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Abstract

We show that on a manifold whose Riemannian metric evolves under backwards Ricci
flow two Brownian motions can be coupled in such a way that their normalized L-distance
is a supermartingale. As a corollary, we obtain the monotonicity of the transportation cost
between two solutions of the heat equation in the case that the cost function is the compo-
sition of a concave non-decreasing function and the normalized L-distance. In particular, it
provides a new proof of a recent result of Topping (J. reine angew. Math. 636 (2009), 93-122).
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1 Introduction

Let M be a d-dimensional differentiable manifold, 0 < 7, < 7o < T and (g(7)),¢[7 1] @ complete
backwards Ricci flow on M, i.e. a smooth family of Riemannian metrics satisfying
99

877' =2 Rng(T) (1)

and such that (M, g(7)) is complete for all 7 € [Ty, T']. In this situation Perelman [24, Section 7.1]
(see also [6, Definition 7.5]) defined the L-functional of a smooth curve ~ : [r, 72] — M (where
771§T1<T2§T) by

T2
P
£0) = [V [0 By + Ry ()]
T1

where Rgyy(7) is the scalar curvature at x with respect to the metric g(7). Let L(z,71;y,72) be
the L-distance between (z,71) and (y, 72) defined by the infimum of £(v) over smooth curves
v : [m1, 2] — M satisfying v(71) = x and y(72) = y. The normalized L-distance O4(x,y) (t > 1)
is given by

— — _ _ — ——\ 2

O¢(x,y) =2 (\/th - \/Tlt) L(x, 7it;y, Tot) — 2d (\/7'2 - \/Tlt) )

For a measurable function ¢ : M x M — R, let us define the transportation cost 7.(ju, ) between
two probability measures p and v on M with respect to the cost function ¢ by

™

Tuv)i=inf [ lwy)n(de.dy)
MxM

(the infimum is over all probability measures m on M x M whose marginals are p and v re-
spectively). To study Perelman’s work from a different aspect, Topping [31] (see also Lott [20])
showed the following result:
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Theorem 1 (Theorem 1.1 in [31]). Assume that M is compact and that 71 > 0. Let p :
[71,T] x M — Ry and q : [T2,T] x M — Ry be two non-negative unit-mass solutions of the heat
equation

dp

E = Ag(T)p - Rpa
where the term Rp comes from the change in time of the volume element. Then the normalized
L-transportation cost Te,(p(T1t, ) volg(z 1), q(Tat, -) Volg(z,p)) between the two solutions evaluated
at times Tit resp. Tot is a non-increasing function of t € [1,T/7].

By ¢g(7)-Brownian motion, we mean the time-inhomogeneous diffusion process whose gener-
ator is Ay(;). As in the time-homogeneous case, the heat distribution p(T,) voly(;) is expressed
as the law of a g(7)-Brownian motion at time 7. In view of this strong relation between heat
equation and Brownian motion, it is natural to ask whether one can couple two Brownian mo-
tions on M in such a way that a pathwise analogue of this result holds. The main result of this
paper answers it affirmatively as follows:

Theorem 2. Assume that the Ricci curvature of M is bounded from below uniformly, namely
there exists K > 0 such that

Ricy;) > —Kg(r) for any T € [71,T]. (2)

Then given any points x,y € M and any s € [1,T/72], there exist two coupled g(T)-Brownian
motions (Xr)reir s and (Yr)refrs,r) with initial values Xz s = x and Yz,s = y such that the
process (O( Xz, Yayt) )re[s, 17 15 @ supermartingale. In addition, we can take them so that the
map (z,y) — (X,Y) is measurable. In particular, for any ¢ : R — R being concave and
non-decreasing, E [p(©1( X7, Yr,t))] is non-increasing.

Obviously, (2) is satisfied if M is compact. Thus it includes the case of Theorem 1. As a
result, Theorem 2 easily implies the following extension of Theorem 1 (see subsection 5.3):

Theorem 3. Assume that (2) holds. Let ¢ : R — R be concave and non-decreasing. Then
T o0, (P(T1t, ) VOlg(z 4), a(Tat, -) VOlg(7,)) s non-increasing in t € [1,T /7] for non-negative unit
mass solutions p and q to the heat equation.

We prove Theorem 2 by constructing a coupling via approximation of g(7)-Brownian motions
by geodesic random walks as studied in [15]. In the next section, we demonstrate background
of the problem, review related results and compare their methods with ours. Since our method
superficially looks like a detour compared with other existing coupling arguments, there we
explain the reason why we choose that way. To state the idea behind our proof explicitly, we
prove Theorem 2 under the assumption that there is no singularity of £-distance in section 3.
Since all technical difficulties are concentrated on the singularity of L-distance, we can study
the problem there in more direct way by using stochastic calculus. Some estimates on variations
of L-distance is gathered in section 4. The proof of the full statement of Theorems 2 and 3 will
be provided in section 5.

Before closing this section, we give two remarks on Theorems 2 and 3.

Remark 1. As shown in [17], under backwards Ricci flow g(7)-Brownian motion cannot explode.
Hence ©4(X:,Y;) is well-defined for all ¢ € [s,T/72] in Theorem 2. This fact also ensures that
(T, -)VOlg(T) has unit mass whenever it does at the initial time. We implicitly require this
property to make 700, (P(T1t, ) voly(7 ), ¢(T2t, -) voly(z,s)) well-defined in Theorem 3.



Remark 2. There are plenty of examples of backwards Ricci flow satisfying (2) even when M
is non-compact. Indeed, given a metric gy on M with bounded curvature tensor, there exists a
unique solution to the Ricci flow 9;g(t) = —2 Ricy(,) with initial condition go satisfying

suF | Rmy)|g(1) () < 00

for a short time (see [29] for existence and [5] for uniqueness). Then the corresponding backwards
Ricci flow satisfying (2) is obtained by time-reversal.

2 Review and remarks on background of the problem

The Ricci flow was introduced by Hamilton [10]. There he effectively used it to solve the
Poincaré conjecture for 3-manifolds with positive Ricci curvature. By following his approach,
Perelman [24, 25, 26] finally solved the Poincaré conjecture (see also [4, 13, 23]). There he used £-
functional as a crucial tool. At the same stage, he also studied the heat equation in [24] in relation
with the geometry of Ricci flows. It suggests that analysing the heat equation is still an efficient
way to investigate geometry of the underlying space even in the time-dependent metric case.
This guiding principle has been confirmed in recent developments in this direction. For example,
we refer to [37] as one of such developments. In connection with the theory of optimal transporta-
tion, McCann and Topping [22] showed the monotonicity of ZOE(T) (p(T, ") voly(r), q(T, ) voly(7)),

where py(;) is the g(7)-Riemannian distance, under backwards Ricci flow on a compact manifold.
Topping’s result [31] can be regarded as an extension of it to contraction in the normalized L-
transportation cost (see [20] also). By taking 7o — 71, he gave a new proof of the monotonicity
of Perelman’s W-entropy, which is one of fundamental ingredients in Perelman’s work.

