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Abstract

A strategy to address the inverse Galois problem over Q consists of exploiting the knowl-
edge of Galois representations attached to certain automorphic forms. More precisely, if such
forms are carefully chosen, they provide compatible systems of Galois representations satis-
fying some desired properties, e.g. properties that reflect on the image of the members of the
system. In this article we survey some results obtained using this strategy.
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1 Introduction

The motivation for the subject of this survey comes from Galois theory. Let L/K be a field
extension which is normal and separable. To this extension one can attach a group, namely the
group of field automorphisms of L fixing K, which is denoted as Gal(L/K). The main result of
Galois theory, which is usually covered in the program of any Bachelor’s degree in Mathematics,
can be stated as follows:

Theorem 1.1 (Galois). Let L/K be a finite, normal, separable field extension. Then there is the
following bijective correspondence between the sets:

{ E field } N {HgGal(L/K)},

KCFECL subgroup

E — Gal(L/E)
L i L

Usually the students are asked exercises of the following type: Given some finite field extension
L/Q which is normal, compute the Galois group Gal(L/Q) attached to it. But, one may also ask
the inverse question (hence the name inverse Galois problem): Given a finite group G, find a finite,
normal extension L/Q with Gal(L/Q) ~ G. This is not a question one usually expects a student
to solve! In fact, there are (many) groups G for which it is not even known if such a field extension
exists.

Problem 1.2 (Inverse Galois Problem). Let G be a finite group. Does there exist a Galois
extension L/Q such that Gal(L/Q) ~ G?

The first mathematician that addressed this problem was D. Hilbert. In his paper [13] he proves
his famous Irreducibility Theorem, and applies it to show that, for all n € N, the symmetric group
S, and the alternating group A, occur as Galois groups over the rationals. Since then, many
mathematicians have thought about the inverse Galois problem, and in fact it is now solved
(affirmatively) for many (families of) finite groups G. For instance, let us mention the result
of Shafarevich that all solvable groups occur as Galois groups over the rationals (see [23] for a
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detailed explanation of the proof). However, it is still not known if the answer is affirmative for
every finite group G, and as far as I know, there is no general strategy that addresses all finite
groups at once. An account of the different techniques used to address the problem can be found
in [32].

Let K be a field, and let us fix a separable closure Kg,. There is a way to group together all
the Galois groups of finite Galois extensions L/K contained in Kgep,, namely the absolute Galois
group of K. It is defined as the inverse limit

Gi = Gal(Keep/K) = lim  Gal(L/K).
finitf/GI'ilois

This group is a profinite group, and as such is endowed with a topology, called the Krull topology,
which makes it a Hausdorff, compact and totally disconnected group. A very natural question to
ask is what information on the field K is encoded in the topological group Gg. In this connection,
a celebrated result of Neukirch, Iwasawa, Uchida and Ikeda establishes that, if K, Ko are two
finite extensions of Q contained in a fixed algebraic closure Q such that Gx, ~ G,, then K; and
K are conjugated by some element in Gg (cf. [34], [16]). Let us note, however, that we cannot
replace Q by any field. For example, the analogous statement does not hold when the base field
is Qp, cf. [37] and [17]. Thus, we see that the absolute Galois group of Q encodes a wealth of
information about the arithmetic of number fields. In this context, the inverse Galois problem can
be formulated as the question of determining which finite groups occur as quotient groups of Gg.

A natural way to study Gg is to consider its representations, that it, the continuous group
morphisms Gg — GLy,(k), where k is a topological field and m € N. Such a representation will
be called a Galois representation. Let us assume that k is a finite field, endowed with the discrete
topology, and let

p: Go — GL, (k)

be a Galois representation. Since the set {Id} is open in GL,,(k), we obtain that ker p C Gg is an
open subgroup. In other words, there exists a finite Galois extension K/Q such that ker p = G.
Therefore

Imp ~ Gg/ker p ~ Go/Gr ~ Gal(K/Q).

This reasoning shows that, whenever we are given a Galois representation of Gg over a finite
field k, we obtain a realisation of Imp C GL,,, (k) as a Galois group over Q. In this way, any source
of Galois representations provides us with a strategy to address the inverse Galois problem for the
subgroups of GL,, (k) that occur as images thereof.

Geometry provides us with many objects endowed with an action of the absolute Galois group
of the rationals, thus giving rise to such Galois representations. One classical example is the group
of Q-defined f-torsion points of an elliptic curve E defined over Q. We will treat this example in
Section 2. In this survey we will be interested in (compatible systems of) Galois representations
arising from automorphic representations. In Section 4 we will describe Galois representations
attached to an automorphic representation m which satisfies several technical conditions. The
statements of the most recent results (to the best of my knowledge) on the inverse Galois prob-
lem obtained by means of compatible systems of Galois representations attached to automorphic
representations can be found in Section 5, together with some ideas about their proofs.

