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Abstract

The space D’; of differential operators of order < k, from the differen-
tial forms of degree p of a smooth manifold M into the functions of M, is
a module over the Lie algebra of vector fields of M, when it is equipped
with the natural Lie derivative. In this paper, we compute all equivariant
i.e. intertwining operators 7T : DI; — Df; and conclude that the preceding
modules of differential operators are never isomorphic. We also answer
a question of P. Lecomte, who observed that the restriction of some ho-
motopy operator—introduced in [Lec94]—to D} is equivariant for small
values of k£ and p.
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1 Introduction

Let M be a smooth, Hausdorff, second countable, connected manifold of dimen-
sion m.

Denote by QP (M) the space of differential forms of degree p of M, by N the
space C*°(M) of smooth functions of M, and by 'D’; the space of differential
operators of order smaller than or equal to k, from QP(M) into N. If X €
Vect(M), where Vect(M) is the Lie algebra of vector fields of M, and D € D,
the Lie derivative

LxD=LyxoD—DolLx (1)

is a differential operator of order at most k£ and so (D;f, L) is a Vect(M )-module.
In this paper, we shall determine all the spaces I;j;f of equivariant operators

from DS into Dg, that is all operators T : D;f — Df; such that
LxoT=ToLx,VX € Vect(M). (2)

In [LMT96], P. Lecomte, P. Mathonet, and E. Tousset computed all linear
equivariant mappings between modules of differential operators acting on den-
sities. It is worth mentioning also similar works by P. Cohen, Yu. Manin, and

*This work was supported by MCESR Grant MEN/CUL/99/007. The author thanks P.
Lecomte and P. Mathonet for helpful comments.
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D. Zagier [CMZ97], C. Duval and V. Ovsienko [DO97], and H. Gargoubi and
V. Ovsienko [GO96]. We solve here an analogous problem, thus answering a
question of P. Lecomte, who noticed that some homotopy operator, which lo-
cally coincides—up to a coefficient—with the Koszul differential (see [Lec94]),
is equivariant if it is restricted to low order differential operators and asked
whether this property still holds for higher orders.

2 Local representation

The formalism described in this section, known in Mechanics as the normal or-
dering, allows to locally replace a differential operator by a polynomial whose
highest order terms are nothing but the principal symbol of the operator. The
method can be compared with Operational Calculus. Its systematic use in Dif-
ferential Geometry is originated in [DWLS83]. We try below to carefully develop
all chief aspects of this—in the beginning a little bit technical—modus operandi.
The reader is referred to [DWL83] for further details.

Consider an open subset U of IR™, two real finite-dimensional vector spaces
E and F, and some local, i.e. support preserving, operator

0 € L(C™(U,E),C*(U, F))ioc- (3)

The operator is fully defined by its values on the products fe, f € C*(U),e € E.
A well-known theorem of J. Peetre (see [Pee60]) states that it has the form

O(fe)) (x) = Y Oaw(02(fe)) = Y Oaul€)Of € F,
acN™ a€N™
where x € U, 03 = 6?11 . 0%. , and O, € C®(U,L(E,F)). Moreover, the
coefficients O, are well-determined by O and the series is locally finite (it is
finite if U is relatively compact).

We will symbolize the partial derivative 9% f by the monomial £¢ = 5?1 e

€™ in the components &1, ..., &, of some linear form & € (IR™)* or—at least
mentally—even by £%f. The operator O is thus represented by the polynomial
0.(&e) = Z Og,z(e)§“ € F. (4)

aeN™

When identifying the space Pol(IR™)* of polynomials of (IR™)* with the space
VIR™ of symmetric contravariant tensors of IR™, the representative polynomial
O of the operator O is a member of

0 € C®(U,VR™ ® L(E, F)). (5)

Let us emphasize that in equation (4) the form & symbolizes the derivatives of O
that act on the argument fe € C°°(U, E), while e € E represents this argument.

