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Article history: We characterize the angular polyspectra, of arbitrary order, associated with isotropic fields

Received 7 October 2008 defined on the sphere S? = {(x,y,2) : x> + y*> + z*> = 1}. Our techniques rely heavily

Available online 5 May 2009 on group representation theory, and specifically on the properties of Wigner matrices and
Clebsch-Gordan coefficients. The findings of the present paper constitute a basis upon

AMS 2000 classifications: which one can build formal procedures for the statistical analysis and the probabilistic

ggg;g modelization of the Cosmic Microwave Background radiation, which is currently a crucial

20C12 topic of investigation in cosmology. We also outline an application to random data
20C35 compression and “simulation” of Clebsch-Gordan coefficients.
© 2009 Elsevier Inc. All rights reserved.
Keywords:
Group representations
Isotropy
Polyspectra
Spherical random fields

1. Introduction

The connection between probability theory and group representation theory has led to a long tradition of fruitful
interactions. A well-known reference is provided by [1]; see e.g. [2, Section 40-41], [3-8], and the references therein,
for other relevant contributions. In this paper we shall focus in particular on the connection between the probabilistic
notion of isotropy, i.e. invariance in law under the action of a group, and the representation theory of the group itself.
One instance of this connection is well-known, i.e. the celebrated Peter-Weyl Theorem, which allows the construction
of spectral representations for isotropic random fields on homogeneous spaces of general compact groups, see [9] for a
general construction and [10,11] for examples related, respectively, to the torus and the sphere. Our aim here is to use
these representations in order to characterize random fields by means of a higher order spectral theory; in particular, one
of our main goals will be to establish the link between the so-called polyspectra (or higher order spectra) and alternative
(tensor product and direct sum) representations of the underlying isotropy group. In particular, we shall provide a general
expression for higher order spectra of isotropic spherical random fields in terms of convolutions of Clebsch-Gordan or
Wigner coefficients. The latter were introduced in Mathematics in the XIX century for the analysis of Algebraic Invariants;
they have since then played a crucial role in the development of Quantum Physics in the XX century (see for instance [12]
for a comprehensive reference); their role in Group Representation theory will be discussed below, while more details can
be found for instance in [13].

Our analysis may have an intrinsic mathematical interest, but it is also strongly motivated by applications to Physics
and Cosmology. Concerning the latter, the analysis of higher order spectra for isotropic spherical random fields is currently
at the core of several research efforts which are related to the analysis of Cosmic Microwave Background (CMB) radiation
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data, see for instance [14,15] for a general introduction and [16-19] for some references on the bi- and trispectrum. A
general characterization of the theoretical properties of higher order angular power spectra can yield several insights into
the statistical analysis of the massive datasets that are or will be made available by satellite experiments such as WMAP
or Planck. For instance, the current understanding of the behaviour of the bispectrum for some simple physical models
has already led to many applications (see [20-22]), aiming at obtaining constraints on nonlinearity parameters of utmost
physical significance; needless to say, a proper understanding of higher order spectra can lead to more efficient statistical
procedures and better constraints, which may help to solve some of the important scientific issues at stake in CMB analysis
(primarily a proper understanding of the Big Bang inflationary dynamics, which is tightly linked with the CMB nonlinear
structure, see [15,23-25]).

The relevance of the current results need not be limited to cosmological applications. Indeed, the analysis of spherical
random fields has currently led to remarkable developments in the Geophysical and Planetary Sciences, and even in Medical
Imaging (see e.g. [26-28]). Moreover, we shall show below how the relationships established in this paper lead very naturally
to some numerical algorithms for the estimation of Clebsch-Gordan and Wigner coefficients. The latter represent probability
amplitudes of quantum interactions: as such, a rich literature in Mathematical Physics has been concerned with recipes for
their numerical estimation. Our procedure lends itself to easy implementation and can be simply extended to very general
compact groups, although in this paper we focus solely on SO(3).

The plan of this paper is as follows: in Section 2 we introduce our general probabilistic setting and provide some
preliminary notation and background material. In Section 3 we discuss basic facts on representation theory, while in
Sections 4 and 5 we obtain our main results, including the aforementioned explicit characterization of polyspectra. These
results are applied in Section 6 to derive explicit expressions in some important cases (such as x> random fields). Section 7
is devoted to further issues that we see as the seeds for future research: they concern, in particular, the connection with the
representation theory of the symmetric group, and the Monte Carlo estimation of Clebsch-Gordan coefficients.

In the subsequent sections, every random element is defined on an appropriate probability space (£2, #, P).

2. General setting

In this paper, we focus on real-valued, centered, square-integrable and isotropic random fields on the sphere §? =
{(x,y,2) € R : ¥ + y* 4+ 2% = 1}. A centered and square integrable random field T on S? is just a collection of random

variables of the type T = {T(x) : x € S*} such that, for every x € S?,ET (x) = 0 and ET?(x) < oc. In the following, whenever
we write that T is a field on S?, we will implicitly assume that T is real-valued, centered and square-integrable. From now on,
we shall distinguish between two notions of isotropy, which we name strong isotropy and weak isotropy of order n (n > 2).

Strong isotropy— The field T is said to be strongly isotropic if, for every k € N, every Xy, ..., x;, € S?> and every g € SO(3)
(the group of rotations in R*) we have

T, .. T} Z{T(gx), ... T(gxe)} (2.1)

where < denotes equality in distribution.
Weak isotropy— The field T is said to be n-weakly isotropic (n > 2)if E|T(x)|" < oo for every x € S, and if, for every
X1, ..., X, € S?and every g € SO(3),

E[T(xq) x --- x T(xp)] = E[T(gxy) x --- x T(gxy)].

The following statement, whose proof is elementary, indicates some relations between the two notions of isotropy
described above.

Proposition 1. 1. A strongly isotropic field with finite moments of some order n > 2 is also n-weakly isotropic.

2. Suppose that the field T is n-weakly isotropic for every n > 2 (in particular, E|T (x)|" < oo for every n > 2 and every x € §2)
and that, for every k > 1 and every (x1, ..., X), the law of the vector {T (x1), ..., T (x¢)} is determined by its moments.
Then, T is also strongly isotropic.

Now suppose that T is a strongly isotropic field, and denote by dx the Lebesgue measure on S2. Since the variance ET (x)2
is finite and independent of x (by isotropy), one deduces immediately that

E |:/ T(x)zdx] < 00,
S2

from which one infers that the random path x —— T () is a.s. square integrable with respect to the Lebesgue measure. Then,
it is a standard result that the following spectral representation holds:

o0

I
T(x) = Z Z amYim(x),  where a;, £ / T (x)Yjm (x)dx, (2.2)
S2

=0 m=-I
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and where the complex-valued functions {Y;,, : [ > 0, m = —I, ..., I} are the so-called spherical harmonics, to be defined
below. The spectral representation (2.2) must be understood in the L?(£2 x S?) sense, i.e.

L 2

1
T - § jmYim
0 m=—I

=i -

lim E
L—o0

=0,
12(52)

where [2(5?) is the complex Hilbert space of functions on S?, which are square-integrable with respect to dx. If, moreover,
the trajectories of T (x) are a.s. continuous, then the representation (2.2) holds pointwise, i.e.

L
Lll)ngo {T(x) — Z Z a,mY,m(x)} =0 forallx € §?, as.-P,

=0 m=—I

see for instance [29] or [8]. The spherical harmonics {Y}y},,—_, . ; are the eigenfunctions of the Laplace-Beltrami operator

on the sphere, denoted by Az, satisfying the relation A2 Y, = —I(I 4 1) Y}, These functions can be represented by means
of spherical coordinates x = (6, ¢) as follows:

21+ 1 (I —m)!

4T (14 m)!

Ylm(ea (ﬂ) = (_1)myl,7m(93 (/))7 form < 07 0 = 0 =, 0 = Y < 27[7

Yim (0, @) = Py (cos 6) exp(img), form > 0,

where Pj,,(cos ) denotes the associated Legendre polynomial of degree [, m, i.e.
dl
210 dx!
The random spherical harmonics coefficients {a;;,} appearing in (2.2) form a triangular array of zero-mean and square-
integrable random variables, which are complex-valued for m # 0 and such that Eq;,ay,y = 8,”5,’}}’C,, the bar denoting
complex conjugation. Here, and for the rest of the paper, the symbol §j is equal to one if a = b and zero otherwise. We also
write ; = E |am|?, | > 0, to indicate the angular power spectrum of T (we stress that the quantity C; does not depend on m
— see e.g. [30] for a proof of this fact). Observe that, by definition of the spherical harmonics, a;,;, = (—1)™a,_,. Note also
that a convenient route to derive (2.2) is by means of an appropriate version of the stochastic Peter-Weyl theorem — see for
instance [31] or [9], as well as Section 3.1.
Observe that the representation (2.2) still holds for fields {T(x)} that are not necessarily isotropic, but such that the

random path x — T(x) is P-a.s. square integrable with respect to the Lebesgue measure dx. Indeed, if the last property
holds, then one has that, P-almost surely,

L 2
Jlim ; <T(x) - Z Z a,mY,m(x)> dx = 0. (2.3)

=0 m=—I

dm
Pin() = (=D"(1 =) 2P(x), P = ® -1, m=012...,1,1=0123,....
X

In this case, however, none of the previously stated properties on the array {a;;,} holds in general. By an argument similar
to those displayed above, a sufficient condition to have that x —— T(x) is P-a.s. Lebesgue-square integrable is that
sup,.s2 ET(x)? < oo.

The next result, that we record for future reference, is proved in [30].

Proposition 2. Let T be a centered, square-integrable and strongly isotropic random field. Let the coefficients {a;,} be defined

according to (2.2). Then, for every I, m, one has that E |a,|> < oo. Moreover, for every | > 1, the coefficients {ay, . . ., ay}
are independent if and only if they are Gaussian. If the vector {ay, ..., ay} is Gaussian, one also has that R (a;) and J (a;,)
are independent and identically distributed for every fixed m = 1, ...,1(R(z) and J(z) stand, respectively, for the real and

imaginary parts of z).

