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Abstract

By using a coupling method, an explicit log-Harnack inequality with local geometry quantities is estab-
lished for (sub-Markovian) diffusion semigroups on a Riemannian manifold (possibly with boundary). This
inequality as well as the consequent Lz-gradient inequality, are proved to be equivalent to the pointwise
curvature lower bound condition together with the convexity or absence of the boundary. Some applications
of the log-Harnack inequality are also introduced.
© 2013 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let M be a d-dimensional connected complete Riemannian manifold possibly with a bound-
ary 9M. Consider L = A + Z for a C'-vector field Z. Let X,(x) be the (reflecting) diffusion
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process generated by L with starting point x and life time ¢ (x). Then the associated diffusion
semigroup P; is given by

P f(x):=E[f(X,))lp<coon]. 120, f€Bp(M).

Although the semigroup depends on Z and the geometry on the whole manifold, we aim to
establish Harnack, resp. gradient type inequalities for P; by using local geometry quantities.
Let K € C(M) be such that

Ricz :=Ric—VZ > —K, (1.1)

i.e. forany x € M and X € Ty M, Ric(X, X) — (X, VxZ) > —K (x)|X|?. Next, forany D C M,
let

K (D) :=supK, D,={zeM: p(z,D)<r}, r=0,
D

where p is the Riemannian distance on M. Finally, to investigate P; using local curvature bounds,
we introduce, for a given bounded open domain D C M, the following class of reference func-
tions:

%p={¢ € C*(D): ¢|p > 0. laprarr =0, Nplaynap >0},

where N is the inward unit normal vector field of 9 M. When 0 M = @, the restriction N¢|yp >0
is automatically dropped. For any ¢ € ¥p, we have

cp(@) = sup{S|Vo|* — 9 Lo} € [0. 00).

The finiteness of ¢p(¢) is trivial since D is compact. To see that cp(¢) > 0, we consider the
following two situations:

(a) There exists x € 9D \ 9M. We have ¢ (x) = 0 so that cp(¢) > {5|Vp|> — ¢Lp}(x) > 0.

(b) When 0D \ oM = (, we have D = M. Otherwise, there exists z € M \ (DU dM). For any
7€ D\dM,lety :[0,1] — M\ dM be a smooth curve linking z and z’. Since z' € D but
z ¢ D, there exists s € [0, 1] such that y(s) € dD. This is however impossible since 9D C
dM and y (s) ¢ dM. Therefore, in this case M = D is compact so that the reflecting diffusion
process is non-explosive. Now, let x € D such that ¢ (x) = max p@. Since No|yy = 0 due
top € 6p, p(Xy) —dp(x) — fol L¢(X;)ds is a sub-martingale so that

t

¢(x) = Eo(X) >¢(X)+/EL¢(Xs)ds, 120.
0

This implies L¢ (x) < 0 (known as the maximum principle) and thus,
cp(@) = {51V — Lo} (x) > 0.
Theorem 1.1. Let K € C(M). The following statements are equivalent:

(1) (1.1) holds and d M is either empty or convex.
(2) For any bounded open domain D C M and any ¢ € €p, the log-Harnack inequality
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Prlog f(y) —log(Pr f(x) +1 — Prl(x))
<Py’ ( K(Dpwy) . cp@)?(@KPoun)T — 1))
) 1 — e 2KDpe )T 2K (Dp(x.y))d (0)* ’
T>0,yeD, xeM,

holds for strictly positive f € Bp(M).
(3) For any bounded open domain D C M and any ¢ € €p,

2 2 ) K (D) cp(@)? @K DT 1)
\VPrfP(x) <{Prf?—(Prf) }<x>(1_e_2K(D)T T R DI )

holds forallx €e D, T >0, f € Bp(M).
If moreover Pr1 =1, then the statements above are also equivalent to:

(4) For any bounded open domain D C M and any ¢ € 6p, the Harnack type inequality

Prf(y) < Prf(x)
K(D) cp(@)? @K DT 1\
+p(x,y)<1_62K(D)T + 2K (D) infre ) & ) VPrfe)

holds for non-negative f € B,(M), T >0 and x,y € D such that the minimal geodesic
L(x, y) linking x and y is contained in D.

Remark. (i) When K is constant, a number of equivalent semigroup inequalities are available for
the curvature condition (1.1) together with the convexity or absence of the boundary, see [8,10]
and references within (see also [3,11] for equivalent semigroup inequalities of the curvature-
dimension condition). When d M is either empty or convex, the above result provides at the first
time equivalent semigroup properties for the general pointwise curvature lower bound condition.

