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HORIZONTAL MARTINGALES IN VECTOR BUNDLES

MARC ARNAUDON AND ANTON THALMAIER *

ABSTRACT. Canonical prolongations of manifold-valued martingaesector bun-
dles over a manifold are considered. Such prolongationsneeg lift of the connection
from the manifold to the corresponding bundle. Given a comtiis semimartingale
X in M, if V is a connection onV/ (i.e. a covariant derivative off M) and V'
the lifted connection orFE (i.e. a covariant derivative off' EY), we consider semi-
martingales/ in E, living above X and linked toX via dv'y = hy(dV X) where
hy: Tx M — Ty E is the horizontal lit:dV X andd¥'J denote the & differentials
with respect to the given connection. Such semimartingaliesE will be called hori-
zontal semimartingales, resp. horizontal martingaleageovhenX is aV-martingale.
There are numerous ways of liftiig to V/. We mainly deal with horizontal and com-
plete lifts. Horizontal lifts give rise to the notion of caient 1to differentials. For
covariant 16 differentials a commutation formula with ordinary coweant differentials
is established. As an application, covariant variationsto€hastic parallel transport
and their relation to Yang-Mills connections are investiga On the other side, within
the framework of complete lifts of connections, the mariegproperty is preserved
under taking derivatives (or exterior derivatives) of faes of martingales and is inher-
ited to diffusions on the exterior cotangent bundle withdeeRham-Hodge Laplacian
as generator. Moreover, in a natural way, derivatives afileaic maps are harmonic
as well.
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2 M. ARNAUDON AND A. THALMAIER

1. INTRODUCTION AND NOTATIONS

Let M be adifferentiable manifold of dimensiomn endowed with a linear connection
1.1) V: T(TM)>T(T"M TM), VyW = (VW)V,

and letr: E — M be a vector bundle ovéi/. Typically, E will be the tangent bundle
T M, the cotangent bundl&* M, the exterior tangent bundieT M, resp., cotangent
bundlenT* M, or more generally, some Dirac bundle ovér Let F be a vector space
isomorphicto the typicalfiber df. We denote byr: L(Fy, E) — M the vector bundle
of linear mapsfy — E,, z € M. In other words,L(Fy, E) = F} ® E whenFj is
considered as the trivial bundle ovéf with fiber Fy,. Let L(M) = L(R™,TM).

In this article we shall deal with the following problem: @ivaV-martingaleX
in M, we are interested in liftind( from M to L(Fp, E) in such a way that the lifted
procesgV aboveX (i.e.,m o W = X) yields a martingale taking values in the vector
bundleL(Fy, E), and such that there is a one to one correspondéneelV Z between
the local martingales iffy and the martingales i which project ontaX . This clearly
requires a connection afi as an additional structure, i.e. a covariant derivativé'énh

(1.2) V: I'(TE) - I(T*E ® TE).

The problem of lifting martingales and connections to vebtmdles over a manifold
has already been studied in [16] where horizontal and camfifes to vector bundles
were investigated. Extending ourworkinthe cAse T M [2], we focus here on various
properties of horizontal and complete lifts, in particularelation to the variation of
families of semimartingales. We differentiate martingalgth respect to a parameter,
take exterior products, to obtain martingales for comgitgof connections. Finally we
relate our results to the theory of diffusion operators andtestic flows, as developed
in [10].

Our original motivation comes from the following problem:orFfunctionsf €
C°° (M) on a Riemannian manifold! it is well-known thatf is harmonic (i.e.Af = 0
whereA is the Laplace-Beltrami operator dif) if and only if the compositiorf o X
with Brownian motionsX on M provides real-valued local martingales. Instead of
functions f, one may consider differential forms € T'(AT*M). We like to find a
connectiorV on E = AT*M in the sense of (1.2), such that a similar characterization
holds true:« is harmonic (i.e.Aa = 0 whereA is the Hodge-de Rham operator on
forms) if and only ifa o X is an E-valuedV-martingale for any Brownian motioX
on M. More generally, ifE is a Dirac bundle and its Dirac operator, we investigate
connectionsV on E such thatw € T'(E) is harmonic (i.e.Aa := —D?a = 0) if and
only if all compositions: o X with Brownian motionsX give V-martingales ink.

These characterizations do not determine the connectiamiiique way, as long as
we consider only martingales which project to Brownian miasion)/ . As well-known,
the full class ofV-martingales determines the connection up to torsion.

The paper is organized as follows. In Section 2 we recall s@gelts concerning
complete lifts of connections to tangent and frame bundlégorem 2.1 ([16] Corol-
laire 8) gives a one to one correspondefices ©Z between the set of local martingales
in a tangent spac€x, M and the set of martingales in the tangent bur¥dle¢ which
project onto a given martingal®& in the manifold; hered is not the usual parallel
transport but the geodesic transport aloXigsee Eq. (2.1) below. Theorem 2.2 ([3]
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Corollary 3.14) guarantees thab Istochastic differential equations between manifolds
differentiate like ordinary equations, if the tangent biescare equipped with the com-
plete lifts of the connections in the manifolds. Corollar® 23] Theorem 4.1 and [2]
Theorem 3.1) gives a commutation formula between antidgweént and differenti-
ation with respect to a parameter, and an interpretationatingales in the tangent
bundle as stochastic Jacobi fields, i.e. as derivativeswilitss of martingales living in
the manifold.

In Section 3 we continue to work on the tangent bundld/&f The main result is
Theorem 3.1 which says that the commutation formula fodewglopment and deriva-
tion (Corollary 2.3) still holds true if parallel transpdstreplaced by deformed parallel
transport (i.e. geodesic transport). Again the key stepérproof is Theorem 2.2.

In Section 4 we consider the situation where a connediam M and a covariant
derivativeV¥ on the vector bundI& is given. Itis well known that there is a canonical
induced connectio’” on E, called the horizontal lift o/ andV¥. Here we give
characterizations of martingales, parallel transport amiidevelopment with respect
to V". In particular, a covariantétdifferential of anF-valued semimartingale is defined.
The main result is a commutation formula for the covariadtdifferential and the
covariant derivative with respect to a parameter (Theoresh Aarious applications
related to Yang-Mills connections, and in relation to plefatansport along rescaled
Brownian bridge are given. In particular, the covariantidsive of parallel transport
along a Brownian motion is shown to play the same role in tle®th of Yang-Mills
connections, as the image of a Brownian motion under a haonaoap in the theory of
harmonic maps. Also we write a Taylor expansion up to oBd#ithe parallel transport
along a rescaled Brownian bridge, and prove that for YansMbnnections all the
drifts of the terms of the expansion vanish (Theorem 4.13).

Section 5 is devoted to the study of a class of connections wich differ from a
horizontal lift by a bilinear map similar to the one we obtainen considering complete
lifts on T M. We describe again martingales, parallel transport, amdldpment. This
extends Meyer’s results in [16] to connections with torsiongeneral vector bundles.
Note that for Le Jan-Watanabe connections, which are cdiomsaonsidered in most
of the examples given here, the torsion term cannot be sapgade We discuss the
construction of dual connections in dual bundles and tepsmiducts. WhenV/ is a
Riemannian manifold, a Laplacian diassociated with the considered connection is
defined, and a stochastic interpretation to the heat equatiad® (Theorem 5.8 and
Corollary 5.9) is derived.

In Sections 6, 7 and 8 examples of connections construct8edtion 5 are given.
In Section 6 we consider the Levi-Civita connection to the natural pseudo-metric
2dz*Vp; in the cotangent bundlE* M. Itis not the dual connection to the complete lift
in T M, as discussed in Section 5. However we remark that wieis a Riemannian
manifold equipped with the Levi-Civita connection, ther thatural mag7? M, V¢) —
(T*M, V") is affine.

In Section 7 we define connectioWs on the exterior bundles”T M and by duality
on APT* M, which we call complete lifts oF/. They naturally extend the definitions
in tangent and cotangent bundles. Whenis a Riemannian manifold, the trace of the
bilinear map added to the horizontal lift is the term arisingVeitzenlick's formula.
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However we are interested in the more general context of heNi@anabe connections
V (Definition 7.5) associated with diffusion processéson M. The main result of
this section (Proposition 7.6) says thatXf is a V-martingale therf’ X\? is a V¢-
martingale. This is in fact a consequence of a formula estadd in the proof of
Theorem 3.3.8 in [10], and can be seen as some kind of extensithe stochastic
Jacobi field representation of martingales in the tangemdleu The principal argument
of our proof is Corollary C.5 in [10]. Besides the stochagticobi field representation,
the aim is to translate the geometric theory of diffusionsmamifolds as developed in
Elworthy-Le Jan-Li in [10] into the language of martingaiesnanifolds.

In Section 8 we deal with complete lifts to Dirac bundles. #géne problem is
to find a bilinear map which gives the complete lift when adttethe horizontal lift,
and such that its trace is the Weitzéck term. There is a natural candidate built from
the Clifford action, which in the particular case of the exiebundle however does
not respect the graduation, so it does not generalize theledanift of Section 7. If
the Clifford action is the difference of a creation and anihitetion operator, another
natural candidate differs from the complete lift in Sectibby an antisymmetric term,
so both connections yield the same class of martingales.

In Section 9 we prove that the derivative of Bfharmonic map between manifolds
M and(N,VY) is a harmonic magy/ — T*M ® TN if T*M @ TN is endowed
with a complete liftv¢ constructed along the lines of Section 5, under the conditiat
there exists a Le Jan-Watanabe connectidf on M induced from the second order
generatod. (Corollary 9.2). The condition is satisfied whé# is a Riemannian mani-
fold andV¥ its Levi-Civita connection. Under a slightly more restiietassumption,
Corollary 9.2 could also be proved by means of the methodtefifilg out redundant
noise as in Elworthy-Le Jan-Li ([10]). Here we give a proo$éd on a geometricat
formula involving complete lifts of connections. Corole.2 can be seen as a gener-
alization of the derivation property for geodesics; itsitates in particular the interplay
between complete lifts and derivations.

In Section 10 we consider some kind of inverse problem to tie af Section 9.
Here we are given afi-harmonicp-form « whereL is a second order generator, we
know that(«, ©) is a local martingale wher® is a horizontal martingale as defined in
Section 5, and we want to prove that, 7 X ") is a local martingale if{ is a diffusion
with generatorl.. Proposition 10.1 says that this is true under some Le Jaanahe
condition. Once more this is an illustration of the inter@ebetween complete lifts and
derivations. Proposition 10.1 is due to Elworthy-Li-Le J§t0] Theorem 2.4.2). We
give an alternative proof relying ond's formula.

Throughout the paper we adopt the following conventions. aBynnection on a
manifold A/ we mean a covariant derivative @hW/ as in Eqg. (1.1). The manifold/
may be a vector bundIE as well, then a connection dizwill be a covariant derivative
onT E in the sense of Eq. (1.2). In many cagesconsidered as vector bundle over,
may carry a connection

VE: T(E) - T(T*M ® E).