A probabilistic approach to these problems is initiated by Arnaudon, Coulibaly and Thal-
maier. In [2, Section 4], they sharpened McCann and Topping’s result [22] to a pathwise con-
traction in the following sense: There is a coupling (X, Y;)¢>0 of two Brownian motions starting
from z,y € X respectively such that the g(t)-distance between X; and Y; is non-increasing in
t almost surely. In their approach, probabilistic techniques based on analysis of sample paths
made it possible to establish such a pathwise estimate. As an advantage of their result, the path-
wise contraction easily yields that Zgop, ., (p(7,-) voly(r), q(7, ) voly(r)) is non-increasing for any
non-decreasing ¢. As an application of this sharper monotonicity, we can obtain an L'-gradient
estimate of Bakry—Emery type (see [16]) for the heat semigroup. In the time-homogeneous case,
this gradient estimate has been known to be very useful in geometric analysis (see e.g. [3, 18]).
McCann and Topping’s result only implies L?-gradient estimate and it is weaker than the L!-
estimate (In the time-homogeneous case, it is known that L?-estimate also implies L'-estimate
(see [3, 18] and [27]). However, to the best of our knowledge, an extension of such equivalence
in the time-inhomogeneous case is not yet established). As another advantage of Arnaudon,
Coulibaly and Thalmaier’s approach, their argument works even on non-compact M (cf. [17]).
Our theorem 2 can be regarded as an extension of their result. Indeed, our approach is the
same as theirs in spirit and advantages of probabilistic approach as mentioned are also inher-
ited to our results as we have seen in Theorem 3. We can expect that our approach makes it
possible to employ several techniques in stochastic analysis to obtain more detailed behavior of
O+(X5¢, Yryt), especially in the limit 75 — 71, in a future development.

Now we compare our method of the proof with existing arguments in coupling methods
from a technical point of view. We hope that the following observation would be helpful to
extend other coupling arguments than ours in this case. A common and basic idea is to couple
infinitesimal motions of two Brownian particles by using a parallel transport of tangent vectors
along a minimal geodesic joining them. Thus the technical difficulty arises from the singularity



of (L-)distance, or the presence of (£-)cut locus. In our approach, we consider coupled geodesic
random walks each of which approximates the Brownian motion. After we establish a difference
inequality for time evolution of the £-distance between coupled random walks, we will obtain the
result by taking a limit. Note that the convergence of our random walk in law to the Brownian
motion in this time-inhomogeneous case is already established in [15].

In the time-homogeneous case, there are several arguments [9, 11, 33, 34, 35] to construct
such a coupling by approximating it with ones which move as mentioned above if they are distant
from the cut locus and move independently if they are close to the cut locus. In these cases,
it will be important to estimate the size of the total time when particles are close to the cut
locus. To do the same in the time-inhomogeneous case, it does not seem straightforward since
the (£-)cut locus depends on time, namely it moves as time evolves. In our approach, instead of
applying stochastic calculus, we only need to show a difference inequality. Thus the singularity
at the L-cut locus causes less difficulties at this stage (see Remark 7 for more details).

If we employ the theory of optimal transportation, we will work on coupling of heat distribu-
tions instead of coupling of Brownian motions. Once we move to the world of heat distributions,
we can ignore the cut locus since they are of measure zero with respect to the Riemannian
measure. However, in the derivation of the monotonicity results, the theory of optimal trans-
portation at present covers only the case that the cost function is squared distance or £-distance.
It reflects the difference of results between McCann and Topping [22] and Arnaudon, Coulibaly
and Thalmaier [2]. It should be remarked that such a difference still exists between these two
approaches, the one by optimal transportation and the other by stochastic analysis, even in the
time-homogeneous case.

Arnaudon, Coulibaly and Thalmaier [2] study the problem by developing a new method.
They constructed one-parameter family of coupled particles ((X¢(u))i>0)uejo,1] S0 that Xi(u)
moves as a Brownian motion for any u and (Xy(u)),ejo1] is a C'-curve whose length is non-
increasing in ¢. Thus (X¢(0), X;(1)) is the expected coupling. To construct it, they first consider
a finite number of particles ((X¢(ui))e>0); which are coupled with other particles by parallel
transport. Then, by increasing the number of particles, we obtain such a one-parameter family
in the limit. Since they are coupled by parallel transport, the distance between two particles
is of bounded variation (at least before they hit the cut locus). Thus, if adjacent particles are
sufficiently close to each other at time ¢, we can take a deterministic 4 > 0 such that they cannot
hit the cut locus at least until time ¢ 4+ . Based on this observation, they succeeded in avoiding
the problem coming from the cut locus by increasing the number of particles to make it constitute
a one-parameter family of particles. In the case of this paper, we work on the £-distance instead
of the Riemannian distance and construct a coupling by space-time parallel transport instead
of a coupling by parallel transport. As a result, £-distance between coupled particle is not of
bounded variation (see Remark 6 for more details). Thus, our problem differs in nature from
what is studied in [1]. If we want to extend Arnaudon, Coulibaly and Thalmaier’s approach in
the present case, we have to be careful and need some additional arguments. Even if we succeed
in constructing a one-parameter family of particles ((X¢(u))i>0)ue[o,1)] coupled by space-time
parallel transport, we cannot expect that (Xi(u))uep,1 is a C'-curve. In our approach, such a
difference causes no additional difficulty. Indeed, as studied in [14, 15], we already know that it
works to construct coupled particles by reflection, the distance of which naturally regarded as a
semimartingale with a non-vanishing martingale part.

3 Coupling of Brownian motions in the absence of L-cut locus

Since the proof of Theorem 2 involves some technical arguments, first we study the problem
in the case that the £-distance L has no singularity. More precisely, we do it here under the



following assumption:
Assumption 1. The L-cut locus is empty.

See subsection 5.1 or [6, 31, 36] for the definition of £-cut locus. Under Assumption 1, the
following holds:

1. Forallz,y € M and all 7y <71 < 72 < T there is a unique minimizer 771" of L(x,71;y,72)
(existence of y71™ is proved in [6, Lemma 7.27], while uniqueness follows immediately from
the characterization of L-cut locus, see subsection 5.1).

2. The function L is globally smooth.

Thus, in this case, we can freely use stochastic analysis on the frame bundle without taking any
care on regularity of L.

3.1 Construction of the coupling

A g(7)-Brownian motion X on M (scaled in time by the factor 7;) starting at a point = € M
at time s € [1,T/72] can be constructed in the following way [1, 8, 17]: Let 7w : F(M) — M
be the frame bundle and (e;)?_, the standard basis of R?. For each 7 € [71,T] let (H;(7))L,
be the associated g(7)-horizontal vector fields on F (M) (i.e. H;(,u) is the g(7)-horizontal lift
of ue;). Moreover let (V*9)4 =1 be the canonical vertical vector fields, i.e. (VB £ (u) =

(%?aﬁ - (f(u(m))) (m = <maﬂ)a,ﬁ:1 € GLy4(R)), and let (W;)¢>0 be a standard RY%-valued

Brownian motion. By ©9(")(M), we denote the g(7)-orthonormal frame ‘bundle.
We first define a scaled horizontal Brownian motion as the solution U = (Uy)¢e[s,1/7,) Of the
Stratonovich SDE

dUt \/27‘1 H 7'175 Ut OdW —7'1 Tlt Utea,Ute Vaﬁ Ut dt 3
t &
a,B= 1

on F(M) with initial value U, = u € 0y (M), and then define a scaled Brownian motion X
on M as

Xt = 7T0t.
Note that X; does not move when 7; = 0. The last term in (3) ensures that U; € Q99 (M)
for all t € [s,T/71] (see [1, Proposition 1.1], [8, Proposition 1.2]), so that by It6’s formula for all
smooth f: [s,T/71] x M — R

d
- o - - - . -
df (t, X,) = %(t, Ryt + V2R Y (Trer) f(8, X0)dW] + 718y, f (1, X )dt.
i=1

Let us define (X7)r¢rs7 by Xapt := X;. Then X, becomes a g(7)-Brownian motion when
71 > 0.

