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Derivative formulae for heat semigroups are used to give gradient estimates for
harmonic functions on regular domains in Riemannian manifolds. This probabilistic
method provides an alternative to coupling techniques, as introduced by Cranston,
and allows us to improve some known estimates. We discuss two slightly different
ways to exploit derivative formulae where each one should be interesting by itself.
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1. INTRODUCTION

Let M be a complete Riemannian manifold of dimension d. Consider the
operator L=1(4+ Z) for some C'-vector field Z. Choose smooth vector
fields 4,, .., 4,, (m>d) and a C'-vector field 4, such that

m

Lzéz A7+ A,. (1.1)
i=1
Let Ae I'(R"® TM) be determined by A(-) e;= A, where (e, .., ¢,,) i1s an
orthonormal basis for R”. We consider the Stratonovich stochastic dif-
ferential equation

dX =A(X)odB + Ay(X) dt (1.2)
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110 THALMAIER AND WANG

where B is Brownian motion on R™. There is a (partial) flow X,(-)
associated to (1.2) such that X (x), 0 <t <{(x), is the maximal solution to
(1.2) with starting point X,(x)= x, defined up to the explosion time {(x).
Let V,=V,(v)=(T,.X,) v denote the derivative process to X,(-) at x in the
direction ve T M, see [7]; here T. X,: T.M — Ty M is the differential
of X,(-) at x. Note that solutions to (1.2) are diffusions on M with gener-
ator L.

Let (P,u)(x)=E[u(X(x)) 1{, ¢ ] be the minimal semigroup to (1.2)
acting on bounded measurable functions u: M — R. For xe M, consider
the Cameron-Martin space H(R ., 7. M) of absolutely continuous paths
y:R, - T.M such that |j|eL*(dt). Finally, for xeM, let Z(X)=
a{X(x):0<s<r} be the filtration generated by the solution X,(x) start-
ing from x.

The following theorem is taken from [10] and gives a derivative for-
mula, extending earlier formulae by Elworthy-Li [4]. All these results are
centered around Bismut’s integration by parts formula [1].

THeorReM 1.1. [10] Let u: M — R be bounded measurable, xe M and
ve T .M. Then, for any bounded ¥ (x)-adapted process h with sample paths
in H(R ., T.M) such that ([{»""|h(s)|*ds)"?eL’, and the property that
h(0)=0, h(s)=v for all s=t, A t, the following formula holds:

(VP10 =E | XD Ly [ T ). ACX, () dBL) |
(1.3)

Here 7, is the first exit time of X(x) from some open neighbourhood D
of x such that

K, =sup{ —Ric(w, w)+{(V,Z, w): yeD,we T M, |w|=1} (14)

is finite, and |7, X, | 1 <., e L' for each r. Both assumptions on D are
satisfied, for instance, if D is relatively compact.

Note that in formula (1.3) the Brownian motion B may live on some
high-dimensional R™; it is known [5] how to reduce the dimension of the
Brownian motion to the dimension of the manifold by filtering out redun-
dant noise.

Let 7 be an 7, (x)-stopping time such that (T, X,)v| 1, ., €L' for
each r. Define a TM-valued process W(v) along X(x) by

Wr(v) = IE?F(X)[(TXXI‘) vl {rér}] = //0, I‘IEyr(X)//(Il[(TxXr) vl {1 <7:}]
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where //o ,: T.M — Ty M denotes parallel transport along X(x). Then
W = W(v) satisfies the covariant equation

D 1
J— _ —— 1 . #_
= W=~ (Rie(W,, )* =V, Z) 1)

W():U

along X(x) for r <7. Note that, without loss of generality, we may assume
that the Levi-Civita connection on M coincides with the Le Jan-Watanabe
connection associated to (1.2), see [ 5]. Further, let

B.=[ /5 AX.x)) dB, (16)

be the martingale part of the stochastic anti-development of X(x); then B
is a Brownian motion on 7 M, stopped at the lifetime {(x) of X{(x); by
definition, A(X,(x)) dB,=//, ,dB,.

Using these notions and given the situation of Theorem 1.1, we have the
following analogue to formula (1.3), see [ 10],

TD/\Z

(VP v) =F | u(X(x)) 1y, <oy f CWR(9), [fo.dB> |, (17)

0
where the process % is as in Theorem 1.1, and D is allowed to be any open
neighbourhood D of x such that K, < co. Note that | W, (v)| < |v] e%2" for
r<tp, as a consequence of the covariant equation (1.5). If K, is finite for
D =M, and {(x)= o0, a.s., then formula (1.7) holds with 7, = co.

