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Abstract
We consider the It6 stochastic differential equation dX; = Z;":l Aj(Xp) dwtj + Ag(X;)df on R9. The

diffusion coefficients Ay, ..., Ay, are supposed to be in the Sobolev space W]L’Cp (RY) with p >d, and to
have linear growth. For the drift coefficient A, we distinguish two cases: (i) Ag is a continuous vector field
whose distributional divergence §(Aq) with respect to the Gaussian measure y,; exists, (ii) Ag has Sobolev
regularity WIL’CP/ for some p’ > 1. Assume [Ra exp[ro(I6(Ap)| + ZT:] (|6(Aj)|2 +|VA; 2N1dy, < 00
for some A > 0. In case (i), if the pathwise uniqueness of solutions holds, then the push-forward (X;)#yy
admits a density with respect to y,;. In particular, if the coefficients are bounded Lipschitz continuous, then
X; leaves the Lebesgue measure Leby quasi-invariant. In case (ii), we develop a method used by G. Crippa
and C. De Lellis for ODE and implemented by X. Zhang for SDE, to establish existence and uniqueness of
stochastic flow of maps.
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1. Introduction

Let Ag, A1, ..., A, : RY — R be continuous vector fields on R?. We consider the following
Itd stochastic differential equation on R (abbreviated as SDE)

m
dX, =) Aj(X)dw] + Ao(X)dt,  Xo=x, (1.1)
j=1
where w; = (wtl, ..., wf") is the standard Brownian motion on R™. It is a classical fact in the

theory of SDE (see [16,17,21,30]) that, if the coefficients A ; are globally Lipschitz continuous,
then SDE (1.1) has a unique strong solution which defines a stochastic flow of homeomorphisms
on R?; however contrary to ordinary differential equations (abbreviated as ODE), the regular-
ity of the homeomorphisms is only Holder continuity of order 0 < o < 1. Thus it is not clear
whether the Lebesgue measure Leby; on R? admits a density under the flow X,. In the case
where the vector fields A;, j =0,1,...,m, are in C,;’O(Rd, Rd), the SDE (1.1) defines a flow of
diffeomorphisms, and Kunita [21] showed that the measures on R which have a strictly positive
smooth density with respect to Leb, are quasi-invariant under the flow. This result was recently
generalized in [27] to the case where the drift Ag is allowed to be only log-Lipschitz continuous.
Studies on SDE beyond the Lipschitz setting attracted great interest during the last years, see for
instance [10,13,12,19,20,23,24,29,34,35].

In the context of ODE, existence of a flow of quasi-invariant measurable maps associated to
a vector field Ap belonging to Sobolev spaces appeared first in [6]. In the seminal paper [7],
Di Perna and Lions developed transport equations to solve ODE without involving exponential
integrability of |V Ag|. On the other hand, L. Ambrosio [1] took advantage of using continuity
equations which allowed him to construct quasi-invariant flows associated to vector fields Ag
with only BV regularity. In the framework for Gaussian measures, the Di Perna—Lions method
was developed in [4], also in [2,11] on the Wiener space.

The situation for SDE is quite different: even for vector fields Ag, Aj,..., A, in C* with
linear growth, if no conditions were imposed on the growth of the derivatives, the SDE (1.1)
may not define a flow of diffeomorphisms (see [25,26]). More precisely, let 7, be the life time
of the solution to (1.1) starting from x. The SDE (1.1) is said to be complete if for each x € R4,
P(r, = +00) = 1; it is said to be strongly complete if P(t, = +o00, x € R9) = 1. The goal in
[26] is to construct examples for which the coefficients are smooth, but such that the SDE (1.1)
is not strongly complete (see [13,25] for positive examples). Now consider

Y= {(w,x) € 2 x R%: o (w) = +oo}_
Suppose that SDE (1.1) is complete, then for any probability measure 1 on RY,
/( / 1x(w,x) dIF’(w)) du(x) =1.
R4 2

Thus, by Fubini’s theorem, fg (fRd 15 (w, x)du(x))dP(w) = 1. It follows that there exists a full
measure subset £2o9 C §2 such that for all w € £y, 7, (w) = 400 holds for u-almost every x € R4,
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Now under the existence of a complete unique strong solution to SDE (1.1), we have a flow of
measurable maps x — X;(w, x).

Recently, inspired by previous work due to Ambrosio, Lecumberry and Maniglia [3], Crippa
and De Lellis [5] obtained some new type of estimates of perturbation for ODE whose coeffi-
cients have Sobolev regularity. More precisely, the absence of Lipschitz condition was filled by
the following inequality: for f € Wlt’cl (RY),

| f() = FO)| < Calx — y|(MgIV f1(x) + MgIV f1(»))

holds for x, y € N¢ and |x — y| < R, where N is a negligible set of R4 and Mg g is the maximal
function defined by

1
M _ R .
r8(X) OEBERLebd(B(x,,»)) f lg(y)|dy

where B(x,r) = {y € R%: |y — x| < r}; the classical moment estimate is replaced by estimating

the quantity
X, (x) - X
f 10g<| ¢ (x) l(x)|+1)dx,
o

B(0,r)

where o > 0 is a small parameter. This method has recently been successfully implemented to
SDE by X. Zhang in [36].

The aim in this paper is two-fold: first we shall study absolute continuity of the push-forward
measure (X;)#Leb,; with respect to Leby, once the SDE (1.1) has a unique strong solution;
secondly we shall construct strong solutions (for almost all initial values) using the approach
mentioned above for SDE with coefficients in Sobolev space. The key point is to obtain an
a priori LP estimate for the density. To this end, we shall work with the standard Gaussian
measure y,; this will be done in Section 2. The main result in Section 3 is the following

Theorem 1.1. Let Ao, A1, ..., Ay be continuous vector fields on R4 of linear growth. Assume
that the diffusion coefficients Ay, ..., Ay are in the Sobolev space () ID);] (vaq) and that 5(Ag)
exists; furthermore there exists a constant Ly > 0 such that

g>1

/exp[ko(|8(Ao)| + Z(|5(A,)|2 + |VA]-|2)>} dyy < +o0. (1.2)

R4 Jj=1

Suppose that pathwise uniqueness holds for SDE (1.1). Then (X;)#yq is absolutely continuous
with respect to yq and the density is in L' log L'.

A consequence of this theorem concerns the following classical situation.
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Theorem 1.2. Let Ag, A1, ..., A be globally Lipschitz continuous. Suppose that there exists a
constant C > 0 such that

(x, A (x) <C(1+x*) forallx e R, (1.3)
j=1

Then the stochastic flow of homeomorphisms X; generated by SDE (1.1) leaves the Lebesgue
measure Leby quasi-invariant.

Remark that condition (1.3) not only includes the case of bounded Lipschitz diffusion co-
efficients, but also, maybe more significant, indicates the role of dispersion: the vector fields
Ay, ..., Ay, should not go radially to infinity. The purpose of Section 4 is to find conditions that
guarantee strict positivity of the density, in case where existence of the inverse flow is not known,
see Theorem 4.4.

The main result of Section 5 is

Theorem 1.3. Assume that the diffusion coefficients Ay, ..., Ay belong to the Sobolev space
ﬂq>1 ]D(f (vq) and the drift Ag € D(f(yd) for some q > 1. Assume condition (1.2) and that the
coefficients Ao, A1, ..., Ay are of linear growth, then there is a unique stochastic flow of mea-
surable maps X : [0, T] x §2 x R — R4, which solves (1.1) for almost all initial x € R? and
the push-forward (X;(w, -))#yaq admits a density with respect to yg, which is in L' log L.

When the diffusion coefficients satisfy uniform ellipticity, a classical result due to Stroock
and Varadhan [32] says that if the diffusion coefficients Ay, ..., A, are bounded continuous and
the drift Ag is bounded Borel measurable, then weak uniqueness holds, that is uniqueness in law
of the diffusion. This result was strengthened by Veretennikov [33], saying that in fact pathwise
uniqueness holds. When Ag is not bounded, some conditions on the diffusion coefficients were
needed. In the case where the diffusion matrix a = (a;;) is the identity, the drift Ao in (1.1)
can be quite singular: Ag € LIOC(Rd) with p > d + 2 implies that SDE (1.1) has the pathwise
uniqueness (see Krylov and Rockner [20] for a more complete study); if the diffusion coeffi-

cients A1, ..., A, are bounded continuous, under a Sobolev condition, namely, A ; € W]1 2(d+1)

forj=1,...,mand Ag € LIZO(SH)(R‘J), X. Zhang proved in [34] that SDE (1.1) admits a unique
strong solution. Note that even in this uniformly non-degenerated case, if the diffusion coeffi-
cients lose the continuity, there are counterexamples for which weak uniqueness does not hold,
see [19,31].