Remark 3. Intuitively, it might be helpful to think that X; lives in (M, g(7)), or X, lives in
(M, g(71t)). The same is true for Y and Y which will be defined below. Similarly, for all curves
v : [r1, 7] — M appearing in connection with L-distance, we can naturally regard v(7) as in

(M, g())-

We now want to construct a second scaled Brownian motion Y on M in such a way that its
infinitesimal increments dY; are “space-time parallel” to those of X (up to scaling effect) along
the minimal £-geodesic (namely, the minimizer of L) from (X3, 71t) to (Y3, 7ot). To make this
idea precise, we first define the notion of space-time parallel vector field:



Definition 1 (space-time parallel vector field). Let 77 < 7 <170 <T and v : [11,72] — M be a
smooth curve. We say that a vector field Z along -y is space-time parallel if
V4 Z(r) = = Rick_ (Z(r)) (4)
y(7) 9(1)
holds for all 7 € [r1,75]. Here V9(7) stands for the covariant derivative associated with the
g(7)-Levi-Civita connection and Ricfm is defined by regarding the g(7)-Ricci curvature as a

,1)-tensor via g(7). Since 1s a linear first-order , Tor an, € there exists a
(1,1) ia g(7). Si (4) is a li fi der ODE, fi y & € Ty M th i
unique space-time parallel vector field Z along v with Z(m) = &.

Remark 4. Whenever Z and Z’ are space-time parallel vector fields along a curve -, their
g(7)-inner product is constant in 7:

(20,20 o) = 20 2(7), 2'7)) + (VED (), 2 (i) + (2(7), VIO Z ()i

= 2Ricg(7.)(Z(T), Z/(T)) - Rng(T)(Z(T), ZI(T)) - RICg(T)(Z(T), Z/(T))

Definition 2 (space-time parallel transport). For z,y € M and 71 < 11 < 79 < T, we define a
map mgL™ : T, M — T, M as follows: m1™(§) := Z(72), where Z is the unique space-time paral-

lel vector field along 77172 with Z(1) = §. By Remark 4, m71™ is an isometry from (7, M, g(71))

to (TyM,g(m2)). In addltlon, it smoothly depends on x, 71, y, 7o under Assumption 1.

Remark 5. The emergence of the Ricci curvature in (4) is based on the Ricci flow equation
(1). Indeed, we can introduce the notion of space-time parallel transport even in the absence of
(1) with keeping the property in Remark 4 by using 2710, ¢(7)# instead of Ricfm in (4). This
would be a natural extension in the sense that it coincides with the usual parallel transport
when ¢(7) is constant in 7.

Similarly as in [11, Formula (6.5.1)], we now define a second scaled horizontal Brownian
motion V = (Vt)te[s T/7) on F(M) as the solution of

d‘N/t = \/27‘22H ’7—2'[: ‘/2 OdB _7-2 Z TQt %eavweﬁ)vaﬁ(w)d
a,B= 1

_ -1, 71,72
dBt = ‘/t anthUtth

with initial value f/s =0 E Og(ms)(M), and we set fft = 7ﬂ~/t. As we did for X, let us define
(Y2)reros,1) DY Yoyt i= Y; to make Y a g(7)-Brownian motion. From a theoretical point of view,
it seems to be natural to work with (X;,Y;) (see Remark 3). However, for technical simplicity,
we will prefer to work with (X;,Y;) instead in the sequel.

3.2 Proof of Theorem 2 in the absence of L-cut locus
Our argument in this section is based on the following Ité formula for (X3, Y;):

Lemma 1. Let f be a smooth function on [s,T/Ta] x M x M. Then

d
-~ o -~ - ~ . ;
df (t, X, Y;) = 87{@’ Xy, Yy)dt + Z [v 271Ure; © \/2f2Vt€i} J(t, X, Yy)dW
=1
+ Z Hessg(nt)@g (T2t) f‘ (t X,V ) (\/EUtez % \/TEWQ ; \/EUtez ¥ \/772‘/26 )
=1



Here the Hessian of f is taken with respect to the product metric g(T1t) & g(Tat), ef stands for
e; (U, T1t; Vi, Tot), where

1, 71,72

* . . - .
e; (u, T30, m2) = v mp 2 ue;,

and for tangent vectors & € Tu M, & € TyM we write § © &2 := (§1,82) € Ty (M X M).

Proof. As in [12, Formula (2.11)], Itd’s formula applied to a smooth function f on [s, T /7] x
F(M) x F(M) gives

of
ot

+Z[ V2R (Hia(mt, ) ) (6,00 Vi)awy + /27 (Hia(mat, ) F) (4, 0r, Vi) dB]]

df(tv ﬁtv‘z) - (t7Ut7‘7t-)dt

+ Z [7_1 ( (Rt )f) (t, ﬁt’ ‘7t) + T ( o(Tat, )f) (t, Uu ‘Zﬁ)} dt

NN TS Z( i (7ut, ) Hya (7ot ) ) (8, O, V)a(w, B7),

1,5=1

) o
— Z [ﬁ (71t) Utea,Uteg)vaﬂ(Ut)eargf(Tgt)(wea,weﬂ)vaﬂ(w)] f(t, Uy, Vi)dt,
a,f=1

where H; 1 resp. H; 2 means H; applied with respect to the first resp. second space variable. By
the definition of B, this equals

of

d
5 Uy, Vi)dt + > [\/%Hz-(m, Up) & V21 H} (U, 7t Vi, 7_'2t)] F(t, Uy, Vy)dwy)

i=1

N _ _ 2
+ [\/ﬁHi(ﬂt, Up) & VR Hf (U, Tit; ‘/2,7_'215)} f(t, U, Vi)dt

(VR

Il
IS

(2

_a%; [ﬁgi(ﬁt)(ﬁtea,Uteﬂ)Vaﬁ(Ut)@ﬁgf_(m)(%ea,%eg) 5V, )} F(t, 0., V)t

where H(u,T1;v,72) is the g(72)-horizontal lift of ve}(u, 71;v, m2).
The claim follows by choosing f(t,u,v) := f(t,mu, 7v) because this f is constant in the
vertical direction so that the term involving V2 f vanishes. O

Let A(t,z,y) := L(x,T1t;y, Tot). In order to apply Lemma 1 to the function © we need the
following proposition, whose proof is given in the next section. Since we will use it again in
section 5, we state it without assuming Assumption 1.

