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A. Introduction

I. Characterizations by associative alge-
bras

1. Compact topological spaces, continuous
functions (Gel'fand-Neumark theory):

CUTy) ~ CNT) = Ty ~ T

p*={feC’(T): f(p) =0} (peT)
Z(CO(T)): set of maximal ideals of CO(T)
py € Z(CO(T1)) — ph € I(CO(T»))

) 0
p1 €1h — p2 €1

2.a. Compact smooth manifolds, smooth func-
tions: similar

2.b. Non-compact smooth manifolds, smooth
functions: 1-codimensional ideals



3. Real-analytic and Stein manifolds, real-
analytic and holomorphic functions: similar
(second countable, paracompact)

II. Characterizations by Lie algebras

1. Smooth manifolds, smooth compactly sup-
ported vector fields (Pursell and Shanks, 1954):
maximal ideals

pt={X € X.(M) : X flat at p}

2. Analytic manifolds: maximal finite-codimen-
sional subalgebras

p° = {X € Xe(M) : (Xf)(p) = 0,Vf € C*(M)}

3. Lie algebras of vector fields that are mod-
ules over the algebra of functions (Skryabin,
1978): purely algebraic, module structure

4. Other Lie algebras of vector fields (pre-
serving a symplectic or contact form, Hamil-
tonian vector fields, Poisson brackets of func-
tions, ...): specific methods



B. Lie algebraic characterizations by dif-
ferential operators

I. Goal

1. D(M),].,.]: linear DO

2. S(M) = Sec(STM) = Pol(T*M),{.,.} :
symbols

3. DI(M),[.,.]: 1st order linear DO

D(Ml) ~ D(M2> = M7 ~ Mo

II. Quantum and classical Poisson alge-
bras

1. Quantum Poisson algebra (model: D(M)):

Associative filtered algebra D,
Do DI C DT,

such that the Lie bracket verifies
[D', D)) c D'TI!

A =D (model: C®°(M)) commutative sub-
algebra of D



2. Classical Poisson algebra (model: S(M) =
Sec(STM) = Pol(T*M)):

Commutative associative graded algebra S,
equipped with a Poisson bracket such that
{Si, S} CSij—1

A = Sg (model: C°(M)) associative and
Lie-commutative subalgebra of S



3. Quantum Poisson algebras induce classical
Poisson algebras:

Graded vector space: S; = D!/Di—1

Symbol of order i > deg(D):

0, if i > deg(D),

oi(D) = cl(D) = {J(D), if ¢ = deg(D)

Commutative multiplication:
o(D1) - 0(D2) = 0 geg(D;)+deg(Dy) (P10 D2)

Poisson bracket:

10(D1),0(D2)} = 0 geg(Dy)+ deg(Dy)—1([P1, D2])

4. Basic example:

D(M), S(M) = Sec(STM) = Pol(T*M)



III. Algebraic approaches to differential
operators

1. Differential operators associated to a uni-
tal associative commutative algebra A
(C°°(M))(Grothendieck, Vinogradov):

DO(A) = A
DT1(A) = {D € End(A) : [D, A] c D'(A)}

2. Quantum Poisson algebras
2.a. Algebraic characterization of filters:

Dt ={DeD:[D, A c D}7
2.b. Algebraic characterization of functions:

A Nil(D)
{DeD:VAe€D,Ine N
n

D.[D,...[D,A]]] = 0}?

2.c. Distinguishing Lie bracket:
n
Vfe A, IneN:[D,[D,...[D,f]]] =0
=DecA




3. Examples

3.a. A non-distinguishing bracket:

A = Pol(R), D = D(A)

3.b. A distinguishing bracket:

D(M),S(M) = Pol(T*M)

Vfe AdneN:ID [D....[D. fl]] =0
=DecA




IV. Pursell-Shanks type results

Theorem 1 Let D; (i € {1,2}) be non-singular and
distinguishing quantum Poisson algebras. Then ev-
ery Lie algebra isomorphism & : D; — D, (think:
D(M1) ~ D(M>)) respects the filtration and its re-
striction ® |4, to A1 has the form & | = kA, where
k € Ao is invertible and central in D> and A . A1 —
A> is an associative algebra isomorphism (think:
C>®(M71) ~ C>*(M>))

Theorem 2 The Lie algebras D(M1) and D(M>)
(resp. S(M1) and S(M>), or DY(My) and Dl(M>))
of all differential operators (resp. all symmetric con-
travariant tensors, or all differential operators of order
1) on two smooth (resp. real-analytic, holomor-
phic) manifolds M; and M, are isomorphic if and
only if the manifolds M1 and M> are smoothly (resp.

bianalytically, biholomorphically) diffeomorphic.