The following result formalizes the fact that, in general, one cannot deduce strong isotropy from weak isotropy. The proof
makes use of Proposition 1.

Proposition 3. For every n > 2, there exists a n-weakly isotropic field T such that T is not strongly isotropic.
Proof. Fix [ > 1, and consider a vector

bn, m=-—L...,1

of centered complex-valued random variables such that: (i) by is real, (ii) b_, = (=1)™ b, (m = 1, ..., ), (iii) the vector
{bg, ..., b;} is not Gaussian and is composed of independent random variables, (iv) for every k = 1, ..., n, the (possibly
mixed) moments of order k of the variables {by, ..., b;} coincide with those of a vector {aq, ..., a;} of independent, centered

and complex-valued Gaussian random variables with common variance C; and such that ag isreal and, foreverym =1, ..., I,
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the real and imaginary parts of a,, are independent and identically distributed (the existence of a vector such as {by, ..., b;}
is easily proved). Now define the two fields

[ l
T =D bn¥Ym® and T = ) anYin(x).

m=-—I m=—I

By Proposition 2, T* is strongly isotropic, and also n-weakly isotropic by Proposition 1. By construction, one also has that
T is n-weakly isotropic. However, T cannot be strongly isotropic, since this would violate Proposition 2 (indeed, if T was
isotropic, one would have an example of an isotropic field whose harmonic coefficients {by, ..., b;} are independent and
non-Gaussian). W

In what follows, we use the symbol A ® B to indicate the Kronecker product between two matrices A and B. Givenn > 2,

we denote by IT (n) the class of partitions of the set {1, ..., n}. Given an element & € IT (n), we write w = {by, ..., by} to
indicate that the setsb; € {1,...,n},j =1, ..., k, are the blocks of r. The blocks of a partition are always listed according
to the lexicographic order, that is: the block b; always contains 1, the block b, contains the least element of {1, ..., n} not

contained in by, and so on. Also the elements within each block b; are written in increasing order. For instance, if a partition
mof{1,...,5}is composed of the blocks {1, 3}, {5, 4} and {2}, we will write v in the form & = {{1, 3}, {2}, {4, 5}}.

Definition A. (A1) Let the field T admit the representation (2.2), and suppose that, for some n > 2, one has that E |a;,|" <
oo for every [, m. Then, T is said to have finite spectral moments of order n.
(A2) Suppose that T has finite spectral moments of order n > 2, and, for [ > 0, use the notation

a,. = (At - - -, Ao, - - - App) - (2.4)
The polyspectrum of order n — 1, associated with T, is given by the collection of vectors
Sty =E [azl_ ®a, & azni] , (2.5)

where 0 < I3, I, ..., I,. Note that the vector Sy, _;, appearing in (2.5) has dimension (2I; + 1) x - -+ x (2l + 1).
(A3) Suppose that T has finite spectral moments of order n > 2. The (mixed) cumulant polyspectrum of order n— 1, associated
with T, is given by the vectors

Slcl.,.ln = Z (_1)k_l (k - 1)‘E [®i€b] ali.] ® te ® E [®i€bk al,‘,] 9 (26)
w={bq,..., by}ell(n)

where 0 < I, I, ..., I, and, for every block b; = {il, e, lp}, we use the notation

E [@iebj al,—.] =E |:al,-1A R - ® alip_]

(recall that we always list the elements of b; in such a way thati; < - .- < ip). Plainly, the vector S,C] .1, IN(2.6) has also
dimension 2I; +1) x --- x QI+ 1).

Remark. Suppose that T has finite spectral moments of order n > 2. Then, by selecting frequenciesly = L = --- = I3 =
I > 0, one obtains that
Sf =St = > =D (k= DE[(@)®™]® - @ E [(a)®"] (2.7)
—— w={by,....bi} el (n)

n times

where |bj| stands for the size of the block b;, and we use the notation

@) =q ® - ®a,.
—_———

| bj| times

3. Preliminary material

3.1. Representation theory for SO(3)

We start by reviewing some background material on the special group of rotations SO(3), i.e. the space of 3 x 3 real
matrices A such that AA = I5 (the three-dimensional identity matrix) and det(A) = 1. We first recall that each element
g € SO(3) can be parametrized by the set (¢, ¥, ¥) of the so-called Euler angles (0 < ¢ < 27,0 <9 <mw,0 < ¢ < 27m);
indeed each rotation in R> can be realized sequentially as

A=A@) =R, 7, ¢9) =R ()R ()R, (V) (38)
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where R, (¢), Ry(?), R, () € SO(3) can be expressed by means of the following general definitions, valid for every angle «,

cosae —sina 0 1 0 0
R, (o) = | sina cosa O], Ry(@) =0 cosa —sina].
0 0 1 0 sine cosa

The representation (3.8) is unique except for # = 0 or % = 7, in which case only the sum ¢ +  is determined. In words,
the rotation is realized by rotating first by ¥ around the axis z, then rotating around the initial x axis by , then rotating
by ¢ around the initial z axis. It is clear that the last two rotations identify one point on the sphere, so the whole operation
could be also interpreted as rotating by v the tangent plane at the North Pole, and then moving the latter to a location in 5.

In these coordinates, a complete set of irreducible matrix representations for SO(3) is provided by the Wigner’s D matrices
D'y, 0, ¢) = (DL, (¥, 9., 9)} __ ,ofdimensions (2[+1) x (2I4+1)for] =0, 1,2, ... ; we refer to classical textbooks,
suchas[13,2] or[1], for any une){plaiﬁea definition or result concerning group representation theory. An analytic expression
for the elements of Wigner’s D matrices is provided by

DL, 0, 9) =e™Wd ()™, mn=-Q2l+1),...,2[+1

where the indices m, n indicate, respectively, columns and rows, and

g \m+n+2k . 9\ 2l-m—n—2k
3) (sin 3)
—kId—n—kIMm+n+k!’

(cos

dh () = (=D [+ m)!(— m)ld+ i — m)!] 2 ;(_1)kk!(l -

and the sum runs over all k such that the factorials are non-negative; see [12, Chapter 4] for a huge collection of alternative
expressions. Here we simply recall that the elements of D'(v/, ¥, ¢) are related to the spherical harmonics by the relationship

om (95 0, ¥) = (= 1)m,/mYz m(?, 9) = ,/21+]Y1m(19 ). (3.9)

In other words, the spherical harmonics correspond (up to a constant) to the elements of the “central” column in the Wigner’s
D matrix. Such matrices operate irreducibly and equivalently on (2] 4+ 1) spaces (the so-called isotypical spaces), each of
them spanned by a different column n of the matrix representation itself. The elements of column n correspond to the
so-called spin n spherical harmonics, which enjoy great importance in particle physics and in harmonic expansions for tensor
valued random fields, see [32]. In this paper, we restrict our attention only to the usual n = 0 spherical harmonics, which
correspond to usual scalar functions.

Remark. By exploiting relation (3.9), it is not difficult to show that the usual spectral representation for random fields
on the sphere, as given in (2.2), is just the stochastic Peter-Weyl Theorem on the quotient space S> = SO(3)/SO(2).
Indeed, by the stochastic Peter-Weyl Theorem (see e.g. [9]) we obtain, for any square integrable and isotropic random field

{T(g) : g €S0(3)},

21 1
@) =T 0.9) = 3 Yt g D 0 ),

where dg is the Haar (uniform) measure on SO(3) with total mass 872. Now if we consider the restriction of T(g) to
$? = S0(3)/SO(2), denoted by T (¢, ¥), we deduce that

l+ 1—
almn = TSZ(g) Dmn( )d
SO(3)

o im/f 21+1 I —img :
T52(<p 9) dyr 82 d,(0)e sin 9 ded?,

/TsZ(fp 9)8n(27)

d (9)e™™ sin¥dpds,

the second equality following from the fact that Ts2 (g) is constant with respect to yy. We can thus conclude that

|0 forn#0
imn = V2ray, forn=0,

where the array {a;,} is defined by (2.2).
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3.2. The Clebsch-Gordan matrices

It follows from standard representation theory that we can exploit the family {D’} to build alternative (reducible)

1=0,1,,2,...

representations, either by taking the tensor product family {D’1 ® D2 } or by considering direct sums {@IZH] D’} .
11l

Ii,l’ =l =1

These representations have dimensions
Ch+1DRL+1) x 2L +1)(2L+ 1)

and are unitarily equivalent, whence there exists a unitary matrix C;,;, such that

12<H1
{D" ® D} =Gy, { @ D’} Gy (3.10)

=l =l

The matrix Cp,1, isa {(2l; + 1)(2L + 1) x (2 + 1)(2L; + 1)} block matrix, whose blocks, of dimensions (21, 4+ 1) x (214 1),
are customarily denoted by C,’1 mply M = —Ily, ..., l; the elements of such a block are indexed by m;, (over rows) and m
(over columns; note that m = — (21 + 1), ..., 2l + 1). More precisely,

_ L.
Chyt, = [Ch(m1>lz-]m1:711,..4,11;lzuth| ..... b+l (3.11)
L _ Im
Cl](ml)lz. — {Cl1m112m2 }m2=*12 ,,,, bym=—1,...,1 " (312)

L+l

Remark. The fact that the two matrices D" ® D" and @,

i D' have the same dimension follows from the elementary
relation (valid for any integers I, I, > 0):

li+l
Y@+ =RL+1) 2L+ 1). (3.13)
=]l -1l

By induction, one also obtains that, for every n > 3,

i+l r+l3 An—2+In n
Yoo Y @t =]]@+1), (3.14)
r=lla =l Aa=[l3—A1] In—1=|ln—2n—2| j=1
for any integers I, ..., I, > O(relation (3.14) is needed in Section 5.2).

