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Abstract

We define the concept of weighted lattice polynomial functions as lattice polynomial
functions constructed from both variables and parameters. We provide equivalent
forms of these functions in an arbitrary bounded distributive lattice. We also show
that these functions include the class of discrete Sugeno integrals and that they are
characterized by a median based decomposition formula.
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1 Introduction

In lattice theory, lattice polynomials have been defined as well-formed ex-
pressions involving variables linked by the lattice operations A and V in an
arbitrary combination of parentheses; see for instance Birkhoff [2, §I1.5] and
Grétzer [4, §1.4]. In turn, such expressions naturally define lattice polynomial
functions. For example,

P(xh T2, $3) = (:El A xg) V x3
is a 3-ary (ternary) lattice polynomial function.

The concept of lattice polynomial function can be straightforwardly gener-
alized by fixing some variables as “parameters”, like in the 2-ary (binary)
polynomial function

p(x1, 22) = (¢ V 1) N\ 29,

where ¢ is a constant element of the underlying lattice.
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In this paper we investigate those “parameterized” polynomial functions, which
we shall call weighted lattice polynomial (w.l.p.) functions. More precisely, we
show that, in any bounded distributive lattice, w.l.p. functions can be ex-
pressed in disjunctive and conjunctive normal forms and we further investi-
gate these forms in the special case when the lattice is totally ordered. We
also show that w.l.p. functions include the discrete Sugeno integral [9], which
has been extensively studied and used in the setting of nonlinear aggregation
and integration. Finally, we prove that w.l.p. functions can be characterized
by means of a median based system of functional equations.

Throughout, we let L denote an arbitrary bounded distributive lattice with
lattice operations A and V. We denote respectively by 0 and 1 the bottom and
top elements of L. For any integer n > 1, we set [n] := {1,...,n} and, for
any S C [n], we denote by eg the characteristic vector of S in {0, 1}", that is,
the n-dimensional vector whose ith component is 1, if 7 € S, and 0, otherwise.
Finally, since L is bounded,

Vae=0 and A z=1

e reDd

2 Weighted lattice polynomial functions

Before introducing the concept of w.l.p. function, let us recall the definition
of lattice polynomial functions; see for instance Grétzer [4, §1.4].

Definition 1 The class of lattice polynomial functions from L™ to L is defined
as follows:

(1) For any k € [n], the projection (x1,...,x,) — xy is a lattice polynomial
function from L™ to L.

(2) If p and q are lattice polynomial functions from L™ to L, then p A q¢ and
pV q are lattice polynomial functions from L™ to L.

(3) Ewvery lattice polynomial function from L™ to L is constructed by finitely
many applications of the rules (1) and (2).

We now recall that, in a distributive lattice, any lattice polynomial function
can be written in disjunctive and conjunctive normal forms, that is, as a join
of meets and dually; see for instance Birkhoff [2, §IL.5].

Proposition 2 Letp: L™ — L be any lattice polynomial function. Then there
are integers k,1 > 1 and families {A;}s_, and {B;},_, of nonempty subsets

of [n] such that
k !

)=V Azi=A\ Vo

j=1 i€A, j=1 ieB;



Equivalently, there are nonconstant set functions o : 2" — {0,1} and 8 :
2 — 10,1}, with a(@) = 0 and 3(@) = 1, such that

W=V Au= A Vo

SC[n] €S SC[n] €S
a(S)=1 B(S)=0

As mentioned in the introduction, the concept of lattice polynomial function
can be generalized by fixing some variables as parameters. Based on this ob-
servation, we naturally introduce the class of w.l.p. functions as follows.

Definition 3 The class of w.l.p. functions from L™ to L is defined as follows:

(1) For any k € [n] and any ¢ € L, the projection (xy,...,x,) — xx and the
constant function (xq,...,2,) — ¢ are w.l.p. functions from L" to L.

(2) If p and q are w.l.p. functions from L™ to L, then p A q and pV q are
w.l.p. functions from L™ to L.