Note that situation (3) is rather general. Indeed, consider any local linear
operator between the spaces of smooth sections of two vector bundles £ and F
over a smooth manifold M,

0 € L T(E).T(F)). (6)
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Its restriction to a domain U of local coordinates of M that is also a common
domain of trivialization for £ and F is obviously of type (3), where E and
F are the typical fibers of £ and F respectively. Thus, the restriction D|y (or
simply D if no confusion is possible) of a differential operator D € DI’f to a chart
domain U of M for instance is a local linear operator from C* (U, AP(IR™)*)
into C*°(U), which reads

(D(fw)) (@) = Y Dau(w)0f, (7)

|| <K

feC®U),weN(R™)*, zeU,|al=a+...4+a™, and D, € C=(U, \PIR™).
The principal symbol (D) of D, defined on U by

(0(D)), (&w) = D Daa(w)e®, (8)

lee| =k

where & is interpreted as a variable in T M C T*M, is a smooth section of the
vector bundle EF = VFT'M @ APTM — M. The space Sf := I'(EF) is the k-th
order symbol space and the graded sum S, = @kS;f is the total symbol space.
Set, for the sake of simplicity, M = IR™. When mapping D € D, (see (7))
to D € §, defined by
D,(&w) = ) Das(w) 9)

la| <k

(see (8)), we get a vector space isomorphism. This total symbol map or normal
ordering map is exactly the above-mentioned representative polynomial map.
Since it does not commute with the Lie derivative of all vector fields but only
with the action of the affine subalgebra of Vect(IR™), generated by constant and
linear vector fields, we also call this mapping affinely equivariant symbol map.

Note that when starting from situation (6) so that the open subset U in (3)
is a domain of local coordinates of a variety M and of common trivialization
of two bundles £ and F, the local representative polynomial (4) depends as
well on the coordinates as on the trivializations. Only its homogeneous part of
highest order—the symbol— has an intrinsic meaning. The polynomial repre-
sentation of the restrictions of locally differential operators is nevertheless very
convenient. It leads to a computing technique that was successfully applied
in numerous works (see e.g. [DWGL84], [Bon00], [Lec00], [Mat00], [Pon01],
[GP03]) and is worth being described in more details.

Remark first that the derivatives acting on a product have a pleasant symbol-
ization, an observation already made—as others below—in [DWL83]. Indeed, if
frg € C=(U) then

8?(]"9) = Zal—}-()@:a al‘i;‘ﬂafflfa??g
= Z(Xl-i-()tz:a 041?&2! (fl)al (52)(12
= (& +)7,
€162 € (R™)* and B! = BY... ™! for any 3 € IN™. So, working in the context
(7), (9), we see that

(D(fgw)) (z) ~ Dy(&" + &% w). (10)
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In order to introduce simple and standard notations, we use the same typo-
graphical sign O (respectively e), when referring to the operator O (respectively
the argument fe of O) and its local polynomial representation O (respectively
the argument e of Q). Moreover, we systematically suppress the point z € U
and write

O(e) = O(&;e) (11)

instead of (O(fe)) (x) is symbolized by O, (&;e). Let us emphasize that e is of
type fe € C*°(U, E) in the left hand side of (11), whereas e € F in the right
hand side. So

D(w) =~ D(&w), (12)

where (the derivatives on) the left w € C*°(U, AP(IR™)*) is (respectively are)
represented by the right w € AP(IR™)* (respectively by & € (IR™)*).

When locally representing—or symbolizing—an operator O, it is advanta-
geous to always imagine this operator evaluated on an argument (e € C*°(U, E)
written—at least mentally—in the form fe, f € C*(U),e € E). If the argu-
ment is itself a locally differential operator or if the operator is a compound
operator, symbolize first the ”interior” operator.

Note also that the local polynomial representation canonically extends to
multilinear local operators

O €L, (C®(U,E) % ... x C®°(U,E,),C®(U,F)),,. (r>1),

loc

with self-explaining notations. We then obtain representations that are poly-
nomials in several variables &', ... &7 € (IR™)*, the form &' symbolizing the
derivatives acting on the i-th argument.

Now we look for the local representation of
LxD=LxoD—DolLx. (13)

Symbolize first the Lie derivative of a differential p-form w € C* (U, AP(IR™)*)
with respect to a vector field X € C*°(U, R™), i.e.