Proposition 1. Take x,y € M, u € (’)g(ﬂt)(M) and v € OZ(?Qt)(M). Let ~v be a minimizer
of L(x,T1t;y, Tot). Assume that (x,Tit;y, Tot) is not in the L-cut locus. Set & = /Tiue; ®



Tve; (u, Tit;v, Tot). Then

oA 1 [ 3 :
ot (t z y) + / . 7—3/2 <27_Rg(7) (7(7—)) - Ag(ﬂ-)fig(T) (’Y(T)) —2 | Rlcg(‘r) |§(7—) (7(7—))

= 5 OB + 2Ricyn ()4 ) )

Z Hess T1)€Bg(7’2)A‘ )(67,) &i)

=1 (b
N T=Taot 1 Tot )
< \tf + 7 / 73/2 (2 ‘Rlcg(r)E(T) (V7)) + Ag(r) By (7(7))

T=T11 T1t

and consequently

d

oA

ot (t, z, y)+ E Hessg(n)@g(m) A‘(t,m,y) (gw&)
=1

<L VAR [V (B 0D + B0 ) b

7 2t s
_ 4
Vit

The proof of Theorem 2 is now achieved under Assumption 1 by combining Lemma 1 and
Proposition 1:

S

(\/% - \/a) - %A(ta x,y).

Proof of Theorem 2 under Assumption 1. Since © is bounded from below, it suffices to show
that the bounded variation part of ©,(X;,Y};) is non-positive. By Lemma 1,

d0:(X,Yy) = |0:04(Xy, Yr)
d
+ Z HGSS (T1t)Dg(T2t) @tl(X i) (\/HUtez 2] \/E‘/tez ) \/HUtez 2] \/E‘/te )
=1
d ~ ~ .
+3 [\/271Ute2 @ V2R Vel } 0,(X;, Vy)dW.
i=1

For the bounded variation part we obtain

0O X1, Y1) = \F\/ﬁ (t, Xt,Yt)+2(\/€—\/TT) (t X Y1) - 2d (VAR - V7))

and

d
Z Hessg(ﬁt)@g(i’gt) 615‘ (X, V1) <ﬁUt€z @ \/EWQ ) \/EUtez @ \/73‘/%6 )

i=1

d
=2 (V7at — V7it) Z Hess (7, yag(rt) Al (%057 (\/EUtez @ VRVie;, ViiUe; ® VR Vie )
i=1



Thus, by Proposition 1,

d
00( X1, Yy) + Z Hessg(ﬁt)@g(@t) Gt‘(f(t,f/t) (\/7_'1Ut€i D \/7_'2‘/}/6:, VvVT1Ue; & \/7_'2‘/;56:)
=1

2(\/;_\/@){ (Vi — v/7) — T Xt,YE)]

\f
T ~ ~
y Yo fwam@—ww%—waQ
Vit
=0.
Hence @t(f(t, YQ) is indeed a supermartingale. O

Remark 6. Unlike the case in [1], the pathwise contraction of 0,(X;,Y;) is no longer true in
our case. In other words, the martingale part of ©,(X},Y};) does not vanish. We will see it in the

following. The minimal £-geodesic v = 471™ of L(x, 71;y, 72) satisfies the L-geodesic equation
VI (1) = 1V9(T)R 2 Ric* (A L 7
10V3(r) = S V9O Ryiry — 2Ric, (3(7)) — 54(7) (1)

(see [6, Corollary 7.19]). Thus the first variation formula (see [6, Lemma 7.15]) yields
V2rUse; & V2R Vie] A(t, X, i) = V2tr(Viel, 4(Fot) g(mr) — V2471 (Ures, (Tt g(my- (8)

One obstruction to pathwise contraction is in the difference of time-scalings 7y and 7». In
addition, by (7), \/7%(7) is not space-time parallel to 7 in general (cf. Remark 4).

4 Proof of Proposition 1

In this section, we write 7 := 71t and 7 := T»t. We assume 79 < T'. For simplicity of notations,
we abbreviate the dependency on the metric g(7) of several geometric quantities such as Ric, R,
the inner product (-, -), the covariant derivative V etc. when our choice of 7 is obvious. For this
abbreviation, we will think that v(7) is in (M, g(7)) and §(7) is in (T M, g(7)). Note that,
when 71 = 0, lim; |7 /79(7) exists while lim, o |§(7)] = co. In any case, \/7|¥(7)| is locally
bounded (see Lemma 3).

We first compute the time derivative of A. When 7; > 0, by [31, Formulas (A.4) and (A.5)]
we have

oL :
877_1(1'77—1;3/1 7—2) = _\/E (Rg(ﬁ)(x) - ’7(7—1)‘2) )

OL iy, m) = 7 Ry (4) — () )

0my
so that
%(t,x,y) = ﬂafL(fUaTl;y,Tz) + fza—L(az,n;y,Tz)
ot 0T 019
= L2 (RO ) - BP) 72 (R - 5P) . )



Thus the integration-by-parts formula yields,

e =2 [TV (RO@) - 0P dr

. / 2 GHO) + Vs RO ()

AV (), A () 2RiC(7(T),"V(T))>dT- (10)

Note that we have

OR _ —AR — 2|Ric |? (11)
or

(see e.g. [30, Proposition 2.5.4]). Since 7 satisfies the £-geodesic equation (7), by substituting
(7) and (11) into (10), we obtain (5). Note that the derivation of (9) and (10) is still valid even
when 71 = 0 because of the remark at the beginning of this section. Thus (5) holds when 71 = 0,
too.

In order to estimate 2?21 Hessg(r)ag(r) A}(t’m’y) (&, &) we begin with the second variation
formula for the L-functional:

Lemma 2 (Second variation formula; [6, Lemma 7.37]). Let I" : (—¢,¢) X [11,72] — M be a
variation of v, S(s,7) := 0,I'(s,7), and Z(1) := 9,'(0,7) the variation field of T'. Then

2
d L(Ts) =27 (§(7), VZ(T)S(O _2 =2V Ric(Z(r), Z(1)|

2 =T T=T1
ds*|,_,

/ VRH((7), Z(r))dr

2
Z(r) + Rick(Z(r)) - %Z(T) dr, (12)

2
/
T1

O Ric
or

- %RiC(Z(T), Z(7)) = 2Rm(Z(7),4(7),7(7), Z(7))
— 4(Vy(r) Ric)(Z(7), Z(7)) + 4(V () Ric) (¥(), Z(7))- (13)

where

H(Y(1),Z(1)) == =2 (Z(1),Z(1)) — Hess R(Z(7), Z(T)) + 2 |Ric#(Z(7‘))]2

In [6] this lemma is only proved in the case 71 = 0 and Z(71) = 0. However, the proof given
there can be easily adapted to the slightly more general case needed here.