(i) When the diffusion process is explosive, the appearance of 1 — Pr1 in the log-Harnack
inequality is essential. Indeed, without this term the inequality does not hold for e.g. f =1
provided Prl1 < 1.

(iii) The following result shows that the constant 1/2 involved in the log-Harnack inequality
is sharp.

Proposition 1.2. Let ¢ > 0 be a constant. For any x € M, strictly positive function f with
IVfl(x)>0andlog f € C%(M), and any constants C > 0, the inequality

1

C
Prlog f(y) < log(Prf(x) +1- PTI(X)) +C,0(x7y)2(m +0<?>>

for small T > 0 and small p(x,y) implies that c > 1/2.

Proof. Let us take v € Ty M and y, = exp,[sv], s 2 0. Then the given log-Harnack inequality
implies that

Pylog £ (ys) —log(Py f(x) + 1= P1(x)) < ”2'”'2(% + o(%)) (12)
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holds for small s > 0. On the other hand, for any g € C*>(M) with bounded Lg, one has

d
—Psg =Lg. (1.3)
ds s=0
Indeed, letting X, be the diffusion process generated by L with Xy = x, by Itd’s formula and the
dominated convergence theorem we obtain

| SAL(x) ls/\{(X)
P _
lim 2380 —8@ _ 1 f Lg(X,)dr = Elim - / Le(X,)dr = Lg(x).
540 N 510 § 510§
0 0

Combining (1.2) with (1.3) we obtain

2,8 _ Lf(x)
(0. Vlog 1)(2) = |Vlog ) = Llog £ (1) + (v, VIog f)(x) = Lo
~tim +{ P log £ (5) ~ og(P.f () + 1 = Po100)]
< clv|?
S2

Taking v =rVlog f(x) for r > 0 we obtain

cr? 2
<r—1—7>|Vlogf(x)| <0, r>0.
This implies ¢ > 1/2 by taking r =1/c. O

To derive the explicit log-Harnack inequality using local geometry quantities, we may take
eg. D=B(y,1):={z: p(y,2) < 1}. Let
Ky=0VK(B(y, D),  Key=K(B(y,1+p(x,)),
KS =0V sup{—Ric(U, U):UeTM, |U =1, z€ B(y, 1)},

by = sup |Z].
B(y.1)
Then K(Dy(x,y)) = K,y and according to [7, proof of Corollary 5.1] (see page 121 therein
with &, replaced by 1), we may take ¢ (z) = cos %yl) so that ¢ (y) =1 and

2
k() = Ky + @ —HT(by + %,/Kg(d - 1)) > cp().

Note that when dM is convex, Npo(-, y)|aym < 0 so that N@|ypnym = 0 as required in the defini-
tion of ¥p. Therefore, Theorem 1.1(2) implies that

Pilog f(y) <log{ P f(x) +1 — P 1(x)}

P Key kGRS
2 1 — e 2Kxyt 2K,y

holds for all strictly positive f € Z,(M), x,y € M and t > 0. As in the proofs of [6, Corol-
lary 1.2] and [9, Corollary 1.3], this implies the following heat kernel estimates and entropy-cost
inequality. When P; obeys the log-Sobolev inequality for ¢ > 0, the second inequality in Corol-
lary 1.3(2) below also implies the HWI inequality as shown in [4,5].

(1.4)
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Corollary 1.3. Assume (1.1) and that 9M is either convex or empty. Let Z = V'V for some
Ve CZ(M) such that Py is symmetric w.r.t. u(dx) := eV dx, where dx is the volume measure.
Let p; be the density of Py w.r.t. w. Assume that (1.1) holds.

(1) Let K(y) = K(B(y,2)). Then

/ p:(y,2)1log p: (v, 2)u(dz)

M
K(y) k()2 (2K 1)) Poul(y) + pu(1— P1)
<VIAT 4 _ 1
" (1—e-2'<<y>f+ 2K (y) T BOVIAD)

holds for all y e M and t > 0.
(2) If u is a probability measure and P;1 = 1, then the Gaussian heat kernel lower bound

p(x, y)? ( Ky k()2 (e2Kxst — 1))]
1 9

2 — e 2Kyt 2K,y

pzt(x,y)>exp[—
t>0, x,yeM,

and the entropy-cost inequality

/ (P f)log P, f du
M

2 2 (22K yt

, K i 1

S - LR PR
TEC (1, f10) 2 1 — e 2Kuyt 2I(x,y

M

xM

t>0,
hold for any probability density function f of u, where € (., f 1) is the set of all couplings
of wand fu.