Lxw = ix(dw) -+ d(ixw),

with standard notations. Remember that w (respectively X) stands for fw
(respectively ¢X), f € C®(U),w € AP(IR™)* (respectively g € C*(U),X €
IR™). When representing the derivatives 0,: acting on w (respectively X) by
& or—as above-mentioned—better by & f (respectively ¢; or (;g) and when
exceptionally writing things explicitly, we get

dw=d(fw) =df \w = <Z 8wifd$i> Aw =~ <Z &fd:ci> Aw = f(EAw) (14)

and
ix(dw) ~ fg((X, o — € A ixw), (15)
where (X, ) denotes the evaluation of X € IR™ on £ € (IR™)*. Since (14) and
(10) show that
d(ixw) ~ fg((§+¢) Nixw), (16)
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we eventually get from (15) and (16)
Lxw~ fg({X,8)w+ ( Nixw). (17)

Let us underline that when symbolizing compound operators such as (Lx D)(w)
= Lx(D(w))— D(Lxw), the derivatives acting on w, D, and X are traditionally
represented by &, 1, and ¢ respectively (see e.g. [Lec00]). Equations (10), (12),
and (17) then yield

L (D(w)) = (X, 0+ € D(&w),

since D(w) € C*(U), and
D(Lxw) ~ D(§ + G (X, Hw + (N ixw).
Finally, in view of (5),

(LxD)(w) = (X,m)D(§w) = (X, &) (7cD) (§w) = D€+ G Aixw),  (18)
where (17¢:D) (§;w) := D(§+ (;w) — D(&;w) (see (10)) is above all a notation.

3 Locality of equivariant operators

Let U be a domain of local coordinates of M. If D € D[y (DE|y is defined simi-
larly to D’;, but for M = U), its representation is a polynomial D in C*° (U, Ez’f ),
where E;f = VEFR™ QAP IR™, or—equivalently—in the space of smooth sections
I'(VSFTU @ APTU). We denote by o(D) or simply o the homogeneous part of
maximal degree of this polynomial i.e. the principal symbol of the considered
differential operator. If L! is the natural Lie derivative of tensor fields and e;
(respectively €%) (i € {1,...,m}) is the canonical basis of IR™ (respectively
(IR™)*), we have, using standard notations,

(L (o(D))) (§w) =
le Xj@xj ( ( v )) Z azJX Ekafj (o’( ) )) Z]k 8xJXk U(E;gj A iEkw) =
(X, n)o(§w ) (X,6)(C0) (0(§w)) — (& ¢ Nixw),

where 1 and (¢ are associated to o and X respectively, and where (J; denotes
the derivation with respect to £ in the direction of (. If L is the formerly
defined Lie derivative L of differential operators, it follows from (18) that

(0(L¥ D)) (&;w) = (L (a(D))) (&:w),
i.e. that the principal symbol is equivariant with respect to all vector fields.
We are now prepared to prove the following lemma:
Lemma 1 FEvery equivariant operator T & I;f”g 1s local.

Proof. 1t suffices to show that the family E’; ={Lx : D’g — D’g | X €
Vect(M)} is closed with respect to locally finite sums and is locally transitive
(It); this means that each point of M has some neighborhood 2, such that for
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every open subset w C  and every D € DS with compact support in w, D can
be decomposed into Lie derivatives,

n
D=3 Lx.D; (Di€Dj, suppX; Cw, suppD; Cw), (19)
=1

with n independent of D and Q. Indeed, proposition 3 of [DWL&1] states that
EI; is then globally transitive i.e. that (19) holds for every open subset w of M
and every D € D}; with support in w. Take now a differential operator D € D’;
that vanishes in an open subset V' of M and let xy be an arbitrary point of V.
Since supp D C w = M\wp for some neighborhood wq of xg, D has form (19)
and T(D)(x0) = X", (Lx, (T(D,)) (x0) = 0.

In order to confirm local transitivity (LT), let us point out that example 12
of [DWL81] shows that the family £7 = {Lx : I'(®@TM) — T(®"M) | X €
Vect(M)} is 1t, if

s—r#m. (20)
Moreover, the domains U of the charts of M that correspond to cubes in IR™,
play the role of the neighborhoods €2 in the definition of LT.

LT of £} may now be proved as follows. If z € M, take Q = U and if
D e D’; is a differential operator with compact support in some open subset w
of U, note that its principal symbol (D) is a contravariant tensor field with
compact support in w. Hence condition (20) is satisfied and

o(D) = Z Ly o(D;) =0 <Z L?&Di>

(D; € D’If; supp X;, supp D; C w; n independent of D and U). Thus D —
Dy Lg?i D, e D;f’l and we conclude by iteration. il

4 Local expression of the equivariance equation

Let U be a connected, relatively compact domain of local coordinates of M.

