BZ;B = [le Bs2 te Bsn} (80)

where components are given by

0 Nji 0
, Nii —N; 0
Byy=|0 0 Niaof, Bsfz{Nj-; 01 _NJ (81)
0 Nr2 Nia ’

Matrices DY and D? denote the bending constitutive matrix and shear constitutive matrix, respectively. The former
was given in Equation (&) and the latter is given by

Dy — _BER [1 o]

21+0) [0 1 (82)

where k is the shear correction factor.
Next, we focus on the coupling matrices. Firstly the displacement field given in Equation (Z6]) can be written as

0 —$3N1 0 w
P 0  —a3N(| |5 =Nla} (83)
Ny 0 0 B2,
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and the strain field given in Equation (T17) as

€11 0 —$3N]71 0
€292 0 0 —$3N[72 wr
2€19| = 0 —1173N172 —$3N[71 [‘31] = BZI)’CaZI) (84)
2623 N1 0 —Np Bar
2613 N[71 —N] 0
And finally the stress field is given by
011 1 v 0 0 0 €11
022 (1_—EV2) v 1 0 0 0 €929
012 | = 0 O 05(1 — I/) 0 0 2612 = CPeP (85)
g93 0O 0 O kE 1 0 2623
013 [0 0 O] 2(14v) |:O 1:| 2€13

Having obtained N?, CP and BP¢, the coupling matrices given in can be computed.

5. Non-conforming coupling

In this section we present a non-conforming coupling formulation. In the literature when applied for mesh coupling
the method was referred to as composite grids E] or embedded mesh method ﬂ] Due to the great similarity between
solid /beam and solid/plate coupling, only the former is discussed, cf. Fig.

standard elements

o

void elements cut element

Figure 10: Volume metric coupling of a solid and a beam.

The weak form and thus the discrete equations are exactly the same (see Section[2)). There are however changes in
the treatment of beam elements of which some are overlapped by solid elements. Using the terminology from ﬂﬂ] (which
was actually adopted from extended finite element method-XFEM @]) we divide the beam elements into three groups
namely (1) standard elements which do not intersect with solid elements, (2) cut elements (cut by the boundaries of
the embedded solid) and (3) void elements which are completely covered by the solid. Void elements do not contribute
to the total stiffness of the system. Therefore, nodes whose support is completely covered by the solid are considered
to be inactive and removed from the stiffness matrix. Another way that preserves the dimension of the stiffness matrix
is to fix those inactive beam nodes.

For numerical integration of cut elements, the sub-triangulation (for solid/plate problem) as usually used in the
context of XFEM @] can be adopted. However, in the provided examples, we use a simpler (easy for implementation)
technique: a large number of Gauss points is used for cut elements and those points which are in the solid domain are
skipped.
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Figure 11: Volume metric coupling of a solid and a beam.

Remark 5.1. One might ask why the void elements are necessary although they do not contribute to the global stiffness
matrix. The answer is that they are needed in a model adaptive formulation where at a certain time step, they are
void elements but in other time steps they become active when the refined solid is no longer needed there.

6. Numerical examples

In accordance to the two topics presented previously, in this section, numerical examples on beam/continuum and
plate/continuum coupling are presented to demonstrate the performance of the proposed formulation. Specially, the
following examples are provided together with their raison d’etre.

1. Beam-continuum coupling
(a) Cantilever beam: convergence analysis, stabilisation, non-symmetric Nitsche...
(b) Cantilever beam: non-conforming coupling
(¢) Frame analysis
2. Plate-continuum coupling
(a) Cantilever beam (3D/plate coupling)
(b) Cantilever beam (non-conforming coupling)
(¢) Non-conforming coupling of a square plate

Unless otherwise stated, we use MIGFEM—an open source Matlab IGA codd] for our computations and the Timo-
shenko beam theory and the Reissner-Mindlin plate theory. The visualisation was performed in Paraview @] In all
examples domains where reduced models such as beams and plates are utilized are assumed to be known a priori. For
all considered examples, the symmetric and non symmetric versions of the Nitsche’s method are both utilized. A rule
of (p+1) x (¢+1) Gaussian quadrature can be applied for two-dimensional elements in which p and ¢ denote the orders
of the chosen basis functions in the £ and 7 direction. The same procedure is also used for NURBS basis functions
in the present work, although it should be emphasised that Gaussian quadrature is not optimal for IGA. Research
is currently focussed on optimal integration techniques such as that in @, @] in which an optimal quadrature rule,
known as the half-point rule, has been applied.