A remarkable feature of this method is that, in addition, one obtains some control of the
ramification of the Galois extension that is produced. Namely, it will only be ramified at the
residual characteristic and at a finite set of auxiliary primes, that usually one is allowed to choose
(inside some positive density set of primes). This will be highlighted in the statements below.
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2 Some classical cases

In this section we revisit some classical examples of Galois representations attached to geometric
objects. We begin with the Galois representations attached to the torsion points of elliptic curves,
and later we will see them as a particular case of Galois representations attached to modular forms.

2.1 Elliptic curves

An elliptic curve is a genus one curve, endowed with a distinguished base point. Every elliptic
curve E can be described by means of a Weierstrass equations, that is, an affine equation of the
form

y2 +ai1xy + azy = 2+ a2x2 + a4 + ag

where the coefficients aq,...,as lie in some field K. The most significant property of elliptic
curves is that the set of points of E (defined over some field extension L/K) can be endowed with
a commutative group structure, where the neutral element is the distinguished base point.

Let E/Q be an elliptic curve and let ¢ be a prime number. We can consider the subgroup
E[()(Q) of E(Q) consisting of /-torsion points. This group is isomorphic to the product of two
copies of Fy. Moreover, since the elliptic curve is defined over Q, the absolute Galois group Gg
acts naturally on the set of Q-defined points of E, and this action restricts to E[¢](Q). We obtain

thus a Galois representation

Pre: G — Aut(E[((Q)) = CLa(Fy).

As explained in the introduction, the image of pg , can be realised as a Galois group over Q.
This brings forward the question of determining the image of such a Galois representation. In this
context, there is a classical result by J. P. Serre from the seventies ([29], Théoreme 2).

Theorem 2.1 (Serre). Let E/Q be an elliptic curve without complex multiplication over Q. Then
the representation pg, , is surjective for all except finitely many primes £.

We can immediately conclude that GLa(IFy) can be realised as a Galois group over Q for all
except finitely many primes ¢. However, we can do even better by picking a particular elliptic
curve and analysing the Galois representations attached to it.

Example 2.2. Let E/Q be the elliptic curve defined by the Weierstrass equation
y2 +y= x3 — .

This curve is labelled 37A in [6], and it has the property that pp , is surjective for all primes ¢
(see [29], Example 5.5.6). Therefore we obtain that GLo(F;) occurs as the Galois group of a finite
Galois extension K/Q. Moreover, we have additional information on the ramification of K/Q;
namely, it ramifies only at 37 (which is the conductor of E) and /.

The next situation we want to analyse is that of Galois representations attached to modular
forms. Let us recall that modular forms are holomorphic functions defined on the complex up-
per half plane, which satisfy certain symmetry relations. We will not recall here the details of
the definition (see e.g. [9] for a complete treatment focusing on the relationship with arithmetic
geometry). These objects, of complex-analytic nature, play a central role in number theory. At
the core of this relationship is the fact that one can attach Galois representations of Gg to them.
More precisely, let f be a cuspidal modular form of weight k£ > 2, conductor N and character
¥ (in short: f € Si(N,v)), which is a normalised Hecke eigenform. We may write the Fourier
expansion of f as f(z) =Y, 5, anq", where ¢ = e*™*. A first remark is that the coefficient field
Qs = Q({an : ged(n, N) = 1}) is a number field. Denote by O, its ring of integers. By a result
of Deligne (cf. [7]), for each prime X of Og, there exists a (continuous) Galois representation

Pr: GQ — GLQ(O@f’A),



related to f, where Q¢ » denotes the completion of Qf at the prime A, @ﬁ \ an algebraic closure
thereof and O@f N is the valuation ring of @f’ »- Here the topology considered on GLQ(O@f A) is
the one induced yby the ¢-adic valuation. ,

The relationship between py and f is the following. First, py ) is unramified outside NY.
Moreover, for each p { N¢, we can consider the image under p;  of a lift Frob, of a Frobenius ele-
ment at p (this is well defined because py, 5 is unramified at p). Then the characteristic polynomial
of ps.a(Froby,) equals T? — a,T + 1 (p)p*~1.

We may compose each py with the reduction modulo the maximal ideal of O@M’ and we
obtain a (residual) representation

ﬁf,)\ : G(@ — GL2(K(@f,A)) ~ GLQ(F@),

where ¢ is the rational prime below A. One of the main recent achievements in number theory
has been the proof of Serre’s Modularity Conjecture, which says that every Galois representation
7y : Gg — GLa(Fy) which is odd and irreducible is actually isomorphic to Py for some modular
form f and some prime A as above.

In this survey we are interested in the image of p; ). These images have been studied by
K. Ribet (cf. [24], [25]). One first remark is that, when py 5 is absolutely irreducible, then it can
be conjugated (inside GLQ(O@f ) so that its image is contained in GL(Og; ,). Therefore, in

this case we can assume that ﬁj;,/\ 1 Gg — GLa(k(Qy,»)), where £(Qy ») denotes the residue field
of Qf,)\.