Corollary 1 (see [6, Lemma 7.39] for a similar statement). If the variation field Z is of the

form
Z(r) = \/jZ*(T) (14)

with a space-time parallel field Z* satisfying |Z*(7)| = 1, then

2
% 70£(Fs) = 2V/7 (4(7), V2(0)S (0, 7)) g |1 = 2 VT Ric(Z(7), Z(7) |7
_/T2 ﬁH(f‘y(T),Z(r))err\f 2

10



Proof. Since Z* is space-time parallel, Z satisfies
VinZ(r) = = Ric*(Z()) + 5-2(7), (15)
so that the last term in (12) vanishes. O

Corollary 2 (Hessian of L; see [6, Corollary 7.40] for a similar statement). Let Z be a vector
field along ~ of the form (14) and £ := Z(11) © Z(12) € T(5,y)(M x M). Then

VG:TZQ
Hessy(r)ag(r) ‘(x i) (€6 < / VTH (Y Z(7))dr + e

— 2 /7 Ricy(r)(Z ()72(7))!7i72~ (16)

T=T1

Proof. Let I': (—¢,e) x [11,72] — M be any variation of v with variation field Z and such that
V2)S(0,71) and V z(5,)5(0, 72) vanish. (17)

Let I(s) := L(T'(s, 1), 71; (s, ), 72) and I(s) := £(I(s,-)). Since I(0) = I(0) and I(s) > I(s) for

all s € (—e,¢), we have ”(0) <1”(0) so that, using (17),

d2
Hessy(r)@g(r2) L ‘ (wriym) (& £) = | L(T(s,71),1;0(s,m2), T2)
) " n d2
=1"(0) <1I"(0) = — L(Ty).
O <I'0) = J5| £
The claim now follows from Corollary 1. 0

Let now Zf (i = 1,...,d) be space—time parallel fields along v satisfying Zf(m1) = ue;
(and consequently Zf(m) = wve), and Z;j(1) := /7/tZ (1) (so that & = Z;(11) & Zi(m2)).

In order to estimate Z?Zl Hess (7 )@g(r2) L‘ (5,,51) us1ng Corollary 2 we will compute

(z,7159,72)
Z?Zl H(%(1), Z;i(7)) in the following (see [6, Section 7.5.3] for a similar argument). Set I, I
and I3 by

d
Ih=3" [ — Hess R(Zi(7), Zi(7)) + 2 [Ric# (Zi(7))[?

.
I
—

1 Ric(Zi(7), Zi(7)) — 2Rm(Zi(7), 3(7), 4 (7), Zi(T))},

T

d
I == 43" [(V 7,0 RiONZi(7), 4(7)) = (Vi) Ric) (Zi(7), Zi(7) .

i=1

Then Z?Zl H(¥(7), Zi(t)) = I1 + I + I3 holds. By a direct computation,

B =7 (-ARGE) + 2R (6(7) - LRG) +2RGEAD) . (09

The contracted Bianchi identity divRic = 2V R [19, Lemma 7.7] yields

2T

Iy = 27 ((div Rie) (7)) — (Vi R)() = — (Vs B2 (7)) (19)
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For I, we have

d
I =-2 Z [jT(Ric(Zi(T), Zi(7))) = (Vi) Rie)(Zi(7), Zi(7)) — 2Ric(Vi (1) Zi(T), Zi(T))
=1

d
=2 (RO + 25 V3 RO() +4 Y Ric( Ty Zi(r), Zi(7)
=1

1 OR

d
- _QTT <TR(’Y(T)) t s (7(7))> +4) Ric(Vy(r)Zi(7), Zi(7). (20)
=1

Since Z; satisfies (15),

d d
43" Ric(V5() Zi(r), Z4(7)) = 43 Rie(= Rick(Zi(r)) + 5-Zi(r), Z4(7)
i=1 =1

=27 (2IRie (47) - RO (21)
By substituting (21) into (20),
n=-F (Grom)+ 2R 6()). (22)
Hence, by combining (22), (19) and (18),
d
Y- HGE), 4(0) = (- 295 6() - 2 Ricl (4(7)) - ARG(7))

~ ZR(y(r) + 2Rie(i(r), 4(r) — 2(V5 B2(7)))-

Inserting this into (16) we obtain

d
Z Hessg(r)ag(r) L\@m;ym) (&i,&)

=1

<

S

[ (25 6) + 2 Ricf (1) + ARG ()

T1

+R((r) ~ 2Ric(3(7), 3 () + 2V3n RY2(7)) )

_ S 7—3/2 T=T2
)
- d\tﬁ T;j + 1/712 2 (2Ricl (4(r)) + AR((7)) - %R(v(ﬂ) ~ 2Rie(3(7). 7(r) ) dr

which completes the proof of Proposition 1.

5 Coupling via approximation by geodesic random walks

To avoid a technical difficulty coming from singularity of L on the L-cut locus, we provide an
alternative way to constructing a coupling of Brownian motions by space-time parallel transport.
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In this section, we first define a coupling of geodesic random walks which approximate g(7)-
Brownian motion. Next, we introduce some estimates on geometric quantities in subsection 5.1.
Those are obtained as a small modification of existing arguments in [6, 31, 36]. The L-cut
locus is also reviewed and studied there. We use those estimates in section 5.2 to study the
behaviour of the L-distance between coupled random walks. The argument there includes a
discrete analogue of the It6 formula as well as a local uniform control of error terms. Finally,
we will complete the proof of Theorems 2 and 3 in section 5.3.

Let us take a family of minimal £-geodesics {7717 | 71 < 71 < T2 < To, 7,y € M} so that a
map (z,71;y,T2) — Yz 2 is measurable. The existence of such a family of minimal £-geodesics
can be shown in a similar way as discussed in the proof of [21, Proposition 2.6] since the family
of minimal £-geodesics with fixed endpoints is compact (cf. [6, the proof of Lemma 7.27]). For
cach 7 € [71,T], take a measurable section ®(7) of g(7)-orthonormal frame bundle ©9(7) (M) of
M. For z,y € M and 11,70 € [71,T] with 71 < 79, let us define ®;(z,11;y,72) € F(M) for
1=1,2 by

Oy (z, 715y, 72) = () (2),

Bo(x, 115y, 72) = mpy 0 8 (2),

where mg}™ is as given in Definition 2. Let us take a family of R9-valued i.i.d. random variables

(An)nen which are uniformly distributed on a unit ball centered at origin. We denote the
(Riemannian) exponential map with respect to g(7) at © € M by expg). In what follows,
we define a coupled geodesic random walk X§ = (X£,,Y5,) with scale parameter ¢ > 0 and
initial condition X§ = (1, y1) inductively. First we set (X% ,,YZ,) := (v1,y1). For simplicity

of notations, we set t, := (s +&?n) A (T/72). After we defined (X§);c(s+,), we extend it to
(Xi)té[&t»,hq} by

5\1(31 = Vd+20,(X5,, Titn; Ye,  Tatn) Ant1, 1=12

e [t—t A
X = ey (StvmRal, ).

T1tn
e e (ta) (Tt 5=1(2)
Yo, = expy: " |~V 279N

for t € [tn,tn+1]. We can (and we will) extend the definition of X¢ for 7 € [T'7y /7, T] in the
same way. As in section 3, X2, does not move when 71 = 0. Note that the term v/d + 2 in the

definition of 5\1(3_1 is a normalization factor in the sense Cov(v/d + 2\,,) = Id. Let us equip path
spaces C([a,b] — M) or C([a,b] — M x M) with the uniform convergence topology induced
from ¢(T'). Here the interval [a,b] will be chosen appropriately in each context. As shown in
[15], (X5)repms,m) and (Y)refrs,r] converge in law to g(7)-Brownian motions (X7 ) [z 7] and
(Y2)rejrps,r) On M with initial conditions Xz s = 1, Yz,s = y1 respectively as ¢ — 0 (when
71 > 0). As a result, X¢ is tight and hence there is a convergent subsequence of X¢. We fix such
a subsequence and use the same symbol (X¢). for simplicity of notations. We denote the limit
in law of X¢ as ¢ — 0 by Xy = (X4, Y5,¢). Recall that, in this paper, g(7)-Brownian motion
means a time-inhomogeneous diffusion process associated with Ay, instead of Ay, /2.