Swhich is available at [https://sourceforge.net/projects/cmcodes/
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6.1. Continuum-beam coupling
6.1.1. Timoshenko beam: conforming coupling

Consider a beam of dimensions L x D (unit thickness), subjected to a parabolic traction at the free end as shown
in Fig. The beam is considered to be of unit depth and is in plane stress state. The parabolic traction is given by

ty(y) = —% (DTZ - y2) (86)

where I = D3/12 is the moment of inertia. The exact displacement field of this problem is @]

ug(x,y) = % [(GL —3z)z+ (2+v) (y2 — %2)}

(87)
P D?
uy(z,y) = i {BUyQ(L —z)+ 4+ 51/)Tx + (3L — :v)xz}
and the exact stresses are
P(L—2x)y P (D?
oenlo) = PE ) =0 any(o) =~ (5 -2 (59)

In the computations, material properties are taken as F = 3.0 x 107, v = 0.3 and the beam dimensions are D = 6
and L = 48. The shear force is P = 1000. In order to model the clamping condition, the displacement defined by
Equation (87) is prescribed as essential boundary conditions at z = 0,—D/2 < y < D/2. This problem is solved
with bilinear Lagrange elements and high order B-splines elements. The former helps to verify the implementation
in addition to the ease of enforcement of Dirichlet boundary conditions (BCs). For the latter, care must be taken in
enforcing the Dirichlet BCs given in Equation (87)) since the B-splines are not interpolatory.

Ay

ANANANAN

Figure 12: Timoshenko beam.

The mixed continuum-beam model is given in Fig. The end shear force given in Equation (B6) is now written
as (for it is applied to a point)

D/2 D/2 p /p2 PD3
F= ty(y)dy = — (= —v? )y =~ 89
/m u(v)dy /D/2 2I< 4 y) DY) (89)

Lagrange elements In the first calculation we take I, = 12 and a mesh of 40 x 10 Q4 elements (40 elements in the
length direction) was used for the continuum part and 29 two-noded elements for the beam part. Fig. [[4] plots the
transverse displacement (taken as nodal values) along the beam length at y = 0 together with the exact solution given
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Figure 13: Timoshenko beam: mixed continuum-beam model.

in Equation (7). An excellent agreement with the exact solution can be observed.

—exact
0¢ @ coupling

Figure 14: Mixed dimensional analysis of the Timoshenko beam: comparison of numerical transverse displacements
and exact solution.

B-splines elements are used to discretise the continuum part (with bi-variate B-splines elements) and the beam part
(with uni-variate B-splines elements).

6.1.2. Timoshenko beam: non-conforming coupling
6.1.3. Frame analysis

In order to demonstrate the correctness of the solid-beam coupling in which the beam local coordinate system is not
identical to the global one, we perform a plane frame analysis as shown in Fig. 7l Due to symmetry, only half model
is analysed with appropriate symmetric boundary conditions. We solve this model with (1) solid elements (four-noded
quadrilateral elements) and (2) solid-beam model (cf. Fig. [I8). The beam part are discretised using two-noded frame
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Figure 15: Cantilever beam subjects to an end shear force

Figure 16: Mixed dimensional analysis of the Timoshenko beam: discretisation with B-splines elements. The continuum
part is meshed by 2 x 2 cubic B-splines and the beam part is with 2 cubic elements.
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elements with three degrees of freedom per node. The stabilisation parameter is taken to be o = 107 and used for both
coupling interfaces. A comparison of o, contour plot obtained with (1) and (2) is given in Fig. A good agreement
was obtained.