Recall that if D € D’;\U, its representation is a polynomial D € C*° (U, E]’j),
where E]’,f =VSFR™ @ A\PIR™.

We identify D |y with C°°(U, Ef). Thus, if T € I}, the restriction
T|y is a local operator from C*° (U, E}’j) into C*° (U, Eg), with representation
T(n; D) (&) (1,€ € (R™)°, D € E¥,w € AI(IR™)")

Equation (18) shows that equivariance condition (2),

(Lx (T(D))) (w) = (T (Lx D)) (w) = 0,¥X € Vect(M), D € D, w € Q4(M),

(21)
locally reads

(X.T)(n; D)(&w) — (X,m) (7cT)(n; D)) (§;w)
—(X,8) (1¢(T(n; D)) (§;w) + T(n + ¢; X7¢D) (& w)
=T(n; D)€+ ¢ Nixw) +T(n+¢GD(+ ¢ Nix:))(§w) =0, (22)

where X.T' is obtained by derivation of the coefficients of T" in the direction
of X. It is worth emphasizing that we do not symbolize the derivatives acting
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on the coefficients of T'. Indeed, the left hand side of equation (21) vanishes
as a locally differential operator in the variables X, D, w, so that equation (22)
is a polynomial identity in the variables (,7,£ but would not be a polynomial
identity in the linear form possibly symbolizing the derivatives on 7T'. Since the
polynomial in the left hand side of (22) vanishes identically, its terms of fixed
degree in ¢ vanish identically. Remark also that the argument D in T'(n; D) is a
member of E,’; =VSFIR™ @ APIR™, i.e. a polynomial of degree k in ¢ € (IR™)*
with coefficients in the linear forms in w € AP(IR™)*. So the argument X7.D in
equation (22) is the polynomial defined by (X7:D) (§;w) = (X, §) (¢ D) (§;w).
Now take in equation (22) the terms of degree 0 in (:

(X.T)(n; D)(&w) = 0.

This means that the coefficients of T" are constant.
The terms of degree 1 lead to the equation

(X,m)(COn)T (n; D) (& w)
—T(n; X(C0¢)D)(&;w) — T(n; D(-5¢ Nix:)) (& w)
(X, €)(CO)T (n; D)(&w) + T'(m; D) (&5 Nixw) =0,

which, if p denotes the natural action of gl(m, IR), may be rewritten

p(X ® Q) (T(n; D)(&;w)) = 0.

Note that T'(n; D)(§;w) is completely characterized by T(n;Y" @ (X1 A ... A
X NEvE A oAvY) (VX € R, v € (R™)*, r € {0,...,k}). This last
expression is a polynomial in Y, X; and in n,£,17. It thus follows from the
description of invariant polynomials under the action of gl(m, IR) (see [Wey46]),
that it is a polynomial Z,.((Y, &), (Y, n), (Y, v7), (X, €), (Xi,n), (X;, 7)) in the
evaluations of the vectors on the linear forms.

In order to determine the most general structure of 7., observe that this
polynomial is homogeneous of degree r in Y and degree 1 in the X;’s and the
17°s, and that furthermore it is antisymmetric in the X;’s and the 17’s. It follows
from the skew-symmetry in the 17’s, that Y is evaluated on at most one 7, so
that ¢ < p+ 1, and from the skew-symmetry in the X;’s, that £ and n are
evaluated on at most one X;, so that ¢ > p — 2. Finally, gisp—2,p—1, p or
p+ 1. In order to simplify notations, set A = X3 A...AX,, w=v! A AV,
u = (Y,§) and v = (Y,n). The following possible forms of the terms of 7,
and the corresponding conditions on p and ¢ are immediate consequences of the
preceding observations.

term type condition term form

(1.1) no (X3, €)  mno (Xym)  g=p vtu" (A, w)
(1.2) one (X;,&)  mo (Xi,n)  q=p—1 vu""*(icA,w)
(1.3) no (X;,§) one (X;,m) ¢g=p—1 v°u" " *(i,Aw)
(1.4) one (X;,€) one (X;,n) ¢=p—2 v°u"  *(igiyA,w)
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(2.1) no (X;,6)  mo (Xim) g=p+1 vu Y AA W)