We refer to this as a covariant derivative Bn
A covariant derivative otk gives rise to the splitting of the bundleF into the sum
of a horizontal bundle and the vertical bundle. The covadenivative of a smooth path
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t — e(t) € E, denoted by pe, will be v, ! (¢Vert) wheree ve* is the vertical part of
e in this splitting, andv., : Er(.,) — T¢, E is the vertical lift toe, € E. Let F be a
vector space isomorphic to the typical fiberfof Then a covariant derivativé ” on £
naturally induces a covariant derivative btFy, F), again denoted by 7, and defined
by (VEW)(w) = VP (W (w)) wherew € F, andW is a section of.(Fy, E).

If X is an M-valued continuous semimartingale ands a section ofl’* M, we
denote byf, (o, 0X) the Stratonovich integral ef alongX, and by (e, dV X) the It
integral. RecallthaX is aV-martingale if and only if, for evers as abovefo(a, dV X)
is a local martingale. In local coordinates, we have
1 Bozi

(o, 0X) = a;(X)dX" + 3927

(X)d<X', X7>
and
i, 1o i
(@, d¥ X) = ay(X) (X + ST (X) d<X7, X*>)

wherel%, are the Christoffel symbols &F. Given a covariant derivative” on E, the
parallel transportitF alongX is theL(FEx,, F)-valued semimartingalﬁy(f_ satisfying

/loo =idey, and 6//5y = hyr (5X,)

whereh,: TroyM — T.L(Ex,, E), e € L(Ex,, E) denotes the horizontal lift asso-
ciated toV¥. Note that//), € L(Ex,, Ex,).

Let L be a second order generator bh, N be another manifold endowed with a
connectionvV”. We say that a smooth map (M, L) — (N,VY) is harmonic if
u(X) is aVN-martingale for every diffusioX in M with generatod..

2. COMPLETE LI1FTS TO TANGENT BUNDLES

Let M be a manifold equipped with a connection In this section we recall some
facts for the complete lift of connections to the tangentdieof A/, the local charac-
teristics of7" M -valued semimartingales and the horizoftal/ -valued martingales. In
particular we describe the links between complete lift aadvation. We refer to [19]
for the geometric objects.

For a smooth functiorf on M, the one-formif can be considered as a function on
T M. This function s called the complete lift gfand denoted by<. Every vector field
A e T(TM)onM inducesavectorfield® € I'(TT M) onT M whichis characterized
by the propertyd¢(f¢) = (A(f))¢ and called the complete lift of. Itis shownin [19]
that the formulav¢,. B¢ = (VaB)¢, whereA, B € T'(T' M), defines a connectiow®
onT M, called the complete lift o¥.

Letw € TTM. There exists a smooth path— u(t) € T, M, wherez(t) =
m(u(t)), such thatv = 7(0). We say thatv is horizontal ifV; yu = 0 (note that this
definition differs from the definition in [19] when the contieo has torsion). Every
vector splits into a horizontal and a vertical part, anddoe 7, M we denote by,
(resp.v,) the horizontal (resp. vertical) lift, M — T, T M.

If X isanM-valued semimartingale, the deformed parallel transtediongX (also
called Dohrn-Guerratransport or geodesic transport if) [#i&noted byo, ,, is a linear
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mapTx,M — Tx,M such that ®O7t is a semimartingale and solution to thé It
equation

(2.1) Qg = idry,m, d¥ Oy, =he, , (dV X))

(hereVe is considered as a connection b(I'x, M, T M)).
TheT M -valued continuou¥ “-martingales were first considered by Meyer in [16],
in the case wher¥ is torsion-free. He obtained the following characterizati

Theorem 2.1. Assume thaV is torsion-free. Let/ be aT M -valued semimartingale
with projectionX. ThenJ is a V°-martingale if and only if

(i) X is aV-martingale, and

(i) ©g'JisaTx,M-valued local martingale.

Now we investigate the relations between complete lift aadvdtion. LetN be
another manifold equipped with a connection, also den®tednd lete be a smooth
section ofT*M ® TN overM x N (i.e.,e(z,y) is a linear mag, M — TN for
(z,y) € M x N). The following result has been proved in [3]:

Theorem 2.2. Let X (a) be a family of\/-valued semimartingales whichd@®' ina € I
with respect to the topology of semimartingales, whieie some open interval iiR,
and letYy(a) be a family ofN-valued random variables;* in a € I with respect to
the topology of convergence in probability.

Then the solutioy (a), starting atY,(a), to

dVY (a) = e(X(a),Y (a))d¥ X (a)
is C'* in a with respect to the topology of semimartingales, its deiweedY (a) starts
from 0Y;(a) and is solution to
dV°0Y (a) = €'(0X (a),dY (a)) d¥V 0X (a)
wheree’ is determined by taking faK a family of smooth deterministic paths.

Note thatin [3] the topology of semimartingales is defineghmtesses with random
lifetime.
Taking as a special case the antidevelopriE) = </ (X (a)) of X (a),

Z(a) = / /i M) d¥ X, (a)

where// ;(a) is the parallel transport alony (a), the following corollary has been
obtained:

Corollary 2.3. (i) If a = X (a) is C" in the topology of semimartingales, then
(2.2) 04 (X (a)) = sy °(0X (a)),
whereg/¢ is the antidevelopment with respectNi6 andsy,: TTM — TT M denotes
the canonical involution (see below before Theo®dnfor the precise definition).

(ii) A semimartingale/ with values inZ" M/ is a V¢-martingale if and only if it is of

the formdX (0) wherea — X (a) is a family of V-martingales,C' in the topology of
semimartingales.

Corollary 2.3 (ii) gives an interpretation ®°-martingales as stochastic Jacobi fields.
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3. DEFORMED ANTIDEVELOPMENT

In this section the manifold/ is assumed to be equipped with a torsion-free connec-
tion V. Let X be anM-valued semimartingale. Define the deformed antidevelopme
of X as thel'x, M-valued semimartingale

et (X) 1= /eo—;dvxs,
0

where®, is the deformed parallel translation aloAgas defined in Section 2. Note
that by [12] Lemma (8.24), thedtintegral can be replaced by a Stratonovich integral.
In this section we show that Eq. (2.2) remains true when eméilbpments are replaced
by deformed antidevelopments.

We first collect some notations. Let be the dimension of/.

As in [2], for a manifoldF, letsp: TTF — TTF be the canonical isomorphism
described as follows: it = 0,0;x(t, a) for some smooth mafy,a) — x(t,a) € F,
thensp(v) = 0,0,x(t, a). Denote byL(F) the frame bundle ovef'.

Amapuy: TL(M) — L(TM) is given as follows: letV = 4(0) € TL(M) for
some smooth curve — u(a) € L(M) andv = b(0) € TR™ = R*™ for some smooth
curvea — b(a) € R™, then

v (W)v = spr ((ud)(0)) .
The mapig (,, ») will be denoted by,,,. Further let
# be the canonical projectiob(T M) — T M,
w (resp.w®) the connection form associated wRh(resp.V¢),
Y e T(T*L(M) = R™) (resp.¥° € T(T*L(T M) ® R?™) the canonical-form,
h (resp.h¢) the horizontal lift associated witky (resp.V¢),
G = GL(m,R) andP = L(M).

Theorem 3.1. Let] be an open subset &", (X (a)),er be aC't-family of continuous
semimartingales o/ with infinite lifetime, and le®, (a) be the deformed parallel
translation alongX (a). Leta — Up(a) € Px,(,) beC" in probability, and let/; (a) =
®o,t(a) o Up(a).

(i) Thena — O, (a)is C' in the topology of semimartingales, and
6.:(a) == (1mTUi(a)) o (1mTUo(a)) ™

is the deformed parallel translation alorfgX (a) with respect tove.

(i) If Z(a) = Hger(X (a)) isthe deformed antidevelopmentofa), thena — Z(a)
is C'! in the topology of semimartingales, and fore T'1, denoting by« (T X (v))
the deformed antidevelopmentBX (v) with respect to the complete Ifi© of V, we
get

Dot (TX (v)) = smT Haer(X)(v).
(i) LetJ =TX,definev,;0, : Tx,N — Tx N by

(V04 Ju=v7" (05 hue() ™),
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andV;Z : Tx,N — Tx,N by
(VaZyu =3, ((sTZ()*").
Then
ViZ=0'J—Jo— /Oegj(%@o,_) dZ.

Proof. We need the following relations which have been establigh¢?] Lemma 2.6:

(3.1) 1w’ =T, 086 0Two sp,
(3.2) 19 =TV o sp,
(3.3) z&th:TzMOSPOThosM.

We are now ready to prove the theorem. For (i) and (ii), we nudip\W the proof of
Theorem 3.1 in [2]; the difference is that Stratonovicheliéntials are replaced byblt
differentials, and the crucial result for differentiatiaith respect to a parameter is now
Theorem 2.2.
(i) LetU° =1TU. By Eq. (2.1), itis sufficient to show thai* is abovel' X and
dV"“U* is horizontal or equivalently(d¥"“U¢) = 0. To see the first point we write
folU=7oipyoTU=T(rolU)=

For the second point, using the Jacobi field characterizéfi6-geodesics are infinites-
imal variations ofV-geodesics), it is first of all easy to check thagt sends geodesics
in TL(M) to geodesics ir.(T' M), if both manifolds are endowed with the complete
lift of the complete lift of the connection o/, which is denoted indifferently by “c.

As a consequence, we have

(3.4) dV U = Tupd " TU.
Sincew(dV U) = 0, we get by differentiation along with Theorem 2.2 (whichrfily
yieldsTdV'U = sp o dV " TU)
0=Twospo (dV TU),
and thus by Egs. (3.4) and (3.1)
we(dV U = w(TepedY " TU) = Tty 0o sgoTwo spo(dY TU) = 0.

(i) With the canonical projection: (L(Tx,M,TM),V°¢) — (M, V) being affine,
we getr.d¥ U(a) = d¥ X (a). This gives

/19 A /U ' rdv U /U YdV X (a).

As a consequencg(a) := [ (dV U(a)) is the deformed antidevelopment &f(a)
into R™ with initial frameUO( ). Since by definition of s

USTZ = i (TUNTZ) = s T(Up Z),

it suffices to verify that
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whereZ¢(v) = [9¢ (dV""U¢(v)). But successively Theorem 2.2, (3.2) and (3.4) yield
T(WdV'U) = (T9osp)d” TU = (9° 0 Tupr)dY TU =9°d¥ U*
which concludes the proof.
(iif) We know from [1] or Eq. (5.7) in Proposition 5.3 below
(3.5) a5 7) = 05! (v7" (@%°7)"").
By Theorem 2.2 we have in local coordinates
o (Y- (% 3) ()
(dvJ) TO: ©.) \(dTZ7)
On the other hand, (ii) yields
(3.7) dv'J = 0§ d(sTZ).