The Clebsch-Gordan coefficients for SO(3) are then defined as the collection {C Im

lymylyms } of the the elements of the unitary
matrices Cj,;,. These coefficients were introduced in Mathematics in the XIX century, as motivated by the analysis of
invariants in Algebraic Geometry; in the 20th century, they have gained an enormous importance in the quantum theory of
angular momentum, where C}l"”m1 Lm, Tepresents the probability amplitude that two particles with total angular momentum
l;, I, and momentum projection on the z-axis m; and m, are coupled to form a system with total angular momentum [ and
projection m (see e.g. [33]). Their use in the analysis of isotropic random fields is much more recent, see for instance [16]

and the references therein.

Remark (More on the Structure of the Clebsch-Gordan Matrices). To ease the reading of the subsequent discussion, we provide
an alternative way of building a Clebsch-Gordan matrix C,;,, starting from any enumeration of its entries. Fix integers

l;, I, > 0suchthatl; < I, (thisis just for notational convenience), and consider the Clebsch-Gordan coefficients {C,’Tm] Lymy }

givenin (3.11)-(3.12). According to the above discussion, we know that: (i) —; < m; < lifori = 1,2,(ii)), —l; <1 <141,
(iii) =1 < m < [, and (iv) the symbols (l;, mq, I, my) label rows, whereas the pairs (I, m) are attached to columns.
Now introduce the total order <. on the “column pairs” (I, m), by setting that (I, m) <, (l’, m’), whenever either [ < I
orl = I'and m < m'. Analogously, introduce a total order <, over the “row symbols” (I;, my, I, m;), by setting that
(L, mq, L, my) <, (I’1 m, I, m’z) if either my < m}, ormy = m} and my, < m), (recall that I; and I, are fixed). One can
check that the set of column pairs (resp. row symbols) can now be written as a saturated chain' with respect to < (resp. <;)
with a least element given by (I, — l;, — (I, — I1)) (resp. (I1, =11, I, —l)) and a maximal element given by (I, + 1, I, + 1)

1 Given a finite set A = {aj j=1,..., N} and an order < on A, one says that A is a saturated chain with respect to < if there exists a permutation 7z of
{1,..., N} such that

ﬂ”(l) < a”(z) << a,,(N,” < ﬂ”(N).

In this case, a, (1) and a, (v are called, respectively, the least and the maximal elements of the chain (see [34, p. 99]).
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(resp. (I1, 1, I, I)). Then, (A) dispose the columns from west to east, increasingly according to <, (B) dispose the rows
from north to south, increasingly according to <,. For instance, by setting [y = 0 and [, > 1, one obtains that C,;, is the

2, + 1) x (2l + 1) square matrix {Cé%)'gmz} with column indicesm = — (2, + 1), ..., (2, + 1) and row indices m, =
—Ql,+1), ..., (2L + 1) (from the subsequent discussion, one also deduces that, in general, C'™ = 8,’2 Sm?). By selecting

00’2!112
(formy,my=-1,0,1;1=0,1,2,m=—I,...,1])

li =, = 1, one sees that Cy; is the 9 x 9 matrix with elements C%’,’,’Mmz

arranged as follows:

0,0 1,-1 10 11 2,-2 2,—-1 2,0 2,1 2,2
Cl,—];l,—l Cl,—l;l,—] Cl,*lgl,fl C1,71;1,—1 C],—1;1,—1 Cl,—l;l,—l Cl,—];l,—l Cl,—l;l,—l Cl,—];l,—l

11

Cing (G ..
2,0

Clon—1 Cron—1

. 2,-2
10 Cloto

. 2,1
. Crons

1,1 1,0 1,1 2,-2 2,—1 2,0 2,1 2,2
1,1 C],l;],] C],];l,] C],l;],] C],];l,] C],l;],] C],];l,] C],l;],] C],];l,]
Explicit expressions for the Clebsch-Gordan coefficients of SO(3) are known, but they are in general hardly manageable.

We have for instance (see [12], expression 8.2.1.5)

C@ws:=CJwHﬁmvay+1Fh+b—hWh—b+bmh—b+bﬂyﬂ

himilmy h+bL+5+1)!
x[ (s + m3)!(l5 — my)! }W
(I + m)!(lh — m)I + my)!(ly — my)!
Z —D*(L + L +m — 2!y — my +2)!

—~ 2N b+ L5 —hL =25+ m;—2)!(y — L —m3+2)!

where the summation runs over all z’s such that the factorials are non-negative. This expression becomes much neater for
my; = my = mz = 0, where we have

0, for l] + 12 + l3 odd

(_])7’1“%"3 M2+ 1[0+ L+ 13)/2]!
Cllfglzo = [((h+ kL —1)/2] [(h — L +15)/2]! [(—112+ I +13)/2]!

y { h+L =) =L+ +5L+)!
G+L+5+1)!

The coefficients, moreover, enjoy a nice set of symmetry and orthogonality properties, playing a crucial role in our results
to follow. From unitary equivalence we have the two relations:

1
} , forly + 1, 4+ I3 even.

E : Im I'm’ _ Qlremy

Cl1m112mzcl1m1lzm2 - 81 8171 ’ (3]5)
mq,my
S e = sMsm. (3.16)
; lymqlymy llm/]lzm/2 — Ymp¥my>» .
,m

in particular, (3.15) is a consequence of the orthogonality of row vectors, whereas (3.16) comes from the orthogonality
of columns. Other properties are better expressed in terms of the Wigner's coefficients, which are related to the
Clebsch-Gordan coefficients by the identities (see [12], Chapter 8)

L L 3\ _ l3+m 1 Ims

<rnl m2 _m3) - (_1)3 } 213 + lCll—mllz—mz (3.17)
I _ l l l

Commy = (—1)h—ltms /oL ¥ 1 <m]1 mzz _;3) . (3.18)

The Wigner's 3j (and, consequently, the Clebsch-Gordan) coefficients are real-valued, they are different from zero only
ifm; +my+ms=0andl; <[+ foralli,j, k=1, 2, 3 (triangle conditions), and they satisfy the symmetry conditions

ll 12 13 _ (_ 1)l1+12+13 ll 12 l3
mq m; ms - —my —my —ms3 ’
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L L bk — (= 1)) Loy Lo ke
m my; ms) m, mz m; )’

where 77 is a permutation of {1, 2, 3}, and sign (;r) denotes the sign of . It follows also that for m; = my, = m3 = 0, the

coefficients C,Ifg,zo are different from zero only when the sum [; + I, + I3 is even. Later in the paper, we shall also need the
so-called Wigner's 6j coefficients, which are defined by

a b el eifieipfa b e\fc d eY(a d f\(c b f
{C d f} .—Z(—1)+f++¢<a B 8)()/ s _8><a S —¢><)/ B (b)’ (3.19)

By
£,8,¢

see [12], chapter 9 for analytic expressions and a full set of properties; we simply recall here that the Wigner’s 6; coefficients
can themselves be given an important interpretation in terms of group representations, namely they relate different coupling
schemes in the decomposition of tensor product into direct sum representations, see [35] for further details.

For future reference, we also recall some further standard properties of Kronecker (tensor) products and direct sums of
matrices: we have

é (AiB) = <EHBA1'> (é Bi) : (3.20)

i=1 i=1 i=1

(éfh) ®B=é(f\i®3) (3.21)
i=1 i=1

and, provided all matrix products are well-defined,

ABRC)=A®I,)(BX®C). (3.22)

Here, @}, A; is defined as the block diagonal matrix diag {A1, ..., A,} if A; is a set of square matrices of order r; x r;, whereas
it is defined as the stacked column vector of order (Z?Zl r,~) x 1if the A; are r; x 1 column vectors.

4. Characterization of polyspectra

4.1. Four general statements
The following result is well-known. As it is crucial in our arguments to follow and we failed to locate any explicit reference,
we shall provide a short proof for the sake of completeness. Note that, in the sequel, we use the symbol q; to indicate the

(21 + 1)-dimensional complex-valued random vector defined in (2.4).

Lemma 4. Let T be a strongly isotropic field on S?, and let the harmonic coefficients {a;,} be defined according to (2.2). Then, for
every | > 0 and every g € SO(3), we have

D, La, 1=0,1,2,.... (4.23)

The equality (4.23) must be understood in the sense of finite-dimensional distributions for sequences of random vectors, that is,
(4.23) takes place if, and only if, for every k > 1andevery0 <l <l < --- <,

{Dll @ay., ..., Dl"(g)alk_} 4 {al],, R a,,(_} . (4.24)

Proof. We provide the proof of (4.24) only when k = 1 and [; = [ > 1. The general case is obtained analogously. By strong
isotropy, we have that, for every | > 1, every g € SO(3) and every x4, . .., X, € S?, the equality (2.1) takes place. Now, (2.1)
can be rewritten as follows:

{Z Z almylm(xl), ey Z Zalmylm(xn)} g {Z Zalmylm(gxl)a ceey Z Zalelm(gxn)}
I m I m I m 1 m
= {Z Zalm ZDin’m(g)Ylm’(xl)a cee Z Zalm ZDgn/m(g)Ylm’(Xn)}
I m m 1 m m
= {Z D U Vi 1) Y Y i Vi (xn)} : (4.25)
I m I m
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where we write

U 2 @Dy, (2), (4.26)
m

and we have used

{Yin(g%1), - ., Yim(g%n)} = {ZD;,m(gmm/ (X1, s Y Dy (&) Vi (%) (4.27)

which follows from the group representation property and the identity (3.9). To conclude, just observe that (4.25) implies
that

Uy = / T(g%) Y (x)dx, m' =—I,...,1,
S2

yielding that, due to strong isotropy and with obvious notation, d; L a;.. The conclusion follows from the fact that, thanks
to (4.26),

@ =D(g)a. m

The next theorem connects the invariance properties of the vectors {qa, } to the representations of SO(3). We need first to

establish some notation. For every 0 < Iy, I, ..., I,, we shall write
Ay ® / (D'(@) @D (g) ® - ® D" (g)) dg, (428)
S0(3)
A1, (@) 2D (g) ®D2(g) ® --- ®D"(g), g e S0(3), (4.29)
and use the symbol S;, ;, (whenever is well-defined), as given in formula (2.5). We stress that A;, _;, and A, _, (g) are
square matrices with (2I; + 1) x --- x (2l + 1) rows and §;,_;, is a column vector with 2I; + 1) x .-+ x 2l + 1)

elements. The following result applies to an arbitrary n > 2: see [16] for some related results in the case n = 3, 4.