(2.2) one (X;,&) mno(Xy;,m) q=0p VU THY N, w) (23)
(2.3) no (X;,&) one (X;,n) q=p v U Y A A, w)

(2.4) one (X;,&)  one (X;,n) g=p—1 vu"5"HY AdgiyA,w)

Remark 1 These structures of 7, show that a priori equivariant operators
are mappings 7' : Dk — DL T Dk DL . Dk — Dk or T : Dk

k—1 P Pl
D,i1-

It is interesting to rewrite (22) in terms of the 7.’s (r € {0,...,k}). To
simplify notations, we set

)‘:<Xa€> M:<X777> V:<X7<> 71—?':<X7Vlj>
U:a0:<Y>€> U_ﬁ0:< i > 70:<K<> 562<Y,V]>l
Q; = <X2a€> <X“77> Vi = <Xw<> 65 = <XiaVJ>

Substitute in (22), Y"® (X1 A...AX,) and v' A...Av? to D and w respectively,
and use subscript ¢ € {0,...,p}. Note that:

e Taylor expansion gives
1
TG D)(E +G ) = 3 (G0 T D) (E50) = 3 (O Ty 607

e the computation of the successive directional derivatives ((0¢)* of the
composite function 7;.(«a,, 8,,87) leads to the same rule as the computation
of the successive powers of a sum of p + 1 real terms:

(Caf) (abaﬁu L)
|
_ Z aigl 'ygo .. ’ygp (a(go . 8@;; ) (amﬂu L)
_ Yol 0p!

r—1
YT =3 ( " ) ey

a=0

1
a+1

XY* = (Xoy)yett

(Xl /\.../\Xp)(C/\ix~)
= X Nig(Xy A AXy)

=Y w(X0x,) (X1 A...AX,) (24)
b=1
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Transform now the terms of (22) in conformity with the preceding hints. If
(0T)(-) = (07) (a, -, 67) and if d,.(¢) denotes the degree of 7, in £, the local
equivariance equation (22) finally reads in terms of the 7, ’s:

1 (Z’(ﬁb + 'Yl,) - Z(ﬁb))
DL X gt () 0

a=1 go+...+op=a

+Z 'S Yo

a=0 =0

1
S e (00205 ) () (25)
o0+ Fop= QO~-~-Q;D-

0 Op=a

—Z Yo" [ A (OapTat1) (B, +7.)
( ) a+l1 +(p + V)—ir(3go7;+1) (B +)

+ 50w (05T (B )]

w0 ) (AT (64 )
b=1 a=0

+(n +v) (aﬁh 7o) (B + )
+ S0 w0 (0yT) (B +) ] =0,

for each r € {0,...,k}.

Remark 2 In the following we skip a few borderline cases: we suppose that
dimension m is not only > sup(p, ¢) but also > inf{p + 2, ¢ + 3}.

We claim that (25) is a polynomial identity in the independent variables

-, 04, Indeed, since as well the vectors X, Y, X; as the forms &, n,(, VI are

arbitrary, take X = e1,Y = es, X; = €;42 (ex: canonical basis of IR™) and let

the p+ 2 first components of the preceding forms in the dual basis of e vary in

R, ifinf{p+2,q + 3} = p+ 2; proceed similarly but exchange roles of vectors
and forms, if inf{p+2,¢+3} =q+3.

When seeking in (25) the terms of degree 1 in v and g, and of degree 0 in

Y1, .-, (in the sequel we shall denote these terms by (v)173~Y .. 72), we get

0p,7r =0, (26)

where 7 is a priori independent of Y and By = (Y,7n). The terms in (v)*q3y
cv ey e {L o ph p > 0), (M) M)y (€
{1}, p>0), (7)'9897 v (G € {1, q}, ¢ > 0) and (77)"yg77 ...~}
oy (ed{l,..ph je{l,...,q}, p>0, ¢ >0), read:

aﬁi,‘z;" =0, (27)

92, T — 100y Tr—1 =0, (28)
6(10(11'7; - Taocilz;‘fl =0, (29)
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2(?@0567;" - 7185.(7)'7;71 =0 (30)
resp.
0 -637;"'6%6{,2_7“65{7;—1 =0. (31)

[e23

These partial equations will allow to compute all equivariant operators.