To state Ribet’s result, we first introduce two more number fields related to f. The first one
is the twist invariant coefficient field of f, which is the subfield of the coefficient field of f defined
as Fy := Q({a2 /1(n) : ged(n,N) = 1}). The second field, which is a finite abelian extension of
Q, is the subfield K of Q fixed by all inner twists of f (see [10] for details).

Theorem 2.3 (Ribet). Let f =3 -, anq™ € Sk(N,v) be a normalised cuspidal Hecke eigenform.
Assume [ does not have complex multiplication. Then for all except finitely many prime ideals X
of Qy,
Pra(Gr,) = {g € GLy (k (Ffx)) : det(g) € (F;)* '},

where X' is the ideal of O, below X\ and { is the rational prime below \.

This result suggests that we look at the representation ﬁp’r;\)j
the projection map GL2(k(Qy,x)) — PGL2(k(Qy2)).

More precisely, let k,r be integers greater than or equal to 1. Consider the set

A= {A € GLy(Fyr) : det A € (F; )1},

and let AP™) be its projection under the map GLo(Fs+) — PGLy(F,r). Then if &k is odd, we
have AP = PSLy(F,), and if k is even, we have AP = PGLy(F;-) whenever 7 is odd and
APrJ = PSLy(F¢) whenever 7 is even.

In any case it follows that, for f as above, the image of ﬁl}ff\)j equals PSLy (k (Ffx)) or
PGLy (k (Fy,a)) for all except finitely many primes A of Og,.

A remarkable difference with the situation arising from elliptic curves is that we obtain realisa-
tions of linear groups over fields whose cardinality is not necessarily a prime number. In Example
2.2, we used an elliptic curve to obtain realisations of the members of the family {GLy(F¢)},.
However, now we have two parameters, namely the prime ¢ and the exponent r. If we pick a mod-
ular form as above, we will obtain realisations of members of one of the families {PSLa(Fr)}e.r
or {PGL3(F¢r)}e,r, and the parameter r depends on f and ¢.

Example 2.4 (Ribet, 1975). Let f € S24(1) be a normalised Hecke eigenform of level 1. The field
of coefficients Qf = Q(+v/144169) equals Ft; so we can expect to obtain realisations of PSLo(F2)
when £ is inert in Q; and PGL2(F,) when ¢ splits in Q. Indeed, let £ be a prime different from
2, 3 and 47. Then f provides a realisation of PGLy(F,) if 144169 is a square modulo ¢ and a
realisation of PSLo(IFy2) if 144169 is not a square modulo ¢. Moreover, the corresponding Galois
extension K/Q with desired Galois group is unramified outside £.

obtained by composing ps y with



3 Compatible systems and the inverse (Galois problem

The examples of the previous section suggest that, instead of considering isolated Galois repre-
sentations p : Gg — GL,(F,) for a fixed prime /, it is a good idea to look at a system of Galois
representations (p,)¢, where £ runs through the prime numbers. The notion of (strictly) compatible
system of Galois representations already appears in [28]. We recall the definition below.

Definition 3.1. Let n € N and let F' be a number field. A compatible system pe = (pr)x of
m-dimensional representations of G consists of the following data:

e A number field L.
e A finite set S of primes of F.

e For each prime p ¢ S, a monic polynomial P,(X) € Op[X] (with Of, the ring of integers
of L).

e For each finite place A of L (together with fixed embeddings L < Ly < Ly) a continuous
Galois representation B
P GF — GLm(L)\)

such that py is unramified outside S U Sy (where £ is the rational prime below A and Sy is
the set of primes of F' above £) and such that for all p & SU S, the characteristic polynomial
of px(Froby) is equal to P, (X).

In our context, the main question to ask about a compatible system is the following: If we
know that p, satisfies some property (A), does it follow that pys also satisfies (A) for another
prime A of L? In other words, what properties “propagate” through a compatible system? The
idea that the property of “being attached to a modular form” propagates through such a system
lies at the core of the proof of the Taniyama-Shimura conjecture by A. Wiles and R. Taylor (which
implies Fermat’s Last Theorem), and also of the proof of Serre’s Modularity Conjecture.

In this section we are interested in the relationship between the images of the members py
of a compatible system. An example of such a relationship is the following: if py, py are two
semisimple representations belonging to a compatible system, then the image of py is abelian if
and only if the image of py/ is abelian (see [28] and [12]).

The case of compatible systems of Galois representations attached to the Tate module of
abelian varieties has received particular attention. Let A/F be an n-dimensional abelian variety,
and assume that

(pae: Gr — GL(Vg,) =~ GL2,(Q¢))e

is the compatible system of Galois representations attached to the ¢-adic Tate module T; of A
(where as usual Vg, = Q¢ @z, Tr)). To what extent does the image of p, depend on ¢? There are
several ways to phrase this question in a precise way. For example, define the algebraic monodromy
group at £, Gy, as the Zarisky closure of p,(Gr) inside the algebraic group GLoy, @,, and let GY
be the connected component of G,. In this connection, the Mumford-Tate conjecture predicts
the existence of an algebraic group G C GLa, g such that, for all ¢, GY ~ Q; xg G (see [27],
Conjecture C.3.3 for a precise formulation). By work of J. P. Serre it is known that the (finite)
group of connected components G¢/GY is independent of ¢ (see [31], 2.2.3).