For further reference we adopt the above formulae to the case of
L-harmonic functions on regular domains. By a regular domain we mean
a connected relatively compact subset of M with nonempty smooth boundary.

THEOREM 1.2. [10] Let D<M be a regular open domain, ue C(D)
L-harmonic on D, further xeD and ve T .M. Then, for any bounded
F.(x)-adapted process h with sample paths in H(R ., T M) such that
[z |n(s)|? ds)'>e L' ** for some &>0, and the property that h(0)=0,
h(s)=v for all s> 1, the following formulae hold.

(V). 0> =E | (X, (0) [T By Ao dB> | (18)

and

(Vu(x), vy =F { X 0 [ G Sdésﬂ 19
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The purpose of this paper is to extract gradient estimates for harmonic
functions from formula (1.9). Explicit estimates require a proper choice of
the process # which turns out to be the main difficulty.

The paper is organized as follows. In Section 3 we use a conformal
change of the metric to achieve infinite lifetime of the relevant diffusions
on D. The process / in the formulae above can then be chosen deterministi-
cally. Section 2 provides the necessary calculations in the new metric. In
Section 4 we work directly with (1.9) and construct / via an explicit time
change. Although both approaches to gradient estimates are quite similar
in nature, the results are not completely comparable. In Section 5 we give
explicit local gradient estimates for harmonic functions. Finally, in
Section 6, we apply our method to estimate the derivative of heat semi-
groups.

2. CONFORMAL CHANGE OF THE METRIC

Let D<= M be a regular open domain with K, as in (1.4); note that D
is bounded by definition. Next, for f e C*(D) with f|0D =0 and f >0 in D,
let L' = f*L. We consider the Riemannian metric on D: {, Y = f 72, >.
It is easy to see that

Vig=f?Vg, divU=divU—d-f~'Uf, geCYD),Ue%(D). (21)
Here #(D) denotes the set of smooth vector fields on D. Then
A =div' V' = f2A4—(d—2) f{Vf,V->,

(2.2)
L' =34+ f2Z+(d=2) [{VL VD).

ProrosiTiON 2.1. For Ue Z(D) let U' = fU. We have

Ric'(U', U') = f2 Ric(U, U) + fAf —(d+1) [Vf]?
+(d—2)(Uf)*+(d—2) fHess, (U, U). (2.3)

Proof. Let (U, .., U,) be a local frame normal at x. Let s=(s,, ..., ;)
denote normal coordinates around x given by s=exp,-: where 1=
(U,, .., Uy, is viewed as isometry from R to 7 M. It suffices to verify
(2.3) for Ue T, D with |U| = 1. First, there exists a unit vector a € R? such
that U=Y"¢_| a,U,(x). Define a function g locally at x by gos=37_| a;s;.
Then

2

0
Ve(x)=U, (Vg Vg Up(x) =75 g(x)=0. (24)
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By the Weitzenbock formula, we have
Ric'(V'g, Vig) =1 4" |V'g|"> —<(V'g,V'A'g>' — |Hess'g|">. (2.5)
Specifically at x,
Ric(U’, U')= f*Ric'(V'g, V'g)
=1/ A Vg2 = Vg VA'gy

d
=72 X AV Vg U™ (2.6)

i=1

Taking into account that |V'g|' = f|Vg|, 4g(x)=0,V |Vg|(x)=0 and
|[Vgl(x)=1, we get at the point x:

[ Vg2 =417 Vgl*) = (d=2) f T VL VS Vel
=24 |\Vgl> +2f Af +2(3—d) |Vf]?, (2.7)
[7HKV'g, V'A'g) = Vg, V[ f? 4g—(d—2) KVf.Vg> 1)
=[*(Vg,V 4g) —(d—2)(Uf)*
—(d—2) fHess, (U, U), (2.8)

[ Z<V' Vg Up=f—2 Z<V’ (f*Vg), Up?

i=1 i=1
d
=4 Y (US P (UgP* <4 |Vr1 (29)

Combining Egs. (2.6)—-(2.9), and by using Weitzenbock’s formula once
again, we obtain (2.3). ||