Finally we would like to mention that under weaker Sobolev type conditions, the connection
between weak solutions and Fokker—Planck equations has been investigated in [14,22]; some
notions of “generalized solutions”, as well as the phenomena of coalescence and splitting, have
been explored in [23,24]. Stochastic transport equations are studied in [15,36].

2. LP estimate of the density

The purpose of this section is to derive a priori estimates for the density of the push-forwards
under the flow. We assume that the coefficients Ag, Ay, ..., A, of SDE (1.1) are smooth with
compact support in R4, Then the solution X;, i.e., x — X, (x), is a stochastic flow of diffeomor-
phisms on R?. Moreover SDE (1.1) is equivalent to the following Stratonovich SDE
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m

dX, = > Aj(X) odw! + Ag(X,)dr,  Xo=1, (2.1)
j=1

where Ag = Ag — % Z’j": 1 £4;A; and L4 denotes the Lie derivative with respect to A.

Let y; be the standard Gaussian measure on R4, and vi = Xouva, Vi = (X, 1)#yd the push-
forwards of y; respectively by the flow X; and its inverse flow X, ' To fix ideas, we denote

by (£2, %, P) the probability space on which the Brownian motion w; is defined. Let K; = g%

and K; = % be the densities with respect to ;. By Lemma 4.3.1 in [21], the Radon—Nikodym
derivative K; has the following explicit expression

t

m t
K. (x) :exp(—z / 8(A))(Xs(x)) odwi — / 5(A~0)(Xs(x))ds>, (2.2)

=19 0
where §(A ;) denotes the divergence of A; with respect to the Gaussian measure y:
/(w, Aj)dys = /cpS(Aj)dVd, ¢ € C/(RY).
R4 R4

It is easy to see that K, and K, are related to each other by the equality below:

K. =[K (X7 ') 2.3)
In fact, for any € C° (]Rd), we have
f ¥ (x) dyg(x) = [ Y[ X (X7 0)] dya(x)
]Rd Rd

= / Y[ X )] K () dya ()
Rd

= / YO K (X1 0) Ko (x) dya (x),
Rd

which leads to (2.3) due to the arbitrariness of {» € C2° (R?). In the following we shall estimate
the L? (P x y4) norm of K.
We rewrite the density (2.2) with the It6 integral:

t t
- m . 1 m 5
K,(x)=exp<—2f5(A,-)(xs(x))dw§ —/[EZL‘AJ.B(AJ-)+8(Ao)j|(XS(x))ds>.

J=1y 0 Jj=1
2.4)
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Lemma 2.1. We have

m 5 1 m 2 1 m
Z}cA/a(AJ-) +8(A0) =5(40) + 5 Zl Aj1° + 5 Z;(VAj, (VA)*),
J= J= J=

SN e

where (-,-) denotes the inner product of R¢ ® R? and (VA;)* the transpose of VA ;.

Proof. Let A be a C? vector field on R?. From the expression

d k
JA
8(A) = Ak — ),
“ Z<Xk dxk >
k=1
we get
d g Ak 92 Ak
L48(A) = Z ACARSL, + Alx— — AC )
dxy¢ 0xp0x)
0,k=1
Note that

0Xy

O R

dxe ) Oxy oxi Oxxoxp

Thus, by means of (2.6), we obtain

LAS(A) = A2 +8(LaA) +(VA, (VA)).

(2.5)

(2.6)

2.7)

Recall that 8(1&0) =36(Ag) — % Z’;’Zl 8(5,4_/. Aj). Hence, replacing A by A; in (2.7) and summing

over j, gives formula (2.5). O
We can now prove the following key estimate.

Theorem 2.2. For p > 1,

| K:llLe @xya)

p—1

m p2p=D)
< [ /exp(pt|:2|8(Ao)| +Z(|A,~|2+ IVA; 1> +2(p — 1)|5(A,-)|2)])dyd] .

R4 Jj=1

(2.8)
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Proof. Using relation (2.3), we have

/ E[K/()]dya(x) =E / [K: (X7 )] " dyax)

Rd Rd

_E / [&)] ™ Ki () dya(y)

R4

- / E[(K,(x)) """ ‘] dya(x). (2.9)

R4

To simplify the notation, denote the right-hand side of (2.5) by ®. Then K, (x) rewrites as

t
Kt(x)—exp( Zf(S(A ) X (x))de /QD(XS()C)) ds).

j=19 0

Fixing an arbitrary r > 0, we get
m t
(K,(x) —exp( Z/ (Aj ) X (x) dws —i—r/(P(Xs(x))ds)
Jj=1 0
=exp( / (A (X;(x)) dw! —r22/|8(A ) (X5 (0)] ds)
J= 1()
X exp(/(r22|8(Aj)|2+r¢> (Xs(x)) ds).

0 j=l

By Cauchy-Schwarz’s inequality,

HME

m /2
E[(K:(x)) "] |:Eexp( Z/S(A )(X5(x)) dwi — 2r22/|8(A ) (X5 ()] ds):|
j=ly J=ly

m 1/2
X|:Eexp< (2VZZ|S(AJ)|2+2r<1§)(Xx(x))ds>i|
j=1
! m 172
_ |:Eexp(/(2r22|8(Aj)|2+2r§b>(Xs(x))ds>:| , (2.10)
0 j=l

St— .
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since the first term on the right-hand side of the inequality in (2.10) is the expectation of a
martingale. Let

m
= 2
B, =2r[8(Ao)| +7 Y _(1A;1*+VA;I> +2r[8(A))]).
j=l1
Then by (2.10), along with the definition of @ and Cauchy—Schwarz’s inequality, we obtain

t

f]E[([Zt(x))—r]dyd < [ /Eexp(/qsr(Xx(x))ds> dyd:|1/2. (2.11)

R4 Rd 0

Following the idea of A.B. Cruzeiro ([6, Corollary 2.2], see also Theorem 7.3 in [8]) and by
Jensen’s inequality,

t t t

exp(/qsr(Xs(x))ds> =exp(/t<15r(Xs(x))dt—s> < ;/e’é'"(X‘(x))ds.

0 0 0

Define 1 (#) = supp <, fRd E[K/ (x)]dy,. Integrating on both sides of the above inequality and
by Holder’s inequality,

1 t

/Eexp( /qsr(Xs(x)) ds) dyqs(x) < ;/E/et(ﬁr(xs(x)) dyg(x)ds

R4 0 R4

(=)

1

=- E/e"p’(”Ks(y)dJ/d(y)ds

R4

S

t
1 ~
< f 1€ %7 Lo () 1K s I @y dis
0
< ||e’q§r Lq(yd)l(t)l/p,

where ¢ is the conjugate number of p. Thus it follows from (2.11) that

172

p (yd)l(t)]/zl’. (2.12)

/ E[(K,(0) " dyax) < %

R4

Taking r = p — 1 in the above estimate and by (2.9), we obtain

[]E[Kf’(X)]dVd(x) < et 1@,

R4
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Thus we have I (1) < e Pp1| /2 I(1)/?P . Solving this inequality for I () gives
L4 (yq) g quality g

p—1
/E[K,”(x)]dyd(x) <I®) < [ /exp(pp—_thsp—l(x)) dyd(x)}zp T
]Rd

R4
Now the desired estimate follows from the definition of @,_;. O

Corollary 2.3. Forany p > 1,

1Kl Lp @xya)
1

m 2p+T
< [ /exp((p—f- 1)t|:2|8(A0)| +Z(|Aj|2+|VAj|2+2p|8(Aj)|2):|>dyd:| )
j=1

R4
(2.13)

Proof. Similar to (2.12), we have for r > 0,

1/2

1/2p
Lot O, (2.14)

/ E[(R,(0)) Jdya(o) < %

R4

where @, and I (¢) are defined as above. Since 1 (1) < ||¢'®r-! II%((?,S)_U, by taking r = p — 1, we
get

/ E[(R, ()" ]dya(x)
Rd
b _ @2p-1
<o i
p=L

m 2p—1
= [ /exp(pt[2|8(A0)| + ) (1A +IVA; P +2(p — 1)\5(A,-)|2)D dyd:| .
j=1

R4

Replacing p by p + 1 in the last inequality gives the claimed estimate. O
3. Absolute continuity under flows generated by SDEs

Now assume that the coefficients A; in SDE (1.1) are continuous and of linear growth. Then it
is well known that SDE (1.1) has a weak solution of infinite life time. In order to apply the results
of the preceding section, we shall regularize the vector fields using the Ornstein—Uhlenbeck
semigroup { P, }¢~0 on R%:

P A(x) = / Ale ™ x +V1—e2y)dya(y).
R4

‘We have the following simple properties.
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Lemma 3.1. Assume that A is continuous and |A(x)| < C(1 + |x|?) for some g = 0. Then

(1) there is C4 > 0 independent of &, such that

|P:A()| < Cy(1+1x19),  forall x e RY;
(i) P.A converges uniformly to A on any compact subset as € — Q.