Proof. According to (1.4), the heat kernel lower bound in (2) follows from the proof of
[9, Corollary 1.3], while the other two inequalities can be proved as in the proof of [6, Corol-
lary 1.2]. Below we only present a brief proof of (1).

By an approximation argument we may apply (1.4) to f(z) := p:(y, z) so that

I 1=/Pr(y,z) log p;(y, z)u(dz)
M

< log{pa (e, y) + 1= P10} +

p(x, y)? Key k()2 (et — 1)
2 1— efsz.t 2Kx,y .

Since Ky y < K (y) for x € B(y, 1), this implies that

; CiALf R k()AEROr - 1))}
e M(B(y, Vit A 1)) exp[ > (1 2RO + 2]?(y)

, 2 K. 2 eZKX,_Vl -1
<elfexp[_p(x y) (1_6_;1(“1 L KO ))]M(dx)
M

2 2K,
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< [{pae)+ 1= PO} = Py10) + 1 = P
M
This proves (1). O
We remark that the entropy upper bound in (1) is sharp for short time, since both
—log u(B(y, /1)) and the entropy of the Gaussian heat kernel behave like %log% for small
t>0.
2. Proof of Theorem 1.1

We first observe that when Pr1 =1 the equivalence of (3) and (4) is implied by the proof of
[12, Proposition 1.3]. Indeed, by (3)

2 2 2 K(D) CD(¢)2(32K(D)T - 1))
IVPrf1*<{Prf*—(Prf) }(1 o 2kDT T 2K(D)infoy) &

holds on the minimal geodesic £(x, y), so that the Harnack inequality in (4) follows from the first
part in the proof of [12, Proposition 1.3]. On the other hand, by the second part of the proof, the
inequality in (4) implies

K(D) cp(p)* (KT — 1)
|VPth2<{PTf2}<1_e—2K<D>T+ s 2K(D)¢* >

on D. Replacing f by f — Pr f(x), we obtain the inequality in (3) since VPr f = VPr(f —
Pr f(x)) provided Pr1=1.

In the following three subsections, we prove (1) implying (2), (2) implying (3), and (3) im-
plying (1) respectively.

2.1. Proof of (1) implying (2)

We assume the curvature condition (1.1) and that d M is either empty or convex. To prove the
log-Harnack inequality in (2), we will make use of the coupling argument proposed in [1]. As
explained in [1, Section 3], we may and do assume that the cut-locus of the manifold is empty.

Now, let T > 0and y € D, x # y be fixed. For any z,z' € M, let P, : T.M — T, M be the
parallel transport along the unique minimal geodesic from z to z’. Let X; solve the following Itd
type SDE on M

d'X, =v2®,dB, + Z(X,)dt + N(X,)dl,, Xo=x,

up to the life time ¢ (x), where B; is the d-dimensional Brownian motion, &; is the horizontal
lift of X; on the frame bundle O (M), and [; is the local time of X; on oM if dM # . When
oM =}, we simply take /; = 0 so that the last term in the equation disappears.

To construct another process starting at y such that it meets X, before T and its hitting time
to a D, let ¥; solve the SDE with Yp =y

d'Y, = V2Px, v, @1 dB, + Z(Y,) dt —\J&1(1)2 + &) Vp (X, )(Y2) dr + N(Yy) dly,
2.1

where [, is the local time of ¥, on M when dM # ), and
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2K(Dp(x,y)) exp[_K(Dp(x,y))t]
1 —exp[—2K (Dy(x,y))T]
2cp(@)p(Xy, Yy)
o (¥;)?
Then Y; is well-defined before T A Tp(x,y) (x) A Tp(y), Where
() =inf{r €[0, T AL(x)): Y, €0D},  tp(,y(x)=inf{r >0: X, ¢ D(x,y)}.

§1(1) =

o, My, £x,},

&) = , tel0,T].

Let
T =inf{t S [O, (X)) A g'(y)): X = Y,},

where inf ) = co by convention.
Let ® =t AT A1p(y) A Tp(x,y)(x) and set

1
() = E\/él(t)z +&51? Vo, Y)(X), 1€]0,0).