(3) Every w.l.p. function from L™ to L is constructed by finitely many appli-
cations of the rules (1) and (2).

Remark 4 Thus defined, w.l.p. functions are simply, in the universal algebra
terminology, those functions which are definable by polynomial expressions; see
for instance Kaarli and Pizley [5] and Lausch and Nobauer [6]. Furthermore,
these functions are clearly nondecreasing in each variable.

Using Proposition 2, we can easily see that any w.l.p. function can be written
in disjunctive and conjunctive normal forms (see also Lausch and Nobauer [6]
and Ovchinnikov [8]).

Proposition 5 Let p : L™ — L be any w.l.p. function. Then there are inte-
gers k,l > 1, parameters ay,...,ax,by,...,bp € L, and families {Aj};?:l and
{B;},_, of subsets of [n] such that
k !
p(x) =\ (aj/\ A wz) = A\ (ij V xz)

j=1 €A, j=1 i€B;

Equivalently, there exist set functions o : 2" — L and 8 : 2" — L such that

p) =V (aS) A Aw) = A (B V a).

SCln] €S SCln] €S

It follows from Proposition 5 that any n-ary w.l.p. function is entirely deter-
mined by 2" parameters.

Remark 6 Proposition 5 naturally includes the lattice polynomial functions.



To see this, it suffices to consider nonconstant set functions « : 2"l — {0, 1}
and 3 : 2" — {0,1}, with a(2) = 0 and B(2) = 1.

3 Disjunctive and conjunctive normal forms

We now investigate the link between a given w.l.p. function and the parameters
that define it.

Let us denote by p;, (resp. pj) the w.Lp. function disjunctively (resp. conjunc-
tively) defined by the set function a : 2"/ — L (resp. 8 : 2"l — L), that
is,

SC[n] i€S
hE = A (5S)vV x)
SC[n] €S

Of course, the set functions o and 3 are not uniquely determined. For instance,
both expressions 7 V (1 A z3) and z; represent the same lattice polynomial
function.

For any w.1p. function p : L™ — L, define the set functions o, : 2" — L and
By : 2 — L as a,(S) := p(es) and B,(S) := p(eps) for all S € [n]. Since p
is nondecreasing, o, is isotone and (3, is antitone.

Lemma 7 For any w.lp. function p : L™ — L we have p = pxp = pg\p.

Proof. Let us establish the first equality. The other one can be proved simi-
larly.

By Proposition 5, there exists a set function « : 2"l — L such that p = pY. It
follows that

ap(T) =\ afS) (T Cn]).

Therefore, we have



pL9= V (@A Aw) = V (Vas)npA)

TCln] €T TCn] ieT
=V V (a(S) AN xz) = <a(S) AN xl)
TC[n] SCT ieT SCln] T2S ieT
=\ (a(S) AV A LE@) = <a(S)A /\xz>
SCln] T2 ieT SCn] ics

=p(x). O

It follows from Lemma 7 that any n-ary w.l.p. function is entirely determined
by its restriction to {0, 1}".

Assuming that L is a chain (that is, L is totally ordered), we now describe the
class of all set functions that disjunctively (or conjunctively) define a given
w.Lp. function.

Proposition 8 Assume that L is a chain. Let p : L™ — L be any w.l.p.
function and consider two set functions a : 2" — L and 3 : 2" — L.

(1) We have p. = p if and only if a, < a < ap, where the set function
ay 20"l — I is defined as

0, otherwise.

0 (S) = {ap(S), if ay(S) > ap(S\ {i}) for alli € S,

(2) We have ps = p if and only if 8, < B < [, where the set function
B, ol — I is defined as

B(S) = {fp(S), if Bo(S) < Bp(S\ {i}) for alli € S,

otherwise.

Proof. Let us prove the first assertion. The other one can be proved similarly.
(=) Assume py = p and fix S C [n]. On the one hand, we have

0<a(S) <V alK) = ay(S).