There are many partial results in this direction. In particular cases, the conjecture is known
to hold (for example, when dim A = 1 cf. [28] and [29]. For higher dimension, when Endg(A) = Z
and n = 2 or odd the conjecture holds with G = GSpy,, o; cf. [31], 2.2.8). In the general case,
Serre has proved that the rank of Gy is independent of ¢ [30]. More partial results can be found
n [21], [14].

Another question is how close p¢(Gr) is to its Zarisky closure Gy in GLgg q,. For results in
this direction the reader is referred to [20] and [15].

A particular case, which is of interest to us (cf. Section 5), is proved by C. Hall in [11]. Let
A/F be an n-dimensional abelian variety which is principally polarised and with End@(A) = 7.



Assume that there exists a prime p of F' such that the reduction of A at p is semistable of toric
dimension 1. Then there exists a constant M such that, for all primes ¢ > M, the image of the mod
¢ Galois representation p, , : GF — GLa2,(F¢) coincides with GSp,,,(F¢). As a consequence, it
follows that A satisfies the Mumford-Tate conjecture; more precisely, the corresponding algebraic
group is GSpy,, g The proof of this result relies heavily on the fact that the existence of the prime
p implies that the image under p, , of the inertia group at p contains a transvection.

For the applications to the inverse Galois problem, we will be interested in Galois represen-
tations taking values in linear groups over finite fields. For the rest of the section, we focus on
symplectic groups GSp,,, for simplicity. Note that GSp, = GL2 and Sp, = SLo, so in the case of
dimension 1 we are in the situation explained in Section 2. Consider the following setup:

Set-up 3.2. Let ps = (pa)a be a 2n-dimensional compatible system of Galois representations of
Gg as in Definition 3.1, such that for all A, py : Gg — GSp,, (L) for some number field L (we
will say that such a system is symplectic).

Note that each of the py is defined over a finite extension of Ly inside Ly. Moreover, we can
conjugate each p, to take values inside the ring of integers of this finite extension of Ly, and further
reduce it modulo A, obtaining a residual representation p,. When p, is absolutely irreducible,
then py can be defined over Ly, and therefore p, takes values inside GSp,,,(k(Ly)), where k(L))
denotes the residue field of Ly. Recall the motivating example in Section 2 of compatible systems
attached to modular forms. In this example, the field L can be taken to be the coefficient field
Qy. Like in the case of compatible systems attached to modular forms, it will be convenient to
consider the composition 7 of 7, with the natural projection GSps,, (k(Ly)) — PGSpa,, (k(Ly)).
In what follows, we focus on obtaining realisations of groups in one of the families {PSps,, (F¢r)}e.r
or {PGSpy,, (Fer)}e,r.

Assume that we are given a compatible system of Galois representations as in Set-up 3.2 such
that all py, are residually absolutely irreducible. We obtain a system

(Px : Gg — GSpay, (K(Lx)))A-

For each prime A of L, k(L)) =~ F,rn) for some integer r()\), which actually changes with A! If
we want to realise the family of groups {PSp,,, (F¢r)}e for a fixed exponent r, it is clear that one
compatible system will not suffice for our purposes (unless we are interested in r = 1 and we
have L = Q). This phenomenon already appeared in Section 2 in the case of compatible systems
attached to modular forms.

The strategy to obtain Galois realisations will proceed as follows. We want to construct a
compatible system of Galois representations p, as in Set-up 3.2, such that the py are absolutely
irreducible, and such that the images of the corresponding representations p, are large in some
sense which does not depend on A. More precisely, we will say that the image of a representation
Py : Gg = GSpy,, (k(Ly)) is huge if it contains a conjugate (inside GSps,,(F¢)) of Spy,, (F¢) (where
¢ is the prime below \). A group theoretical reasoning shows that if 5, has huge image, then
the image of 75" equals PGSps,, (F¢-) or PSpy,, (Fyr) for some integer r (cf. Corollary 5.7 of [1]).
Moreover, we will have to find some conditions to control the exponent 7.

The presence of these two parameters, £ and r, gives rise to two different approaches to obtain
results on the inverse Galois problem:

e Vertical Direction: Fix a prime number ¢. Obtain realisations of PSp,,, (Fsr) (resp.
PGSp,,, (Fer)) for all r € N.

e Horizontal Direction: Fix a natural number » > 1. Obtain realisations of PSp,,, (F¢r)
(resp. PGSps,, (Fer)) for all primes £.

This nomenclature stems from the following representation: Place in a graphic the groups in
the family PSp,,, (F¢r) (resp. PGSp,,, (Fer)) that are realised as Galois groups over Q by displaying
in the z-axis the prime ¢ and in the y-axis the exponent r, and drawing a dot whenever the group



PSp,,,(Fr) (resp. PGSp,,, (Fer)) is realised as a Galois group over Q (see [10] for such a graphic
when n =1).