Define
e

[C)
1
R:exp|:— /(n(t),d),dB,)— E/\n(t)|2dti|.
0

0
We intend to prove

(i) R is a well-defined probability density with

px. y)? ( K(Dpy) |, ep(@)?@KPoeo)’ — D)
2 1 — e 2KDp )T 2K(Dp(x,y))¢(y)4
(ii) T <T ATp(y) ATp(x,y)(x) holds Q-a.s., where Q := RP.

E{RlogR} <

Once these two assertions are confirmed, by taking Y; = X, for t > v we see that ¥; solves (2.1)
up to its life time ¢(y) = ¢(x) and X7 = Y7 for T < ¢(x). Moreover, by the Girsanov theorem
the process

t

Et ::B,—i—/n(s)ds, t>0

0
is a d-dimensional Brownian motion under Q and Eq. (2.1) can be reformulated as
d'Y, = v2Px, v, @ dB, + Z(Y,)dt + N(Y,)dl;, Yo=y. (2.2)

Combining this with the Young inequality (see [2, Lemma 2.4])

Prlog f(y) =E{Rliz<c(ylog f (Y1)} =E{R1{r<(x)) log f(XT)}
< ERlogR + logEexp[l{T<§(x)} log f(XT)]
=log(Prf(x)+1— Prl(x)) + ERlog R
<log(Prf(x)+1—Pri(x))

p(x,y)? K(Dpx,y)) cp(¢)? (€K Prwn)T — 1)
2 1 — e 2KWDpa )T _q ZK(Dp(x,y))(ﬁ (y)4

This gives the desired log-Harnack inequality.

+
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Below we prove (i) and (ii) respectively.

Lemma 2.1. For any n > 1, let
7,(y) =inf{t € [0, T A ¢(0)): p(¥;, D) <n™ '}

and
nT
O,=1tA n——|—1 AN TD(x,y)(x) A T (¥)-

Let R, be defined as R using ©, in place of ®. Then {Ry},>1 is a uniformly integrable martin-
gale with ER,, = 1 and

p(x, y)? < K(Dp(x,y) cp()? (@K Ppan)T — 1))
1

E{R,logR,} <
{Rnlog Ry} 2 _ e 2KDpee )T _ 2K(Dp(x,y))¢(Y)4

for n > 1. Consequently, (i) holds.

Proof. (i) follows from the first assertion and the martingale convergence theorem. Since before
time @),, the process n(t) is bounded, the martingale property and ER, = 1 is well-known. So,
it remains to prove the entropy upper bound. By the It6 formula we see that (cf. (2.3) and (2.4)
in[1])

dp(X:, Y1) S K(Dpx,y))p(Xs, Y dt —\JE1(1)? +5(1)%dt, 1< 6Oy, (2.3)
Then

dep(P)p(Xy, Yr)?
¢ (¥))?

Note that ([?,)[E[o,@n] is a d-dimensional Brownian motion under the probability Q, := R,P.
Combining this with (2.2) and using It6’s formula along with the facts that the martingale part of
o(Xy, Y[)2 is zero and N¢|ypnam = 0, we obtain

d{ p(Xi, Yf)z} <am, — P Y,)?

do(Xs, Y1)? 2K (Dp(xy)p(Xs, Yo)2dt —

de, t<0,.

{cp(@)+d(Y)Lp(Y) — 5|V (Y|} dr

d(Y)* ¢ (Y)°
2K D))o Xi Y0?
P (Y)*
2K(D,ix ) (X, Y)?
<dM, — ( p(x,y))p4( Y1) dr. <o,
oY)
where
4p(Xy, Yi)? =
dM; := ————2=— (Vo (Y1), Px, v, dB/)

¢ (Y1)

is a Q,-martingale for ¢ < @,,. This implies

\2 2
E P(Xm@,,v Ym@n) < px,y) eZK(Dp(x._v))t’ t>0.
" ¢ (Yino)? d(n)*

Hence,
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On On
1

1
E(Rylog R,) = 5Eg, f [no)dr = ;Eg, / (6% + 607 di

0 0

T
2 2
< KDy y)°px.y) 2K (Do)t g
S (12 e 2K Do T2

P(Xm@n s Ym@,,)

2
dt
¢ (Yino,)*

T
+ep()? / Eg,
0

 KDpe)p(e,3)®  ep(@? @8 Pl — 1)p(x, y)?

< , 0.
2(1 — e 2KDye Ty 2K (Dpx )b () 5=

Lemma 2.2. We have T < T A tp(y) A Tp(x,y) (), Q-a.s.