C. Automorphisms and derivations
I. Locality and filtration

D : one of our 3 (filtered) LA (think D(M))
(' : derivation of D

ep—1t
eD"
—N—
cD?

[C D, f]

C' has a bounded weight, i.e. thereis d € N
s.th. CD! c D14 v; € N

D =) [Xy,Dg],CD = > ([CXy, D] + [ Xy, CDgl)
k k

C is local, i.e. support preserving
P; (&)
0= Cl[z"2)] =[Cx", 2] — [Cx?, "]

afj i = O, D)

e, P = P,



[P, zY] = Cx*
Cf—[Pfle A

(C —ad P)D' Cc D', Vi € N (P € DD

P1l: C — adP respects the filtration



II. Restriction to functions

® € Isomp4(D(My1), D(M>))
® € Isomy g(C®(M1), C®(M>))
[D,A] < f.g, f.D

L 294
[fe Tz, o]l =0

ff,?“f €CagaCE&=EndD

ade C € Der&,(adeC) (Caga) CCaga
(C—-C(1)id) |4 € DerA=X(M)

(C —adY) | 4= kid

P2: C—- adY reduces on functions to a
multiple of identity

In the following we assume that the
derivations are corrected and verify
Pl and P2



III. Derivations of (D1(M), [, .])

Dl=Ap X, C |yve Z1(X,A)

Finally,

correction  Cla Cly
C(f+X) =1V, f+ X] +%f + X divX +w(X)

YeAX, krAeER weE Qln kerd, unique

HY(DY, D) =R? ¢ H} R



IV. Derivations of (S(M) = Pol(T*M), {.,.})

SteDlo(f+X)=rf+ ) divX +w(X)

Extension of k id:
Deg:S;5P—(i—1)PeS;

—k Deg f=kf
Extension of div: impossible
Extension of w:

locC

w(X) = (df)(X) ={X, f}

loc

w(P) = {P, f} = N(dP,df)
w(P) = (—7*w)¥(dP) = (dP)(wY), 7 : T*M — M
Finally*,
corrections Kf A div X w(X)

A~ T

cP)= {Q,P} “rkDeg P+ 0 +°(P)
QeSS keR weQnkerd
k unique, (Q,w) : (Q+ h,w+dh),h € A
HY(S,8) =R Hig

“C{X, P} = {X,CP}




V. Derivations of (D(M),[.,.])

C(f+X)=
S: —k Deg S: 0 S: w=4{,f}
D : 0 D: 0 D: w=/[,f]
“F + 2 div X + o(X)
FinallyT,

corrections  w(X)
e —~
C(D)= [A,D] +w(D)

AeDweQnkerd
(A, W) (A4 h,w+dh),he A

HY(D,D) = H

" Needle in haycock”



VI. Canonical and equivariant quantiza-
tions

D(R™) & Pol(T*R™)
S D (@) 5 i S D) 6
Dy (R™) &t Pol(T*R™)
otot © Lx = Lx 0 0o, VX € X(R™)

oiotD — oD € PolSF—L(T*R™), VD e DF(R™)

X(R™)  sl(n + 1,R)
Dy (M) &t Pol(T* M)
Fx, G = Q; 1 (QpF o QyG)

(QpP = hFo 1P, P e Pol*(T*M))



_ 7k gk
=7 Y.

DE(QP(M),C°(M)) %8 Sec(SSFTM @ NP TM)

E T ¢
Dp — Dq
i Otot i Otot
sk L st



VII. Integrability of derivations

Automorphisms-derivations:

Ad(exp(tg)) = et 29

Diffeomorphisms-automorphisms:

¢ € Diff(M) induces ¢ € Aut(D)

If D=DY(M) or D=D(M),

(¢+D)f = D(fog)ogp !
(¢+«X . push-forward of X)

If D=S8(M) = Sec(STM) = Pol(T*M),
pxP = P o (¢)~1
(é+ 1 push-forward, & : phase lift)



VII.a. First order differential operators

Automorphisms of D1:
Sy kaQ(f+X) =
$x(X) 4+ (K f+AdivX +Q(X))op™ !