Remark 7. We explain the reason why our alternative construction works efficiently to avoid
the obstruction arising from singularity of L. To make it clear, we begin with observing the
essence of difficulties in the SDE approach we used in section 3. Recall that our argument is
based on the It6 formula. Hence the non-differentiability of L at the L-cut locus causes the
technical difficulty. One possible strategy is to extend the It6 formula for £-distance. Since L-
cut locus is sufficiently thin, we can expect that the totality of times when our coupled particles
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stay there has measure zero. In addition, as that of Riemannian cut locus, the presence of
L-cut locus would work to decrease the L-distance between coupled particles. Thus one might
think it possible to extend It6 formula for £-distance to the one involving a “local time at the
L-cut locus”. If we succeed in doing so, we will obtain a differential inequality which implies
the supermartingale property by neglecting this additional term since it would be non-positive.
Instead of completing the above strategy, our alternative approach in this section directly
provides a difference inequality without extracting the additional “local time” term. When the
endpoint of minimal £-geodesic is in the L-cut locus, we divide it into two pieces. Then the pair
of endpoints of each piece is not in the £-cut locus. As a result, we obtain the desired difference
inequality of L-distance even in such a case (see the proof of Lemma 4 for more details). In
order to follow such a procedure, it is more suitable to work with discrete time processes.

5.1 Preliminaries on properties of L-functional

Recall that we assumed the uniform lower Ricci curvature bound (2). On the basis of it, we can
compare Riemannian metrics at different times. That is, for 71 < 7o,

g(n) < KMg(my) (23)

(see [30, Lemma 5.3.2], for instance). Recall that p,(;) is the distance function on M at time
7. Note that a similar comparison between py(;,) and py(r,) follows from (2). By neglecting the
term involving 4 in the definition of L(7), the condition (2) implies

. 2dK ( 372 32
f Lz, 7 > 28 ( — ) . 24
JZ,ZHEM (x>7—1a y77_2) - 3 Ty T ( )

We also obtain the following bounds for L from (2) and (23). Let «y : [71,72] — M be a minimal
L-geodesic. Then, for T € [11, 1],

e—2KT , 9 »
—pg(Fl)(’Y(Tl)7’Y(T)) - gdK(TQ —

2(ym2 = /7)
(see [6, Lemma 7.13] or [31, Proposition B.2]). The same estimate holds for pyz)(v(7),7(72))
instead of py(z)(y(71),7(7))?. Taking the fact that L-functional is not invariant under re-
parametrization of curves into account, we will introduce a local estimate on the velocity of the
minimal £-geodesic 7.

713/2) < L(y(71), 1157(72), 72) (25)

2

Lemma 3. Let 7,70 € [71,T] and suppose that 79 — 11 > & for some § > 0. Then, for any
compact set Mg C M, there exist constants C; > 0 depending on K, My and § such that, for any
v, o] = M with y(11),v(12) € My and 71 < 7 < 79,

A < Cr. (26)

Proof. Though the conclusion follows by combining arguments in [6, Lemma 7.24] and [36,
Proposition 2.12], we give a proof for completeness. Let o € M be a reference point and take

ro > 0 so large that BfO(/Tz) (0) contains My. Take Ko > 0 so that sup, |Ry-y| < Ko holds on

B;(«](ET)(O). We claim that there exists a constant Cy > 0 such that

L(x>7—1;y>7-2) < CO (27)
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for any x,y € My. Take a constant speed ¢g(7T')-minimal geodesic g : [11, T2] — M joining x and
y. Note that 7q is contained in By, (T)( ). Thus, by virtue of (23), we have

T2

L(CC;TIKU; 72) S /

T1

V7 (10(1) By + Ry (20(7)) ) dr

2e QKTTQB/Q Tf/2 9  2Ko, 312  3)2
< 3 (=) dg(ry(z,y) +— (" =m"")
2T3/262KT ) 2K, 32
< ng(T) (z,y)” + 3 T

Thus the claim follows since z,y € Mj.
By combining the above claim with (25), we can show that there exists r1 > 79 which

is independent of 7 such that ~(7) € B%(T) (o) for any 7 € [r,m2|. Take K; > 0 so that
| Ricy(r) lgr) < K1 and |[VRy)lgr) < K1 hold on B?I(T)(o) for any 7 € [71,T]. By a similar
argument as in [6, Lemma 7.13 (ii)], there exists 7% € [y, 72| such that

1
= 2(/m - v

By virtue of (2), there exist constants ¢}, C > 0 which depends on K, K; and T such that for
all 71,75 € [11, To] with 7 < 74,

™ )2 (2o minm )+ 2@ ) )

5 "y (14 ‘2( 0 <dm "y (1) ‘ s + C1, (29)

Tl "'7(7'1)‘3(7-{) < 617'2 "7 7'2 ‘g(Té) + Ci' (30)

The first inequality in (29) can be shown similarly as [6, Lemma 7.24]. It is due to a differential
inequality based on the £-geodesic equation (7) which provides an upper bound of 9, (7]%(7) 5(7)).
By considering a lower bound of the same quantity instead, we obtain the second inequality (30)

in a similar way. Hence the proof is completed by combining (29) and (30) with (28) and
(27). O

Let us recall that the £-cut locus, denoted by LCut, is defined as a union of two different
kinds of sets (see [36]; see [6, 31] also). The first one consists of (z,71;y,72) such that there
exists more than one minimal £-geodesics joining (x,7;) and (y,72). The second consists of
(z,71;y,72) such that (y,72) is conjugate to (z,71) along a minimal £-geodesic with respect to
L-Jacobi field. Note that L is smooth on M \ LCut (see [36, Lemma 2.9]) and that £LCut is
closed (see [31]; though they assumed M to be compact, an extension to the non-compact case
is straightforward).

5.2  Variations of the L-distance of coupled random walks

For proving Theorem 2, our first task is to show a difference inequality of A(¢, X?) in Lemma 4.
T1tn,Tatn

We begin with introducing some notations. Set «y, := xs and let us define a vector field
)\L 41 along v, by )\n+1 = /T/taXy 1(7), where Ay | is a space-time parallel vector field

NG,

along -, with initial condltlon )\n 11(71tn) = A, 1. Let us define random variables ¢, and ¥, as
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follows:

. Totn
Cn_;’_l = \/Z <)\;’rz,+1( ),’Yn(T))g(T) ="t ’
- 1 3/2 i 9 Totn
Ypy1 = tn | (RQ(T) (Y (7)) — W"(TNQ(T)) T=Titn
Totn
T . 3 )\
+ < (\tf = 2V Ricy(r) (M (7), ALMTD)
n T=T1tn
Totn
— [ v () A ) dr ).
Titn

Here H is as given in (13). The term (,41 corresponds to the martingale part of A(¢,X;) and X,
does to the one dominating the bounded variation part of A(¢, X, fft) in section 3. As we will
see in Lemma 4 below, there is a discrete analogue of the It6 formula (and the corresponding
difference inequality) involving (, and ¥,,. As a result of our discretization, we are no longer
able to apply Proposition 1 directly to estimate X, itself. In this case, we can do it to the

conditional expectation of ¥, instead. Set G,, := o(\1,...,Ay). Then, since each ®; is isometry
and (d + 2)E[(\,, €;) (A, €5)] = 0;5, Proposition 1 yields
d
E [ZnJrl | gn] < T (\/% \/H) (tnaxgn) (31)
n n

For My C M, we define oy, : C([s,T/T2] = M x M) — [0,00) by
ory(w,w) :=1inf {t > s | wzt ¢ Mo or wry ¢ Mp}.
For simplicity of notations, we denote oz, (X®) and o, (X) by 0§, and 09\/[0 respectively. As

shown in [15], for any 1 > 0, we can take a compact set Mo C M such that lim._o P[o5, <T] <7
holds (cf. [17]).