By exploiting the compatible systems of Galois representations attached to modular forms, the
following results have been proved in the vertical direction (see Theorem 1.1 of [35]) and in the
horizontal direction (see Theorem 1.1 of [10]).

Theorem 3.3 (Wiese). Let £ be a prime number. There exist infinitely many natural numbers
r such that PSLa(Fer) occurs as the Galois group of a finite Galois extension K/Q, which is
unramified outside £ and an auziliary prime q.

Theorem 3.4 (Dieulefait, Wiese). Let r € N.

1. There exists a positive density set of primes £ such that PSLo(Fer) occurs as the Galois
group of a finite Galois extension K/Q, which is unramified outside £ and two (resp. three)
auxiliary primes if n is even (resp. odd).

2. Assume that r is odd. There exists a positive density set of primes £ such that PGLa(Fr)
occurs as the Galois group of a finite Galois extension K/Q, which is unramified outside £
and two auziliary primes.

Let us look more closely at the approach in the horizontal direction. We fix a natural number
r, and we want to realise PSLy(Fyr) or PGLy(Fy-) as Galois groups over Q for as many primes ¢
as we can. From the remarks above, it is clear that a single modular form will not suffice to realise
PSLy(Fyr) for all €. However, nothing prevents us from looking at several modular forms. In fact,
Serre’s Modularity Conjecture, which is now a theorem, tells us that every irreducible, odd Galois
representation p : Gg — GLa(Fy) is attached to some modular form f. As a consequence, any
realisation of PSLy(IFyr) as the Galois group of a finite Galois extension K/Q with K imaginary
can be obtained through this method (cf. Proposition 1.2 of [10]). By making use of Theorem 2.3,
we know that for a normalised Hecke eigenform without complex multiplication, the image of p \

is huge for all except finitely many prime ideals A of Q, and thus the image of ﬁ?f;j is isomorphic
to PSLy(Fyr) or PGLo(Fsr). The main obstacle here is to obtain some control on the exponent
r. Under additional conditions, the field F;r coincides with x(Qy, ), reducing the problem to the
analysis of Q7. But this is not a minor issue! Very little is known about these fields (although one
can always compute them for any given modular form f). When the level of f is 1, there is a strong
conjecture in this connection, namely Maeda’s conjecture, stating that the degree dy = [Qf : Q]
should equal the dimension of S;(1) as a complex vector space (k being the weight of f) and the
Galois group of the normal closure of Q;/Q is equal to the symmetric group Sg,. Assuming this
conjecture, one can improve Theorem 3.4 as follows (cf. Theorem 1.1 of [36]).

Theorem 3.5 (Wiese). Assume Maeda’s Conjecture holds. Let r € N. Assume that r is even
(resp. odd). There exists a density 1 set of primes £ such that PSLa(Fyr) (resp. PGLo(Fyr)) occurs
as the Galois group of a finite Galois extension K/Q, which is unramified outside .

4 Galois representations attached to automorphic forms

In order to use the strategy outlined in the previous section to obtain results on the inverse Galois
problem, we first need to find a source of compatible systems of Galois representations of Gg. As
discussed in Section 2, elliptic curves defined over Q (and, analogously, abelian varieties of higher
dimension which are defined over Q) provide us with such systems, and, more generally, classical
modular forms give rise to such systems. Both of these examples can be encompassed in the
general framework provided by the Langlands conjectures. More precisely, given an automorphic
representation 7 (which is algebraic in some precise sense) for an arbitrary connected reductive
group G over Q, one hopes that there exists a compatible system of Galois representations (pe (7))
attached to it, where py(7) takes values in the Q-points of a certain algebraic group attached to
G (namely the Langlands dual of G). Conjecturally, then, we have many compatible systems of



Galois representations, which builds up the hope of eventually applying the strategy described in
the previous section to realise many linear groups as Galois groups over the rationals.

There are several cases when these conjectures are known to hold. Recently, there has been
a breakthrough in this connection due to P. Scholze [26] and M. Harris, K.-W. Lan, R. Tay-
lor, J. Thorne. Namely, they attach compatible systems of Galois representations to regular,
L-algebraic cuspidal automorphic representations of GL,,(Ar), where F is a totally real or a CM
number field.

However, in this section we will recall a less recent result, due to L. Clozel, R. Kottwitz,
M. Harris, R. Taylor and several others, which is more restrictive, since it deals with RAESDC
(regular, algebraic, essentially self-dual, cuspidal) automorphic representations. We will not recall
here all definitions (the reader can look them up in [4]), but we will try to give some explanations.

Let Ag denote the ring of adeles of Q. We consider so-called irreducible admissible representa-
tions 7 of GL,,(Ag). In fact, 7 is not literally a representation of the group GL,,(Ag) into some
vector space. The interested reader can look at the details in [5]. In this survey, we will treat them
as black boxes, focusing rather on the compatible systems of Galois representations that they give
rise to.