Proof. (i) Note that e ¢x ++/1 — e=2¢y| < |x| + || and that there exists a constant C > 0 such
that (|x| + |y)? < C(|x|? + |y]?). Using the growth condition on A, we have for some constant

C > 0 (depending on q),

| P A(x)| </|A(e_8x+ 1—e2y)|dya(y)
R4

<C [ (111t 4 131 dra) < C(1+ 1+ M)
R4
where M, = fRd |y]? dy4(y). Changing the constant yields (i).

(i1) Fix R > 0 and x in the closed ball B(R) of radius R, centered at 0. Let R; > R be arbitrary.
We have

|PA(x) — A(x)| < /|A(e_8x+ 1—e26y) — A(x) | dya(y)

]Rd
— < / 4 f )|A(g_‘9x+ l—e_2£y)—A(x)|dVd(y)
B(R1) B(Ry)¢
=1 + Do G.1)

By the growth condition on A, for some constant C, > 0, independent of ¢, we have
L < / (JA(e™*x + V1 —e 2y)| + |A)|) dya(y)
B(Ry)*

<Gy / (14 R+ 1y17) dya(y),
B(R))*

where the last term tends to 0 as Ry — +-00. For given 1 > 0, we may take R large enough such
that I < n. Then there exists g, > 0 such that for ¢ < eg, and |y| < Ry,

\e_gx—i—mﬂ ge_gR—i—le < Ry
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Note that
le™*x +v1—e 2y —x| <eR+~2eRi, for|x| <R, [yl <R
Since A is uniformly continuous on B(Ry), there exits g9 < &g, such that
|A(ex+v1—e2y)— A(x)| <n forally € B(Ry), & < &o.
As aresult, the term 17 < 7. Therefore by (3.1), for any ¢ < &,

sup |PsA(x) — A(x)| < 2n.
IxI<R

The result follows from the arbitrariness of n > 0. O

The vector field P;A is smooth on R but does not have compact support. We introduce
cut-off functions ¢, € CZ° (R4, 10, 11) satisfying

i 1
; Pe(x) =0 1f|x|>g+2 and  [[Vgelloo < 1.

™ | —

pe(x)=1 if |x| <
Set

Aj:goEPgAj, j=0,1,...,m.

Now consider the Itd SDE (1.1) with A ; being replaced by Aj. (j=0,1,...,m), and denote the
corresponding terms by adding the superscript ¢, e.g. X7, K}, etc.

In the sequel, we shall give a uniform estimate to K. To this end, we need some preparations
in the spirit of Malliavin calculus [28]. For a vector field A on R¢ and p > 1, we say that
A€ ]D)If(yd) if A € LP(y,) and if there exists VA : RY — R? @ R? in L?(y4) such that for any
veRY,

A(x +nv) — A(x)
n

VAG)(v) = 8,4 = lim holds in L (y) for any p’ < p.
7)4)

For such A € ]D)f (v4), the divergence §(A) € L?(y,) exists and the following relations hold:

VP, A=e"°P.(VA),  8(P.A)=e P.(3(A)). (3.2)

Note that the second term in (3.2) holds once the divergence §(A) € L? exists for some p > 1. If
A € LP(yy), then P, A € DY (y4) and lim, o | P, A — Al|r = 0.

Lemma 3.2. Assume the vector field A € LP (y;) admits the divergence §(A) € L (yg) for p > 1,
and denote by A®* = p; P A. Then for ¢ € 10, 1],
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),

|8(A%)| < P(1Al +e|8(A)

45> < P(1AP),

[8(A%)[F < P[2(1AP +€*[3(A) )]
If furthermore A € ]D)f(yd), then

IvA®|* < P[2(1A1 +IVAIP)].

Proof. Note that according to (3.2), §(A%) = §(¢ P:A) = @€ P.§(A) — (Vg,, P A), from
where the first inequality follows. In the same way, the other results are obtained. O

Applying Theorem 2.2 to K; with p =2, we have

§ 1/6

680 < | o2 2o+ 3205 v s 2t |
R =

(3.3)

By Lemma 3.2,
=~ 2 2 2
218(A5)| + Y (14517 + VA5 +2[5(A5)])
j=1

m
< P [ZIAOI +2e[8(A0)| + ) _(TIA; > +2IVA,I? +4e2|a(A,»)|2)}.
j=1

We deduce from Jensen’s inequality and the invariance of y,; under the action of the semigroup
P, that

(L8 PErS

m 1/6
< [ /CXP<4t|:|A0| +el8(A0)| + D (41417 + VA, +2e2!6(A,->!2)D dyd}

R4 Jj=1
34

for any ¢ < 1. According to (3.4), we consider the following conditions.
Assumptions (H).

(Al) For j=1,...,m,Aj e ﬂq>1 ]D)?()/d), A is continuous and 5 (Ag) exists.
(A2) The vector fields Ag, A1, ..., A, have linear growth.
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(A3) There exists Ag > 0 such that

/exp|:A0<|3(Ao)| + Z|5(Aj)y2)} dyg < +00.

R4 Jj=1

(A4) There exists Ag > 0 such that

m
/exp(ko Z |VA]-|2> dyy < +o0.

R4 Jj=1

Note that by Sobolev’s embedding theorem, the diffusion coefficients Ay, ..., A, admit
Holder continuous versions. In what follows, we consider these continuous versions. It is clear
that under the conditions (A2)-(A4), there exists Ty > 0 small enough, such that

Agy = |: /exp(4To|:|A0| +e}8(A0)|

Rd

m 1/6
+) (4lAj 1P +1VA;P +2e2|5(Aj)|2)D dyd] < oo0. (3.5)
j=1

In this case, for ¢ € [0, Tp],

o8 1K |2y < Ao (3.6)

Theorem 3.3. Let T > 0 be given. Under (A1)—(A4) in Assumptions (H), there are two positive
constants C1 and C», independent of €, such that

sup E/Kf|log[(f|dyd <2CiT)\ P Ay + CoT AT, forallt €[0,T].
0<e<l1

Proof. We follow the arguments of Proposition 4.4 in [11]. By (2.3) and (2.4), we have

t

m t
KF(X:) =[Kf )] ' = exp( Z/a(Aj.)(Xf.(x)) dwi + / D (X (x)) ds),
J=1y 0
where
e 1 - e 1 - e e\*
Pe =5(A9) + 5 dolas”+ 3 D (VA% (VA5)).

j=1 j=1

Thus
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E/Kf|logKf|dyd = E/|logKf(Xf(x))|dyd(x)
R4 R4

m t

<E |3 [ s(a5)(x; ) aud

R4 Jj=1 0

+IE/

R4
=1L+ 3.7

dya(x)

t

/ P, (Xf (x)) ds

0

dyqa(x)

Using Burkholder’s inequality, we get

Xg(x) dwY

m 172
< [(Z |8(A%)(XE))| ds) }
j=1

For the sake of simplifying the notations, write ¥, = Z?:l |8(Aj)|2. By Cauchy’s inequality,

t 1/2
2[ /E/}Wg(Xi(x))|dyd(x)ds:| : (3.8)
0 Rd

Now we are going to estimate [E fRd [We (XE(x)) |2a dyg(x) for o € Z, which will be done induc-
tively. First if s € [0, Tp], then by (3.4) and (3.6), along with Cauchy’s inequality,