Proof. By (2.3) we have
@ @n
/ o+ o0} d= lim f {0 +am}d < co. 2.4)
0 0

Since under Q the process Y; is generated by L, as observed at the beginning of [7, Section 4]
we have
D (y)
———dt =00, -a.s.
(Y)? 0
Then (2.4) implies that Q-a.s.
rD(y) > TD(x,y) xX)ATAT. (2.5)
Moreover, it follows from (2.3) that
t
p(X1, Yy <K Pren)lp(x, y) — f e Do) (5) ds

0
—2K(Dp(x.y “2K(Dpex, )T
e Dpay)t _ o Dpxy)) K(Dpx, )t
— e PN (X, y)
1 — e 2KDpie,))T
<P o), 1 €[0,0,].

So, tpx,y) 2 tp(y) and T > 7. Combining these inequalities with (2.5) we complete the
proof. O

N

2.2. Proof of (2) implying (3)

We will present below a more general result, which works for sub-Markovian operators on
metric spaces. Let (E, p) be a metric space, and let P be a sub-Markovian operator on %, (E).

S(fHx) = ]imsupw

, x€E, feB(E).
y—>x p(x,y)
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If in particular E = M and f is differentiable at point x, then §(f)(x) = |V f|(x). So, (2) imply-
ing (3) is a direct consequence of the following result.

Proposition 2.3. Let x € E be fixed. If there exists a positive continuous function ® on E such
that the log-Harnack inequality

Plog f(y) <log|Pf(x) + 1= P10} +@(px,»)* >0, feB(E), (2.6
holds for small p(x,y), then
S(PL)*(x) K20 () Pf2(x) — (PL(0)}, [ €Bp(E). 2.7)

Proof. Let f € %, (E). According to the proof of [8, Proposition 2.3], (2.6) for small p(x, y)
implies that Pf is continuous at x. Let {x,},>1 be a sequence converging to x, and denote
&n = p(x,, x). For any positive constant ¢ > 0, we apply (2.6) to ce,, f + 1 in place of f, so that
for large enough n

Plog(cen f + 1)(xn) <log{P(cenf + D(x) + 1 — PL(x)} + @ (xy)e2.

Noting that for large n (or for small ¢,) we have
_ _ l 2.2 2
Plog(cen f+ 1)(xn) = P\ cenf 2(C8n) f7)Gan) + 0(8,1)

2 Pf(xy) — Pf(x) 1 2 p 2 2
T - E(an) Pfo(x) +0(8n),

log{P(cenf +1)(x) +1— PL(x)} =ce, Pf(x) — %(cen)z(Pf)z(x) +o(e2).

=ce, Pf(x) +c¢

‘We obtain
climsup LSO = PI®) ¢ {Pf2( )= (PO} + @), ¢>0.
n—00 p (X, x)

Exchanging the positions of x, and x, we also have

climsupw C—{Pf() (Pf)2(x)}+<1>(x), c>0.
n—oo ,o(xn,x) 2

Therefore,
3PN < SPPW - EPw)+ 2 o

This implies (2.7) by minimizing the upper bound in ¢ > 0. O
2.3. Proof of (3) implying (1)

The proof of Ricz > —K is more or less standard by using the Taylor expans1ons for small
T>0.Letx e M\oM and D = B(x,r) C M\ OM for small » > O such that ¢ :=r —,o(x Ve
©p. Itis easy to see that for f € C5°(M) and small 7 > 0,

VP, f1?(x) = |V f2(x) + 2t (V £, VL) + o(t),

K(D) cp@?@KPr -1 1 K(D)
| —c2KDx 2K(D)p(x)* w T ol
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Moreover (see [10, (3.6)]),
P f2(x) = (P f)*(x) = 2|V fI7(x) + £2{2(V £, VLF) + LIV f P} (x) + o(t).
Combining these with (2.7) we obtain

1
DN = LIVFFE) = (VA VLA > =K DIV @) =( sup K)IV 7P ().

Letting r | 0, we arrive at I>(f)(x) = —K(x) for x € M \ dM and f € C{°(M), which is
equivalent to (1.1).

Next, we assume that d M # (J and intend to prove from (3) that the second fundamental form I
of M is non-negative, i.e. M is convex. When M is compact, the proof was done in [10] (see
the proof of Theorem 1.1 therein for (7) implying (1)). Below we show that the proof works for
general setting by using a localization argument with a stopping time.