Splitting d(sT'Z) into its horizontal and vertical part and then using the ezpion for
6,. on vertical vectors given in (3.6), we derive from (3.7)

d¥'J = 0§ (hy,(dZ) +vs,(dV 1 Z))
= 0§, hj(dZ) +v;0, dV;Z.
The vertical part of the last equality gives
vy @YD) = V10, dZ + 0, dV . Z,
thus along with Eg. (3.5) we get
dV;Z =d(0,1]) -0, (V0, ) dZ.
Integrating this equation finally gives

ViZ=05'0-J— /@g}(vJ@O._) dz
0 o ,
which is the desired relation. O

4. Hori1ZoNTAL LIFTS TO VECTOR BUNDLES

Let M be a manifold equipped with a connectivrand letr: E — M be a vector
bundle overM equipped with a covariant derivatiie”. We denote byR (resp.RF)
the curvature tensor with respect¥o(resp.VF). The tangent bundI& E splits into
HE @ VE whereV E is the vertical bundle and.n|H. E is an isomorphism onto
Ty (oM foreverye € E. Leth, = (T.n|H.E)~': Ty M — H.E bethe “horizontal
lift", and let v, be the vertical lift& .y — V. E. Everysection € I'(E) has a canonical
vertical lift s* € T'(T'E) defined bys! = v, (sx(c)), and every vector fiel& € I'(T'M)
a horizontal liftX" € T'(TE) defined byX! = h.(X,(.)).

The following result is well-known ([11]):

Proposition 4.1. There exists a unique connectivit on £, i.e., a covariant derivative
onTE,

V" I(TE) - T(T*E @ TE),
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satisfying the following properties: for all sectionss € I'(E), X,Y € T'(T M),
4.1) Vhs'=0, VLY"=0, Vhi.s"=(VEs)", Vhi.vh= (V)"

Proof. The uniquenessis obvious:tif+ x(t) € M,t — r(t) € E,q,t = fo(t) € R,
t= Xo(t) € TyiyM, t = s4(t) € By, 1 < £ < r, are smooth paths defined @&y
then

r

) (Z fe(t) Xeh(t)> = (fé(t) hoiy (Xe(t)) + fe(t) hory (VD Xz)(t)))
=1

=1
and

T

vh (Z fo() sz’(t)> = Z(fé(t) Vp(e) (86() + fo() vrey (VD so(t)))-
(=1

=1
For the existence, we have to verify that if for all

fo(t) X (t)=0 and ng(t) se(t) =0,
(=1 (=1

then

@2) (0 b (Xe(0)) + £(0) by (V> X0)(0)) ) = 0
(=1

and

(4.3) S (£100) o) (56(0)) + £e(0) v1(0) (T 50)(0)) ) = 0.
(=1

But the left hand side of (4.2) is equal to

B (o) <VD ( é_il szz> (0)> )

and the left hand side of (4.3) is equal to

Vr(0) <Vg < g fé5é> (0)> ;

hence both terms vanish. O

The connectioV" will be called the horizontal lift of V, VZ) to E, or simply the
horizontal lift of ¥ if there is a canonical way of deduciig® from V.
Let S be aE-valued semimartingale. The parallel transp’tjgptv of a vectorV =

X" 4+ rv alongsS; with respect tdv” is given by
(4.4) //(itv = hg, (//mtX) + vg, (//ol?tr)

where//, , is parallel translation along(S;) w.r.t. V and//y’; is parallel translation
alongm(S;) w.r.t. V¥,
Similarly to [2], Theorem 4.2 and Corollary 4.4, we get
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Theorem 4.2. Let J be a continuou#’-valued semimartingale anl = 7o J.
1) The antidevelopment ofwith respect tdv” is given by the formula

(4.5) "(T) = hay ((X)) +vg, (/T = o) -

2) The semimartingald is a V"-martingale if and only if
(i) X ==moJisaV-martingaleinM, and
(i) (//&) ' J:is alocal martingale inEx, .

In the special cas& = T M we may compare the horizontal Ift”, as defined in
this section, with the complete Iif° defined in Section 2. In explicit terms we get for
VW eT,TM,peTM,

(Ve=V")(V, W)
= v, (R(p, ™ V)m W + Vo vT (p,mW) + T(v, ' VY 7, W))

whereR: T(TM ® TM) — T(EndTM)), resp. T: T(TM @ TM) — T'(TM),
is the curvature (resp. torsion) tensor to the connectioon M andv,: Ty, M —
T,T M the verticallift. Eq. (4.6)yields the following formulaleging the 16 differentials
for aT M-valued semimartingalé with projectionr(J) = X:

(4.6)

@7) d¥J=d""J+ %w (R(J, dX)dX + VT(dX,J,dX) +T(DJ, dX))

whereD.J = //y d (/.1 J) = vy ((d¥V" J)**) (see Eq. (4.8) below).

Remark 4.3. Covariant derivatives on vector bundles induce covarianivetives on
tensor products and wedge products in a straightforward vilag parallel transport
obtained is the tensor product, respectively wedge proalutte given transports. A
covariant derivative is also canonically induced on dualdies: the associated parallel
transport is the dual of the inverse parallel transport & vhctor bundle. All these
operations yield horizontal connections on tensor and weagducts of vector bundles
and on dual vector bundles.

In the remainder of this section we consid&rfamilies of E-valued semimartingales
a — J(a). We wantto find a commutation formula for covariant derivesiwith respect
to a andt.

Let V" be the horizontal lift o’ E of the connectioV" on E. As we shall see,
the second part of Theorem 4.2 yields a simple characterizaf T E-valued V""-
martingales.

First of all defineyy: TE — E by (W) = vt (WYet) for W € T,E, and
let 75 be the canonical projectiohE — E. Then, by Theorem 4.2, A E-valued
semimartingalé? is aV""-martingale if and only if

(i) mo(W)is anE-valuedV"-martingale, and

(i) (//&)~'W is alocal martingale.
From Eq. (4.4) we have

fo:2)™" Wi = hay(wo) (Vod (mW0) + vmywy (Vo) ™' (0 (W) -

By Theorem 4.2, condition (i) above implies th&t= (7 o 75) (W) is aV-martingale;
hence again by Theorem 4.2 (used twice) conditions (i) @pdré equivalent to
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(i) m (W) is anE-valuedV"-martingale,

(i) y ¥ (W) is anE-valuedV"-martingale, and
(i) n 7. (W) is aT M-valuedV"-martingale,
where V" in item (i), is the horizontal lift of V in TM. As a consequence, we
notice that the maps,: (TE,V") — (E, V"), ¢: (TE, V") - (E,V") and
7. (TE,V") — (TM,V") are semi-affine, i.e. they are affine with respect to the
symmetrized connections.

If Jis anE-valued semimartingale, we define the covariard)(tterivative ofJ by
D.J:= g[;(th J). Equivalently,D J is characterized by the formula

(4.8) d¥"J = hy(dV X) + vy (D.J).
Note that Eq. (4.5) yields
(4.9) DJ = //Ed(//E7T).

In local coordinates, writ®¥’ £ asd + A andV asd + I. Since
/1. = —AGX, /fp),
we have
-1 -1
§(/f02) = (/lg) A(6X,),

and hence

Q) = () A@X, ) 4 g (/) dA (X, X, )

+ % (//g?_)’1 A(dX,A(dX,")).

Thus by Eq. (4.9) we get the following general formula ér.J):
(D) =dJ* + A*(dX, J) + A% (dX,dJ)

(4.10) 1

+3 (dA"‘(dX, dX,J) + A% (dX, A(dX, J))) .

SubstitutinglX = dVX — T(dX,dX) in the second term of the r.h.s. then gives

(4.11)

(DJ)* = dJ* + A% (dV X, J) + A%(dX,d.J)

+ %(dA“(dX, dX, J) + A%(dX, A(dX,J)) — A® (D(dX,dX), J)).

Taking into account thgtD.J)* — d.J* — A*(dX, J) has finite variation, and replacing
dJ by DJ — A(dX,J) in the third term on the right, Eq. (4.11) finally leads to

1
(4.12) (DJ)* =dJ* + A®(dV X, J) + A®(dX,DJ) + 5 (VA)(dX, dX, J).
Notation 4.4. If a — w(a) € F is aC' path, we denote by ,w its covariant deriv-
ative: Vow = ¢(0,w) = 2% wherey)(W) = v, ! (W) if W € T,E. Slightly
abusing the notation, we just writé,,w for V,|,_, w.

The following theorem describes how covariant derivatiwéh respect taz andt
commute. We writ&/ R (vy,va,v3) for V,,, R¥ (va,v3).
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Theorem 4.5. Let] be an openintervaliiR, and fora € I let.J(a) be asemimartingale
with values in the vector bundlE. Assume that — J(a) is C* in the topology of
semimartingales. LeX (a) = w(J(a)). Then

DV,J =V,DJ+ RPVX,0,X)J
1 1
+ R¥(dX,0,X)DJ — 5VRE(dX, 0,X,dX)J — 5RE(DaaX, dX)J.

Remark 4.6. The Stratonovich version of this equation is

(4.13) D5V,J =V,D%] + RE(6X,0,X).J

whereD*J = //F 6(//({?__1J). In the particular situation whefis parallel transport
along X, Eq. (4.13) is a consequence of formula (4.7.5) in [15]. Ooeld prove

Theorem 4.5 with a Stratonovich tdltonversion, but we prefer here to give a proof
entirely based on the commutation formula (4.14) below.

Proof. Let V"¢ be the complete lift ofV" in TE. We shall prove that the wanted
formula is a consequence of the relation

(4.14) dv" 0. = 5(8d"" J)

given by Theorem 2.2 (when applied t@ integrals as special cases of stochastic dif-
ferential equations) and of formula

(4.15)
V"o =dv" o
1
—5Vos (R"(0J,dJ)dJ +V"T" (dJ,8J,dT) + T"(D"8.J,d.T))
which is a consequence of (4.7). Here and in the sequel ofrihaf,[@ stands foid,,
R" (resp. T") is the curvature (resp. torsion) tensor with respecv’tq andV the

vertical lift from TE to TTE. A straightforward calculation using (4.1) shows that if
A;, 1 <i < 3arevectors il ;TE satisfyingA; = hy(v;) +v5(4;), then

(416) Rh(Al,AQ)Ag =hy (R(Ul,vg)vg) + vy (RE(Ul,’Ug)Ag) R

(4.17) Th(Al,AQ) = hJ(T(Ul,’Ug)) + vy (RE(’Ul,UQ)J)
and
VhTh(A1,A2,A3) = hJ (VT(’Ul,vg,’U3))

(4.18)
+vs (Vo, R (v2,v3)J + RP(v2,v3) A1) .