E / . (X6 (0)|* dya(x) = / w0 K0 dya(y)

R4 R4

<l T 1ES D 2@y

< A ¥ |12 (3.9)

L
LZ"‘+ (va)

Now for s € [Ty, 2Tp], we shall use the flow property of X¢: let (fr,w); := wry++ — wr, and
X f’To be the solution of the Itd SDE driven by the new Brownian motion (67, w);, then

Xy (6, w) = ETO(XS (x,w),0pw), forallz >0,

and X; To enjoys the same properties as X;. Therefore,
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E f | (Xe))[* dya(o) =E / e (X (x5, ) [ dyax)

Rd
—]E/|'1’ (x50 ) K5, () dya(y)
Rd

which is dominated, using Cauchy—Schwarz inequality

St 1/2
(e / w0 4 0)) 1K e

1/2
< (AWl )P Ag = AR 1w

a) Lz‘”z(m'

Repeating this procedure, we finally obtain, for all s € [0, T],

2% —14...49—N+l1
B [l () apato < aF 2

’

(va)

where N € Z is the unique integer such that (N — 1)Ty < T < NTjp. In particular, taking « =0
gives

E / |We (X5 00) | dya () < A Il v - (3.10)
R4

By Lemma 3.2,

=:Cq
N

sup ([l on

0<e<l1

23 (14,12 +€|5(Ap)%)
j=1

<
(va)

whose right-hand side is finite under the assumptions (A2)—(A4). This along with (3.8) and (3.10)
leads to

I <2(C1T)'? A, (3.11)
The same manipulation works for the term I, and we get
L < T Ag,, (3.12)

where

< Q.
N
L2 (va)

3 m m
Aol +e[8(A0)| + 3 D 147+ VAP
j: j—

Now we draw the conclusion from (3.7), (3.11) and (3.12). O
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It follows from Theorem 3.3 that the family {K*}o<.<1 is weakly compact in L'([0,T] x
2 x R%). Along a subsequence, K? converges weakly to some K € L'([0,T] x £2 x R?) as
e — 0. Let

C= {u e L'([0,T1 x 2 x RY): u, >0, [E[u,logu,]dyd <2012 Ay + C2TA2TO}.
R4
By convexity of the function s — slogs, it is clear that C is a convex subset of L'([0, T] x
2 x R?). Since the weak closure of C coincides with the strong one, there exists a sequence of

functions ™ e C which converges to K in L'([0,T] x 2 x R?). Along a subsequence, u™
converges to K almost everywhere. Hence by Fatou’s lemma, we get for almost all ¢ € [0, T'],

/E(Kt log K1) dyg < 2(C1T)'? Agy + C2T A7, . (3.13)
R4
Theorem 3.4. Assume conditions (A1)—(A4) and that pathwise uniqueness holds for SDE (1.1).
Then for each t > 0, there is a full subset §2;, C §2 such that for all w € $2,, the density K; of

(X1)#va with respect to y4 exists and Iet elL! long.

Proof. Under these assumptions, we can use Theorem A in [18]. For the convenience of the
reader, we include the statement:

Theorem 3.5. (See [18].) Let 0,(x) and b, (x) be continuous, taking values respectively in the
space of (d x m)-matrices and R¢. Suppose that

sup (|| 0w () || + |62 (0)]) < C(1 + Ix]),
and for any R > 0,

lim sup (||Un(x) —G(X)” + |b,,(x) —b(x)|) =0.

"0 <R
Suppose further that for the same Brownian motion B(t), X, (x,t) solves the SDE
dX, (1) = 0, (X, (1)) dB(t) + by (X, (1)) dr, X, (0) =x.
If pathwise uniqueness holds for
dX (1) =0 (X (®))dB() +b(X (1)) d:, X(0)=x,

then forany R >0, T > 0,

lim sup E( sup |Xn(t,x)—X(t,x)|2>:O. (3.14)
N KR N OKIKT
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We continue the proof of Theorem 3.4. By means of Lemma 3.1 and Theorem 3.5, for any
T,R >0, we get

lim sup ]E[ sup |Xf(x)—Xt(x)|2]=O. (3.15)
=0 <R Loi<T

Now fixing arbitrary & € L*°(£2) and ¢ € C2° (R?), we have

E / £ | (X2 00) — v (X ()| dya )
Rd

< ||E||oo< / + / )EW(Xf(X)) — ¥ (X: ()| dya(x)
B(R) B(R)
=J1+ /L. (3.16)

By (3.15),

I < 1ENool V¥ e f E| XS (x) — X, ()] dya (o)

B(R)
. N11/2
<INl Voo sup E( sup [ X7 () = Xi0)*) ]~ 0, (3.17)
XISR  *Osue<T
as ¢ tends to 0. It is obvious that
T2 <208l ¥ oo (BRY). (3.18)

Combining (3.16), (3.17) and (3.18), we obtain

1imSgPE/ &1 (X7 () = ¥ (X: (1) | dya(x) < 20€ N0l lloova (B(R)C) = 0
R4

as R 1 oo. Therefore

lim E / E9/(X; () dya(x) =E / 9 (X, () dya. (3.19)
R4 R4

On the other hand, by Theorem 3.3, for each fixed ¢ € [0, T'], up to a subsequence, K; con-
verges weakly in L!(£2 x R?) to some K;, hence

E/%‘I//(Xf(x))dyd(x) = E/W(y)Kf(y)dyd(y)
]Rd ]Rd

—E / EY (K, () dya(y). (3.20)
]Rd
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This together with (3.19) leads to

E / EY(X,(x))dya(x) =E / EY (MK () dya(y).
R4 R4

By the arbitrariness of £ € L°°(£2), there exists a full measure subset £2y, of £2 such that

/W(Xt(x))dyd(x)zjW(Y)Iet(y)dyd()’)’ for any w € §2y..

R4 R4

Now by the separability of C2° (R?), there exists a full subset £2; such that the above equality
holds for any i € Cfo(Rd). Hence (X;)#ys = I%,yd. O

Remark 3.6. The K;(w, x) appearing in (3.13) is defined almost everywhere. It is easy to see
that K;(w, x) is a measurable modification of {K;(w, x); t € [0, T]}.

Remark 3.7. Beyond the Lipschitz condition, several sufficient conditions guaranteeing pathwise
uniqueness for SDE (1.1) can be found in the literature. For example in [12], the authors give the
condition

m
SlAj0) = A < Clx = yPr(lx = yP).
j=1

|Ao(x) — Ao(y)| < Clx — ylr(1x — yI?),
for |x — y| < ¢g small enough, where r : ]0, co] — ]0, +o0[ is c! satisfying

(i) lims—qr(s) = +o0,
(ii) lims 0 * 8 =0, and

(iii) [ 55 = +oo.

Corollary 3.8. Suppose that the vector fields Ao, A1, ..., A,y are globally Lipschitz continuous
and there exists a constant C > 0, such that

S e A0 <C(1+1x?) forallx e R (3.21)
j=1

Then (X;)#Leby < Leby forany t € [0, T].

Proof. Itis obvious that hypotheses (A1), (A2) and (A4) are satisfied, and that for some constant
C >0,

|8(A0)|(0) < C(1+1xP%).
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Hence there exists Ag > 0 such that fRd exp(Ap|6(Ao)|) dys < +oo. Finally we have
DIsAN ) <2 x Aj(0)) +2) Lip(A ).
j=1 Jj=1 j=1

Therefore, under condition (3.21), there exists Ag > 0 such that

/exp(AO Z}S(Aj)f) dya < +o0.

R4 Jj=1

Hence, hypothesis (A3) is satisfied as well. By Theorem 3.4, we have (X;)#yqs = K +va.-Let Abea
Borel subset of R? such that Leby(A) =0, then y4(A) = 0; therefore fRd 1ix,(reaydya(x) =0.
It follows that 1;x,(x)ea} = O for Leb, almost every x, which implies Leby(X; € A) = 0; this
means that (X;)s Leby is absolutely continuous with respect to Leb;. O

In the next section, we shall prove that under the conditions of Corollary 3.8, the density
of (X;)#Leby with respect to Leb, is strictly positive, in other words, Leb, is quasi-invariant
under X;.

Corollary 3.9. Assume that conditions (A1)—-(A4) hold. Let 0 = (AS.) and suppose that for some
C=>0,

oc(xX)o(x)*>CId, forallx eR?.
Then (X;)#ya is absolutely continuous with respect to yg4.