COROLLARY 2.2. Let Z=f*Z+ (d—?2) fVf. For any Ue TD with |U| =1,
we have

—Ric (U, U)+{V'y. Z, U’

<P —Ric(U, U)+<V,Z, UY 1+ 3 |VfI> + fIVf] |1Z] - f 4f.
(2.10)

Proof. Extend Ue TD to a vector field on D. Note that for vector fields
U, V one has

VoV, Uy =3VIUP+<U LU V).
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Thus, we get

=XV (f?Z+(d=2) fV]), U
WPZ+d=2) V) IUP+CUL LU, fPZ+(d=2) fVf])
J(PZ+(d=2) fVf) |UP
+CU LU, fPZ+(d=2) fVf1) = (fZ+(d=2)Vf) f
=Vulf?Z+(d=2) [Vf), U) = fZf —(d=2) |Vf|?
=[XVyZ, Uy +2f(UfKZ, U)

—fZf +(d=2)[(Uf)*+ fHess, (U, U) = [Vf]*].

Let Zy=Z—<Z Uy U, then |[{Z, Uy U—Z,|=|Z|, and
MUKZ U = f2f = f(KZ, Uy U=Z2,) f < fIV[IZ].
Therefore
IS fHVZ, Uy + fIVSI1Z] +(d=2)[(Uf)* + fHess (U, U) — [Vf]*].

Combining this and (2.3), we get the estimate (2.10). |

By (2.2), we have 2L' = A"+ Z. Hence, any L'-diffusion process is a
Brownian motion with drift on the Riemannian manifold (D, <, >’). The
following result says that the lifetime of such diffusions is infinite.

ProrosiTION 2.3. Let X be an L'-diffusion process on a regular open
domain D with X,=x € D and lifetime t=inf{1>0: X, e0D}. Then t = o0,
a.s.

Proof. For nz=1, let t,=inf{t>0: f(X,)<1/n}. For xeD, choose
n,>1 such that f(x)>1/n,. Note that L'f ~'= —Lf+ f ' |Vf]?<c¢f !
for some constant ¢. Then

Ef (X, o) <f Hx)e”, 20, n=ng.
But Ef (X, ,.)>nP{7,<t}, hence

P{r, <t} <n 'f'(x)e”

So P{tr <t} =0, 1>0. This proves the proposition. [
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3. GRADIENT ESTIMATES (FIRST METHOD)

Let D<= M be an open regular domain. As above let fe C*(D) with
f10D=0and f>0in D. Rewrite L' = f?Las L'=3Y/_, A7 + A, for some
A, e Z(D) and a C'-vector field 4,. Consider the equation

dX,=A(X,)odB,+ Ay(X,) dt (3.1)

where B is a Brownian motion on R’ and A4(-) e;= A4, as in Section 1. Then
solutions to (3.1) are L'-diffusion processes. Thus, from Theorem 1.1, (1.7)
and (2.10), we derive the following special case where /4 is nonrandom.

COROLLARY 3.1. Let (Pu)(x)=FE[u(X,(x))] be the semigroup to L'.
For any bounded measurable function u on D and he H([O0, t], R) with
h(0)=0, h(t) =1, we have

(VP =E | X)) || CHs) W0 B
xeD, veT.D. (3.2)

Here B is a Brownian motion on 7M. Note that //, , corresponds to
parallel transport on D along X, (x) with respect to the new metric < , »'.
According to (1.5), since L'=1(4"+Z), the process W,(v) solves the
following covariant equation along X,(x):

D
W

1, ~
> Wi0)= =2 (RIC(W,(0).)* =V, Z). W)=,

Now, with the help of (3.2), we are ready to turn to gradient estimates
for L-harmonic functions.

THEOREM 3.2. Let Dc=M be an open regular domain. For some
feCHD) with f10D=0 and >0 in D, let

o f)=sup { 2K +3 VS 1>+ fIVf|Z| - f A} . (33)

If u is a bounded positive L-harmonic function on D, then

1
[Vu(x)] <m c(f) u(x) ullp, (3.4)
Wu(x) <o [ A (3.5)

fx)N 2z =0 1—e "%
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Proof. It is easy to see that ¢(f)>0. For any ¢ >0, let c,=c(f) +¢. For
ve T.D, we have | W (v)|' < |v|’ e Take