The relation betweed""" 8.J andDV, ] is obtained as follows: frorv,.J = »(0J)
and the fact that is semi-affine we gefV" V,.J = ¢,dV" .J which gives

(4.19) DV,J = ¢(4p.d¥" " 8.J).
One easily verifies that

(4.20) YooV =1
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which allows using Egs. (4.8) (4.16), (4.17) and (4.18) tlzwdate the contribution
of the second part of the r.h.s. of (4.15) in the wanted foanwWore precisely, this
contribution is seen to be

(4.21) —RP(8X,dX)DJ - %VRE(dX,aX, dX).J — %RE(DaX,dX)J,
when taking into account for the last term in the right th&9.J projects ontaDdX :
Do = /b d (/) o)
= /. (hao /5, 0X + vy (/E) 7 V)
= /it (oo @ /5,1 0X +vs,d (//F) " V)

= halfo. d/fo 0X + v /JE A (JJE) T VaT
= hyDOX +v;DV,.J.

Next we calculate) o 1), (thCBJ). Egs. (4.14) and (4.8) yield

poth, (dV"°0T) = ot os (Ohs(dV X)) + 1 o, o5 (Bus(DJ)).
We are left to verify that

(4.22) Yorh.os (0hs(dVX)) = RF(dVX,0X)J]

and

(4.23) Yo, os(Ovy(DJ)) =V,DJ

which is easily performed in local coordinates. Summing hgp ight hand sides of
Egs. (4.23), (4.22) together with (4.21) yields the clairf@dhula. O

In the next four examples we illustrate all terms in the folaraf Theorem 4.5.

Example 4.7. (Variation of parallel translation by a change of connet{i))

Let M be a Riemannian manifold endowed with the Levi-Civita cartioa V. Assume
thata — V¥ (a) isaC' family of covariant derivatives oft indexed bya € T wherel
is an open interval ifR containing0. Let V" (a) be the horizontal lift of V, V¥ (a));
let VE = VE(0) andV" = V"(0). Denote byd, VE the derivative ofs — V(a) at
a = 0. By definition,0, V¥ is a section o *M ® E* @ E. Now let X be a Brownian
motion onM andW (a)(w) be the parallel transport along (with respect tov” (a))
of avectorw € Ex, independentod. Finally denote byD® the 1 covariant derivative
with respect tov ¥ (a) and byD the It covariant derivative with respect %”. Recall
that in local coordinates, by Eq. (4.11), writifg® asd + A,

(4.24)
(DW (a))® = dW®(a) + A%(d¥ X, W (a)) + A%(dX,dW (a))

Y

+ %(dAa(dX, dX,W(a)) + A%(dX, A(dX, W (a))) — A (T(dX,dX) W(a))).

SinceW (a) is the parallel transport with respect Y0¥ (a), we haveD*W (a) = 0,
hence

(4.25) DW(a) = (D — D)W (a).
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For brevity, we writelV for 1/ (0). Differentiating Eq. (4.24) with the help of (4.25)
yields
(4.26)

80(DW (a))* = =8, A% (d¥ X, W) — 09 A®(dX,dW) + %(—d@oA“(dX,dX,W)
— 0o A (dX, A(dX,W)) — A*(dX, 0o A(dX,W)) + 8pA® (T(dX, dX), W)).

But DW = 0 implies thatdiV® 4+ A*(dV X, W) has finite variation, and in particular
Op A% (dX,dW) = —0g A% (dX, A(dX,W)).
Hence Eq. (4.26) gives
(4.27)
1

O0(DW (a)” =~ A*(d¥ X, W) + 5 (—daoA“(dX,dX,W)

+ 0o A (dX, A(dX,W)) — A%(dX, 8o A(dX, W)) + g A (T(dX, dX) W)).

Y

Now we replacé, A by (8, V) to get the following intrinsic formula, wheg, DW
stands again fo¥,|,—o DW (a):

1
(4.28) VoDW = -8,V @V X, W) — §V80VE(dX, dX, W).
SinceX is a Brownian motion, Eq. (4.28) can be written as
1
(4.29) VoDW = —3,VE(dV X, W) + 5d*aovE(W) dt

whered*9,VE (W) = —trVo,VE(-, -, W). The othertermsinther.h.s. of the formula
in Theorem 4.5 vanish, hence

(4.30) DVoW = -9y VE(dV X, W) + %d*@OVE(W) dt

and sinceV, W projects ontaX, by (4.8) it is aV*-martingale ifd, VF € Ker d*.
Eq. (4.30) along with (4.8) recovers the following equivade ([5] Proposition 4.2):
0o VE € Kerd* if and only if, for everyX andiW as aboveV,W is aV"-martingale.

Example 4.8. (Variation of parallel transportinduced by a perturbatibthe Brownian
motion along the flow of a vector field [5]) Herd is a Riemannian manifold endowed
with the metricg and Levi-Civita connectioiV/, X is an M -valued Brownian motion,
X (a) = ¢.(X) where(¢,)qcr is the flow to a vector fieldl € T'(T M) parameterized
by some open interval C R about0. The connectiorv” is fixed and defined as
horizontal lift of (V, V) whereV ¥ is a covariant derivative oR. Forw(a) € Ex, (q),

let W (a)(w(a)) be the parallel transport af(a) alongt — X;(a), i.e.,

Wo(a)(w(a)) = w(a), = (W(a)(w(a))) = X(a), DW(a)(w(a)) =0.

Let J(a) = W(a)(w(a)) wherea — w(a) € Ex, () is C*. For simplicity, we write
againVoJ for V,|,=0J anddy X for d,|,=0X. Theorem 4.5 applied at= 0 gives
(4.31)

1 1
DVoJ = RP(dVX,0,X).J — §VRE(dX, o X,dX)J — §RE(DaOX, dX).J.
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Now from X (a) = ¢,(X) we getd, X (a) = Ax(,) whichin turnimplies thaDd, X —

Vv x A is of finite variation. In particular, sinc& is a Brownian motion,
Doy X NdX =tr (V. AN ) (X)dt.

On the other hand, denoting lthe canonical isometr}*T*M — AT M induced
by the metric and by its inverse, a calculation shows that

(dA°) = —tr(V.AA -).
Consequently, Eq. (4.31) transforms to

1
(4.32) DV,J = RF(dVX,A(X))J + 3 (—d*RE(A(X))J + RE((dAb)”)J) dt
where againl* RE (u) = —tr VRZ (-, -, u) foru € TM. Defining
(VoW (a)) w(a) = Vo(W(a)(w(a)) = W(a) (Vaw(a))
and taking into account thd@W (a) = 0, Eq. (4.32) yields
(4.33)
1
DVoW = RF(d X, A(X))W + 5 (~@ RF(AQX)W + P ((d 4")W) dt.
SinceV,W projects ontaX ata = 0, it is aV"-martingale if and only if
1 1
—§d*RE(A) + §RE((dAb)”) =0.
Now assume that is of gradient typed A’ = 0). Then we get
1
(4.34) DV W = RFP(dVX, A(X))W — §d*RE(A(X))W dt.
Moreover Eq. (4.34) yields the following equivalence ([3j€ébrem 4.4)V¥ is Yang-
Mills (d* R = 0) if and only if VoW is aV"-martingale for every¥ as above.

Example 4.9. (Covariant derivative of parallel transport and Yang-Blitonnections)
M is now a Riemannian manifold] is the Levi-Civita connection associated with the
metric, E is endowed with a metric which is preservedBy. SupposeX is anM -
valued BM onM with lifetime &; //,  is the parallel transport iff' M along X; for

u € Tx,M, a — X(a,u) is the geodesic starting frodi; with speedy/ //o4u at
a =0,ie,X/(a,u) = expx,(avt//y,u). Finally, letW;(a,u)(-) denote parallel
translation inE alongX;(a, u):

(4.35) m (Wia,u)) = Xy(a,u), DW(a,u) =0, Wy(a,u)=idg,, .

Note thatW;(a,u)(+) is an isometry under the assumptions above. In terms of the
covariant derivativev, W of W we consider the followind.(Tx, M ® EndEx,))-
valued semimartingale:

W™'VoW : Tx,M — End(Ex,)
u— WV oW (u).

Recall thatWVo = V4 |a—0, thus(W = 1VoW) (u) = W, (0, 1) Va|a=o Wi (a, u) where
Wi(0,u) = //3%-
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Proposition 4.10. The semimartingal&/’ 'V, has lifetime¢ and satisfies the 1td
equation

(4.36)
1
4 (WINW), = W, RE (¥ X0V [y )We = 5WiHd RE(VE o)W .

The Riemannian quadratic variatias)®" of W =1V, W is given by
t
(4.37) Syar = / 25| R (X,)|* ds
0

where the norm oR” is the Euclidean norm i (A2T M, EndE).
The covariant derivative/” is Yang-Mills if and only if, for every¥ as above,
W—1V,W is a local martingale.

Remark 4.11. 1) The factoR inther.h.s. of Eq. (4.37) disappears if one takes Euclidean
norm in L(®*T M, EndE) instead of Euclidean norm ih(A?T M, EndE).

2) The factor/t in X;(a,u) = expy, (av/t //, ;u) is introduced merely for scaling
reasons. Forinstance, in cade= R™ the perturbationi;(a,u) = X; + av/tu, and
the factor,/t ensures Brownian scaling of the perturbed process. NotétEa). (4.37)
our scaling convention leads to the additional multiplieafactors.

Proof of Propositiord.10 Let £(a,u) denote the lifetime o (a,«) which is also the
lifetime of W(a,u). Then& A £(a,u) converges almost surely foasa tends to0.
This implies that(WW ~!VoW)(u) has lifetime¢ as well. To establish Eq. (4.36) we
computeDV, W by means of Theorem 4.5. The only difference to Example 4t&is
now Dy X¢ (-, u) = D(\/Z//O’tu) = 2#\/5 //o.+u dt is aterm of finite variation, with the

consequence th&” (Ddy X, dX )W vanishes. Thus we get
1
DVoW, = RP(d¥ Xy, Vt [/ )W — id*RE(\/Z//O’t)Wt dt.
To obtain Eq. (4.36) it is sufficient to invoke (4.9) which gs/
W'DVW =d (W~ 'VW).

Eq. (4.37) follows from Eqg. (4.36) along with the fact thd§ andW are isometries
andX is a Brownian motion.

For the last assertion we may proceed as in the proof of [Spidna 4.4: if V¥
is Yang-Mills, then the drift in Eq. (4.36) disappears dfid ' VoW is a local martin-
gale. Conversely, if for everly’ as abovéV 1V, is a local martingale, choosing a
Brownian motionX starting fromz € M, we obtain almost surely

W d*RE(Vt /[y )Wy =0 forallt < &

Finally, dividing in the left byy/t and then letting tend to0, we getd* RF (z) = 0 as
wanted. O
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Example 4.12. (Asymptotics of the parallel transport along a rescaled\Biian bridge)
Let M be a smoothn-dimensional compact Riemannian manifold with its LewAGi
connectionV andz: E — M be a vector bundle ove¥/ endowed with a connec-
tion V. Letzg € M, u € T,, M, X(a) = X (a, u) satisfy Xo(a) = exp,,(au) and
fort € [0,1]:

(4.38) d¥ X,(a) = aA(X(a)) dB; + by(a) dt

where B is anR"-valued BM, A € T'(R" ® TM) is such that for allz € M,
A(x)A(z)* = idr,m, andVA(zp) = 0. Note that such a choice fot is always
possible, locally with an orthonormal frame whose covardarivative vanishes aty,
and globally with the help of a partition of unity. Finallyatdrift b; in (4.38) is given
by

(4.39) bi(a) = Vi(a, X¢(a))
where
(4.40) Vi(a,z) = a® grad, log p(a®(1 — t), 2, z¢)

andp(t, z, -) is the density at time of a BM when started at at time0. The process
X (a) is arescaled Brownian bridge; more precigely X,/ ,>(a) is aBrownian motion
starting atxp, (au) and conditioned to be at, at timea”.