A RAESDC (regular, algebraic, essentially self-dual, cuspidal) automorphic representation of
GL,,,(Ag) can be defined as a pair (7, i) consisting of a cuspidal automorphic representation 7 of
GLn(Ag) and a continuous character p: Ag/Q* — C* such that:

1. (regular algebraic) m has weight a = (a;) € Z™.
2. (essentially self-dual) 7 = 7V @ (u o Det).

Given a RAESDC automorphic representation 7 as above, there exist a number field M C C, a
finite set S of rational primes, and strictly compatible systems of semisimple Galois representations

p>\(ﬂ') : GQ — GLm(M)\),
—=X
pa(p) : Gg = My,
where \ ranges over all finite places of M (together with fixed embeddings M < M, < M, where

M, is an algebraic closure of the localisation My of M at A) such that the following properties
are satisfied. Denote by ¢ the rational prime lying below .

1-m

- pa(m) = pa(m)Y @ x; " pa(p), where x denotes the ¢-adic cyclotomic character.

—_

2. The representations py(m) and py(u) are unramified outside S U {¢}.

3. Locally at ¢, the representations py(w) and py(u) are de Rham, and if ¢ ¢ S, they are
crystalline.

4. px(r) is regular, with Hodge-Tate weights {a1 + (m — 1),a2 + (m —2),...,am}.
5. Fix any isomorphism ¢ : My ~ C compatible with the inclusion M C C. Then
tWD(pa(7)|gq, )" ™ 2 rec(m, @ [Det|{!~™)/2). (4.1)

Here WD denotes the Weil-Deligne representation attached to a representation of Gg,, F —ss
means the Frobenius semisimplification, and rec is the notation for the (unitarily normalised)
Local Langlands Correspondence.

The properties (1)-(5) above give us some information about the compatible system (pe(7)). If
we want to realise groups in a given family of finite linear groups as Galois groups over Q, we will
need to find a suitable RAESDC automorphic representation such that the information provided
by (1)—-(5) allows us to ensure that the images of the corresponding residual representations p, ()
belong to this family. We can already make some remarks in this connection. For example, (1)
implies that the image of py () lies in an orthogonal or symplectic group. (2) provides us with a



strong control on the ramification of the Galois realisation that we obtain. This is a characteristic
feature of this strategy of addressing the inverse Galois problem. (3) and (4) are of a technical
nature, and we will not mention them in the rest of the survey (except briefly in connection to
the proof of Theorem 5.3). Instead, let us expand on the last property (5). Any 7 as above
can be written as a certain restricted product of local components 7,, where p runs through the
places of Q. Equation (4.1), with is highly involved notation, is essentially telling us that this
local component 7, determines the restriction of py(7) to a decomposition group G, C Gg at the
prime p. As we will see in the next section, the possibility of prescribing the restriction of py(7)
to G, for a finite number of primes p # ¢ will be the essential ingredient for controlling the image

of px(m).

5 Main statements and ingredients of proof

In this section we state several results obtained through the strategy described in Section 3,
that generalise Theorems 3.3 and 3.4 to 2n-dimensional representations. The first result, due to
C. Khare, M. Larsen and G. Savin (cf. [18]), can be encompassed in the vertical direction, as
explained in Section 3.

Theorem 5.1 (Khare, Larsen, Savin). Fiz n,t € N and a prime £. Then there exists a natural
number r divisible by t such that either PSpy,, (Fer) or PGSpy,, (Fer) occurs as a Galois group over
Q.

More precisely, there exists an irreducible Galois representation py : Gg — GSpa,(Qy), un-

ramified outside ¢ and an auxiliary prime q, such that the image of ﬁf;mj is either PSpy,,(Fer) or

PGSpy, (Fir).

We also want to mention the following result, dealing with different families of linear groups

(cf. [19]).
Theorem 5.2 (Khare, Larsen, Savin). Fiz t € N and a prime £.

1. There exists an integer r divisible by t such that Go(Fer) can be realised as a Galois group
over Q.

2. Assume that € is odd. There exists an integer r divisible by t such that either the group
SO2n41(Fer )3 or SO, 1(Fyr) can be realised as a Galois group over Q.

3. Assume that £ = 3,5 (mod 8). There exists an integer r divisible by t such that the group
SO211(Fer)3€* can be realised as a Galois group over Q.

In the horizontal direction there is the following result for symplectic groups, due to S. A.,
L. Dieulefait, S.-W. Shin and G. Wiese (cf. [3]).

Theorem 5.3 (A., Dieulefait, Shin, Wiese). Fiz n,r € N. There exists a set of rational primes
of positive density such that, for every prime £ in this set, the group PSps,, (Fer) or PGSp,,, (Fer)
can be realised as a Galois group over Q.

More precisely, there exists an irreducible Galois representation p; : Gg — GSpy,, (Q,), un-

ramified outside ¢ and two auziliary primes, such that the image of ﬁgroj is either PSpy,, (Fr) or
PGSp,,, (Fer).

Note that, in [10], the authors can control whether the image is PSL or PGL because they
choose their modular form in such a way that it does not have any nontrivial inner twist. Currently,
this has not been generalised to n > 1.