Proposition 5. Let T be a strongly isotropic field with moments of order n > 2. Then, forevery 0 < Iy, I, ..., I, and every fixed
g* €S0(3)
Al 1Sty = Sty (4.30)
Ayt (€%) Sty = Sty (4.31)

On the other hand, fixn > 2 and assume that T (x) is not necessarily an isotropic random field on the sphere s.t. sup, (E T (x) |”) <
00. Then T(.) is P-almost surely Lebesgue square integrable and the nth order spectral moments of T exist and are finite. If,
moreover, (4.30) holds for every 0 < Iy < --- < I, then one has that, for every g € SO(3),

E[D"(@a, ® - @D"(a,]=E[a, ® - ®a,], (4.32)
and T is n-weakly isotropic.
Proof. By strong isotropy and Lemma 4, one has

E{D"(®a, ®- - - ®D"(@a,}=E{a, ® --®a,} forallg eS03).l,...,I, € N".

Now assume that g is sampled randomly (and independently of the {a; }) according to some probability measure, say Py,
on SO(3). From the property (3.22) of tensor products and trivial manipulations, we obtain (with obvious notation and by
independence)

E{D"()a, ® -+ @D"(ay,.} =E{[D"O)® - @D"O)][a,. ® - ®@a,.]}
=E{D"O® - @D"O}E|a,. ® -®a,}.
Now, if one chooses Py to be equal to the Haar (uniform) measure on SO(3), one has that
E{D"()®---@D"()} = 4y 4,
thus giving (4.30). On the other hand, if one chooses Py to be equal to the Dirac mass at some g* € SO(3), one has that
E{D"()®- - @D"()} = Ay (g).
which shows that (4.31) is satisfied.
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Now let T satisfy the assumptions of the second part of the statement for some n > 2. We recall first that the
representation (2.2) continues to hold, in a pathwise sense. To see that the nth order joint moments of the harmonic
coefficients ay, are finite it is enough to use Jensen’s inequality, along with a standard version of the Fubini theorem, to
obtain that

n
Elaml" = E < 5/2 T Yim (0"
S

/ T(x)Yjm(x)dx

52

{SUP|YIm(X)|n} {supElT(X)I"}
xeS§2 xeS§2

20+ 1\"?
< < + ) supE|T(x)|"; < oo.
4r xes?

It is then straightforward that, if S;, _;, satisfies (4.30), one also has that for any fixed g € SO(3)

IA

E{"®® - ®D"®][a, ® - ®a,]} =[D"®® - @D"®@]E[a, ® - ®a,]
=[D"@® ® - ®D"@)] Ap...,S..1y

- {[o’l@@--@nln(@]/

S

D) ® - ®D"(g)} dg} Sty.dn
0(3)

= { f {D"(gg) ® D2 (g9) ® - -- ® D" (82)} dg} St
SO(3)

= Ay .Sy, =E {all. R - ® al,,.} ,

which proves the n-th spectral moment is invariant to rotations. The fact that T is n-weakly isotropic is a consequence of
the spectral representation (2.2). ®

Note that relation (4.30) can be rephrased by saying that, for a strongly isotropic field, the joint moment vector
E {(111. Ra, @ a,n_} must be an eigenvector of the matrix (4.28) for everyn > 2andevery0 < [; < --- < . A
similar characterization holds for cumulants polyspectra. Recall the notation Sf1 i, Introduced in (2.6).

Proposition 6. Let T be a strongly isotropic field with moments of order n > 2. Then, forevery 0 < Iy, I, ..., I, and every fixed
g% €50(3),
AlyaSty oty = Sty (4.33)
Ay (&) S =S50 (4.34)

On the other hand, fixn > 2 and assume that T (x) is not necessarily an isotropic random field on the sphere s.t. sup, (E |T (%) |”) <
o0. Then T(.) is P-almost surely Lebesgue square integrable and the nth order spectral moments of T exist and are finite. If,
moreover, (4.33) holds for every 0 < Iy < --- < I,,, then one has that, for every g € SO(3), relation (4.32) holds, and T is
n-weakly isotropic.

Proof. For every xi,...,x, € S2, write Cum{T (x;),...,T (x,)} the joint cumulant of the random variables
T (x1),..., T (x,). By using isotropy, one has that, for every g € SO(3),
Cum (T (x1),..., T (xy)} = Cum{T (gx1),..., T (gxn)}. (4.35)
Hence, by using the well-known multilinearity properties of cumulants, one deduces that (with obvious notation)
Cum {T (Xl) LI} T (Xn)} = Z Cum {a11m1 LI} alnmn} Y11m1 (X]) e Ylnmn (Xﬂ)
l]ﬂ’ll ..... [nmp
= > cum{apm. ... Gy} Yim, (@%1) - Yigm, (@) . (4.36)
l1m] ,,,,, Inmn

and relations (4.33)-(4.34) are deduced by rewriting (4.36) by means of the identity

{Yim, @1, - Yimy (@)} = 1Y DL (@) Yim (1), o Y DI (©) Vi (%) £ -
m’ m’

The second part of the statement is proved by arguments analogous to the ones used in the proof of Proposition5. ®
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We now present an alternative (and more involved) characterization of the cumulant polyspectra associated with an

isotropic field. Given n > 2 and a partition 7 = {bq, ..., by} € IT (n), we build a permutation v™ = (v™ (1),...,v" (n)) €
G, as follows: (i) write the partition
. . -k .
o= {by ... by ={(i} i) ()] (4.37)

(where |b;| > 1 stands for the size of b;) by means of the convention outlined in Section 2 (that is, order the blocks and the
elements within each block according to the lexicographic order); (ii) define v* = &, by simply removing the brackets in
(4.37), that is, set

T T T _ (1 -1 -2 2 -k -k
VT = (), 0T () = (i B By e B )

For instance, if a partition v of {1, ..., 6} is composed of the blocks {1, 3}, {6, 4} and {2, 5}, one first writes 7z in the form
7 ={{1, 3}, {2, 5}, {4, 6}},and then defines v™ = (v™ (1),...,v™ (6)) = (1,3,2,5,4,6).Givenn > 2,0 <[; <--- <,
and 7w € IT (n), we define the matrix

Lt /S o {D () (g) @ DV (g) ® - -- @ D" (g)} dg, (4.38)

obtained from the matrix A, j, in (4.28), by permuting the indexes I; according to v”. Plainly, if v™ is equal to the identity
permutation, then Aﬁm,n = Ay,..1,- We also set, for every fixed g € SO (3),

Aﬁmln (g) 2 DlU”(U (g) ® Dlv”(Z) (g) R ® Dlv”(n) (g)

Proposition 7. Let T be a strongly isotropic field with finite moments of order n > 2.For 0 < Iy, I, .. ., I,, define Sf] ., according
to (2.6). Then, forevery 0 < Iy, b, ..., l,, and every g € SO(3)
Sy = Z (=D (k- DIAT | E [®ieb, @] @ -+ @ E [ Qe @y | (4.39)
m={by,....bg}el (n)
= Y DT R=DIAT L @ F [®ich, 0] ® - ® F [®ien ay ] - (4.40)

n={b1,....bi}erl(n)

On the other hand, fixn > 2 and assume that T (x) is a (not necessarily isotropic) random field on the sphere s.t. sup, (E |T (%) |”) <
00. Then, the nth order spectral moments and cumulants of T exist and are finite. If moreover (4.40) holds for every 0 <
li, L, ..., I, and every g € SO(3), then one has that T is n-weakly isotropic.

Proof. Fixw = {by, ..., by} € IT (n). By strong isotropy and Lemma 4, one has that, for a fixed g* € SO(3), the quantity
E [®icb, D" () 0] ® -+ @ E [®ien D' (@) ] = AT, (%) E [®iev, 4] ® -+ @ E [®icn ay, ]
does not depend on g*, so that

E[®ich 0] ® ++ @ F [®icn, a1.] = A, () E [®ieh, 0,] ® -+ @ E [®icn, . ]

Iy

/ AT 1 (@ E [Qier, 0] ® -+ @ E [ Qe ay.] dg
S0(3)

= AT

Iy..In

E [®ieb1 Cll,-.] ® - QF [®iebk a’i~] .

To prove the second part of the statement, suppose that T (x) verifies sup, (E |T (%) |”) < 00, and that its associated harmonic
coefficients verify (4.40). Then, for every fixed rotation g* € SO(3),

(=D (k= DIE [®iep, D" (g7) 0,] ® - - - @ E [Rier, D' (87) ]
={by,....bg} eIl (n)

_ Z (_])k—l (k — ])![D’v”“) (g*) ® - @D (g*)]E [®ieb1 ali.] Q- --QEF [@iebk a,i_]
w={b1,....bg}el (n)

= Z (D) k=D!'x AT | (&%) E [®ich, 0] ® -+ @ E [®ien, ay, ]
7={b1,....b}€T (n)

= > (=D (k= DIE [®iep, a1, ] ® - - @ F [®ien ar,] -
a={bq,....bg}eM (n)

By the definition of cumulants, this last equality gives that
E[D"(g)a, ® - ®@D"(g"a, | =E[a, ® - ®a,].

Since g* is arbitrary, the n-weak isotropy follows from (2.2). =
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Remark. By combining (4.33) and (4.39) we obtain for instance that the nth cumulant polyspectrum of an isotropic field
verifies the identity

Slcl...ln = All»--lnsli“.ln
= Y DT R=DIA] L E [, 0] ® - ® F [®ien ay] -

w={bq,....bg}ell(n)

5. Angular polyspectra and the structure of Ay, 4,

5.1. Spectra of strongly isotropic fields

Our aim in this section is to investigate more deeply the structure of the matrix A, , appearing in (4.28), in order to
derive an explicit characterization for the angular polyspectra. As a preliminary example, we deal with the case n = 2.