In the sequel we keep the notati@nfor 9, |,—o andVq for V,|a—o. Itis well known
that

(441) by (0) =0 and Vob; = — 1

1-t¢
Differentiating (4.38) with respect towith the help of Theorem 2.2, taking the covariant
derivative with Egs. (4.7) and (4.8) gives (siri¢es torsion-free)

(4.42) DO,X =aVy,xA(X)dB + A(X)dB + V,bdt — %R (0.X,dX) dX.

O X.

Ata = 0, sinceXy(a) = exp,, (au) we getdy X, = u and

0o X
1-t
hencedy X is a Brownian bridge in the Euclidean spdGg M, starting at, and ending
up at0 at timel. Note that in Eq. (4.43) the covariant differentiab, X is equal to
ddp X sinceX (0) = .

Differentiating Eq. (4.42) at = 0 with the help of Theorem 4.5, sincé(0) = z,
yields

(4.43) D8 X = A(xo)dB — dt,

(4.44) DV0,X =2V y,x A(xo) dB + VoV, bdt.
ButVA(zg) = 0, so Eq. (4.44) gives
(4.45) DV0,X = VV,bdt.

On the other handy — Xg(a) = exp, (au) is a geodesic, s¥9,Xo = 0. In facta
careful investigation of shows that

(4.46) VoVubi =0 and Vod, X, = 0.
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This will be proved in a forthcoming paper, together with thikowing theorem which
describes the asymptoticsdmata = 0 (up to order three) of the parallel transportfin
alongX (a, ).

Theorem 4.13.Letu € T,,M andW (a) = W (a,u) be the parallel transport i
along X (a,u). Derivatives with respect ta are taken in the topology of semimartin-
gales. The following formulas hold:

(4.47) Wt(O) = idEmo,
(4.48) VoW, =0,
t
(4.49) VoV, IV, = / R (A(20)dBs, 9Xs),
0

and hencé&v/V, W, is a martingale,
(4.50)

t t
VoVaV Wi = 2/ VRE (9 X,, A(xo) dB,, 00 X,) — d*RY (/ D0 X ds) .
0 0
We have the following asymptotic expansion at 0
3
(4.51) E[W:(a) 70.0] = idg,, —?—Qd*RE(u) +0(a)
whereTg , is the parallel transport inE alonga +— exp, (au). In particular, the
following three assertions are equivalent:
(i) d*RFP vanishes at
(i) foreveryu € T,,M,VoV,V,W(a,u)is a martingale,
(iii) for everyu € Ty, M,
(4.52) E [Wi(a,u) To,a — idEzo] = 0O(a%).
Remark 4.14. 1) Eg. (4.43) shows that formula (4.49) can be rewritten as

t
(4.53) VoV W; = / RE(080X,,00X,)
0

which is identical to formula (39) in [4].
Similarly, Eq. (4.50) rewrites as the Stratonovich intégra

t
(4.54) VoV VW = 2/ VRF(00X,,000X,,00X,).
0

2) In[18] and [6] the authors obtained a condition similag4d2), but in their result
the time is not fixed; it is the first exit time of a ball of radiugu||. Here the full terms
of the asymptotic expansion inare obtained, and the covariant derivaté is not
required to be compatible with any metric. The proofis basesuccessive applications
of Theorem 4.5 together with a careful investigation of thaations obtained. Finally
to derive Eq. (4.52) which involves timewhere the equations have a singularity, we
use a time-reversal argument and the symmetry of the law ebadan bridge.
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5. A GENERAL CLASS OF LIFTS TO VECTOR BUNDLES

Let E be a vector bundle equipped with a horizontal connectidn In this section
we investigate connections” on F of the following type: ford, B € T'(TE), J € E,
let

(5.1) \ B = vh ,B+.7(A;,By)
with
(5.2) S (Ay,By) =wvy (%(71'*14,], mBy)J + T (U}l(Avert), W*BJ))
whereZ is a smooth section df*M @ T*M @ End E) over M and.Z a smooth
section ofE* @ T*M ® E overE (and not ovei)).
Examples of such connections are given trivially by the zantal lift itself, and the
complete lift in the cas& = T'M. In the latter case we have
53) 22X, V) J=R(J,X)Y+ (VxT)(J,Y) and J(X,Y)=T(X,Y)

whereR andT denote the curvature and the torsion tensovdhereT is considered
as sectionof*M ® T*M ® T M overM). Other examples will be given in Sections
7 and 8.
Let us consider the three following properties for a conioact’ on E:
(i) V' — V" is vertical,
(i) (V' —=V")(-,B) = 0if Bis vertical (which implies that the flat vector spag
is affinely immersed ifE, V') for eachz € M).
(iiiy (V' = V") (hs(X),h;(Y))is linearinJ for fixed vector fieldsY,Y € T(TM).

The following result is immediate:

Proposition 5.1. A connectior’V' on E is of the formV~ as defined by5.1)for some
< asin(5.2) if and only if V' satisfieqi), (ii) and (iii) .

Note that connections similar 86" but without torsion have already been studied
in [16].

Let V¥ be a connection defined by (5.1) and (5.2). An immediate apresece of
Egs. (5.1) and (5.2) is that theltifferential of anE-valued semimartingalé satisfies

(5.4) a7 =dv"J + %UJ (#(dX,dX)J + 7(D.J,dX))

whereX = n(J) andD.J; = //&,d((//E) " Ti) = vy ((d7" T)ve).
If X isanM -valued semimartingale we define the deformed parallestation along
X as the semimartingal, , with values in HonEx, , Ex, ), solution to

(5.5) Qoo =idEy,, d¥ O, =he,, (d7X;).
An equivalent definition to (5.5) is given by
. 1
(5.6) O =idpy,, 7(0g,;) =Xi, DOy, = ——%’(dX,dX)G)OJ.

Note that the term7 (D®, ;, dX;) vanishes sincd©,, is of finite variation. Also
recall that®,,  is defined via a linear equation and has consequently the Eatimae
asX.
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Definition 5.2. A process®,  as defined by Eq. (5.5) is called a horizontf” -
semimartingale (or &~ -transport inE). It is called a horizontaV~ -martingale
if it projects to avV-martingaleX on M.

As a generalization of Theorem 2.1, we get the following pifion. The second
part has been proved in [16] for torsion-free connections:

Proposition 5.3. Let J be a continuous semimartingale with valuesfirand letX =
7w(J). Then

1
G.7) AT = hy, (VX)) + vy, <90,t (d(©g; ) + 5y(DJt,dXt)> :

Consequently/ is a V*’-martingale if and only if
(i) X =n(J)isaV-martingale in}M, and

" 1 . .
(i) ©5' T+ 3 / O, 7 (DJ,,dX,) is alocal martingale.
, 0 0

Proof. We only need to establish Eq. (5.7), the rest of the proof isremediate conse-
quence of it. Settingo; = (//5;) 'O, , we have

dbos = (//&) " DOy, = —% (//F) ™ #(dX.dX)O,,
which gives
by = =05 dbo. 05 = %@@%(d}(, dX) /13-
We get
d(0gt 1) =d (91 (/15) " i)
(@852) (/A5) " Je+ 651 a ((1A5) " %)
_ %@gj R(AX,dX0)J+ 650 d ((//5) 7 )

= @Ej <1ﬁ(dXt,dXt)Jt + Uil ((dvh Jt)vert)>

5%
=0, <—%9(DJt, dX;) + v} ((dV"" Jt)ve”)> .
As aconsequence, sind8".J andd¥ ”.J have the same horizontal parts, we get similarly
to Eq. (4.8)
dV7J, = hy, (¥ X,) + vy, (@w (d (051 7)) + %9‘(111“ dXt)>
which is the wanted result. O

Remark 5.4. In most of the considered examples the tefirvanishes, then condition
(i) in Proposition 5.3 simplifies. In some situations we fina ourselves by assumption
to connections oy with 7 = 0, in order to make operations on the lifts more natural,
but then (for connections with torsion) our set-up does mgéy generalize the notion
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of complete lift in tangent spaces, as defined by Eq. (5.3}hése cases however, the
considered semimartingaldswill satisfy DJ @ dX = 0, which implies that we have
nevertheless a consistent generalization as long as oyeistthis class of processes.

We continue the investigation 67~ by establishing formulas for the stochastic
parallel transport and the antidevelopment. Jlis an E-valued semimartingale, let
DS Jy = v, ((6)) = //E6((//&) i) be the vertical part of its Stratonovich
differential, //;; the parallel transport along with respect toV, and .« (J)
(resp.«/"(.J)) the antidevelopment of with respect tov~ (resp.V").

Proposition 5.5. Let.J be anE-valued semimartingale.
(1) The parallel transport//(f’; along J is given as follows: Forw € T, E with
projectionu € T'x, M, we have

(5.8)
1w = [fw — vy, (//Jf; [ (@0 + 206X, //msu)Js)) .
(2) The antidevelopmeny~” (.J) of J satisfies
o7 (T = ()
. ( / ( | EY (T DT ffon) +%<6XT,//O,T->JT)) M<X>s) |

Proof. (1) We may assume thdis a smooth deterministic path and replace Stratonovich
differentials by ordinary differentials. Let; denote the r.h.s. of (5.8), and let =
/o410 SinceV+~ andV” coincide on vertical vector fields, we have

VE I =0
As a conseguence, we get
Vf;wt
t
=7 (it = o (1, [ 0D (2T + 0w 1) ds) ).
0
But Egs. (4.4), (5.1) and (5.2) yield
VE 1wt = g, (T (Vi u) + (X0 w) )
and from (4.4) and the fact th&~ and V" coincide on vertical vectors we get
t
vlj;th (//(ft/ (//[fs)_l (Q(VDJS,uS) —|—%)(Xs,us)Js) dS)
0

= (Vi [ IR (7T + 2 1) )

=7, (y(VDJt,Ut) —I—,@(Xt,ut)Jt) .

Thusvffwt = 0 which gives the result.
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(2) We first calculate the inverse parallel transport withpet toV~". Letting
w' = //%w, we have

[ = + v, (//(f} [ R (T D500 0 + 76X, //o,suws)) |
0
Applying (//(fft)*1 on both sides and using formula (4.4) yields with= 7, w’,
! = ()
Fug, ( [t (20 i) +%<6Xs,//o,s//(;t1u'>Js>) |

Now from the formulas
S (T)e = (/87 0T and 6 (T)e = (//5) " 0,
we get
8 (7 (T)e — " (J)e)
= (/)™ = Ule) ™) 8,

= ([ VD (7O it ne000 + 36K 7000
=, ([ G 051 o)+ #6019 ) 567X, )

The proof is achieved by integrating the last formula. O

For the remainder of this section we consider connectiofisvith vanishingZ and
construct lifts of connections on dual bundles and tensodlas.