Lemma 4. Let My C M be a compact set. Then there exist a family of random variables
(@) neNeso and a family of deterministic constants (8(€))e>0 with lim._.od(e) = 0 satisfying

> Q5, < 6(e) (32)
n; tn<o% A(T/72)
such that
Ans1, X5, 1) € Aty X5) + 2ast + 25001 + Qipy. (33)
Proof. When (X¢(7ity,), Titn; Y (Toty), Toty) ¢ LCut, the inequality (33) follows from the Taylor
expansion with the error term Q% ,; = o(¢?). Indeed, the first variation formula ([6, Lemma 7.15]
cf. (8)) produces ¢, +1 and Corollary 2 together with (9) implies the bound £2%,, ;1 of the second
order term. To include the case (X¢(Tity), Titn; Y (Tatn), Tot,) € LCut as well as to obtain a
uniform bound (32), we extend this argument. Set 7,f := (71 + 72)t,/2. Then we can show
(XZit,0 Titn; Ya(70), ) & LCut,
(Y1), Trs X541, , Totn) ¢ LCut
since minimal £-geodesics with these pair of endpoints can be extended with keeping its mini-
mality (cf. see [6, Section 7.8] and [36]). Set x| = exp (W)\nﬂ( )) The triangle
inequality for L yields

A(tnvxa)_L(Xﬂtn Tltn,lyn( )a n)_‘_L(’yn( )77-717X7'2tn TQtn)’

€ = Lk * * . YE =
A(tn-i-l’ th+1) <L (Xq‘—ltn+1 s Titny1; Ln+1> Tn+1> + L <$n+17 Tn—i—l’ X%gtn+1 ) TQtn-H) :
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Hence
A(tn+17 X§n+1) - A(t’na an) < (L (qu—ltn+1 ) 7_—1tn+1§ 'r;;-i,-la 7—;4-1) —L (Xiétltna 7_—1t’n; 771(7—’;:)’ 7—7):))
+ (L ('(I’.;Iib-‘r-l’ T;Lk-i-l; X7§'2tn+l ) 7t2t"+1> —L (7774(7—;)7 T;Lk; X%tn ) 77_2%1))

and the desired inequality with Q% = o(¢?) holds by applying the Taylor expansion to each term
on the right hand side of the above inequality.

We turn to showing the claimed control (32) of the error term Q5. Take a compact set
M; D My such that every minimal £-geodesic joining (x,71t) and (y, 7»t) is included in M if
x,y € My and t € [s,T/T2] . Indeed, such M; exists since we have the lower bound of L in (25)
and L is continuous. Let us define a set A by

x,y € My,
T — 11 > (T2 — T1)s,
A= ((11,2), (73, 2), (12,9)) € ([71, T] x My)? | 73 = (11 + 72)/2,
L(z, 715 2,73) + L(2, 73,9, 72)
= L(z, 11y, 72)

Note that A is compact. Let 7, m2 : A — ([71,T] x M;p)? be defined by

771((7—17‘%')7 (737 Z)v (727:9)) = ((7—17 x)v (7—37 Z))?
772((7—1737)7 (7-37 Z), (7'2,3/)) = ((T3, Z)a (7—273/))'

Then m1(A) and m2(A) are compact and m;(A) N LCut = @ for ¢« = 1,2. The second asser-
tion comes from the fact that (z,73) is on a minimal £-geodesic joining (z,7;) and (y,72) for
((x,71),(2,73),(y,72)) € A. Recall that LCut is closed. Thus we can take relatively compact
open sets G, Gy C [71,T] x M such that 7;(A) C G; and G; N LCut =  for 4 = 1,2. Then the
Taylor expansion we discussed above can be done on G1 or Go for sufficiently small . Recall
that L is smooth outside of LCut (see [6]). Thus the convergence ¢ 2Q,(¢) — 0 as ¢ — 0 is
uniform in n and independent of X§ as long as t, < o, A (T/72). Since the cardinality of
{n | tn <ofy, A (T/72)} is of order at most £72, the assertion (32) holds. O

We next establish the corresponding difference inequality for ©;(X§) (Corollary 3). For that,
we show the following auxiliary lemma.

Lemma 5. Let My C M be a compact set. Then there exist deterministic constants Cy > 0
depending on My such that max {|Ca|, |[A(tn, X5 )|, |En|} < Co holds if t, < o, N (T/72).

Proof. By the definition of (,,, we have

[nl < V2(d 4 2)tn—1 (11 (TFrtn—1)lg(rtn_1) + T2/ im—1(T2tn—1)|g(mtn_1)) -

Thus the asserted bound for |(,| follows from (26) and (23). Similarly, the estimate for A(¢,, X§ )
follows from (25) and (23). For estimating ¥, we deal with the integral involving H in the
definition of X,,. Note that every tensor field appeared in the definition of H is continuous. As
in the proof of Lemma 4, take a compact set M1 O My such that every minimal £-geodesic joining
(v, 71t) and (y, Tot) is included in My if v,y € Mg and t € [s,T/7s]. Since Xj | € Mgx My holds
on the event {t, < o3, A(T/72)}, the upper bound (26) of \/7|(7)| implies that H (¥,,(7), Z(7))
is uniformly bounded for any vector field Z(7) along ~, of the form Z(7) = \/7/t,Z*(7) with
a space-time parallel vector field Z*(7) satisfying |Z*(7)|y-) < 1. This fact yields a required
bound for the integral. For any other terms in the definition of ¥,,, we can estimate them as we
did for ¢, and A(t,, X§ ). O
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By virtue of Lemma 5, Lemma 4 yields the following:

Corollary 3. Let My C M be a compact set. Then there exist a family of random variables
(@Q5)nene>o and a family of deterministic constants (6(€))e>o0 with lim._od(e) = 0 satisfying

> Q;, < 8(e)
n; tn<ai/lo/\(T/'F2)

such that

2
Ot (X5, 1)) < O, (XG,) + % (V72 — V1) Atn, X5 ) — 26%d (V72 — V/71)”

+ 2e (\/thn+1 - \/ﬂtn+1> o1 + 267 (\/ﬁtnﬂ - \/ﬁtn+1) Y1

+ Q- (34)

For u € [s,T/72], let us define |u|. by

|ue :=sup{s +&’n |n € NU{0},1 4 &%n < u}.

Set 6%, = oG, Je + 2. Note that {634, = tn} € Gy for all n € NU{0}. We finally prepare the
following moment bound of ©(X;) before entering the proof of Theorem 2.