Proposition 8. For integers |1, I, > 0, one has that

Aty = /50(3) {D"(g) ® D2 (g)} dg = 825, (1, (541)

that is: if li # b, then Ay, isa 2L + 1) 2L + 1) x 211 + 1) (2L + 1) zero matrix; if I = Iy, then Ay, = Ay, is given by
Cl(ioh ( h. 11 ).
L+l

Proof. Using the equivalence of the two representations D" (g) ® D2(g) and ® rml—1y| D*(g), as well as the definition of the
Clebsch-Gordan matrices, we obtain that

L+l
/ {D"(g) ® D2(g)} dg = Gy, [ / { b Dk<g)} dg} Crily- (5.42)
SO(3) SO(3) A==l

Now, if I; # I, then the RHS of (5.42) is equal to the zero matrix since, as a consequence of the Peter-Weyl theorem and
for A # 0, the entries of D*(-) are orthogonal to the constants. If [; = I, then the integrated matrix on the RHS of (5.42)

becomes fso<3){@2[1 D*(g)}dg, that is, a (2I; + 1)* x (2I; + 1)?> matrix which is zero everywhere, except for the entry in
the top-left corner, which is equal to one (since fso<3) dg = 1). The proof is concluded by checking that

2
Cy1y |:/0(3) {@Dk(g)} dg:| Gy, = 11 z1 (Ch L) m

Remark. Recall that C,O0 isa column vector of dimension (21; + 1) (2, + 1), corresponding to the first column of the matrix
Ci,1,- Also, according e.g. to [12, formula 8.5.1.1], one has that

COO _ (_l) 512871112
.. — 21] +l 11 ¥my m
1

Proposition 8 provides a characterization of the spectrum of a strongly isotropic field.

==l1,...l;;ma=—l,....1b

Corollary 9. Let T be a strongly isotropic field with second moments, and let the vectors of the harmonic coefficients {a, } be
defined according to (2.2). Then, for any integers l1, I, > 0, one has that

E I 3
{all'®a12~} - 21] +-l I ¥mq Cl] (54 )

for some C;, > 0 depending uniquely on l,.
Proof. According to (4.30), one has that
E {all. ® a[z.} SIZCI] 12 (C[?O[Z)/E {al]. ® alz.} 9

implying that E {all R a,. } s (a) equal to the zero vector for I; # I, and (b) of the form C;, x C, T, , for some constant C;,,
when I; = L. To see that (;, cannot be negative, just observe that ;¢ is real-valued for every 11 2 0, so that (5.43) yields
that

Cy=QhL+1)xE(a,). m



D. Marinucci, G. Peccati / Journal of Multivariate Analysis 101 (2010) 77-100 89

In the subsequent two subsections, we shall obtain, for every n > 3, a characterization of 4;, _;, and E{a;, ® --- ® a;,.},
respectively analogous to (5.41) and (5.43).

5.2. The structure of A, 4,

We first need to establish some further notation.

Definition B. Fix n > 3. For integers I, ..., [, > 0, we define (,_,, to be the unitary matrix, of dimension

n n

[T+1)x]]R+1).

=1 j=1

connecting the following two equivalent representations of SO(3)

D"()®D2()® - ®D"() (5.44)
and
L+l I34+1q In+Aip—2
b b - f oo (5.45)
=l =] A2=l3—21] In—1=lln—An—2|
Remarks. (1) Fix Iy, ..., I, > 0, as well as g € SO(3). Then, the matrix
L+l I34+1q In+Aip—2
@ @ .. @ D'1(g) (5.46)
r=lh =] A2=l3—21] In—1=lln—An—2|
is a block-diagonal matrix, obtained as follows. (a) Consider vectors of integers (A1, ..., A;_1) satisfying the relations

b — L < A <L+ b,and |lkg1 — k=1l < Ak < g1 + Ag—q, for k = 2,...,n — 1. (b) Introduce a (total) order <
on the collection of these vectors by saying that

My oo dnm) <o (M ooy Ay) (5.47)
whenever either A; < A}, or there exists k = 2,...,n — 2 such that A; = )\j’. foreveryj = 1,...,k and Apyq1 < Aj, 4. (C)
Associate to each vector (A1, . .., A,_;) the matrix D*»-1 (g). (d) Construct a block-diagonal matrix by disposing the matrices

D=1 (g) from the top-left corner to the bottom-right corner, in increasing order with respect to <q. As an example, consider
the case wheren = 3 and l; = I, = I3 = 1. Here, the vectors (A1, A;) involved in the direct sum (5.45) are (in increasing
order with respect to <)

0,1),(1,0,(1,1),(1,2),(2,1),(2,2) and (2, 3),
and the matrix (5.46) is therefore given by

D' (g)

. 1 .
D' (g) . .. ..
D? (g) (5.48)

D' (g)
D? (g) :
D" (g)
where the dots indicate zero entries, and we have used the fact that D° (g) = 1.
(2) The fact that the representation (5.45) has dimension ]_[]'7:1 (ZI]- + 1) is a direct consequence of formula (3.14).

(3) The fact that the two representations (5.44) and (5.45) are equivalent can be proved by iteration. Indeed, by standard
representation theory, (5.44) is equivalent to

I+14
D rOeOe- e ().
r=lb—0h|
which is in turn equivalent to

I+ I34+1q

P P proediHe--®@D(.

M=l =l Aa=ll3—Aq]
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By iterating the same procedure until all tensor products have disappeared (that is, by successively replacing the tensor

product D*(.) ® D'+2 (-) with @l/((,ﬁ:\ll{kﬂ—xk\ D*2(.)fork =2, ...,n — 1), one obtains the desired conclusion.

Foreveryn > 3andevery Iy, ..., I, > 0, the elements of the matrix C, _j,, introduced in Definition B, can be written in
the form C,]}nl'\”l :nf” ! The indices (ml, ...,mp)aresuchthat —; < m; < l; (i = 1, n) and label rows; on the other
hand, the indices (A1 ... Aq_1, n_1) label columns and verify the relations |l, — 1| < )\.1 <hLh+5bL |- Ak 1l <A <

Aon—1.tn—1
my..Inmp

ki1 + 21 (k=2,...,n—1)and —A,_1 < up—1 < Ap_1.Itis well known (see e.g. [12]) that the quantity G,
can be represented as a convolutzon of the Clebsch-Gordan coefficients introduced in Section 3.2, namely:

AlyesAn—1,Mn—1 __ ~Al,nAn—2,. An—1Mn—1
C =
lymy...Inmp limy..dp_1mpy—q ~Ap_2lnmn

Z Z CMM] kzﬂz C)\n—zlin—z C}tn—llln—l
limqlymy )~1M113m3 * Thn—3Mn—3ln—1Mp—1 An—2Mn—2Inmn
Mn—2 L H1---Mn—3
A X A A
E C 1141 2142 ..C n—2Mn-2 C n—1Mn—1

limqlymy )»1#1137713 An—3Mn—3ln—1Mp—1 "An—2@n—2lnmn "
H1---Mn—2

Remark. Given an enumeration of the coefficients C; M- '\”, " rfl” ', the matrix Cj, _;, can be built (analogously to the case

of the Clebsch-Gordan matrices of Section 3.2) by dlsposmg rows (from top to bottom) and columns (from left to right)

increasingly according to two separate total orders. The order <, on the symbols (m, ..., m,) is obtained by setting
that (mq, ..., m,) <, (m’l, e m;) whenever either m; < mj, or there exists k = 2,...,n — 1 such that m; = m]f
for everyj =1, .k, and mq < m;<+1. The order <. on the symbols (Aq...A,_1, y—1) is obtained by setting that

(M v Ane1s Mo 1) <c (A} ... AL_y, my_y) whenevereither (A1, ..., An—1) <o (A}, ..., A,_,),asdefined in (5.47),0r ; = A]
foreveryl =1,...,n— 1 and Mn—1 < Mp_1q.

One has also the following (useful) alternative representation of generalized Clebsch-Gordan matrices.

Proposition 10. For every n > 3 and every ly, ..., l, > 0, one can represent the matrix C;, _y,, as follows
L+ Ilh+An—3
Choty = {Cliyts.ty g ® Dy} 1 ( @ e @ Cooln) {
r=lh—N| An—2=lln—An—3|

where I, indicates a m x m identity matrix. Also, one has that

L+l
Chtpn = (Cu, Qb3 11 @ -+ - ® Ly 41) X |:( @ CGp)® - ® 121n+1:|

A=l —h]
L+l In+Ain_3
x[CD D G|
r=l—h| p—2=lln—Ap—3|

where x stands for the usual product between matrices.

Definition C. For every n > 3 and every Iy, ..., [, > 0, we define E;, _;, to be the [7%, (2l + 1) x [T, (2l; + 1) square
matrix

L+l In+An—2
— 0
Epy. 1, = @ e @ 12211 (5.49)
r=ll=1] An—1=lln—Ap—2|

In other words, Ej, _,, is the diagonal matrix built from the matrix (5.46), by replacing every block of the type D1 (g), with
An_1 > 0,witha (2A,_1 + 1) X (2A,_1 + 1) zero matrix, and by letting the 1 x 1 blocks D° (g) = 1 unchanged. For instance,
by settingn = 3and l; = I, = I3 = 1 (and by using (5.48)) one obtains a 27 x 27 matrix E{1; whose entries are all zero,
except for the fourth element (starting from the top-left corner) of the main diagonal.

The following result states that the matrix Ay, can be diagonalized in terms of C;, _;, and Ej,_,.