To a given sectio?” of T*M ® T* M ® EndE, we first define a sectio®@”" of
T*M  T*M ® EndE* by means of the formula

(5.9)
(ZE (X, V), J) + (0, #E(X,Y)J) =0, X,Y €T.M,JcE,, acE},

thus#%" (X,Y) = —(#P(X,Y))*. Now assume that we have two vector bundles
E and F' over the same bask/ (for different base manifolds, say/ and N, first
extend everything canonically t/ x N). In addition, assume that sectiom®” of
T*M ® T*M ® EndE* and#" of T*M @ T*M ® EndF* are given. We define a
sectionZ?®F of T*M ® T*M ® End E ® F) by linearly extending the formula

(5.10) ZPPF(X,)Y)(Jy @ Jo) = (ZF(X,V)J) @ Jo + J1 @ (ZF(X,Y).]s)

whereX,Y € T, M, J, € E,, J; € F,.

These formulas define connectionsBh, resp.E ® F', for simplicity again denoted
by V-, called the dual of the connection &hresp. the tensor product of the connections
on E andF. Finally, for an)M-valued semimartingal&’, let ©F, ©F", resp.0F®F,
denote the deformed parallel translations aléhgn E, E*, resp.E ® F.

Proposition 5.6. (1) 7" = ((©7)~1)" (2) 6F®F = g or.
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This result is similar to the results in [16] Sections 5 anB@,the assumptions are
not the same and the proof is different.

Proof. (1) Itis sufficient to prove that

(5.11) D(O"))" = _%,@E* (dX,dX)((07)™)".

But Remark 4.3 and formula (5.6) for the covariant derivatv©” give
D©) = (s a ((UETY) (©m))

= (1ETY a((/4E) ("))

(/) a (@) ey

(/)" ((0F) 7 #P(dX,dX)//f)"

V) UIE ) (87 (dX, X)) ((07)71)"

= _E%E*(dXJX)((@E)‘l)*

1
2
1
2

which is the desired relation.
(2) The result immediately follows from the relation

D (0P 2 0")=Def 20" + 0F ® DO

which is established by means of Remark 4.3. There is no btaikce by Eq. (5.6),
(//F)~1e" s of finite variation. -

If there is no danger of confusion, we denote the sectigfs #7 and Z”®F
without differentiation by the same symh#l.

For a Riemannian manifold/, let #Z = %" be the section of*M & T*M ®
End E*) defined in (5.9). Settingt? = Y., %(e;,e;), where(e;)1<i<m is a local
section of the orthonormal frame bundle ovér we define theZ-Laplacian as

(5.12) A7 =0+t %,

whereD := tr (VT M2E" 5 E") is the horizontal Laplacian on forms.
Let©, . denote theéV” -transport on along a semimartingal& . We continue to
assume tha?” vanishes.

Proposition 5.7. Assume thatM/, V) is a Riemannian manifold equipped with the Levi-
Civita connection and lekX” be an}/-valued Brownian motion. For eveeye Ex,, the
restriction of the generator of/e (resp.0,, ,¢) to sections of* is 1 O (resp. $ A%).

Proof. The parallel translatioyf/;”, satisfies the equation

h
A% /o = hyp, (d¥ Xy),
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which can be rewritten locally as

m
h .
A"/ =S el (//E,) dB
i=1
where(e;)1<i<m iS alocal section of the orthonormal frame bundle a\eand the pro-
cesses3’ are real-valued Brownian motions. The Stratonovich versicthis equation
is

m

S0 = D el (5 6B = 3 Y Vel (115

i=1

Hence//{", is seen to be a diffusion with generator

53 (e = Thel) = 53 (1 = (W),

1=

But if a is a section ofE*, u a section of' M with horizontal liftu”, s a section ofE
with vertical lift sV, andr a section ofE, then

(5.13) ut(a)(r) = (VE a,r) and s'(a)(r) = (a,s).
The second equality in Eq. (5.13) is obvious. Let us explarfirst equality: it — r(t)
is C1 with r(0) = 7 € E,, and?(0) = u”(rp), then
d x -
u(a)(ro) = E‘tzoa(r(t)) = <meoa,r0> + <a(w0),Vior> = <me0a,r0>.

The first equation of (5.13) then gives the result for the mmof//(f_e.
On the other hand, by Egs. (5.5), (5.1) (5.2), and with thesseaiculation as before,
©,,.e has generator

i=1
The second part of (5.13) with= tr Z(r') gives
(rz ()" (@) (r) = (a,r Z(r')) = —(tr Ba,7").

This combined with the same argument as before for the hatatpart gives the claim
for the generator 0B ,e. (|

As a consequence, we have the following result.

Theorem 5.8. Let M be a Riemannian manifold with the Levi-Civita connectin
and7: E — M a vector bundle equipped with a covariant derivativé’. Let
a: [0,T] x M — E* be a smooth solution to the heat equatiéa = 2 A%a. Then

a(T—1X;), 0<t<T,

is a V< -martingale inE* for any Brownian motiorX on M.
In particular, a differential formaz € T'(E*) is harmonic (i.eA%a = 0) if and only
if a(X) is a VvV~ -martingale for any Brownian motioX in M.
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Proof. This is a direct consequence of Proposition 5.7 which givegienerator o®, .
and Proposition 5.6 which characteriZgé$’ -transports inf*, together with Proposi-
tion 5.3 which characterizes martingales. O

Identifying (E*)* with E and using again Proposition 5.6 gives immediately the
following result:

Corollary 5.9. Let M be a Riemannian manifold with the Levi-Civita connection
and7: E — M a vector bundle equipped with a covariant derivativé’. Let
a: [0,T] x M — E be a smooth solution to the heat equatin = 1 A%a. Then

a’(T_t:Xt)a OStST,

is a V* -martingale inF for any Brownian motiorX’ on M.

6. CoMPLETE LIFTS TO COTANGENT BUNDLES

Let (M,V) be a manifold endowed with a torsion-free connection On T* M
consider the induced dual covariant derivative, as in Rerad. In this situation
Proposition 4.1 gives rise to a horizontal connectiéf on 7 M, i.e. a covariant
derivative onT'T* M .

In [19] the authors introduce a connectionBh)/ which we denote here by” and
which they call the complete lift o¥: by definition it is the Levi-Civita connection for
the pseudo-Riemannian metiton 7* M given by

ds® = 2dz* (dp; — pk[‘fidxj)

where(z?, p;) are the local coordinates. This pseudo-Riemannian mgtii alterna-
tively described as

¢(X°, V) = —(VxY +VyX)", X,Y eT(TM).

HereX ¢ Y € T'(TT*M) denote the complete lifts of, Y, andX” € C>(T*M),
X"(a) := a(X4(a)), the vertical lift of X, see [19], chapt. VI for details.
Define the sectio? € T'(T*M  T*M ® EndT M)) by the formula

(6.1) Z(X,Y)J=R(J,X)Y, XY, JeT.,M.
Recall thatZ is associated with the complete INt° of V in T M.

A calculation shows that for eveily, W € I'(TT*M), p € T*M,
(6.2) Vi, W = VW + o, ((p, R(-, m.V,)m.W,))

(see for instance [19], chapt. VIII; in [19], the authors defv"* by means of (6.2)
and prove then the relations in Proposition 4.1). HeWiéés a connection of the type
V+, as defined in Section 5, with

(6.3) S (Aa,Ba) = va ((Z(mAa, mBa)) ), A, BeT,T*M.

Vv’ does not coincide with the adjoint 8¢ as in Section 5. Indeed, the adjoint'Gf
is V(=) with .7 as in (6.3). The adjoint o¥¢ will also be called the complete lift of
V in T* M, and denoted by ¢ when there is no risk of confusion.

In the case whergV/, g) is a Riemannian manifold ar\d the Levi-Civita connection
associated with the metrig, the complete liftV¢ of V on T'M is the Levi-Civita
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connection associated with the complete difton T M of g (see [19],9¢ is in fact a
pseudo-metric). In this situation, it is easily proved ttet map
(6.4) b (TM,g°) = (T*M,g’)
is an isometry.

u = g(u, )

Y

Proposition 6.1. Let V be the Levi-Civita connection on a Riemannian maniftid
Then aT' M -valued continuous semimartingaleis a V¢-martingale if and only if the
T*M-valued process” is a V’-martingale.

Proof. This is a consequence of the fact thé an isometry. One can also give a proof
based on symmetry relations satisfied by the curvature tehev.J be a7 M -valued
semimartingale such th& = =(J) is aV-martingale. Then by Egs. (4.5) and (4.6),
J is aV°-martingale if and only if for every, € Tx, M

(6:5) i) + 3 /0 (/54 B(Js, dX)dX s, u)

is a local martingale. But sing#, , is an isometry, (6.5) may also be written as

o)+ § [ (RO X ),

and using the relatiotR(A, B)C, D) = (R(D, C)B, A), this writes

ellows) + 3 [ (7 Rl X0X,)

Hence (6.5) is a local martingale for allif and only if

1 t
Bilha+g [ (7R XX,
is alocal martingale, or if and only i’ is aV” martingale. This achieves the proof]

7. CoOMPLETE LIFTS TO EXTERIOR BUNDLES

In this section(M, V) is a manifold endowed with a connection possibly with tamsio
T. We denote by’ the adjoint connection given By — V = T and byR the associated
curvature tensor. Lef = APT' M. On E there is a covariant derivative inherited from
V, and hence, by Proposition 4.1, a covariant derivafifeon TE. Let us define a
sectionZ? € T(T*M ® T*M ® EndE) as the linear extension of

B (u,w)vr A ... Ay
P
= Zvl/\.../\(R(vk,u)w—l—VuT(vk,w))/\.../\vp
k=1

= > DMMRukv)uAwAv AL ATEA L AT AL A,
1<t<k<p
foru,w,v1,... ,v, € T, M. Note that in casp = 1 this formula coincides with th&?
in (5.3). Also note that one has to verify that this definitroakes sense, i.e. that the
right hand side vanishes whep= v;, i # j.
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Definition 7.1. The complete lift ofV to E, denoted byv°, is the connectiolvV~” on
E associated witt#? = #F, as defined above, and = 0.

The complete lift ofV to E*, again denoted by’¢, is the connectio’V" on E*
associated witt??” = —(%%)*, also denoted by?, and with.7 = 0.

If V is torsion-free, then the above definition extends the defirs forp = 1 given
in Sections 2 and 6.