Proof. The conditions (A1)-(A4) are stronger than those in Theorem 1.1 of [34] given by
X. Zhang, so the pathwise uniqueness holds. Hence Theorem 3.4 applies to this case. O

4. Quasi-invariance under stochastic flow

In the sequel, by quasi-invariance we mean that the Radon—Nikodym derivative of the cor-
responding push-forward measure is strictly positive. First we prove that in the situation of
Corollary 3.8, the Lebesgue measure is in fact quasi-invariant under the stochastic flow of home-
omorphisms. To this end, we need some preparations. In what follows, Ty > 0 is chosen small
enough such that (3.5) holds.

Proposition 4.1. Let g > 2. Then

m t

sup Z/[a(Ai.)(xﬁ) — 8(A)(Xy)] dw]

0<I<To j 2 4

q
lim E[ :|dyd=0. (4.1)
R4
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Proof. By Burkholder’s inequality,

m (1
) — 8(A))(Xy)] dw!
(e, ;/ oo
m q/2
<CIE|:</Z|8 (A%)(XE) — 8(A))(X)] ds) }
m Ty
ey Y [ B(la(as) (x5) —aa ol as
J=1y

Again by the inequality (a 4 b)? < Cy(a? 4 b?), there exists a constant Cy 7, > 0 such that the
above quantity is dominated by

To To

m
cq,roZ{ [ E8045) (x5) = scap () a5+ [ B(laca (x:) —8<A./><Xs>|‘f)ds}-
i=1Lyp 0
“4.2)
Let I{ and I3 be the two terms in the squared bracket of (4.2). Note that

[ E8045) (x5) = 5D (X)) dva = [16(45) - 504K
R4 Rd

< ||8(A§) - 5(‘41)”%24(”) ” K? ”LZ(IP’xyd)' 4.3)

According to (3.5), for s < Tp, we have || K¢ l22@xyy) < At Remark that
8(A%) =8(pe PeAj) = pee® PeS(A)) — (Vor, PeA)),

which converges to §(A ;) in qu(yd). By (4.3),

[ it an= f[ B8 () =504 (x2) )

<ToAp, |8(A%5) —8(AD] 12,

which tends to 0 as € — 0.
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For the estimate of I7, we remark that fRd |8(Aj)|2‘1 dyy < +o00. Let n > 0 be given. There
exists ¥ € C.(R%) such that

/|8(Aj> — g dya <o

R4

‘We have, for some constant C, >0,

[ 2 5an(xs) - sapol) ava

]Rd
<y [Esan(es) — w0 ans+ [ B (xs) —wxol?) o
R4 R4
- / E(|v(Xy) —6(A,~)<Xs>|q)dyd}. (4.4)
Rd

Again by (3.6), we find
| [lscanee) - vl an] =e| [l - vikion]
R4 R4

< ”(S(AJ) o 1‘Z/H(;AZ‘I(yd)/lTO < ATOW'

In the same way,

E[ f|8<A,-)<Xs) — ¥ (X’ dVdi| < Agn.
R4
To estimate the second term on the right-hand side of (4.4), we use Theorem 3.5: from (3.14),

we see that up to a subsequence, X; (w, x) converges to X, (w, x), for each s < Ty and almost all
(w, x) € 2 x R?. By Lebesgue’s dominated convergence theorem,

lim | E(|y(X5) — v(X)|?)dya =0.

e—0
R4

In conclusion, lim,_, ¢ fRd 128 dyy = 0. According to (4.2), the proof of (4.1) is complete. O

Proposition 4.2. Let @ be defined by

1 & 1 &
¢:5(A0)+§;|Aj|2+5;(mj,(VA,-)*), (4.5)
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and analogously @, where A is replaced by Aj.. Then

0
lim //E(}cpg(xg) — ®(X)|")dsdys =0. (4.6)

e—0
R4 O

Proof. Along the lines of the proof of Proposition 4.1, it is sufficient to remark that

&}5% |®e — @ ||L2‘1(yd) =0. 4.7
To see this, let us check convergence for the last term in the definition of @,. We have

*

(VA5 (VA5)) = (VA (VA )]
<[ vAG = va;[[VAG] +1vA I VAT = VA
Note that Ai. =@ P Aj. Thus
VA? =V ® PgAj + e_g(pspg(vAj),
which converges to VA in L% (y,) as e — 0. O
Now we can prove

Proposition 4.3. Under the conditions of Corollary 3.8, the Lebesgue measure Leb, is quasi-
invariant under the stochastic flow.

Proof. Let k; be the density of (X;)4 Leb, with respect to Leb,. We shall prove that k; is strictly
positive. Set

t

Iéf(x)zexp( Z/a )(XE () dw] — /Q)g(Xﬁ(x))ds>, (4.8)
/:l

0

where @, is defined in Proposition 4.2. By (2.3) we have
/W(Xf)lzf dyqs = / Ydys, ¥ eCHRY). (4.9)
d d

Applying Propositions 4.1 and 4.2, up to a subsequence, for each # < 7p and almost every (w, x),
the term K; (w, x) defined in (4.8) converges to

Igt(x):exp< Z/(S(A ) X (x) dwé /cb X (x) ) (4.10)

0
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By Corollary 2.3 and Lemma 3.2, we may assume that 7 is small enough so that for any 7 < 7o,
the family {K £: ¢ < 1} is also bounded in L?(P x y,). Therefore, by the uniform integrability,
letting ¢ — 0 in (4.9), we get P-almost surely,

/ Y (X) K, dya = f Ydya, ¥ eCHRY). (4.11)

]Rd ]Rd
Now taking a Borel version of x — K ¢ (w, x). Under the assumptions, the solution X; is a
stochastic flow of homeomorphisms, hence the inverse flow X; ! exists. Consequently, if r < Tp,
we deduce from (4.11) that the density K, (w, x) of (X;)#yy with respect to y; admits the ex-

pression K;(w, x) = [I?,(w, X,_I(w, x))]’1 which is strictly positive. For X; 7, witht < Tp, we
use the flow property: X, 7, (w, x) = X; (@, w, X71,(w, x)). Thus, for any ¥ € Ccl. (Rd),

/ W (Xo i) dya = f (X, (X1)) dya

d d
f (X0 Ky dya
/W{TO DK, dy.

That is to say, the density K; 7, = K7, (X, DK, is strictly positive. Continuing in this way, we
obtain that K; is strictly positive for any ¢ > 0.
Now if p(x) denotes the density of y,; with respect to Leb,, then

ki(w, x) = p(Xt_l(w,x))_lK,(w,x)p(x) >0
which concludes the proof. 0O
In what follows, we will give examples for which existence of the inverse flow is not known.
Theorem 4.4. Let Ay, ..., A, be bounded C U yector fields on RY such that their derivatives

are of linear growth; furthermore let Ay be continuous of linear growth such that §(Ag) exists.
Define

zm: (4.12)

Suppose that S(Ao) exists and that

[exp(xo(|3(Ao)| + |3(A0)|)) dyy <400, for some Lo > 0. (4.13)
Rd
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If pathwise uniqueness holds both for SDE (1.1) and for
m .
dy; =ZAJ(Yt)dwt] — Ao(Y;)dt, (4.14)
j=1
then the solution X, to SDE (1.1) leaves the Gaussian measure y, quasi-invariant.

Proof. Obviously the conditions in Theorem 3.4 are satisfied; hence (X;)#yqs = K;yq. Lett >0
be given, we consider the dual SDE to (1.1):

ay! = Z A;(Y!)dwy? — Ag(Y!)ds

for which pathwise uniqueness holds; here w! = w;_; — w; with s € [0,]. Let A‘;., j=
0,1,...,m, be the vector fields defined as above. Consider

m
dye = T A5 (v{) duy’ — AG(¥( ) ds,
j=1

where Ag =Aj— Z] | EAs A . Then it is known that (X})~ 1= y"® Ttis easy to check that for
some constant C > 0 1ndependent of g,

|A§ ()| < C(1+ Ix]). (4.15)
Moreover,
4 [0 (04
LasAS = (%) [EPgAij(pse €PS<WIZ)}

k=1

which converges locally uniformly to £4; A j. Therefore AS converges uniformly over any com-
pact subset to Aop. By Theorem 3.5,

lim sup E( sup |Y)f — Y;|2) =0.
e=>01x <R N o<t

It follows that, along a sequence, Y,”g converges to Y,t for almost every (w, x). Now let ¥, ¥» €
Cb(Rd), we have for r < Ty,

/Wl v ( Xg)Kngd_/lﬂl ) - Y2 dya.