)

s 1
h(s)=—22 Joeﬂvﬁfdr, se[0,6], 0>

l1—e 2’

then R,= [} (h(s) W(v),//o ,dB,> is an L>-martingale. Noting that
Pu=u, t>0, we obtam from Corollary 3.1

[Vu(x)| = £~ (x) [Vulx)] < f ' (x)(P(x) 2 (ERD'Z, 120, (3.6)
for some |v|' < 1. Thus, in explicit terms,

Co red |
ER? = [ eli(s?ds= [ T el e gy,
0 0 (

1 —e 7c3¢)1)2
and therefore,

cs 62(1 _efc,;(2§71)1)

ER?= . 3.7
L(20—1)(1 —e0)? (3.7)
By this and (3.6), letting ¢ —» co, we obtain
< f -t .
Vul </~ ululpe, mmﬁ S ululpe,
This proves (3.4) by letting ¢ — 0.
Next, for the proof of (3.5), let
= [ (W) (). oy 4B (38)
Tl ST e € |

Note that W (v)#0, as., and 4#>0 by definition. Since [b,,b,] =1t for
the quadratic variation, (3.8) defines a Brownian motion, consequently
E|b,| =+/2t/n. By Corollary 3.1 we obtain

\/ Jecd—1/2)s
Vul < f~"ulp/2/me, inf sup e
5>1/2,1>0 se[0, 1] l—e =
Now, (3.5) follows from the choice d - 1/2 and ¢ > 0. ||

Theorem 3.2 provides general formulae for gradient estimates of har-
monic functions on regular domains. For each f, there is an upper bound.
In Section 5, we give examples for the choice of f.
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4. GRADIENT ESTIMATES (SECOND METHOD)

Now we are going to introduce a slightly different approach to gradient
estimates for L-harmonic functions. Let f and D be as in Section 3, and

=1(4+ Z). We represent L according to (1.1) and construct L-diffusions
by solving the SDE (1.2). We may restrict ourselves to L-diffusions on D
with lifetime 7, (exit time from D). For x € D, consider the strictly increasing
process

and

(1) =inf{s>0: T(s) > 1}.

Obviously 7(z(t)) =t since t,< oo, and 7(7(¢)) =1 for t<7,. Note that,
since X is a diffusion with generator L, the time-changed diffusion X', =
X, has generator L'= f?L. In particular, the lifetime 7(zr,) of X' is
infinite by Proposition 2.3.

Let ue C(D) be L-harmonic on D. In this section, we work directly with
formula (1.9). To this end, fix >0 and let

ho(s)=[ S 20 Ly dre 520
Then, for s> 1(?),
) =hoe(e) = [ 200,000 dr =

Next, let #, e C([0,¢], R) with 4,(0)=0,h,(t)=¢t. Take h(s)=t v
(hy ohy)(s) where vis a tangent vector in 7. M. Then / is an adapted bounded
process with 4(0) =0, A(s) =v for s = 7(¢). Thus, according to Theorem 1.2,

CVut), vy
1 (1) i
1 E [0 [ 5120000 T X0, 4K () B, |
1 «n -
L0 [ Uy B O) W0) dB | ()
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It remains to show that ({¢" |h(s)|*ds)"?e L' ** for some ¢>0. For

instance, we may take &= 1. Obviously, with ¢, =sup, |7,]% we have

s

(1) 1 e
[P ds<e o2 [ F ) ds
0 = Jo

1 (t
= lol s [ 7O )

1 t
=ci o5 JO S X)) ds

On the other hand, we know that df ~*(X,,) =df ~*(X}) and

Lf 2= fPLf 2= PO IV P=2f CLA<ef 2 (42)
with a constant ¢,>0. Let ,=inf{7>0: f *(X’) >n}, by 1t0’s formula
and Gronwall’s lemma, we obtain

Ef X0 0) < fT2(x) e
) <n. Hence, by Fatou’s lemma,

Ef %X.)=E lim f?2

n— oo

for f~2(x

X o) < lim Ef (X .0) <2 (x) e

and consequently, E[ [¢ /~*(X,) ds]=E[[} f (X)) ds] < 0.
From Eq. (4.1) we obtain the following result, similar to estimate (3.4)

>

in Theorem 3.2.