Lemma 7.2. AssumeV is torsion-free. Ifu, w,vq,... ,v, € T,M anda € E}, then
Z(u, w)a € B satisfies

(71)  Z(u,w)a(vi,...,vp) = Z R(vg,w)a(vi, ... , V=1, W, Vkt1,-.- ,Up).

k=1

Note that (7.1) gives in the particular case= a; A ... A ay,

P

R(u, w)a(vy, ... ,vp) = — Z ar A A ag_1 Aoy, R(vg,u)-) Aapq A
k=1

o ANap (U, VRS, W, V1, - e 5 Up).

Proof. Since by definition
(Z(u,w)a, (v1,...,0p)) = —(a, Z(u,w)(v1 A ... ANvp)),

it is sufficient to prove that
p
(7.2) R(u,w)vy A...Nvp = ZR(vk,u) (VI ACAWNA L AYY).
k=1

But by developing the right hand side of (7.2), isolating tivens with R(vy,, v)w and
putting together terms with the same pair of indices, weiabta

P P
ZR(vk,u)(vl/\.../\w/\.../\vp)=Zv1/\.../\R(vk,u)w/\.../\vp
k=1 k=1

- E (=) (R(vg, w)ve — R(ve, u)ve) Aw AviA...ATEA ...
1<E<k<p
L ATRA L Ay

The result follows by using the Bianchi identity

R(vk,u)ve — R(ve, u)vy, = R(vg,ve)u.

As a consequence of Lemma 7.2 and [9] Proposition 8.7, wetater s

Corollary 7.3. Assume thal/ is a Riemannian manifold equipped with its Levi-Civita
connection. LeE = AT M and% be asin(7.1). LetA := —(d+d*)? be the Laplacian
onT(E*), and letA” =0 + tr # be the%-Laplacian onl'(E*) defined in SectioB.
Then

(7.3) A=A7,
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Remark 7.4. Under the assumptions of Corollary 7.3 the following formbblds:

R(u, W)y A ... \Nvy

P
:Zvl/\.../\R(vk,u)w/\.../\vp
k=1

- > (“DRugvuAwA v A ATEA L AT AL Ay,
1<E<k<p

The second term on the right says thétis not a tensor product as defined in for-
mula (5.10). In other words, the tensor product of deformes@ltel transports ifl" M

is not the deformed parallel transport associated with This has been pointed out
in [16] p. 196.

Let E = APT M. For everyxr € M, let X (z) be anM -valued semimartingale with
starting pointz. Assume thafX is differentiable with respect te and denote by’ X
the derivative ofX. We want to calculate the drift of the proceBX "? with respect
to the connectioiv¢, and to find sufficient conditions under which the fact tats a
V-martingale implies thaf' X *? is aV¢-martingale. We have

DITX) = [J.d((/IE) T TX) = I d (/)5 TX)
:zp:Txl/\.../\DTXk/\.../\TXp
k=1

+ > TXiA...ADTX(A...ADTX;A...ATX,.
1<U<k<p

Consider the particular case wh&nsolves an equation of the type
dVX = A(X)dB + b(X) dt

whereB is anR" -valued Brownian motiond € T'(R" ® TM), b € T'(T M). Differen-
tiating with the help of Theorem 2.2 yields

dV'TX = A°(TX)dB + b*(TX) dt
or with Eq. (5.3)
d¥"TX = A°(TX)dB + b°(TX) dt
- %UTX (R(TX,dX)dX + VT (dX,TX,dX)+ T(DTX,dX)) dt.
Projecting onto the vertical part gives

DTX = VyxAdB + Vyxbdt

(7.4) 1
— 5(R(TX, dX)dX + VT'(dX,TX,dX)+T(DTX, dX)) dt.

Definition 7.5. We say thaf 4, V) satisfies the condition (LJW) Iin A is a subbundle
of T'M and the restriction of the adjoint connectiorto sections ofm A is the Le Jan-
Watanabe covariant derivative induced Ay
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Recall that the Le Jan-Watanabe covariant derivai%®' on ImA is characterized
as follows (see [10]): iZ € I'(ImA), v € T,, M, then

Vi ' Z = A(wo)d (A*(-)Z(-)) (vo)

where the adjointl* is defined with respect to an induced metricland which makes
eachA* (z) an isometric embedding in®®". The Le Jan-Watanabe covariant derivative
satisfies the property: if € M, e € (ker A(z))*, w € T, M, thenVEWA()e = 0
([10] Proposition 1.1.1).

Note that our notations are not the same as in [10]. ©us the adjoint of an
extension, as in their Proposition 1.3.1, of their Hence our restriction ot to Im A
is theirV.

The most important example is given by gradient Brownianesys: M is a Rie-
mannian manifold isometrically immersedlii, A(z) the orthogonal projection d&&"
to T,, M andV-" the Levi-Civita connection ([10] Example 1B).

Note that giverd such thaim A is a subbundle of M, the existence oV such that
(A, V) satisfies (LJW) is guaranteed by [10] Proposition 1.3.1.

Assume tha{ 4, V) satisfies (LJW). Let: € M. Choosing an orthonormal basis
of R" which splits into an orthonormal basis kfr A(z) and an orthonormal basis of
(ker A(z))"*, we see that & A(z) @ A(z) = 0. But with the expression dbT'X in
Eq. (7.4) we geDTX © dX = tr VA(X) ® A(X) dt; we conclude that

(7.5) DTX @ dX = 0.
As a consequence, using the relation

R, uw)u + (Vo T)(v,u) = R(v,u)u, u,v€ TyM,
and again Eq. (7.4), we get

DTX =VyxA(X)dB + Vyxb(X

l\DI»—l

Z R(TX, Ai(X))Ai(X) dt,
and this gives

D(TX"\?) = ZTXl AVrx,A(X)dBA...ATX,
+ZTX1/\.../\@Txkb(X)dt/\.../\TXp

+ ijTxl A A <—%iR(TXk,Ai(X))Ai(X)dt> A...ANTX,

i=1
+ Z L+ZZVTXk /\VTXZA (X) ANTX; A
1<0<k<p
ATX(A...ANTXpA...ATX,dt.

The displayed equation in the next proposition already apgi@ the proof of Theo-
rem 3.3.8in [10].
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Proposition 7.6. Assume thatA, V) satisfieLJW). Then

p
D(TX") =3 "TX\A...AVrx, A(X)dBA...ATX,
k=1

p
+Y TXi A AVrx b(X)dtA.. . ATX,
k=1

- % Zm:%’(Ai(X), A;(X))TXM dt.

In particular, if X is a V-martingale, therl" X\ is a V¢-martingale.

Proof. For the claimed equation, considering the formula just keefroposition 7.6
and the definition 0f2%, it is sufficient to prove that for alk € M, vy, vy € T, M

(7.6) > R(vi,va)A; AA; =2 Vi, A AV, A,

j=1 j=1
which is a consequence of [10], Corollary C.5Xfis aV-martingale, theh = 0, and
we have by (5.4) and (4.8)

e 1
AV TX" =dV TX™ + vpxnn <§%’(dX, dX)TX“’)
1
= hTX/\p (dVX) + vrxap (D(TXAP)) + Vvrxap <5ﬁ(dX, dX)TX/\p>

p
=hrxrw(dVX)+ Y TX AL AVrx, AX)dBA...ATX,
k=1

which shows thal' X”*? is a V¢-martingale. (]

8. COMPLETE LIFTs TO DIRAC BUNDLES

Let D be the Dirac operator on the spinor bundleover a spin manifold/ and
—D? = 0O + R the Weitzenbick decomposition of its square. We want to define a
natural connectiolv¢ on F', such that a section (“spinor fieldd) € T'(F’) is harmonic
(i.e.,a € ker D?) if and only if a(X) is a V°-martingale for any Brownian motioA
in M.

More generally, we shall deal with the following context.

Definition 8.1. Let M be a Riemannian manifold with Levi-Civita connection and
m: E — M a Riemannian vector bundle ov&f, endowed with a Riemannian connec-
tion VE£:

X(a,b) = (VEa,b) + (a,VED), a,beT(E), X € (TM).
ThenFE is said to be a Dirac bundle if it carries a “Clifford action”
(8.1) c € '(Hom(TM ® E,E)),
written asv - a := ¢(v ® a) € I'(E) forv € T'(T M) anda € I'(E), such that
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@) (v-a,b) = —(a,v-b),
(i) (v-a,0-b) = o] (a,b),
(iiy VE(w-a)=(VT™v)-a+v-(VFa)
forallv € T(T' M) anda, b € T'(E). The operator

8.2) D: T(E) Y5 I(T*M © E) = I(TM © E) - T(E)
is called Dirac operator af andA = —D? its Laplacian.

Definition 8.1 is equivalent to the one in [13], p. 114. Notattif, forv € T,, M, the
linear mape(v ® +): E, — E, is denoted by:(v), then conditions (i) and (ii) amount
to sayinge(v)* = —c(v) ande(v)e(w) + ¢(w)e(v) = —2{v, w)id.

For such generalized Laplaciansthere is a Lichnerowicz-Weitzeibbk decompo-
sition

(8.3) Aa=0a+ Ra
where in terms of the curvature ten®y: T, M x T,M — EndE,):
1
(8.4) Rea = —§Zei-ej-Rz(ei,ej)a
i,j

for any orthonormal basig,, ..., e,) of T, M (see [13], p. 155).

Example 8.2. (a) (the de Rham operatdiThe exterior bundlgZ = AT*M of a Rie-
mannian manifold with Clifford action-a = v” Aa—v” La and Levi-Civita connection
is a Dirac bundle, where by definitia? = (v, ). The associated Dirac operator is
D =d+ d* andA = —D? = —(dd* + d*d) is the de Rham-Hodge Laplacian &h

(b) (the Dirac operator on a spin manifo)df A is an even-dimensional spin man-
ifold, its spinor bundleF’ with the Levi-Civita connection is a Dirac bundle. The asso-
ciated Dirac operatab is referred to as the Dirac operator dh.

(c) (the Dirac operator of a twisted spinor bundilEhe spinor bundlé’ is tensored
with an auxiliary Riemannian/hermitian vector bunéllever M/ to give a Dirac operator
of the form

FRE¢ c
D:T(Fe) “ST(I"MoFof) S T(TMeFef) 25 T(Fo¢).
Again the identification in the middle is given by the metric.
(d) (the §-operator on a Kahler manifolde.qg. [7], p. 135.

Given the situation of Definition 8.1, we now investigate geationsv¢ on T E such
thata(X) is aV¢-martingale for € T'(E) harmonic andX a Brownian motion orl/.
Such connections will be possible candidates for the cotmfife V¢ of V.

First of all note that one may modify Definition 7.1 by meandte Weitzenbck
term (8.4) as follows: Fot,v € T, M anda € E, let

(8.5) R (u,v)a = — Zv ej - Ry(u,ej)a € Ey
J

and define fot” e I'(TE), X € T,E,a € E,
(8.6) %Y = VLAY + 0, (% (m. X, 7Y )a).
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This obviously gives a connectiovi® with the wanted properties which however does
not coincide with the connections on exterior bundles anddfin Section 7, when
the latter are considered as special instances of Cliffardikes. In addition, there is a
plenty of other connections satisfying the same conditions

The particular case of exterior bundles already suggestsrititase the Dirac bundle
Einherits a natural graduation or filtration, the connectibauld respect this additional
structure.