R4
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Letting ¢ — 0 leads to

/ V(XK dyg = / (Y1) - dya. 4.16)

Taking 1 and ¥, positive in (4.16) and using a monotone class argument, we see that
Eq. (4.16) holds for any positive Borel functions ¥ and . Hence taking a Borel version of
K; and setting {1 = 1/K; in (4.16), we get

/%(Xz)dyd—/[lfz( )] V2dya. (4.17)

R4

It follows that K; = [Kt(Y’)] 1'> 0 for r < Ty. For Xiy1, with t < Ty, we shall use re-
peatedly (4.16). By the flow property, X; 7 (w,x) = X;(@rw, X7,(w, x)) where Or,w); =
w41, — W7, - Letting t = Ty and replacing ¥, by ¥2(X;) we get

/Iﬂl ~¢2(Xz+T0)15TOdVd=/1/f1(YTT(?)1/f2(Xt)d)/d~
d

Taking ¥ = 1/K 1, in the above equality, we get

/1//2(Xt+To)dVd—/[KTo( )] Yo (Xy)dya

/[KTO( )] w2(Xt)K 'K, dyq
2/[15T0(YTT§(Y;))] (& (v))] Yo dya.

where in the last equality we have used (4.16) with | = [IZ TO(YTT(;’ )]_112 t_l. It follows that the
density K; 7, of (X;471,)#ya With respect to yy is strictly positive, and soon. O

Corollary 4.5. Let Ay, ..., A, be bounded C 2 vector fields such that their derivatives up to
order 2 grow at most linearly, and let Ay be a continuous vector field of linear growth. Suppose
that

1
|Ao(x) — Ao(»)| < Crlx — y|log; x|

for x| <R, |y| <R, |x —y| < cosmall enough, (4.18)

where log;, s = (logs)(loglogs) ... (log...logs). Suppose further that
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d J
) 0A
le(A())Z E 8—0
=1

exists and is bounded. Then the stochastic flow X; defined by SDE (1.1) leaves the Lebesgue
measure quasi-invariant.

Proof. It is obvious that Ao defined in (4.12) satisfies condition (4.18); therefore by [12], path-
wise uniqueness holds for SDE (1.1) and (4.14). Note that §(Ag) = (x, Ag) — div(Ap). Then
condition (4.13) is satisfied; thus Theorem 4.4 yields the result. O

5. The case A in a Sobolev space

From now on, Ay is no longer supposed to be continuous, but to lie in some Sobolev space,
that is, condition (A1) in (H) is replaced by

(A1) Fori=1,....,m, A; €\, D?(y4), Ao € DY (y4) for some g > 1.

First we establish the following a priori estimate on perturbations, using the method developed
in [36]. Let {Ag, A1, ..., A;y} be a family of measurable vector fields on RY. We first give a
precise meaning of solution to the following SDE

m
dX, =Y Ai(X))dw} + Ag(X,)dr,  Xo=x. 5.1
i=1

Definition 5.1. We say that a measurable map X : £2 x R4 — C([0, T1,R?) is a solution to the
It6 SDE (5.1) if

(i) foreacht € [0, T] and almost all x € RY, w — X, (w, x) is measurable with respect to .%;,
i.e., the natural filtration generated by the Brownian motion {wy: s < t};
(i) for each r € [0, T'], there exists K, € L'(P x R%) such that (X:(w, -))#yq admits K, as the
density with respect to yg;
(iii) almost surely

T

m T
Z/|A,~(Xs(w,x))‘2ds+/|A0(Xs(w,x))|ds < 4o00;
0

i=1 0

(iv) for almost all x € R9,

m 1
X,(w,x):x—i—Z/Al (X5 (w, x)) dw! +/A0(Xs(w,x))ds
i=1 0

(v) the flow property holds

Xl+S(wax) - Xt (G‘wi X‘Y(wv-x))'
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Now let {Ao, Al, R Am} be another family of measurable vector fields on Rd, and denote
by X; the solution to the SDE

m
dX, =2Ai()2t)dw;' +Ag(X)dt, Xo=x. (5.2)
i=1

Let K + be the density of ()A( +)#Vaq with respect to y; and define

Apr = sup (IKillLe@xyg) V1Kl Lr@xyg))- (5.3)
0<i<T

Theorem 5.2. Let g > 1. Suppose that Ay, ..., A, as well as Al, e, Am are in D%q(yd) and

Ag, Ao € ID)‘II (Ya)- Then, for any T > 0 and R > 0O, there exist constants Cyq 4 g > 0 and Ct >0
such that for any o > 0,

su X, — X, 2
E[/log( P0<t<T6|2t ‘l +l>dyd]

Gr

m 172
< CTA,,,T{ Ca.q.R |:||VA0||L‘1 + ( PAZY m) + Z IVA; ||L2q}

i=1

i=1

Lo m 1/2
—ZZ — Ail%, + [nAo—Aoan(ZnAl A||L2q> “

where p is the conjugate number of q: 1/p+1/q =1, and

Gr(w)={x R sup [X(w, 0| v[%iw, 0| <R}, (5.4)

\[\

Proof. Denote & = X; — X ¢» then &y = 0. By Itd’s formula,
n .
dig P =2 (6 Ai(X0) — Ai(X0)dw! +2(&. Ao(X,) — Ao(X)))dr
i=
- 2
+ 3 )4 (X)) — Ai(Xp)[ dr. (5.5)
i=1

For o > 0, log(|&|*/o% 4+ 1) =log(|&|> + 02) — logo?. Again by Itd’s formula,

di&|? 147 (& Ai(Xy) — Ai(X)))?

dlog(6F 4% = E T T (g ot

dr.

Using (5.5), we obtain
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) D (ELAXD) — AKX (& Ao(Xy) — Ag(X)))
dlog(("+7) Z: arvor TP aprer
"A(X) — AR " (L Al(X) — Aj(X)))?
dr -2 d
; TR D
=:dl(t) +d(t) + dI3(t) + dI4(2). (5.6)

Let tp(x) = inf{r > 0: |X,(x)| V |)A(t(x)| > R}. Remark that almost surely, Gr C
{x: tr(x) > T} and for any ¢t > 0, {tg > t} C B(R). Therefore

E[ [ sw \mr)ydyd]@[ [ s |zl<z>\dyd]
0<t<T 0<t<T At
G B(R)

R

By Burkholder’s inequality,

(&, Ai(Xy) — A (X))?
oo nol] [/Z NCET dt}’

0<t<T AtR

which is obviously less than

/M i 14X = A ROP
t].
| & ar o

Hence

E[ / sup |]1(f)‘d)/d:|
0<t<T AR

B(R)

AL (X)) — AR 2
/ /Z YL dyqg Jar| . (5.7)
0

(tr>1) =1

We have A; (X;) — A; (X;) = Ai(Xy) — A (X)) + Ai(Xy) — Ai(X)). Using the density K,, it is
clear that

E/ A (X)) — AR

1 5 P2
&2 + 02 dyq < ;E/d-‘Ai(Xt)_Ai(Xt)’ dya

{tr>1}
1 o
o
R4
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Thus by Holder’s inequality and according to (5.3), we have

1A (X)) — Ay (X)) ApT A
/ ’ |.st |2+;2t dya < =L A; = Al (5.8)
t

{tr>1}

Now we shall use Theorem A.1 in Appendix A to estimate the other term. Note that on the set
{tr > t}, X1, X; € B(R), thus | X, — X,| < 2R. Since (X/)#ya < va and (X)#y4 < ya, we can
apply (A.2) so that

|Ai(X,) — Ai(X0)| < Cal X; = X, |(Mag |V Ai| (X)) + Mag |V Ai|(X))).