In both results, there are essentially two different parts: on the one hand, one needs to find
conditions on a compatible system of symplectic Galois representations to ensure that the images
of the residual representations corresponding to the members of the system will be huge. On
the other hand, one needs to show the existence of RAESDC automorphic representations whose



compatible systems satisfy the desired conditions. In [18], the existence of appropriate automorphic
representations is shown by means of Poincaré series, which give automorphic representations on
SO2n41(Ag). These are transferred to GL3,(Ag) by means of Langlands functoriality. In [3], the
existence of the desired automorphic representations is shown by exploiting results of S.-W. Shin
on equidistribution of local components at a fixed prime in the unitary dual with respect to the
Plancherel measure (cf. [33]).

In the rest of the section, we will expand on the first question, namely, on conditions on sym-
plectic compatible systems that allow some control on the images of the residual representations
corresponding to the members of the system. A first property of the image that we want to ensure
is irreducibility. In both [18] and [3], this is achieved by means of a tamely ramified symplectic
local parameter. More precisely, fix a prime ¢, and let p,q be auxiliary primes such that the
order of ¢ modulo p is exactly 2n. Let Qg2» be the unique unramified extension of Q, of degree

2n. Using class field theory, it can be proven that there exists a character x4 : Gqun — @; of
order 2p such that (1) the restriction of x4 to the inertia group I ,, has order exactly p; (2)

Gy
Xq(Frobgzn) = —1. Then it follows that the Galois representation p, := Indcgq2 Xq is irreducible
42n

and can be conjugated to take values inside Sp,,,(Q,). As a consequence, we obtain the following
result:

Lemma 5.4. Let (ps) be a 2n-dimensional compatible system of Galois representations of Gg
as in Definition 3.1. Let p, q two primes such that the order of ¢ modulo p is exactly 2n. Let
G4 C Gg be a decomposition group at q, and assume that, for all primes X of L which do not lie
above p or q, we have

Go )~ Tpde
Resc px ~Ind " Xq,
q Qg2n

where £ is the rational prime below A and x4 : Gqun — Qy is a character as above. Then P, is
irreducible.

More precisely, the image of py contains a so-called (2n, p)-group (cf. [18] for the definition of
this notion). Given a prime ¢, if one chooses the auxiliary primes p and ¢ in an appropiate way, it
is possible to ensure that the image of p, is huge (i.e., it contains Sp,,, (F¢)). This idea appeared
originally in the work of C. Khare and J.-P. Wintenberger on Serre’s Modularity Conjecture for
n = 1, and has been exploited in [35] and [18]. Let us briefly sketch how it works in the case when
n = 1. Assume that we have a representation p, : Gg — GLa(F,), satisfying that the restriction
j

e c. . Go, _ . o _
of py to a decomposition group at ¢ is isomorphic to IndGEZ% X,- Consider the composition p}°

q

of p, with the projection GLy(F;) — PGLy(F¢). We certainly know that the image of ﬁiroj is a
finite subgroup of PGLy(F,). L. E. Dickson has classified all finite subgroups of PGLy(F,) into
four types of groups: a subgroup H C PGLy(F) is either (1) equal to PSLy(Fs) or PGLo ()
for some 7; or (2) a reducible subgroup; or (3) a dihedral subgroup D, for some integer s coprime
to ¢; or (4) isomorphic to one of the alternating groups A4, As or the symmetric group Sj.

Since we know that the image of p, contains the subgroup p,(G,), which is the dihedral group
D,,, we can immediately exclude the possibilities (2) and (4) (provided p is large enough so that it
does not divide the cardinality of A5 and S4). To conclude that the image of py is huge, we have to
exclude the case that it is a dihedral group. Assume then that this is the case. Then p, = Indgiw

. . - 0— Go, _—
for some quadratic field extension K/Q. In addition, we know that Resgfp)\ ~ Indg " X, Is
Na2n

there a way to get a contradiction? The idea is that this can be achieved, provided we choose
the auxiliary primes p and ¢ carefully. If this is the case, these two conditions will be rendered
incompatible because of the relationship between p, ¢ and ¢. The reader interested in the details
is referred to [35]. In order for this strategy to work, we must start from a prime ¢ and choose p
and ¢ accordingly. Thus, this idea is particularly well suited to address the vertical direction.

In [18] this idea is generalised to the 2n-dimensional setting. The first difficulty that arises is
that the classification of finite subgroups of GLo, (Fg) is much more intrincate when n > 1. The
main group-theoretical tool that is used in [18] is a theorem from [22], which generalises a classic
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theorem of Jordan from characteristic zero to arbitrary characteristic. More precisely, let m € N
be an integer. Then there exists a constant J(m) such that, for any finite subgroup I' of GL,,(F,)
there exist normal subgroups I's C T's C I'y C I' such that the index [I" : T';] < J(m), and such
that T's is an f-group, I's /T3 is an abelian group (whose order is not divisible by ¢) and 'y /T's is
a direct product of finite groups of Lie type in characteristic /.