Lemma 6. There exists c3,C3 > 0 such that

E

sup @t(Xt)2] < c304(71,11)? + Cs.
S<t<T /7

Proof. Recall that © is uniformly bounded from below by (24). Take b > 0 so large that
Oi(z,y) +b >0 for x,y € M and t € [s,T /7] and set O.(z,y) := O (z,y) + b. It suffices to
show

E| sup ©0y(Xy)?| <464(z1,41)* +C

s<t<T/7»

for some C' > 0. Take a relatively compact open set My C M and consider étn A&, (X5 A &?\40)'

Lemma 5 ensures that the term appeared in (34) is integrable on the event ¢, < 65, . Thus
Corollary 3 and (31) yields that

E[O0,,n05,, (X ns5, ) — Otunoy, Xinos,. ) | Gn] <3(6).

By imitating the proof of the maximal inequality (cf. [28, Chapter2, Exercise 1.15]), we obtain

A 1 /4 -
P sup  04,(X7) 27| < - (Ou(an,m) +3(e))

n; s<tn <65, ANT/7)

for r > 0. Then, by following the proof of the Doob inequality in [28],

~ ~ ~ 2
E|  swp  (0,(Xi) AR <4(O(wrum) +3()) (35)

5<tn <65, NT/7)
holds for each R > 0. By (23) and the definition of X¢, there exist Cjz, > 0 such that

(ét/\a;,o (X5) AR)* < (O, (an/\&;lo) A R)? + Cpye
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for t € [tn, tnt1]. Thus (35) yields

~ N ~ 2
Bl swp (60X AR?| <4(0u(e1,m) +3() +Cuse. (36)

sgtgoﬁlo AT /72)

Let us turn to estimate the second moment of sup, ét(Xt). Note that we have

E| sup (ét(xt) A R)?

SStST/?Q

<E| sup (0:(X¢)AR); 0fy, >t

SStST/‘T'Q

+ R*PloY,, <t. (37

A~

Since {w | oa (W) > t} is open and the map W +— sup,<i<p/z, (Ot(we) A R)? is bounded and
continuous on C([s,T /7] — M x M), (36) yields

E| sup (04X AR)?; 0%, >t| <UminfE| sup (64Xf)AR)?; o5y >t
s<t<T/7» =0 | s<t<T /7
< liminfE sup (6,(X5) A R)?
e—0 s<t<os, NT/72)

< 4@5(901,3/1)-

Thus the conclusion follows by combining the last inequality with (37) and by letting My T M
and R — oo. O

5.3 Proof of Theorems 2 and 3

Proof of Theorem 2. First we remark that the map (z,y) — (X%, ., Y7, ) is obviously measurable.

Thus, we obtain the same measurability for the law of (X7 ., Y5,.). The integrability of ©:(Xy)
follows from Lemma 6. We will show the supermartingale property in the sequel. For s < 51 <

< sy <t <t <Tand fi,...,fm € Ce(M x M — R) with 0 < f; <1, Set F(w) :=
[T7%, fi(ws;) for w € O([s,T/%] — M x M). Take > 0 arbitrarily and choose a relatively
compact open set My C M so that IF’[U%O < t] <7 holds. Note that limsup,_,Plog, <] <7
also holds since {w | opr (w) < t} is closed. It suffices to show that there is a constant C' > 0
which is independent of 1 and My such that,

E [ (Oum0t, Kinat, ) = Ournot, Kenat, ) FXoppg, )| < Ci (38)
holds. In fact, once we have shown (38), then Lemma 6 yields

E[(©:(X:) — 05(Xs)) F(X)] <0

: 0
since oy, — oo almost surely as My [ M.

Take f E_C’C(M X M) such that 0 < f <1 and f|y = 1, where U C M x M is a open set
containing My X My. Then, by virtue of Lemma 6 and the choice of Mjy,

E [(925/\0'240 ()(25/\0'24O ) - 615’/\0'%40 (Xt’/\a%o )) ‘F()(-/\O']DuO )}

<E[(04(X) — 0p(Xp)) F(X) F(Xp)F(X) 5 0%, > 1] + 2012 /m, (39)
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where Cy 1= c304(1,y1)? + C3. Since {w | opr, (W) >t} is open,
E [(0:(X1) — 00 (Xp)) f(Xe) f(Xp)F(X) ; olly, > 1]
< liminf E [(©,(X7) — O, (X3)) F(X{) /(X3 F(X°) : oy, > 1
— lim nf B [(@LtJE(X@JE) - @Lt,JE(x@,JE)) F(X5y ) (XS )F(XT) 5 oy, > t] . (40)
Here the last equality follows from the continuity of © and f. Then
E [(@LtMXTth) _ @Lt,JE(X@,JE)) (X5 ) (X5 VF(XF) 5 oy, > t}

<E [(@LtJEA&%O (XTtJEA&%) = O).nss,, (Xfﬂjew%)) F(X-gmgfo)]

1/2
+2E| sup |@U<Xz>f<xz>|2] Blot, <47 (41)

s<u<T /7 -

Since a function W — sup;<,<7/7, [Ou(Wu) f(Wy)| on C([s,T/72] — M x M) is bounded and
continuous, we have

limsupE

e—0

1/2
sup I@u(XZ)f(XZ)I2] Plosy, < 1'% < %/, (42)

s<u<T /7T

Now, with the aid of Lemma 5, the iteration of (34) together with (31) yields

E [ (81155, Kitjonas, ) = Owterss, Kivjonas, ) F Xz, )] < 3(6). (43)
Here 5(5) is a constant appeared in Corollary 3. Hence we complete the proof by combining
(40), (41), (42) and (43) with (39). O

Proof of Theorem 3. Fix 1 < s <t <T/T». We may assume

Ts00, (P(T18, ) VOly(z 1), a(T258, ) VOlg(mypy) < 00

without loss of generality. Let 7 be a minimizer of Zg.0, (p(715, ) voly(z,4), ¢(T2s, -)Volg(fgt)),
where the existence of 7 follows from [32, Theorem 4.1], using the lower bound (24). For each
(z,y) € M x M, we take coupled Brownian motions (X7) ¢z s and (YZ) ¢jz,s ] with initial
values XZ, = x and Y, = y as in Theorem 2. Since the law of (X*,YV) is a measurable
function of (z,y), we can construct a coupling of two Brownian motions (X7, ., Yz,.) with initial
distribution 7 from ((X%.,Y2 ))zyenm as a coordinate process on C([s,T/72] — M x M) by
following a usual manner. By Theorem 2, ¢ (@t (X;’?lt, Y%t)) is a supermartingale. Hence we
have

E (¢ (01 (X7yt, Yart))] = /MxM E [ (61 (X%, YY))] n(dx, dy)

< /MxMw@s(x,y))w(dx,dy)

= LpoB, (p(i—lsa ) VOlg(‘Fls)v Q(%Z& ) VOlg(fgs)) .

Since the law of (X7, Yz,¢) is a coupling of p(7it, ) voly(z ) and ¢(7et, -) vol we have

g9(72t)>
IZpo@t (P(ﬁt7 ) VOlg(ﬁt)a Q(thv ) VOlg(fzt)) <E [(p(@t(X’ﬁtv }/77'275))]

and hence the conclusion follows. O
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