Proposition 11. The matrix A, _, can be diagonalized as
Any ity = CynEiy €L s (5.50)

where E, _j, is the matrix introduced in Definition C.
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Proof. One has that

Ay = / D" (§) @ D" (2) ® -+ ® D (g) dg
SO(3)

b+l 3421 In4An_2
= /50(3) |:Cll...ln @ @ ce @ ptn- (g)Cf:[nj| dg. (5.51)

A=l =l Aa=[l3—A1] An—1=lln—Ap—2|
By linearity and by the definition of the integral of a matrix-valued function, one has that the last line of (5.51) equals
b+l I3+ InHhn—2
Gyt [ @ @ @ / D*nl(g)dg} G
=la=hlia=ll3=211  An-1=llh—rn_2| YOG
Now observe that, if A,_; > 0, then f50(3) D*-1(g)dg equals a (2A,_1 + 1) x (2A,_; + 1) zero matrix, whereas

fsoa) D%(g)dg = f50(3) 1dg = 1. The conclusion is obtained by resorting to the definition of E;, ;, givenin (5.49). =

5.3. Existence and characterization of reduced polyspectra of arbitrary orders
Combining the previous Proposition with 5, we obtain the main result of this paper.
Theorem 12. If a random field is strongly isotropic with finite moments of order n > 3, then for every Iy, . . ., I, there exists two

arrays Py, ., (A1, ..., Ap—3) andP,fv__,n A, - Ag) with | =L < Ay S b+, =2 S Ay S B+Aq, .0 [ha—Agg] <
A3 < ln_z + An_4, such that

L+l
m AeAp—3ln—mp
EQm, - Gy = (D™ Y Y G D O Ans) (5.52)
r=h—lh An—3
I+l - |
_ m, 1---An—3In—Mn HC
Cum { @y Gy} = (D™ Y Y MRS L G Anes) (5.53)
r=h—h An—3
At Ap—3;ln—mp _ Z Z A1 A2 In,—mp
Cl]ml---ln—lmn—l - T C11m112m2C)~1lL113m3 T Cln—sltn—ﬂn—lmn—f (5.54)
M1 Mn-3
Remark. For a fixed n > 2, the real-valued arrays {P,. ;, () :li,...,l, >0} and {Pﬁ...zn Ol > O} are,

respectively, the reduced polyspectrum of order n — 1 and the reduced cumulant polyspectrum of order n — 1 associated with
the underlying strongly isotropic random field.

Proof of Theorem 12. We shall prove only (5.52), since the proof of (5.53) is entirely analogous. By Propositions 5 and 11,
if the random field is isotropic, then

— *
Styotn = Gyt B 1, G, S
that is, because Cj, ., is unitary
* _ *
Gty Stiecdn = Bty G, Sty

It follows that S;, , is a solution if and only if the column vector Cj; , Si,. 4, has zeroes corresponding to the zeroes of
Ej, ..1,» whereas the elements corresponding to unity can be arbitrary. In view of the orthonormality properties of sz...l,,' this

condition is met if, and only if, S, _j, is a linear combination of the columns in the matrix C,’:m,n corresponding to non-zero
elements of the diagonal E;, _;,. These linear combinations can be written explicitly as

-1 13411 In+Ain—2
N e n3> An_2)8)
lymy...lymy Iy...In 15 -« -5 An-3, An-2)0]

M=l—l Ay=l3—2q An—1=In—An—2
-l I34Aq In+in—2 {

2

M=l—l Ay=l3—2q rn—1=In—An—2
-l I34Aq In+in—2 {

A1l A2l Im ol %
E Cllm]l2m2CMH113m3 ... Ckn_zun_z-lnmn(sl Ph...ln (A, ooy A3, An—2)
H1---Hn—2

2

A A2 00 B
Z Cl1m112m2 C)q,u]lgm3 e C)Ln—ZMn—Z-lnmn Pl]...ln ()"1 P )\'Tl—37 )"n—z)'
M=l—l Ay=l3—2q rn—1=In—An—2

H1---Hn—2
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Recalling again that

om ( 1)m 5128—111250
11m112m2 - 21 +1 I3 %my

(see [12], 8.5.1.1), we obtain that

h=li  B+M ) (—1)mn
_ 2 E E § : A1iq ?»2#2 — In —mp D,
= . C11m112m2 Apqlamsz © o 71 T 1 S)Ln—Z(SMn72 X Pl]..‘ln ()"]7 LR} )"I’l—37 )"H—Z)
M=l—l Ay=l3—2q An—1=ln—An—2 UH1---Hn-2 n

-y Y Y

-l 3441 Ih+An—2 {
M=lh—l Ay=l3—2q In—1=ln—An—2

§ : A1l ?»2#2 In—mp 1\
C11m112m2 Apqlsmg © - C)‘n—3.un—3'ln—1mn—l( 1 Pll"'l" 1y s An3)
MH1---Hn—2

h-h I34+Aq Ih+An—2

_ A n3l—
=) Yoo Y G T O Anes),

rM=h—ly Ax=l3—14 Ap—1=ln—An—2

where we have set

Pl]...ln (}\'la D) )"ﬂ73) = ﬁ]...ln ()"17 s )an3, ln)

20,4+ 1
All there is left to show is that the coefficients of this linear combination are necessarily real. To see this, it is sufficient
to specialize the previous discussion to the case where m; = m, = --- = m, = 0, and to observe that, in this case
Ag.edn—3ln0
Eayo .. %m—z: Y G Py G As)
)Vn 3

is real by definition (note indeed that the columns of C;, ,, are linearly independent). ®

Let us illustrate the previous results by some more examples.

Examples. For n = 3, Theorem 12 implies that, under isotropy

I3—m
m3 3 3
Eallmlalzmzal3m3 — ( 1) l1m112m2P’11213‘

From this last relation, we can recover the so-called reduced bispectrum, noted by, ,;,, defined for instance in [16,18,19],
which satisfies indeed the relationship

ho /Qh+U@b+D

Pl11213 = bl]lzl3 ;01,0 (2’3 + ])47-[

For n = 4 (i.e. the trispectrum, [ 16]) we obtain the expression

L+
o 1\ma 2 : Ag—my
Eal1m1a12m2a13m3al4m4 — ( 1) Cllm112m213m3P11’2’3l4(A)
r=|lp—11|
L+ A

_ z : z : A
- Cl1m112m2 C)»/L13m3Pl]lZI3l4 ()\')
A==l | p==2

The next result gives a further probabilistic characterization of the reduced bispectrum.

Proposition 13. Fix n > 2. A real-valued array {All,_,ln Gl > O} is the reduced polyspectrum of order n — 1 (resp.
the reduced cumulant polyspectrum of order n — 1) of some strongly isotropic random field if, and only if, there exists a sequence
{X, : | > 0} of zero-mean real-valued random variables such that

> @I+ DE[X] < +oo

>0
and, foreveryly, ..., 1, >0
pasy A A In0
EXy X)) = Y ) oo 0 Ay G s hns) (5.55)

r=h—h An—3
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resp.

I+l

An—3ln0
Ccum {X,....X,} = Zl > G A 4y Gt Anss). (5.56)
M=h—h An—3

Proof. We shall only prove (5.55). For the necessity, it is enough to take X; = ay, where ajq is the harmonic coefficient of
index (I, 0) associated with a strongly isotropic field with moments of all orders. For the sufficiency, we consider first the
(anisotropic) random field

Z(x) =) Xi¥o().

>0

Then, by taking T (x) = Z (gx), where g is sampled randomly with the uniform Haar measure on SO(3), one obtains a random
field with the desired characteristics. B

There are two very important issues that are left open by Theorem 12. As a first issue, it seems natural to look for
characterizations of the reduced polyspectra Py, _;,, at least under natural models of physical interest. As a second point, we
note that the explicit expressions provided in Theorem 12 depend on the ordering l1, . . ., I, we chose for the decomposition
of Ay, . 1,. In the next two sections, we try to address these (and other) points.

6. Some explicit examples

In this section we provide explicit computations for the reduced polyspectra P, _, (n > 2), or PC e for some models of

physical interest. Of course, the Gaussian isotropic fields can be easily dealt with. Indeed, in this case one has that P, 5, =0
for all n > 3.In what follows, we shall therefore be concerned with polyspectra of Gaussian subordinated isotropic f1elds

that is, random fields that can be written as a deterministic and non-linear function of some collection of Gaussian isotropic
fields. In general, this class of random fields allow for a clear-cut mathematical treatment, whilst covering a great array of
empirically relevant circumstances.

6.1. A simple physical model

The general Gaussian-subordinated model has the form

T= Zf, (TG/ )) =hTe +HLTE/E(TE) — D+, (6.57)

where f; is a real constant, H;(.) denotes the jth Hermite polynomial (see e.g. [36]), and T is a Gaussian, zero-mean isotropic
random field. Note that we have implicitly defined the sequence of Hermite polynomials in such a way that H{(x) = x,
H,(x) = x*—1,H;(x) = x>—3x, and so on. In this section, when no further specification is needed, the spectral decomposition
of the underlying Gaussian field T is written

Tc = Z Aim Yim-
Im

We shall sometimes use the following notation

q
T=2 TmYm=Y_fiam0)Yimn, (6.58)
Im j=1
am(j) = / <TG(X)/ E (T, )) Yim (x)dx, (6.59)
q
U= am (). (6.60)
=1

For instance, models of Cosmic Microwave Background radiation are currently dominated by assumptions such as the
Sachs-Wolfe model with the so-called Bardeen’s potential (see e.g. [24] or [15]). The latter can be written down explicitly as

T = Te + fu(TZ — ETP), (6.61)

where fy; is a nonlinearity parameter which depends upon physical constants in the associated “slow-roll” inflationary model
(see e.g.[24]). Note that (6.61) has can be written in the form (6.57), by setting f; = 1,f, = fyy X E (TGZ) andf; = 0,forj > 3.
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The value of the constant fy; x E (Té) is expected to be very small, namely of the order 10~ [24]. To simplify the discussion,
we now assume that ETG2 = 1. In this case, by using (6.58)-(6.60), one has that