Going back to the setting of Galois representations, the main idea now is that, if ' C GSp,,, (F)
is a finite subgroup such that there is a (2n,p)-group contained in all normal subgroups of T" of
index smaller than or equal to a constant d(n) which depends only on n (this constant will be
computed in terms of the quantity J(2n) mentioned above), then it follows that I' must contain
Sps, (F¢). Given a prime number ¢, by choosing the auxiliary primes p and ¢ in a suitable way,

Xg» then the group I' = imp, satisfies that p,(G,) is a

n

. Go— G
one can ensure that if ReSGf Dy IndGEq2
q

(2n, p)-group contained in all normal subgroups of I' of index at most d(n).

Now we focus our attention on the horizontal direction. Recall that, in this setting, we are
given a compatible system (p.), and we want that the image of the members p, are huge for as
many primes A of L as possible. In this context, the presence of a tamely ramified local parameter
at an auxiliary prime ¢ will not suffice to obtain huge image. Since the prime ¢ is now varying,
we are not allowed to choose the auxiliary primes p and ¢ in terms of £. A new idea is required.

When n = 1, L. Dieulefait and G. Wiese construct Hecke eigenforms f such that the compatible
system of Galois representations (py ) attached to f satisfies that, for all primes A of Qy, the image
of p; , is huge (cf. [10]). The idea is to choose f in such a way that the corresponding compatible
system has two tamely ramified parameters (at two different auxiliary primes), chosen in such a
way that all possibilities for the image of ﬁ?fﬁj given by Dickson’s classification (see above) except
huge image are ruled out.

For the 2n-dimensional case, however, we need a new ingredient. The main result in [3] relies
on a classification of finite subgroups of GSp,,, (F¢) containing a transvection. More precisely, the
main result in [2] shows that, if I' C GSp,, (F,) is a finite subgroup which contains a (nontrivial)
transvection, then either (1) T' is a reducible subgroup; or (2) I" is imprimitive; or (3) T is huge.
The first possibility can be ruled out by introducing a tamely ramified parameter in the compatible
system (pe). The imprimitive case corresponds to the situation when py is induced from some
field extension K/Q. To rule out this case, one needs to choose the auxiliary primes p and ¢ in the
tamely ramified parameter in a suitable way. If the compatible system is regular (in the sense that
the tame inertia weights of 7, are independent of A and different, cf. [2] for a precise definition),
then the second case in the classification can be ruled out, and the conclusion that the image of
P, is huge can be drawn.

The question remains whether it is possible to enforce a compatible system (p,) of Galois repre-
sentations to satisfy, by means of a local condition, that the images of the residual representations
P, contain a transvection. Recall that in Section 3, transvections already appeared in connection
with the image of the Galois representation attached to the group of /-torsion points of an abelian
variety A defined over Q. In this setting, to ensure that the image of 54, : Gg — GSp,, (F¢)
contains a transvection, C. Hall exploited the fact that, if A has a certain type of reduction at
an auxiliary prime p;, then the image of the inertia group at p; under p, , already contains a
transvection. In the case of 2n-dimensional compatible systems of Galois representations, the
transvection can be obtained by imposing that the restriction of p) to a decomposition group
at an auxiliary prime p; has a prescribed shape. Equivalently, this amounts to specifying the
Weil-Deligne representation attached to the restriction of py to Gp,. If the compatible system
(pe(m)) is attached to a RAESDC automorphic representation =, this condition can be expressed
in terms of 7. Here it is very important that the local component 7, of 7 determines, via the
Local Langlands correspondence, not only the characteristic polynomial of px(Frob,, ) for At p1,
but the whole restriction py(m)|g,, . Moreover, one has to take care that the transvection in the
image of py(m) does not become trivial under reduction modulo A. In [3], the authors ensure that,
for a density one set of rational primes ¢ and for every A|¢, the transvection is preserved after
reduction modulo A. The main tool they use is a level lowering result from [4], which they apply
over infinitely many quadratic CM number fields.
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Up to this point, we have sketched the main ideas in [35], [18] and [10], [3] to prove the
existence of compatible systems of Galois representations (p, ) such that the images of the residual
representations p, are huge, i.e., containing Sp,,, (Fy). For the applications to the inverse Galois
problem, we need a certain control of the largest exponent r such that Sp,,, (Fyr) is contained in
the image of p,. We already remarked in Section 2 that, in the case of Galois representations
attached to a Hecke eigenform f, this is linked to the knowledge of the coefficient field Q¢, which
proves to be a difficult task. However, even though it may be difficult to determine precisely what
the coefficient field L of the compatible system is, it is possible to ensure that it contains a large
subfield. In fact, the tamely ramified parameter at the prime ¢ provides already a lower bound on
the size of r. For the applications in the horizontal direction, one exploits that if L/Q contains a
cyclic subextension K /Q of degree r, then there exists a positive density set of primes ¢ such that,
at some prime A of L above ¢, the extension L/Q has the desired residue degree r.
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