Then

Ai(X)) — Ai(X)? .
E[ /- <|g|2+ag 2la } CIE [ (MY AN + Mael VAR i
t

{tr>1} {tr>1}

Notice again that on {tr(x) >}, X;(x) and )A(, (x) are in B(R), therefore

|Ai (X)) — Ai(X)? , A
E[ | s | <2CEE [ (VA K+ R
t
{tr>t} BLR)

1/q
2
<4C§A,,,T< /(M2R|VA,-|)qdyd> . (5.9
B(R)

Remark that the maximal function inequality does not hold for the Gaussian measure y; on
the whole space R?. However, on each ball B(R),

2
Leba|pr) < e® 2valpr).

1
< [
YdlBR) RIS

Thus, according to (A.3),

2q 1 2q
/(M2R|VAi|) d)/d<W / (M2rIVA;])™ dx
B(R) B(R)
C
.4 f IV A; 2 dx

= (27'[)‘1/2
B(3R)

2
< Cy g ? / IVA; 1% dyy
BGR)

< Cag®® 2|V AN,
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Therefore by (5.9), there exists a constant Cy 4 g > 0 such that

|A1(Xt) — Ai()zt)|2 )
]E|: / |§t|2+0—2 dyd < Cd,q,RAp,T”VAi”qu.

{tp>t}

Combining this estimate with (5.7) and (5.8), we get

E[/ sup |11(t)|dyd]
Joosi<r

R

m m 1/2

1/2 1 A

<cr'?a); (cd,q,R > VAl +—5 > lAi = Ai||izq) : (5.10)
i=l1

i=1

Now we turn to deal with I>(¢) in (5.6). We have

0T
Cr Itx

T A A
Ap(X;) — Ap(X
E[/ sup |]2(t)|dydi|<2/|:E | E)'(St';)Jraz(;g/z’)ldyd} dr.
0 Gr

Note that for x € Gp, )A(,(x) € B(R) foreacht € [0, T'], thus

Ap,T
o

lAg — Aol -

|Ao(X) — Ao(X,)] 1 / .
E dys | < —E Ao — AolK; dyy <
[ (&2 +02)1/2 Vd} o |40 — Aol Ky dya

Gr B(R)

Again using (A.2),

Ao(X;) — Ag(X .
E[ [AoXy) — Ao(X,)] d}<ch/(MzRWAoKXt)+M2R|VA0|(XI>)dyd,

(1&1* +o02)1/?
R GRr

which is dominated by
C4E / (Mar|V Aol)(K; + Iet)d)/di| < Caq.rIIVAOllLs Ap T
B(R)

Therefore we arrive at the following estimate for I:

1 o
E[/ sup |Iz(r)|dyd}<2TA,,,T<cd,q,R||VAo||Lq+;||A0—Ao||u). (5.11)

0<I<T
R
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In the same way we get

E[ f sup |13(t>|dyd}
é 0T

SIS
R

m m

1 N

<CTAp7 (cd,q,R D IVAT, + =5 D A - A ||izq). (5.12)
i=1 i=1

The term 14(¢) is negative and hence omitted. Combining (5.6) and (5.10)—(5.12), the proof is
completed. 0O

Now we shall construct a solution to SDE (5.1). To this end, we take ¢ = 1/n and write A’j’.

instead of A" introduced in Section 3. Then by assumption (A2) and Lemma 3.1, there is a
constant C > 0 independent of n and i, such that

|A7 (x)] < C(1 + Ix]). (5.13)

Let X} be the solution to It6 SDE (5.1) with coefficients A? (i =0, 1,...,m). Then for any
a > 1and T > 0, there exists Cy,7 > 0 independent of n such that

E( sup |X;’|“> < Cor(1+1x[%), forall x eRY. (5.14)
0T

Let K;' be the density of (X}')s#ys with respect to y;. Under the hypotheses (A2)—(A4), there
exists 7p > 0 such that (recall that p is the conjugate number of g > 1):

Ap 1= |: /GXP<2PT0[|A0| +e|8(Ao)|

R4
p—1
m 5 pC2p-1)
+ ) @pIA P+ VAP +2(p — De*|5(A)| )D dyd] <.
j=1
(5.15)
Similar to (3.6), we have
sup sup|| K7 |y, up) < Ap.To < +00. (5.16)

tel0, Tyl n>1

Next we shall prove that the family {X": n > 1} converges to some stochastic field.
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Theorem 5.3. Let Ty be given in (5.15). Then, under the assumptions (A1) and (A2)—(A4), there
exists X : 2 x RY — C ([0, Tpl, Rd) such that for any a > 1,

lim E[/( sup | X7 —X,|°‘) dyd] =0. (5.17)
n—o0o [ 0<t< Ty
Rt

Proof. We shall prove that {X": n > 1} is a Cauchy sequence in L¥(£2 x R?: C([0, To], RY)).
Denote by || - [loo, 7, the uniform norm on C([0, Tp], R?). We have to prove that

lim E[ f||x” - X% dydi| =0. (5.18)

n,k——+oo

First by (5.14), the quantity
JoTy 1= supE[ /|| X" ||Oo T dyd] < CO,,TO/(l + 1x %) dyy (5.19)
n>1 R
is obviously finite. Let R > 0 and set

Gpr(w) ={x eRY: | X"(w, )|, <R}

00, T()

Using (5.19), for any & > 1 and R > 0, we have

c JOLTO
sup E[a(Gp) ] < T

Now by Cauchy—Schwarz inequality

e[ [ - )

o C
G}, RYGi r

12
< (E[ya(Gy g UG )]) 1/2 < /”Xn Xk“oorodyd)

2J 12 1/2
g( RZQTO) (2% Jam) . (5.20)

Given ¢ > 0, we may choose R > 1 sufficiently large such that the last quantity in inequality
(5.20) is less than e. Then, for any n, k > 1,

E( / | x" = x*% 7, dyd> <e. (5.21)

G .RYGi R



S. Fang et al. / Journal of Functional Analysis 259 (2010) 1129-1168 1161

Let

m 5 1/2
m:||A3—Agnu,+(Z||A¢—Aif||qu) ,
i=1

which tends to 0 as n, k — +00 since AS converges to Ag in L9(y,) and A;’ converges to A; in

L% (y,) fori =1, ..., m.Now applying Theorem 5.2 with A; and A, being replaced respectively
by A and Ai.‘, we get

X" — X2
Ik :=E[ / log<fm]0 + 1) dyd:|

o
Gu RNG R nok

m 5 1/2 n )
Lq+(znwnm) +Z||VA:?||L2q}+z}.
i=l1

i=1

< Crydpry {Cd,q,R |:|| VA8|

Recall that A:l = (pl/nPl/nAi, Thus VA:’ — V(pl/n ® Pl/nAi + (pl/neil/npl/nVAi and
VAL < Piyu(JAil + VA
We obtain the following uniform estimates

[VAG ] o < HAolge (VAT 20 < IAsl520-

Hence the quantity I, x is uniformly bounded with respect to n, k. Let I1 be the measure on
2 x R9 defined by

/ ¥ (w, x)dIT (w, x) = E[ f w(w,x)dyd(x)].
2xR4 Gn RNGi R
Obviously we have bk (£2 x Rd) < 1. Let n > 0 and consider
Sk ={w,x) e 2 xR | X" (w,x) - X"(w,x)||ooj0 > )
which equals

X" — X2 2
{(w,x) € 2 x R%: log(fm + 1) > log(nT + 1) }
O'n,k Un,k

It follows that as n, k — 400,

In,k

A0 —2b
" log(m2 /o + 1)

0, (5.22)
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since oy, x — 0 and the family {7, x: n, k > 1} is bounded. Now

el [ - xlan]= [ X an

Gn,RmGk,R .QXRd

= [ = x4, g
Zik
+ / | x" = x*|%, 7, 1T (5.23)

The first term on the right side of (5.23) is bounded by n*, while the second one, due to (5.19)
and (5.22), is dominated by

17(2,, PR /nxn Xk ||OO 7, dva < 20 Jo1 1T (Zp i) = 0 asn, k— 4oo0.