Elm = U + fyram (2),
alm(z) = / szlmdx = Z Z a€1m1a€2mzyﬁ1m1yﬁzmzylmdx

s? L1€y mymy

20+ 120, + 1)
= Z Z Qeymy afzmz\/ 21+ 1)4n Cé?OEzOCéTmﬂzmz

L1y mymy

It follows that

Ch+1D)2L+1) 2
4 (214 1) (Cirono)”

E[ = E[Um|* = G + 2fl\?L Z G, G,

hilp

so that

204+ 1~ 2041 @l + 1 @2hL + 1) )
Var(t) = 3 = —Gi = > Gt 2% )6, > (Con0)
1 1 1

(4m)?

il

21+ 1 21 1
=X “a+o {Z G, w} = Var(Tg) + [ Var(Hy(To)),

; 47
1

as expected, due to the orthogonality properties of Hermite polynomials. For the bispectrum, we obtain therefore
Eal]m]alzmz’algmg = E {(al]rrn + f2a11m1 (2))(0121112 + fzalzmz (2)) (a13m3 + f2a13m3 (2))}
= fZEal]ml (z)alzmz al3m3 +f2Eal]m1 a12m2 (2)al3m3
+f2Eal1m1 Alymy Aizms (2) +f235al1m1 (2)a12m2 (2)a13m3 (2)
I3—m3
- ( 1)m3C113m1l2m2 hilplzs

where

RL+1DRL+1)
Py, = 6f2\/ Q215 + 1)4r Cl?(?lzo {Ch G, +G,G, + G, C’3} (6.62)

o b0 o QU+ 126G+ DG+ 1) 8(=DB (e, €, ¢
+ c,! 200200 C¢,Ce,Coy} . (6.63
f2 2§3 £10£,0 210230 £,0€30 \/W 213 1 13 12 l] { 1%Ly 53} ( )
The lack of symmetry with respect to the I term is only apparent and can be easily dispensed with by permuting the

multipoles in C, ], my OF using expression (3.18). Formula (6.62) is consistent with the cosmological literature, where (6.63)
is considered a h fler order term and hence neglected (see again [16]).

6.2. The connection with higher order moments

We now provide a simple result, connecting the reduced polyspectrum with the higher order moments of the associated
spherical random field.

Proposition 14. The following identity holds for every isotropic field with finite moments of order p and with a reduced
polyspectrum {Py, ;, () : I, ..., 1, > 0}: for every x € S,

21 1---(2l 1
ET(x)P = Z @h+ 1 @h+1) Z Pll...lp()»l,-.-,}»p—3)C1§B ;\: ;ép-

P
hidy (4m) Moip_3

Proof. We use the trivial fact that

2141
T(x) 2T (0) = le oY (0) = Z’j a0y
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where 0 is the North Pole and we used the fact that, form # 0, Yj,, (0) = 0 and Yjp (0) = /= — 2’“ (see e.g. [12, Chapter 5]).
Hence,

s Qh4+1) QL+ 1)

E {(1110 e alpo}

[ (4m)p
QL+1)---QlL+1) A.hp—31p0
- Z (47)P Z Py, )”P—3)C1]o...rp,zo . u
Ii..Ip Al.Ap—3

Example. Take T = Hq(T¢), where H is the gth Hermite polynomial. Then ET? = c,q {ET? }qp/z, where ¢,; € N denotes the
number of Gaussian diagrams without flat edges with p rows and g columns (see [36]). Therefore, one has the identity

pq/2
Qhi+1)...QL+1) M edp_3lp0 l+1)
3 ey > Py ) P = > ¥ .

Iy Mhp3 ]

6.3. The x? polyspectrum

Previously in (6.63), we have implicitly derived the “x? 1 bispectrum”, that is, the bispectrum associated with a field of
the type T = H, (T;), where T; is Gaussian, centered, 1sotrop1c and with unit variance. More precisely, with the notation
(6.58)-(6.60)), one deduces from (6.63) that

I]O Ilm] 120 lzmz 130 l3m3
Eallml(2)a12m2(2)al3m3(2) Z Z Cllolzo [11/-1[2!/-2C€30€40CK3M3K4M4CZSOZGOCZSMSZGHS
L1623 p1...146

t4ts586
26+ 1D26GL+1) 263+ 1)(204+ 1) (265 + 1) (266 + 1)
2l + 1)an 21, + 1)4r Ql5 + 1)4r {aiﬂnalelzaZ3M3a54lt4a55M5aeeus}

Q6+ 120G+ D2+ 1) Crln 0 bl
= 8(— 1)13 m3 ch0 k0 (10 1mpmy €\ CoCo ) (6:64)
g%;3 £100,0 (10(30 £,0030 \/W m I L I { .Ce, 3}

see [12, p. 260; p. 454]. We now wish to extend these results to polyspectra of order p = 4, 5, 6 for random fields of the
type T = H,(T¢), where (as above) T; is Gaussian, centered, isotropic and with unit variance. As anticipated, here we focus
on cumulants instead of moments. We have the following result.

Proposition 15. The cumulant x ((111m1 2), ..., aym, (2)) (p = 4, 5, 6) associated with the harmonic coefficients of an isotropic
random field of the type H, (Tg) (where Tg is Gausszan and isotropic, with angular power spectrum {C, : | > 0}) given by

I — Aeehp_3lp—m C:1
X (a11m1 (2) LECICIN) alpmp (2)) = (_1) =P Z Cllm]...plp,lpmp,xz X Pl]...lp ()\'1’ te )\'p73) ’
A]...)\p,g,

where the reduced cumulant polyspectrum {P,f.__,p @:h, oo > 0} is given by

1 _ [ @r+1) 0 30 A0 b0
Pl1lzlsl4()”) = 48 (4r)4Q2ly + 1) HZ{;} Ce, - -'Cl4Ce]oezocezoegoCe30e4ocz4ozlo

l I A Ao l
X (201 + 1) ... 204+ D(—Dh Tttt {24 0 el}{@ e é‘z} forp =4,

ci1 _ Crv+1D A+ 1) ChO b0 Ch0 (50 0
P11...15 (A1, A2) = 384\/ (4m)5(2ls + 1) EZ Cl1 . Clis Z]0220C620£30C€30€40CZ40£50C£50£10

L b Ml [a b A [re Lo
_1\b1+ls+ 1 2 1 1 3 2 2 4 5 _
X (201 +1)... (205 + 1) (=1)l1t0s 3{23 ‘. 62}{65 0 El}{& o 53} for p =5,

and

1 _ Crm+1DECA+1D)2A3+1) ChO kO G0 (50 g0 (-lg0
Pl (A1, A2, A3) = 3840\/ (47)6(2ls + 1) [;5 Cey ... Cyg mozZosz0230C230e40Ce4oe50C15501550Cesoelo



96 D. Marinucci, G. Peccati / Journal of Multivariate Analysis 101 (2010) 77-100

L L A Aol A Ay I3

_\MAt+ J b 1 1 s 2 2 I3l

X (2t 4+ 1) Qs + D(=T)7reT {f3 44 52} {Es 43 51} {54 4 53}
forp =6.

Proof. The result can be proved by means of the standard graphical techniques for convolutions of Clebsch-Gordan
coefficients, as described in [12, Chapters 11 and 12]. Here, we only provide the complete proof for the case p = 6. Let
{a;m} be the random harmonic coefficients associated with the underlying Gaussian field Ts. By definition, the field H, (T¢)
admits the expansion

1
Hy(Te) =Y Y tin (2) Yim,

>0 m=-—I

where

alm (2) = Z a€1m1 a@zmz /2 Y1€1m1 (X)Yezmz (X)Ylm (X)dx
S

[1m][2m2
Z . a (61 2 1>X( By (zl ¢, > 6L+1) 2L+ QI+ 1)
= Lqymy Yeymy _
£1milymy ml m2 47T
Im Im 6L+ QRL+T
= Z Aeymy Qeymy Coymy eymy Cooe 0\/ .
glmlgzmz L R ALY 1Ve2 47T (2[+ ‘l)
By using once again the multilinearity of cumulants, one obtains that
Cum {aym, 2), ..., Ggme )} = Z Z Cum {ag,;my; Qe pymyy s - - - » Qegymer Agomes |
Ly1my1bi2my Lg1me1le1me1
« 1_[ ljmj I]mj (2@11 + 1) (261'2 + 1)
Z]]mﬂljzmjz 41105120 47[ (211 + 1) .
For a givenIm = (€11mqq, £1om12; . . . ; €g1Me1, £e21Mg2), the quantity Cum {agnm]1 Qg ymyys - -+ > Qogymey alezmez} is computed

as follows:

e Build the 6 x 2 matrix

Ciimyr Lpmy
£r1my1 LMy
£31m3y  £3pms3;
La1myy  LapMay
L51msy  Lsymsy
Le1mg  LeaMe,

A(lm) =

e Define the class M (A (Im)) of connected, Gaussian non-flat diagrams over A, thatis, every y € M (A (lm)) is a partition
of the entries of A (Im), into pairs belonging to different rows; moreover, such a partition has to be connected, in the
sense that y cannot be divided into two separate diagrams. For instance, an element of M (A (Im)) is

vy = {{€iimir, Laimar} {€pamyy, £3omsp} {€31m31, La1Mar} {€axMay, €spmsy} {€s1Me1, £e1Mer1} {€eaMe2, £12M12}}
e Forevery y € M (A (Im)), write
Zﬂ Ct ai
§(y)= [T sgsmme D™ Gy
{€apmap,Ledmed} €y

(where 83 is the usual Kronecker symbol).
e Use the standard diagram formula (see again [36]), to obtain that

Cum {alnmnafumlz’ ) afalmmalezmsz} = E : §(¥).
yeM(A(Im))

It follows that

201+ 1) (265 + 1
Cum {aym, 2), ..., Ggme 2)} = Z Z §(y) H { ZT:Jn,]z,zm]z ZT(jJZJzO\/( 1147[ (2)1'(_'_;?) ) } ,
j