THEOREM 4.1. Let D = M be a regular open domain. Given f as above, let

ei(f)=sup { f2K; +3V/IP—f(4+2) [}

(4.2)
For any bounded positive L-harmonic function u on D, we have
1 ,
|V <f u llull p (1) (4.3)

Proof. As in the proof of Theorem 3.2 we may assume c,(f)>0;
otherwise we add ¢ >0 and take the limit as ¢ —» 0 at the end

Let || =1 and R,= [} (7, oho)(s){f 2 (X (x)) W(v). /[o,, dB,>. s <(t).
Note that |W(v)]| < eKZV2 From this we conclude

AR 2R dR,+ (hy oho)* (s) f~H(X,) e*# ds,  s<t(1).
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Recall that 44(7(s)) =s A ¢, thus we obtain

o(t)
ER?, <E [ (R oho)? () £ (X)€% ds = [ hy(s)” Ef 2(X0) 0 ds
0

0
Note that dz(s) = f3(X’) ds, so by (4.2) we get
dlf2(X}) ee)]
=dM + K, e*7") ds + (3 |Vf|> = 2fLf) eXz*)f %X

<dM + ¢ \(f) " XX ds (44)

for some local martingale M . Consequently, by the argument right before
this theorem,

[Efiz(X‘r(x)) eKZT(S) < fﬁz(x) eCl(f) X'

Now, taking
Ic (f) s —ci(f)r
() = = | eV
we obtain
rei(f)? ! £ey(f)
2 1 —a(f)s Jo— 1
R < ey B e

The last estimate together with (4.1) gives

5 u llullpei(f)
|Vu|<* ululp ERY,) S~ —F——— W

The desired result follows by letting ¢t — co. ||

5. EXPLICIT UPPER BOUNDS

In this section we put the general estimates of Theorem 3.2 and
Theorem 4.1 in concrete form by giving examples for appropriate functions
f and calculating the corresponding upper bounds.
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COROLLARY 5.1.  Let D = M be a regular open domain, L =%(A+ Z) for
some Cl-vector field Z on M. Let b=|Z| p:=supp |Z|. For xeD, let
0.=p(x,0D) where p denotes the Riemannian distance. Further, let

—md+3) 24 2mb+JK (A=) r 44K, (5.0)

For a bounded positive L-harmonic function u on D, we have

1
[Vu(x)| <§ u(x) llull p C(3,), (5.2)
[Vu(x)| < [|ull ! C(o,) inf d (5.3)
u(x)| < ull p ——=—= o) inf ———. .
N r=0] —e 2

If D=M and M noncompact without boundary, then

IVul < /ullul . Kz, (54)

|Vu |<|\/|iC VK> 1nf1 (5.5)
r>0

Proof. (1) We fix xeD and let 6,=05, A1, where 1, =p(x, cut(x)).
Further, let B= B(x, J.) denote the open ball about x of radius .. Then,
Theorems 3.2 and 4.1 hold with D replaced by B. Take

f(p)=cos(mp(x, p)/(25,)) = f(p(x, p))

where p is the Riemannian distance. Obviously, | f| <1, f(x)=1, [Vf]z=
7/(26,). Next, for pe D, we have

Ap(x,)(p) </(d—1) K coth (\/Kg [(d—1) p(x, p)),
and hence, with p = p(x, -),

n/KF(d—1) p - T np
_Af<—25_x s1n<25>coth( Ky /(d-1) )-1-452 cos< 5x>.

It is easy to see that cothr <1+4r~' r>0. Thus
. [ 7mp > T
sin (22 coth (/K (d—1) p) <142
<25x ’ 25, /Ky
Hence

n/Kj(d=1) =’d
26 452"

X

—Af <
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Therefore,

the same is true for ¢,(f). Now, by Theorem 3.2 or Theorem 4.1, this

proves (5.2) and (5.3) with §, instead of J, on the right-hand side.

(2) We want to show that 5, =J_ A 7, may be replaced by J, in (1)
and the estimates do not depend on 1,. According to [6], we have

dp(x, X,)=db,+ Lp(x, X,) dt — dt ,,

where b, is a one-dimensional Brownian motion and /, is an increasing
process with support contained in {7>0: X, ecut(x)}, i.e, Ly, x seuy 4,
=0, as. (Here Lp(x,-)=0 at points where p(x,-) is not differentiable.)
Then, for the choice of f(p) =cos((n/20.) p(x, p)), we have

df ~H( X)) =df “A(X) <dM,+ L'f ~X(X}) ds.

This means that all the arguments in the proofs of formula (4.1) and
Theorem 4.1 remain valid for the present f.