:' _________________ | A
! E = 1000 I

: v=10.3 I

' [ =10 -

: BE
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1 1
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K - Y

Figure 17: A plane frame analysis: problem description.

Remark 6.1. Although the processing time of the solid-beam model is much less than the one of the solid model, one
cannot simply conclude that the solid-beam model is more efficient. The pre-processing of the solid-beam model, if not
automatic, can be time consuming such that the gain in the processing step is lost. For non-linear analyses, where the
processing time is dominant, we believe that mixed dimensional analysis is very economics.

6.2. Continuum-plate coupling

6.2.1. Cantilever plate: conforming coupling

For verification of the continuum-plate coupling, we consider the 3D cantilever beam given in Fig. The material
properties are £ = 1000 N/mm?, v = 0.3. The end shear traction is £ = 10 N/mm in case of continuum-beam model
and is £ = 10/20 N/mm? in case of continuum model which is referred to as the reference model. We use B-splines
elements to solve both the MDA and the reference model. A mesh of 64 x 4 x 5 tri-cubic elements is utilized for the
reference model and a mesh of 32 x 4 x 5/ 16 x 2 cubic elements is utilized for the mixed dimensional models, cf.
Fig. BTl The plate part of the mixed dimensional model is discretised using the Reissner-Mindlin plate theory with
three unknowns per node and the Kirchhoff plate theory with only one unknown per node. Fig. Fig.

6.2.2. Cantilever plate: non-conforming coupling
6.2.3. Non-conforming coupling of a square plate

We consider a square plate of dimension L x L x t (¢t denotes the thickness) in which there is an overlapped solid of
dimension Lg X Lg X t as shown in Fig. In the computations, material properties are taken as E = 103, v = 0.3 and
the geometry data are L = 400, ¢t = 20 and L; = 100. The loading is a gravity force p = 10 and the plate boundary
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Figure 18: A plane frame analysis: solid-beam model.
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Figure 19: A plane frame analysis: comparison of o, contour plot obtained with solid model (left) and solid-beam

model (right).
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Figure 20: Cantilever beam subjects to an end shear force.
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Figure 21: Cantilever beam subjects to an end shear force.

Figure 22: Cantilever beam subjects to an end shear force.
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Figure 23: Cantilever beam subjects to an end shear force
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is fully clamped. We use rotation free Kirchhoff NURBS plate elements for the plate and NURBS solid elements for
the solid. In order to model zero rotations in a rotation free NURBS plate formulation, we simply fix the transverse
displacement of control points on the boundary and those right next to them cf. @]

Figure 24: Square plate enriched by a solid. The highlighted elements are those plate elements cut by the solid
boundaries.

In order to find plate elements cut by the boundary surfaces of the solid, we use the level sets defined for the
square which is the intersection plane of the solid and the plate. The use of level sets to define the interaction of finite
elements with some geometry entities is popular in XFEM, see e.g., @] Fig. 25 plots the deformed configuration of
the solid-plate model and the one obtained with a plate model. In order to show the flexibility of the non-conforming
coupling, the solid part was moved slightly to the right and the deformed configuration is given in Fig. The same
discretisation for the plate is used.

Figure 25: Square plate enriched by a solid: plate model (left) and solid-plate model (right).

7. Conclusions

We presented a Nitsche’s method to couple (1) two dimensional continua and beams and (2) three dimensional
continua and plates. A unified implementation of those coupling methods was given. Numerical examples using low

33



Uz

462 0

0

Figure 26: Square plate enriched by a solid:.

order Lagrange finite elements and high order NURBS isogeometric finite elements were provided. The first application
is to glue non-compatible NURBS patches in isogeometric analysis. The second application was in the context of mixed
dimensional analysis.

What have not been addressed in this manuscript are (1) dynamics problems (2) finite deformation problems (3)
continua and shell coupling and (4) error estimation.
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