Im yeM(A(Im))
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where the first sum runs over all vectors of the type Im = (£11mqq, £12M12; ... ; £g1Mg1, £s2Mg). The proof now follows
directly from graphical techniques. In particular, the previous term can be associated with a hexagon, having in each vertex
an outward line corresponding to a “free” (i.e. not summed up) index ;m;, i = 1, ..., 6. An expression for convolutions

of Clebsch-Gordan coefficients corresponding to such a configuration can be found in [12, p. 461], Eq. 12.1.6.30. From this,
standard combinatorial arguments and a convenient relabelling of the indexes, we obtain that

3
{]‘[ (24 + 1)}
j=1
(4521, + 1)

11O 1,0 130 I50 I0 140
X E 26+ 1) (266 + ])CLH e -ClsCzlozzocezoeg,oCe30e4oc/z4ozsoc455ozeoczeozl0
0.4

l] 12 )»1 )\1 )\2 13 )\2 14 )\.3 )\3 15 15
by €1 Lo |€a E3 L1 )|ls s €| )l s Laf

Note that 3840 = 2P~ (p — 1)! = 25! is the number of automorphisms between graphs belonging to M (A (Im)). |

(A1, Az, A3) = 3840 (=)l tEstlstls

11 16

We recall that the Clebsch-Gordan coefficients {ngbo} are identically zero unless a + b + c is even; it is hence easy to
see that the previous polyspectra are non-zero only if the sum {11 +--- 4 l,,} is even as well.

From the previous Proposition, we can derive the corresponding expressions for the cumulant polyspectra for x 2 random
field.

Definition B. We say the random field T, has a chi-square law with v > 1 degrees of freedom if there exist v independent
and identically distributed Gaussian random fields T; such that
To T2+ + T2

It is trivial to show that T, is mean-square continuous and isotropic if T; is. We have the following

Proposition 16. The cumulant polyspectra of T, (for p > 2) are given by

Plff_v_,p()m sy hp3) = Vplcl;..l.lp()‘b cen Ap3).

Proof. Note that the cumulant polyspectra of order p > 2 of T,2 coincide with those of the centered field T,2 —ET,2 (due
to the translation-invariance properties of cumulants). Then, the proof is an immediate consequence of Proposmon 15 and
the of the standard multinearity properties of cumulants. ®

7. Further issues and applications

The purpose of this final Section is to introduce what we view as promising directions for further research, where the
ideas of this paper may perhaps yield further insights. We shall delay to future work a more thorough investigation of the
issues which are left open below.

7.1. Representations of the symmetric group

As a further link between representation theory and higher order angular power spectra, we mention the following. It
is to be stressed that the decomposition of A, , that we achieved in the previous Proposition 11 is by no means unique.
In particular, what we did was to choose a particular sequence of “couplings”, i.e. we partitioned tensor products of the
Wigner’s matrices D' in a specific order before decomposing them into direct sums. Alternative partitions yield different
eigenvectors and, therefore, different expressions for the polyspectra/joint moments. Alternatively, we could maintain the

same coupling scheme (for instance, “start always from the first pair on the left”, as we did earlier) but acting on (I, ..., I,)
by the symmetric group S,. However, not all coupling schemes can be achieved by simply permuting the elements of
(li, L, ..., I,). This is the well-known problem of parenthesesin Mathematical Physics (see for instance [35]).

We suggest here that one can establish a link between alternate expressions for the angular polyspectra and
representations of the symmetric group. More precisely, the alternate expressions that we find for the polyspectra
Py, 1, (A1, ..., Aq_3) of a strongly isotropic field (with n-moments) must be such that for every permutation 7 € &,,

AeeAn—33ln— )L/ A 3iln—mn ’
Z chlml 1y 1PH sy An3) = Z Z n(l1)nr1'1 Al pyma_y P (). i) (s s A g).
/
n

An—3
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)\4// )\4// l /
Now let us multiply both sides by Cl1m1 0 S where (A, ..., AV_;) is fixed, and sum over (my, ...my,). In view of the

unitary properties of Clebsch-Gordan coefficients we obtain for the left-hand side

WMo b —m A el
1 n—3°M n 1---An—33n—
Z C11m1~~ln—1mn—1 {Z Z lhmy..lp—1mp—q Pll In (h1s vy Ans)

mq...Mp An—3
D N T Ny WPy N

_ 1 n—3:n n 1---An—3:ln—Mp
- : : . : : { : : Cllml...ln,lmn,l Cllm]...ln,lmn,] P’l-uln (}\']’ trto )"nf?’)

S| Ap—3 Umy..mp

}‘N 3 " "
n .

=> ) {8 5 Py e Anss) =P, ) (7.65)

A An-3

on the right-hand side we get

AL A ilgm A_gilnm
1 n—3>nMn niln ’ ’
E Cl1m1,.,ln_]m,,_1 E : § : n(l1)m1 n(t,, 1)my— 1P7r(l1)~-n(ln)()“1’---s)“n—3)
/

my...Mp
)L”...)L;]’_3;Inmn C)“/l"')‘;z—33l“m” p " Y 766
- Z Z JT(I])m]..JT(ln_])mn_] w(lpmy..w(lh—1)mp—q ﬂ(l])‘..ﬂ(ln)( LA n_3)' ( : )
’ miy...Mp
-3

Similarly as in the previous section, the sum of products of Clebsch-Gordan coefficients on the right hand side can be
expressed in terms of higher order Wigner's coefficients. Since this section is just informal, for brevity’s sake we do not give

explicit expressions (see e.g. [12, Chapter 10]). The two expressions (7.65) and (7.66) imply that, for every fixed (I1, ..., I,)
and every permutation s, there exists a square matrix A ((I1, ..., ;) ; @) such that

P, =A{(lh, .o ) s T Prayy )
where Py, _;, is the vector with entries P, 1, (A1, ..., A;). We conjecture that in this way one can build a representation

of the symmetric group &, on the vector space generated by admissible polyspectra Py, _,,. If this is indeed the case, some
important questions are left open: for instance, whether or not the representation is faithful (see [1]), and whether these
ideas can lead to algorithms for the numerical simulation of representation matrices, along the lines of what we shall pursue
in the next subsection.

Remark. Another interesting issue is whether the representation associated with the matrices A{(ly,..., ;) ; m} is
irreducible. Generally speaking, it is well-known that the collection of the (equivalence classes of the) irreducible
representations of &, can be indexed by the family of partitions of the integer n. In particular, recall that: (i) A partition
ofnisavector A = (Aq, ..., Ax) of weakly decreasing positive integers such that Z]’.‘zl Aj = n.(ii) The partitions of n can be
represented by so-called Young diagrams, a finite collection of boxes, or cells, arranged in left-justified rows, with the row
sizes weakly decreasing (each row has the same or shorter length than its predecessor). (iii) A Young tableau is obtained by
filling the diagram with letters from some alphabet (for instance the integers 1, .. ., n). (iv) A Young symmetrizer (also called
a Specht module) of parameter A is an element of the group algebra of the symmetric group, constructed in such a way that
the image of the element corresponds to an irreducible representation of the symmetric group over the complex numbers.
(v) Every irreducible representation of G, is equivalent to a Young symmetrizer of parameter A, for some partition A of n.
Young symmetrizers can also be related to the problem of parentheses we mentioned above, and from a broader point of
view to representation theory for the general linear group GL(n). It is then natural to ask whether the formalism of Young
diagrams and tableaux could help to shed further lights on the results of this paper, and in particular to explore further the
connection with representations of the symmetric group. We plan to investigate these connections further in future work;
the reader is referred e.g. to [1], [37, pp. 61-62] and [38] for more discussion on these issues.

7.2. Random data compression

In this subsection we shall show how we can exploit the previous results to develop a probabilistic algorithm to compress
information on Clebsch-Gordan coefficients. Note first that

# Qo g I bl < L, 0] ~00);

limqlymy
it is therefore clear how for most applications the storage of Clebsch-Gordan coefficients for future usage is simply
unfeasible, whatever the supercomputing facilities (for instance, for CMB data analysis, L &~ 3 x 10> is currently required,
so that the number of Clebsch-Gordan coefficients to be saved would exceed 10%°). Let us consider again a chi-square field
as defined before, i.e.

To®) = Hy(Te®) = Y am(2)Yim(%);
Im

I3ms
limylymy
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we have proved earlier in (6.64) that

I
Eallml (2)a12m2 (2)a13m3 (2) = (_1)m3C113,:1113[2m2h111213
where
o hbo o 26 +1D2L+ 126+ 1) 1 b £y 43
h11['=8 C1 Cz C3 CZC@CZ s
11213 823 £10£70~¢10£30~¢50¢30 \/@ 213 1 l] 12 13 { 162 3}

which can be calculated analytically and stored, with storage dimension
!
# s 1 bl < 1L (c,fg,zo\ £0} ~ o).

Let us assume we simulate B times T, 2 (x), which is trivially done by simply squaring a Gaussian field: the latter is obtained by
sampling independent complex Gaussian variables with variance C;. We store the triangular arrays {afm }

i=

I=1,....Lym=—1,....1°
. . . I .
1, ..., B; here the dimension is of order B x L2, We can then recover any value le;?lzmz by means of the Monte Carlo estimate
B 0O O @
~lyms — Kl Qymy Hymy Yigms
limilhmy — “lilhls B ’

i=1

which requires B steps and B x L% 4 L* storage capacity, as opposed to L° storage capacity by the direct method. We leave for
further research a more thorough investigation on the convergence properties of this algorithm; we stress, however, that the
procedure we advocate is completely general, i.e. it does not depend on peculiar features of the group SO(3) we are currently
considering. We believe, hence, that similar ideas can be implemented for the numerical estimation of Clebsch-Gordan
coefficients for other compact groups of interest for theoretical physicists. We leave this and the previous issues in this
Section as topics for further research.
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