(3) When D= M, by [10], one may take f =1 in Corollary 3.1, then
(5.4) and (5.5) follow. |

COROLLARY 5.2. Let D=B(p,R),xeD. For a bounded positive
L-harmonic function u on D, we have

u(x) [ull p
|Vu(x)| <m C(R),
Vu(x)| < Il C(R) inf

~2 2nsin(nd, /(2R)) r>0 | —e "2

with 0, = p(x, 0D) and C(R) given by (5.1).

Proof. Choose f(x)=sin(nd,/(2R)), then the proof is similar to that of
Corollary 5.1. |

Remarks. (1) Gradient estimates in global form, that is, for positive
harmonic functions defined on complete manifolds, have been proved by
S. T. Yau [14]. Local versions are due to Cheng and Yau [2], and more
generally, for positive solutions of the heat equation, to Li and Yau [8, e.g.,
Theorem 1.2, p. 158]. See also the lectures of R. Schoen [9] for a survey
on the analytic method where a gradient estimate for positive harmonic
functions on geodesic balls is presented.
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(2) As far as we know, for the domain case, there are rarely explicit
estimates as given above. One may also refer to Cranston’s paper [3] and
references therein. For elliptic operators on R there are some explicit
estimates for this case (see [12]). For regular domains, an estimate is
presented in [ 13] (using coupling):

|Vu| <2de max{ /K (d—1)+2b,5 "} |lu

which does not depend on K, . But, for small §,, it is not as good as
Corollary 5.1.

(3) Even in the case D = M, the estimate in Corollary 5.1 is new, but
for the case Z=0, there is a slightly better one given in [11] (using
coupling):

K+
Vul < VK (d=1) {/2n(d=T)+e' =l < 50 lul

6. GRADIENT ESTIMATES FOR HEAT SEMIGROUPS

Finally, we consider gradient estimates of (not necessarily conservative)
heat semigroups. Let

(Pu)(x) = E[u(X(x)) 1 <y ] (6.1)

where ( is the lifetime of the process. By virtue of formula (1.7), we have
for xeD and ve T .M

Tp At

(VP vy =E | u(X(x)) 1 <o J (WA, [fo.sdB> |, (62)

0

where D is any open regular domain such that x e D, i a bounded adapted
process with sample paths in H(R ., 7. M) such that 4#(0)=0, A(s) =v for
s>t At,and ({472 [|h]|?) e L.

In the sequel we assume || f]| , <1 which implies 7(s) <s. We take h, i,
as above, and set &= (h; o hy) v/t. Then,

1 W ~
(VP 0y = [0 Ly [ G )51 12000 W00 o B |
(63)

From this formula and the same arguments as in the proofs of Theorem 4.1
and Corollary 5.2, we get the following result.
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THEOREM 6.1. Let D= M be an open regular domain, f e C*(D) with
fl1oD=0, f>0 in D and | f|p<1. For any bounded positive measurable
function u: M - R and t>0, we have the following estimate on D where
ci(f) is given by (4.2):

lull oo c1(f) Pou

[VP,u|l < . (6.4)
f /1 —e— a1
In particular, for D = B(x, R) and C(R) defined by (5.1), use have
C(R P
VPt < SRl P 65)

| —e—CR? /4

Remarks. (1) For O0<s<t, we may write P,u=P/(P,_,u). Taking
this into account, we obtain

VP, _ul.. ei(f)Pu
fSl—e as

(2) One may also consider the minimal semigroup on D:

IVPu| <

(PPu)(x)=ELu(X(x)) 1< ] (6.6)
In this case, Theorem 6.1 holds for P? with |u| ., replaced by |u|p.

We also like to remark that Theorem 6.1 can be used to estimate the
gradient of the heat kernel. For instance, let p,: M x M — R_ (> 0) be the
smooth heat kernel associated to (6.1),

(Pou)(x) =ELu( X (X)) Ly, <pop 1 = fM pAx, y)u(y) vol(dy).

Then (P,u)(x)=p,(x, y) foru=p,_J-,y), 0<s<t Hence, from (6.4) we
get as special case the following result.

COROLLARY 6.2. On any open regular domain D < M we have

SIp ) ei(f)
V A S = B
| \/P( y)|< 2f ﬁl_efcl(/)s

for 0 <s <t where f is as above with | f| <.
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