Let x € 9M and r > 0. Define

or =inf{s >0: p(X5,x) 2> r},

where X is the L-reflecting diffusion process starting at point x. Let /; be the local time of
the process on dM. Then, according to [13, Lemmas 2.3 and 3.1], there exist two constants
C1, C2 > 0 such that

Plo, <) <e V', 1e(0,1], 8
and
2.4/t
Elypo — | < Cot, 1€00, 1], (2.9)
' N

where (2.8) is also ensured by [2, Lemma 2.3] for oM = . Let f € Cgo(M) satisfy the Neumann
boundary condition. We aim to prove I(V f, V f)(x) > 0. To apply Theorem 1.1(3), we construct
D and ¢ € 6p as follows.

Firstly, let ¢ € Cgo(BM) such that ¢(x) = 1 and suppy C OM N B(x,r/2), where B(x,s) =
{ze M: p(z,x) <s} for s > 0. Then letting $o(expy[sN1) = ¢(y) (Where y € IM, s > 0), we
extend ¢ to a smooth function in a neighborhood of M, say d,,M :={z € M: p(z,dM) < ro}
for some rg € (0,r) such that p(-,dM) is smooth on (3,,M) N B(x,r). Obviously, ¢ sat-
isfies the Neumann boundary condition. Finally, for 2 € C*°([0, 00)) with &[0, /4) = 1 and
hliro/2,000 = 0, we take ¢ = ¢oh(o(-,0M)) and D = {z € M: ¢(z) > 0}. Then ¢(x) =1,
dlapvam =0, Nolaym = Ngolam =0, and D C B(x, r).

Once D and ¢ € %p are given, below we calculate both sides of the gradient inequality in (3)
respectively.

According to (2.8), for small > 0 we have

tAOy
Pifr(x) =Ef*(Xipo,) +0(1%) = f2(0) + E / Lf2(X,)ds +o(r?)
0
tAor tAOy
=f2(x)+2E/(fo)(Xs)ds+2E/ IV FI2(Xy)ds + o(t?). (2.10)
0 0

Noting that by the Neumann boundary condition

E|f(0) = fXsno)|* S |L(f ) = )] 5. 520,




654 M. Arnaudon et al. / Bull. Sci. math. 138 (2014) 643—-655

we have
Ny tAoy
E / (fL)(Xs)ds — f()E / Lf(Xs)ds
0 0
tAGy IOy
=E / Lfx){fx) — f(X)}ds+E / (Lf(Xs) = LF@)(f(x) — f(Xy))ds
0 0
N t

SILf looE / /du+]E/\/E|Lf(XMg,)—Lf(x)]z-E|f(x)—f(Xm,,)izds
0 0 0

—o(¥2). 2.11)

Moreover, by the It formula and the fact that N |V f|?> = 2I(V f, V f) holds on d M (see e.g. [10,
(3.8)]), we have

EIVf1*(Xsro,) = V2 (x) + E / LIVfI*(X,)du +2 / I(V f, V f)(X,)dl,
0 0

<V ) 4200 Elsne, + O),
where
I(r) := sup{I(V £, V) (y): y €M N B(x,r)}.
Combining this with (2.10), (2.11) and using (2.8) and (2.9), we obtain

tAO,
P, f2(x) < f2(x) +2f (0)E / Lf(Xy)ds + Ct3%1(r) + o(r*/?) (2.12)
0

for some constant C > 0 and small ¢ > 0.
On the other hand, by (2.8) we have

tAG, 2
(P f)*(x) = (f(X) +E / Lf(Xs)ds + 0(t2)>
0
IN\Oy
= f2(x) +2tf (x)E / Lf(Xy)ds +o(t?).
0
Combining this with (2.12) and noting that
K (D) cp@)? (KD —1) 1
1 — e 2K D)t 2K(D)p(x)* 2t +om)
holds for small ¢ > 0, we arrive at
2 2 K (D) cp(@)* (@K P —1)

<IVFP®) + CIVT +0('1?)
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for small r > 0. Combining this with the gradient inequality in (3) and noting that
t 2
IVP fI7() = |V f(x) + / VPLf(x)ds| =|VfI(x)+00),
0
we conclude that

K (D) cp(g)? (XKD — 1))

. 1 2 2
I(r) > th—I>I(1) C_\/;i{Ptf — (P f) }(x)<1 _ 2Kt + 2K (D) (x)*

- IVszIZ(x)] > 0.
Therefore, I(V £, V f)(x) = lim,_1(r) > 0.
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