¢ € Diff(M), K e R*, A e R,Q € Q'nkerd, unique

Divergence:

Lxn = (divy X) n; div), X,|n|: odd volume?
div: X — C°°,div[X,Y] = [X, divY]-[Y, div X]

Group condition$:
Cb(btaKta/\taQtOCD(bS7K87/\87QS — ¢¢t—|—87Kt—|—S7At—|—S7Qt+S

At (diV ¢sX) 0§71

*Nowhere vanishing 1-density po; Lx(fp3) — X (f)py =
My (X)pg, v(X) = divp, X; priviliged coho. class
5§Smoothness with respect to the differential structure
of M, i.e. Rx M > (t,z) — (&:D)(f)(xz) € R is
smooth, for any D and any f



divy,|¢=X = (divgb*w X) o1
€ COO(M,RT'_)
* —N—
¢ |n|l= J(@) |n]|

J(9)(x) L | det Oy |

J(poy) =v"(J(¢)).J(¥)

G . group, M : left G — module

C:G—->M

g1-C(g2) —C(g1-92) + C(g1) =0

¥ ((InoJ)(#))—(InoJ) (o) +(InoJ) () =0

Div = InoJ € ZY(Diff(M), C®(M))

Div(Exp(tX)) = /Ot div X o Exp(sX)ds



Py A0 = Hx(X)+(K f+AdivX+Q(X))op™ !

Cb(btaKta/\taQtOCD(bS7K87/\87§28 — ¢¢t+S7Kt+S7At+S7Qt+S

(V1)1 X) 0 @7
= (divjy X + X ((InoJ) (¢))) 0™

= (div X + d(Divy) (X)) op?

Gt © Ps = ¢t—|—87¢0 = id; Kt Ks = Kits Ko =1,
/\t + Kt/\87 /\O = 0,

KiQs + 952 + At d(Div ¢s) = 445,920 =0

Y € X(M) complete
kK, A €R
w e QL(M) N kerd
unique

Explicit form of ®y, ki, A, 0,



Theorem 3 A derivation
CY,K,,)\,W(X + f) =

Y, X+ fl+ s f+ A divX +w(X)

of D1(M) induces a one-parameter group &y
of automorphisms of D (M) if and only if the
vector field Y is complete. In this case the
group is of the form

P(X + f)

(¢1)+(X)
=(BExp(tY))«(X)

(K¢ f+N divX)og;

~

_|_<€/ﬁ}tf_|_>\

N\

e/ﬁ?t L

1 .
d|vX> o Exp(—tY)
K

Qt(XA)oqst—l

~

+ [/Ot e (t—5) [/\ /OSX(divY o Exp(uY))du

+ ((Exp(sY))*w) (X)] ds] o Exp(—tY")



VII.b. Linear differential operators

Automorphisms of D(M):

D = ¢y 0C%0 e’
b € Diff (M),
a€{0,1},c% =id,Ccl =C = —=,

Qe QY (M) N kerd

| Dglnl= [ £D"(9) I
(n volume of M, f,g € C°(M))
(Do A)* = A* o D
C(DoA)=—C(A)oC(D)

C(DoA—AoD) =C(D)oC(A)— C(A)oC(D)



Cb(b,Q — ¢* Cce

Cpp=adA+w

Theorem 4 A derivation

CA,w(D) = [A, D] +w(D)

of the Lie algebra D(M) of all differential op-
erators is integrable if and only if A € X(M)
and A is complete. In this case the one-
parameter group of automorphisms $; gen-
erated by Cp ,, reads

®, = (Exp(tA))s o eJo(EXP(sA))*wds



VII.c. Symmetric contravariant tensor
fields

Automorphisms of S(M):
® = by o Uy 0 e
é € DIff(M), K € R*, Q € QY (M) N kerd

U : S;(M) > P — K~ lpe S; (M)

Derivations of S(M):

C =adS + x Deg+w
SeS(M),keR,we QY (M) N kerd
kDeg:S;(M)>P — (i—1)k Pe S;(M)
Automorphisms-derivations:

SeX(M), S complete



D. Differential operators over a real line
bundle

7. L — M: real line bundle

D(L): differential operators mapping Sec(L)
into Sec(L) (definition " a la Vinogradov ")

¢ € Sec(Lyr): nowhere vanishing section of L
over U

e : Sec(Ly) 2 ps — p € C°(U)

:DF(Ly) 3 A = o Aol € DF(U)
(D)) =1 (D)@ 1)), & =5
01 (Zo (D)) = 0(Ze(D))
® : S(D(L)) 5T S(D(M))

|Lo|= Lo/Z>

Uai UaUs
<[, {Sas =S} {Cﬁ, —<3}; Sa +Cp

an isom

v D(L) D(M)