5 Determination of the equivariant operators

Proposition 1 Equivariant operators T € I;f,’f are mappings

T:Dy — D}, T:Df — Dy or T: Dk — Di}.

Proof. UT € Ik;f , it follows from (23) and (26) that 7, = ¢,af; det (v, B;, 7)
(ref0,....k}, e € ﬂ%) and from (27) that 7, =0 (r € {0,...,k}). Hence the
result (see remark 1). B

51 Caseq=p+1

Proposition 2 All spaces g

pp+1 vanish, except

(i) the spaces I -0 ‘p1 With bases defined by equation (34), and
(i) the space IO,l with basis defined by equation (35).

Proof. Equations (23) and (26) show that 7,. = c.af~* det(67)(r € {0,..., k},

¢r € IR). Moreover, equations (28) and (30) yield
(r—1)er = rers (r€ (3, K}), (32)
2(r —1)e, =rep—n (red{2,...,k}). (33)

If £ > 3, (32) and (33) imply that each invariant vanishes. If k = 2, (33)
confirms that ¢; = ¢ = ¢ (¢ € IR). If in addition p > 0, (31), written for
r =2, gives ¢ = 0. If (k,p) = (2,0) or k = 1, all local invariants have the form
To=0,T1 = c(Y,v), Ty = c(Y,E)(Y,v) resp. Top = 0,7; = cdet(5).

In [Lec94], P. Lecomte introduced—in a more general framework—some ho-
motopy operator K for the dual d* of the de Rham differential d.

It is well-known that each D’ € Dzl) admits a global decomposition D’ =
SUA, Lx-) + Y (,-), where the sums are finite, where A and Q are anti-
symmetric contravariant p-tensors on M, and where X denotes a vector field
of M. Similarly, any differential operator D” € D2 may be written D" =
SALxoLy+> . QLz+> 0, with A,Q,0 € N and X,Y, Z € Vect(M).

We easily verify that

1
Klpy (D) =

- 5 T (34)

and that 1
K|pz (D") = §ZA (ixLy + Lxiy) + Y _ Qiz. (35)
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For the first formula for instance, it suffices to remember that
(A, Lxw) 2 (X, (X A A Xp)(w) + (X A A X)) (A ixw),

with unmistakable notations (see section 2), and to use the local representation
of K (see [Lec94]).

These results imply that—in the implicated cases—the homotopy operator
is independent of the local coordinates and the partition of unity involved in
its construction. Furthermore, the r.h.s. of (34) and (35) is independent of the
chosen decomposition of D’ and D’ respectively. It is now obvious that

K:Drl,ﬂ g_i_landK:DgﬂD%

are equivariant operators.
Finally, the spaces I;:g 41 and 23311 are generated by K. i

52 Caseqgq=p—1(p>0)

sps k,k41 . ) . .
Proposition 3 The spaces I, ’pj1 are one-dimensional vector spaces with basis
dr.

Proof. Bquations (23), (26), and (27) tell us that 7, = ¢,.of det(a;,d7)
(r € {0,...,k},¢, € IR) and equation (29) brings out that ¢, = ¢ (r €
{0,...,k},c € R).

Thk+1

»p—1 the conclusion follows. I
:

Since obviously d* €

5.3 Caseq=1p

Proposition 4 The spaces Ijj;]’f are one-dimensional, except Zéi’éc (k> 0) and
Z)4 (p > 0) that have dimension 2. Possible bases are id, (id, Iy) resp. (id,d*K),
where Iy is defined by Iy : D — D(1)id (1 stands for the constant function

xz —1).

Proof. (i) Look first at the case p = 0. Equations (23), (26), and (28) show
that 7o = ¢o (¢o € R) and 7, = cafy (r € {1,...,k},c € R).

If £ = 0, the space of invariants is generated by id. Otherwise, dimension of
I(’i’(f is 2 and the invariants id and Iy form a basis.