R4

Now taking 1 = £!/% and combining (5.21) and (5.23), we see that

lim sup ]E[ /Hx” - xHe dyd:| <2e
n,k—+00 10
R4
which implies (5.18).
Let X € L*(2 x R%; C([0, To], R%)) be the limit of X" in this space. We see that for each
t € [0, T] and almost all x € R, w — X, (w, x) is %;-measurable. 0O

Proposition 5.4. There exists a family (K2 t €10, Tol} of density functions on R? such that
(X)#va = Kiya for each t € [0, Ty]. Moreover,

sup 1K llLr®xyy) < Ap.1p
0<t<Ty

where A 1, is given by (5.16).
Proof. It is the same as the proof of Theorem 3.4. O
The same arguments as in the proof of Propositions 4.1 and 4.2 yield the following

Proposition 5.5. For any a > 2, up to a subsequence,

m t

> [ A - o Jaud

a
j| dyy =0,
i=1 0

lim | E| sup
n—oo 0<1<Tp
R4
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and
Ty
lim [E/\Ag(x;') — Ao(Xy)|* dsi| dys =0.
n— oo
R4 0
Now for regularized vector fields A;’, i=0,1,...,m, we have

m t
X?(x)=x+Z/A (X?) dw! +/Ag(xf)ds. (5.24)
i=1

0

When n — +o00, by Theorem 5.3 and Proposition 5.5, the two sides of (5.24) converge respec-
tively to X and

x+Z/Ai(Xs)dw§+on(Xs)ds

i=1y 0

in the space L% (£2 x R?; C ([0, To], R?)). Therefore, for almost all x € R?, the following equality
holds P-almost surely:

t

Xt(x)—x—i—Z/A (Xy) dw! +/A0(X yds, forallz € [0, Ty].
i= 10 0

That is to say, X, solves SDE (5.1) over the interval [0, Tp].
The following result proves pathwise uniqueness of SDE (5.1) for a.e. initial value x € RY.

Proposition 5.6. Under the conditions (A1") and (A2)—(A4), the SDE (5.1) has a unique solution
on the interval [0, Tp].

Proof. Let (Y;):[0,7,) be another solution. Set, for R > 0,

:[(w,x)e.QXRd: sup yx,(w,x)—Y,(w,x)|<R}.
0<t<Ty

Remark that in Theorem 5.2, the terms involving 1/o and 1/0% vanish. Therefore the term

su X, — Y, ?
I:=E/log< Posi<ry | Xr = 11| +1>d)/d

o2

Gr

172 p
< CpA pTOcdqR[nAonDH(ZnA & ) +Z||Ai||§)zq}
i=1 !

i=1
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is bounded for any o > 0. For > 0 consider

_ {(w,x) e xR sup |Xi(w,x) — Yy (w, x)| > n}.

0<I<Tp
Similar to (5.22), we have
E /1 d < ! 0 0
{——— =0, aso—0.
IV S 0s (2702 1)

GRr

Hence we obtain

1, sup |X;—Y:|=0, (P xyg)-as.
0<t<Ty

Letting R — oo, we obtain that (P x y,;)-almost surely, X; =Y, forallz € [0, Tp]. O

Now we extend the solution to any time interval [0, T]. Let O, w be the time-shift of the
Brownian motion w by Ty and denote by X the corresponding solution to SDE driven by

01, w. By Proposition 5.6, {X, O(GTow x): 0 <t < Ty} is the unique solution to the following
SDE over [0, Tp]:

t

XP@ =x+3 / A (X @) a0} + [ Ao(xTe0) ds
i=1

0

For t € [0, Tp], define X, 7, (w, x) = X,TO(QTOw, X1,(w, x)). Note that X; is well defined on
the interval [0, 2T ] up to a (P x y4)-negligible subset of £2 x R,;. Replacing x by X7, (x) in the
above equation, we get easily

m t+Tp t+To
X,+To(x)_x+2/ i(Xs () dw! + / Ao(Xs(x)) ds
i=1 0 0

Therefore X; defined as above is a solution to SDE on the interval [0, 27j]. Continuing in this
way, the solution of SDE (5.1) on the interval [0, T] is obtained.

Theorem 5.7. The family {X;: t € [0, T} constructed above is the unique solution to SDE (5.1)
in the sense of Definition 5.1. Moreover, for each t € [0, T], the density K; of (X;)#ya with
respect to vy is in L' log L.

Proof. Let Y;, t € [0, T] be another solution in the sense of Definition 5.1. First by Proposi-
tion 5.6, we have (P x yy)-almost surely, Y; = X, for all ¢ € [0, Tp]. In particular, Y7, = X7;.
Next by the flow property, Y;, 7, satisfies the following equation:
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t

m t
Feony @) = ¥+ 3 [ AV 0) d@ru)+ [ Ao(Vern)ds
0

i=1 0

that is, ¥; 1 7, is a solution with initial value Yr,. But by the above discussion, X; 7, is also a
solution with the same initial value X To = Y7,. Again by Proposition 5.6, we have (PP x y,)-

almost surely, X;47, = Y;47, for all £ < Tp. Hence we proved that X|[0, 27p] = Y|[0, 2Tp].

Repeating this procedure, we obtain the uniqueness over [0, T']. Existence of the density K;
of (X;)#yaq with respect to y; beyond Ty is deduced from the flow property. However, to ensure
that K, € L' log L', we have to use Theorem 3.3 and the fact that

lim E[ sup |X;’—X,|a]dyd=0,
n—00 0<i<T

R4
which can be checked using the same arguments as in the proof of Propositions 4.1 and 4.2. O
Appendix A

For any locally integrable function f € LloC (R9) and R > 0, the local maximal function M f
is defined by

M _ dy, A.l
rf(x)= OEFERLebd(BOc ) (/)‘f(y)’ Y a1

where B(x, r) = {y € R?: |y — x| < r}. The following result is the starting point for the approach
concerning Sobolev coefficients, used in [5,36].

Theorem A.l. Let f € Lloc (RY) be such that Vfe LllOC (RY). Then there is a constant Cq > 0
(independent of ) and a negligible subset N, such that for x,y € N¢ with |x — y| < R,

| f @) = F)| < Calx — yI((MrIV £1)(x) + (M&IV £1) (). (A.2)
Moreover for p > 1 and f € Lﬁ)c(Rd), there is a constant Cy p > 0 such that
[opra<ca, [ i (A3)
B(r) B(r+R)

Since inequality (A.2) plays a key role in the proof of Theorem 5.2, we include its proof for
the sake of the reader’s convenience.

Proof of estimate (A.2). We follow the idea of the proof of Claim #2 on p. 253 in [9]. For any
bounded measurable subset U in R? of Lebesgue measure Leby (U) > 0, define the average of
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feLl (R? onU by

loc

1
(Hu =][Uf(y)dy = m/f(”d%
U

Write (f)y,r instead of (f)p(x,r) for simplicity. Then Mg f (x) = sup0<,<R(|f|)x,r. ‘We use the
following simple inequality: for any C € R,

I(f)u—C|<][U|f(y)—C|dy- (A4)

First, for any x € R? and r € 10, R], by Poincaré’s inequality with p = 1 and p* =d/(d — 1)
(see [9, p. 141]), there exists C4 > 0 such that

d/(d—1) d-1)/d
fB(x,r)‘f - (f)x,r | dy < ( fB(x,r)|f - (f)x,r| dy)

< Cdr][B(x,r)|Vf| dy < CaMR|V fl(x)r. (A.5)

In particular, for any k£ > 0, by (A.4) and (A.5),

|(f)x,r/2k+1 - (f)x,r/2k| < fB(x,r/ZkH) |f - (f)x,r/Zk ’ dy
<2 ][ serio | = (il dy
<29Ca MRV f1(x)r/2k.

Since f € Llloc(Rd), there is a negligible subset N C R? such that for all x € N¢, f(x) =
lim, ,0(f)x,r. Thus for any x € N¢, by summing up the above inequality, we get

| £ = (Oar | <D N (Pajpirt = (o] <2H9CaMRIV £1(0)r. (A.6)
k=0

Next for x, y € N, x #y and |x — y| < R, let r = |x — y|. Then by the triangular inequality,
(A.4) and (A.5),

|(f)x,r - (f)y,r| < fB(x,r)ﬂB(y,r)(|(f)x,r - f(Z)} + ’f(z) - (f)y,r|)dz

< éd|: fB(x,r)|(f)x,r - f(Z)| dz + f B(y,r) |f(Z) - (f)vr| dZ:|
< CaCa(MRIV f1(x) + MRV £1(0)r. (A7)

Now (A.2) follows from the triangular inequality and (A.6), (A.7):
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£ @) = O] <@ = D | F [ Per = Dy | + Dy = FO
<2"MCyMR|V f1(x)r + CaCa(MRIV f1(x) + M|V f1(3)r
+ 2" Cy MRV f(y)r
=Cq(2" + Ca)lx — y|(MRIV f1(x) + Mr|V £1()).

We obtain (A.2). O
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