Coming back to the case of the exterior bunflle= AT* M of Example (8.2) (a), let
c(v) = C, — A, whereC,a = v’ Aa, Aya =" Laforv e T,M,a € E,, and let
pr’: E — E denote the projection ontB? := APT*M. Setting

ct(v)|EP = pPtlc(v)|EP
¢ (0) B = prTe(u) BV,

we getct (v) = C, andc™(v) = —A,. Moreover, it is straightforward to check that by
defining

(8.7) R (u,v)a = — Z ¢ (v) ¢t (ei) R(u,e;)a € E,,
we get
(8.8) X' (u,v) = #(u,v) + R(u,v)

whereZ is defined by Eq. (7.1). Taking into account the antisymmeftie curvature
tensorR(u,v), we see that Egs. (8.6) and (8.7) define a connedfibon the exterior
bundleE = AT™* M which coincides up to torsion with the one defined in Sectiom7
particular, both connections yield the same class of ngates.

9. MARTINGALES IN THE TANGENT SPACE RELATED TO HARMONIC MAPS

LetL = % >-i_, A? + Aq be a differential operator on a manifald with a connec-
tion. Assume that for every € M, one can chooseand the vector fieldd,, ... , A,
in such a way that for all > 1, either 4;(z) = 0 or VA;(z) = 0 (this is a local
property). Note this is possible for instance whihis a Riemannian manifoldy is
the Levi-Civita connection anfi = 1A + b, or more generally, whefd, V) satisfies
(LJW) (just make a rotation, depending onof the orthonormal basis iR").

Let N be another manifold with a connection also denotedvbyForT" > 0 let
u: M x[0,T] - N be a smooth solution to the heat equation, i.€.— -, X.) is
an N-valuedV-martingale for every diffusiolX’ on M with generatorL and every
t €10,T).

Let X (z) be a diffusion with generatdt, satisfyingX,(z) = = and

X (z) = A(X(2)) 6B + Ag(X (2)) dt,
orin the 16 form
(9.1) dV X (z) = A(X(x))dB + b(X (z)) dt

withb = Ay + % Z;l V 4, A;. HereB is a Brownian motion taking values iRf".
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Differentiating Eq. (9.1) along with Theorem 2.2 gives
(9.2) dV'TX (v) = AS(TX (v)) dB + b°(TX (v)) dt

for everyv € T M, whereT X is a diffusion with generator

r

c__l c\2 c
L= §Z(Ai) + AS.

i=1

(Note thatL¢ depends on the particular choice féy not just on the operatdr.)
LetT'u denote the derivative afwith respect to the second, afid the derivative with
respect to the first variable. We know by Corollary 2.3 that Tu(t — s, X5)(T X5)
isaVe-martingale inT'N.
Let ©M be aL(T, M, T M)-valued diffusion satisfyin@®}’ = idr, », and

(9.3) dV'eM = AM(OM)dB + b°(0M) dt

By means of Eq. (4.7) and relatidt(© | 4;) A; = R(OM, A;)A;+ VT (4;, 0M A;),
along with the fact thaD©* has finite variation, Eq. (9.3) can be rewritten as

d¥" oM = AM©@M)dB + b (OM) dt — %UGM (Z R(OM, Al-)Al-) :
i=1

But since

b =0 +~(V.b) = Zv hAh+7Vb)

wherey (V. b)(w) = v,(V,b) for w € TM, we conclude tha®™ is a diffusion with
generator

LY = 3 SN + 4L = 3 3 (RE A) A +(T.0)

i=1
Since Eq. (9.3) antt = b + (V. b) imply

AV OM(v) = he () (d¥ X) + veu () (Ver (ub) dt,

we see thal.Y depends oif, andV, but not on the particular choice fek. (Recall that
b is the first order part of. with respect to the connection.)

Proposition 9.1. The proces§ u(t — -, X)(0M) is aV¢-martingale inT N.



HORIZONTAL MARTINGALES IN VECTOR BUNDLES 35

Proof. In the following calculation we will use the identity® = A°¢ — 7(@,4). The
geometric 16 equation fofT'u(t — -, X)(©™) writes

dV Tu(t — ., X)(0M)

= (TTu(t—-,X),d" M) + %VCTTu(t -, X)(dV oM dv eM)
— 8Tu(t —-,X)ds

= (TTu(t —-,X)A"©M)dB + bv°(0M)ds) — OTu(t — -, X)ds
+ %VCTTu(t - .. X)(4"©eM)dB ® A"(©M)dB)

B (TTu(t—-,X),b°(0M) ds)
+ %VCTTu(t -, X)(4°(0M)dB ® A°(0M)dB)
— 8Tu(t —-,X)ds
— VTTu(t — -, X) (A"(©M) dB ® vgm (Vou A) dB)

1 - N
+ §VCTTu(t —_ - X)(U@M (V@MA) dB & ’UeM (V(_)MA) dB)

where2 means again equality modulo differentials of local mardieg. The sum of
the first three lines of the r.h.s. vanishes by means of E®) éhceTu(t — -, X)(T'X)
is a V¢-martingale for everyX as above, and therefore the geometracfirmula for
TuTX yields: forallw € T, M,

0= (TTu(t-—-,2), bc(w)>+%trVCTTu(t— L x) (A% (w)® A% (w)) —0Tu(t—-, z).

The last line of the r.h.s. vanishes sirfce is linear on the fibersy© is flat on the fibers,
and henc& “TTu(w;,w2) = 0 if wy andw, are vertical. To prove that the fourth line
of the r.h.s. vanishes, we first remark that (sifc¥ is a diffusion)

dV Tu(t— -, X)(OM) 2 F(.,0M)dt
for some continuous map which does not depend on the choice4fBut the calcu-
lation above gives

dV Tu(t — ., X)(0M)

2 -VTTu(t—-,X) (Z (A?(@M) ® veu (%MAZ»))> dt

i=1

where the right hand side is continuousdf!. Consequently,

F(-w) = —V°TTu(t— -, 2) (Z (4@ 2 vw(@wAi(x)))>
i=1
forallz € M andw € T, M. Now choosingd such that for alf > 1, either4;(z) =0
orVA;(z) = 0, we see thaF'(-,w) = 0, and as a conclusion, th&t(t — -, X)0M is
aV¢-martingale. O
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Proposition 9.1 provides an alternative to the method @ffily out redundant noise,
as discussed in [10]. Recall that the condition on the caimredescribed at the begin-
ning of the section is satisfied If = £ 37| A? + A, and (4, V) satisfies condition
(LJW), up to a rotation of the orthonormal basisih. This gives the following result:

Corollary 9.2. Let (A4, V) satisfy(LJW) and
=1 i AZ+ A
2 i=1 ' ’

with Ag = =3 37| Va4, A;. Letu: (M, L) — (N, V) be a smooth harmonic map.
Assume that the connectio¥sin A/ and N are torsion-free.

ThenTu: (M,L) —» (T*M ® TN, V°) isharmonic, wher& ¢ is the tensor product
of the complete lifts oF in TN andT™* M.

Remark 9.3. Replacing for instanc&/ by M x Rwith the product connectiox allows
us to differentiate with respect to a parameter. We just kaverify that( 4, V) satisfies
(LIW). We conclude that Corollary 9.2 is a generalizatiohagomonic maps of the fact
that Jacobi fields ar¥ “-geodesics.

Proof. SinceAq = —% > Va, 4; (which implies that any diffusion with generator
L is a V-martingale), the ternh in (9.1) vanishes. As a consequence, ¥ satis-
fying Eq. (9.3) is the canonicaF¢-martingale alongX. By Propositions 5.3 and 5.6
it is sufficient to prove tha®” ~' Tu(X)©™ is a local martingale, wher@" is the
horizontal V¢-martingale along:(X). But sinceTu(X)0M is a V¢-martingale by
Proposition 9.1, applying again Proposition 5.3 gives twilt. O

10. MARTINGALES IN THE EXTERIOR TANGENT BUNDLE RELATED TO
HAarMONIC FORMS

Let (M, V) be a manifold endowed with a connection possibly with tarsih.et
E = APTM and letV¢ be the complete lift oV to E, as defined in Section 7. Lét
be the generator of al/ -valued diffusion proces& solving

dVX = A(X)dB,

whereA € I'(R" ® T M) andB is anR"-valued Brownian motion. In particulak is
assumed to be W-martingale. We are interested in the problem inverse tp&sition
9.1 of Section 9. Given a harmonjieform o on M, we want to find conditions under
which (o, TX"\P) is also a local martingale. The following result is a conseoe of
[10], Theorem 2.4.2. Again the proof given here relies d@'slformula.

Proposition 10.1. Assume thafA, V) satisfies(LJW). Let © be the horizontal¢-
martingale inE along X. Then the generators @ and 7 X "? coincide on the set of
p-forms onM. In particular, if a is a harmonicp-form on M, i.e., (o, ©) is a local
martingale, thera, T X ?) is a local martingale.
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Proof. We only need to prove the first assertion. Sid€és a martingale andA, V)
satisfies (LJW), by Proposition 7.6,X*? is aV¢-martingale solution to

dV'TX"" = AMTX")dB
10.1 L .
(0.0 +U<ZTX1/\...AVTXkA(X)dB/\...ATXp>.
k=1
On the other hand satisfies
(10.2) dV'e = A"(0)dB.

Let LV be the generator @, and leta be ap-form on M. The I© equation fora, ©)
writes

(10.3) d(a,0) = (da,d¥ ©) + %Vcda (4"(©)dB ® A"(©)dB)

whereda is the differential ofa considered as a function okPT'M. Since® is a
Ve-martingale, the drift term in Eq. (10.3) equal¥“da (A"(0) dB ® A"(©) dB).
But by definition of the generator, the drift term is also dqoalY a(0)dt. As a
consequence, we have for ahyg APT M

L¥a(6) = %trvcda (AMB)()  A0) (1))

On the other hand, by means of Eq. (10.1), SIACE"? is aV¢-martingale, we get the
following consequence of thedtequation fofa, T X\P):

d{a, TX"P)

m %Vcda (AT X"P @ dT X"P)

%v%za (AM(TX"P)dB ® A"(TX"?) dB)

p
+ Vcda<Ah(TXA”) dB ® U(ZTX1 A...AVrx,A(X)dBA ... /\TX,,))
k=1
1 c ver < ver
+5Veda ((d%TXW) " @ (d¥ TX) )
Now the first line of the r.h.s. is equal Io” « (T X\P) dt. The third line vanishes since

«a is linear on the fibers, and finally the second line vanishesesby condition (LJW),
if e € (kerd”(-))* thenV. A(-)e = 0. We get

d{a, TX"?) 2 LV o (TX"?) dt,

and this says thatV coincides with the generator @tX? on the set op-forms. O

Note that Proposition 10.1 generalizes Theorem 5.2 in Kati[14] from 1-forms
to p-forms.
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