(ii) If p > 0, it follows from equations (23), (24), (26), and (27) that

P
7, = cra det(5f) + dragfl Z andetno(ég) (re{0,...,k},cr,dr € R).

n=1

In this expression, det,(67) denotes the determinant det(d?), where the line
(61,...,62) has been replaced by (&3, ...,85). When exploiting equations (29)
and (30), you find (r — 1)d, = rd,—1 (r € {2,...,k}) resp. 2(r — 1)d, =
rd.—1 (r € {2,...,k}), so that d, =0 (r € {0,...,k}), if £ > 2. Apply now
equation (31). If k¥ > 2, this condition shows that

T, = calydet(6)) (re{0,...,k},ce IR)
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and if k = 1, it entails that ¢; — ¢y +d; = 0.

If k=0 or k > 2, invariants are thus generated by id. In the case k = 1,
dimension is 2 and id,d*K € I} are possible generators. il
Remark 3 Equation (34) reveals that (d*K)(D) = (1/(1+p)) > (A, ixd-),

References

[Bon00] Boniver F, Projectively Equivariant Symbol Calculus for Bidifferential
Operators, Lett. Math. Phys. 54 (2000), pp 83-100

[CMZ97] Cohen P, Manin Yu, Zagier D, Automorphic pseudodifferential oper-
ators. In: Algebraic Aspects of Integrable Systems, Progr. Nonlinear
Differential Equations Appl. 26 (1997), pp 17-47, Boston: Birkh&user
Verlag

[DWL81] De Wilde M, Lecomte P, Some characterizations of differential opera-
tors on vector bundles. In: Butzer P, Feher F (ed) Christoffel (1981),
pp 543-549, Basel: Birkhauser Verlag

[DWLS83] De Wilde M, Lecomte P, Cohomology of the Lie Algebra of Smooth
Vector Fields of a Manifold, associated to the Lie Derivative of
Smooth Forms, J. Math. pures et appl. 62 (1983), pp. 197-214

[DWGLS84] De Wilde M, Gutt S, Lecomte P, A propos des deuziéme et troisiéme
espaces de cohomologie de l'algébre de Lie de Poisson d’une variété
symplectique, Ann. Inst. Henri Poincaré 40 (1) (1984), pp 77-83

[DO97]  Duval C, Ovsienko V, Space of second order linear differential opera-
tors as a module over the Lie algebra of vector fields, Adv. in Math.
132(2) (1997), pp 316-333

[GO96]  Gargoubi H, Ovsienko V, Space of linear differential operators on the
real line as a module over the Lie algebra of vector fields, Internat.
Math. Res. Notices 5 (1996), pp 235-251

[GP03]  Grabowski J, Poncin N, Automorphisms of quantum and classical
Poisson algebras, Comp. Math. (to appear)

[Lec94] Lecomte P, On some sequence of graded Lie algebras associated to
manifolds, Ann. Glob. Ana. Geo. 12 (1994), pp 183-192

[LMT96] Lecomte P.B.A, Mathonet P, Tousset E, Comparison of some modules
of the Lie algebra of vector fields, Indag. Math. (N.S.) 7 (1996), pp
461-471

[Lec00]  Lecomte P.B.A., On the cohomology of sl(m+ 1, IR) acting on differ-
ential operators and sl(m+1, IR)-equivariant symbol, Indag. Mathem.
N.S. 11 (1) (2000), pp 95-114



Equivariant operators 13

[Mat00] Mathonet P, Geometric Quantities Associated to Differential Opera-
tors, Comm. in Alg. 28 (2) (2000), pp 699-718

[Pee60] Peetre J, Une caractérisation abstraite des opérateurs différentiels,
Math. Scand. 7 (1959), pp 211-218, 8 (1960), pp 116-120

[Pon99] Poncin N, Cohomologie de l’algébre de Lie des opérateurs différentiels
sur une variété, a coefficients dans les fonctions, C. R. Acad. Sci.
Paris Sér I 328 (1999), pp 789-794

[Pon01] Poncin N, On the Cohomology of the Nijenhuis-Richardson Graded
Lie Algebra of the Space of Functions of a Manifold, J. of Alg. 243
(2001), pp 16-40

[Wey46] Weyl H, The classical groups, their invariants and representations
(1946), Princeton: Princeton Math Series

Norbert PONCIN

University of Luxembourg

Mathematics Laboratory

avenue de la Faiencerie, 162A

L-1511 Luxembourg City, Grand-Duchy of Luxembourg
Email: poncin@cu.lu