KCS

On the other hand, if a,(S) > «a,(S \ {i}) for all i € S, then a(S5) = a,(9).
Indeed, otherwise, since L is a chain, there would exist K* & S such that

ap(S) =V a(K) = a(K") < ap(K") < (),

KCS

which is a contradiction.



(+) By Lemma 7, we have p = p;, . Fix S C [n] and assume there is i € S
such that a,(S) = o, (5 \ {i}). Then

(apS\{z AN :Uj> ( /\/\xj>:<ap5\{z AN xj)

jes\{i} Jes jesS\{i}

and hence «,(S) can be replaced with any lower value without altering pgp.
Hence p;, =pg. O

(e}

Example 9 Assuming that L is a chain, the possible disjunctive expressions
of x1 V (x1 AN x3) as a 2-ary w.l.p. function are given by

1V (e AN xy A xa) (ceL).
For ¢ =0, we retrieve 1 and, for ¢ =1, we retrieve x1 V (x1 A 3).

We note that, from among all the set functions that disjunctively (or con-
junctively) define a given w.l.p. function p, only «,, (resp. f3,) is isotone (resp.
antitone). Indeed, suppose for instance that « is isotone. Then, for any S C [n],
we have

that is, o = ay.

4 The discrete Sugeno integral

Certain w.l.p. functions have been considered in the area of nonlinear aggre-
gation and integration. The best known instances are given by the discrete
Sugeno integral, which is a particular discrete integration with respect to a
fuzzy measure (see Sugeno [9,10]). For a recent survey on the discrete Sugeno
integral, see Dubois et al. [3].

In this section we show the relationship between the discrete Sugeno integral
and the w.l.p. functions. To this end, we introduce the Sugeno integral as a
function from L™ to L. Originally defined when L is the real interval [0, 1],
the Sugeno integral has different equivalent representations (see Section 5).
Here we consider its disjunctive normal representation [9], which enables us to
extend the original definition of the Sugeno integral to the more general case
where L is any bounded distributive lattice.

Definition 10 An L-valued fuzzy measure on [n| is an isotone set function
w2 — L such that (@) = 0 and p([n]) = 1.



Definition 11 Let u be an L-valued fuzzy measure on [n]. The Sugeno inte-
gral of a function x : [n] — L with respect to p is defined by

Su(x) =V (,u(S) AN .Iz)

SCln] €S

Surprisingly, it appears immediately that any function f : L™ — L is an n-ary
Sugeno integral if and only if it is a w.Lp. function fulfilling f(egz) = 0 and
f(ep)) = 1. Moreover, as the following proposition shows, any w.Lp. function
can be easily expressed in terms of a Sugeno integral.

Recall that, when n is odd, n = 2k — 1, the n-ary median function is defined
in any distributive lattice as the following lattice polynomial function (see for
instance Barbut and Monjardet [1, Chap. IV])

median(x) = \/ /\ T, = /\ \/ Z;.

SC[2k—1] i€S SC[2k—1] i€S
|S|=k |S|=k

Proposition 12 For any w.l.p. function p : L™ — L, there exists a fuzzy
measure 1 : 2" — L such that

p(x) = median (p(e@), Su(x),p(ep )) )

Proof. Let u: 2" — L be the fuzzy measure which coincides with a;, on 2"
except at @ and [n]. Then, we have

=(wtev V(1 Am) v (A )] nesti)
S#@TSZAM < o

-V (o051 A )

=p(x). O

Corollary 13 Consider a function f : L™ — L. The following assertions are
equivalent:

(1) f is a Sugeno integral.

(2) f is an idempotent w.l.p. function, i.e., such that f(x,...,z) = x for all
x € L.

(3) fis a w.lp. function fulfilling f(ez) =0 and f(ep)) = 1.



Proof. (1) = (2) = (3) Trivial.

(3) = (1) Immediate consequence of Proposition 12. O

Remark 14 As the definition of the w.l.p. functions almost coincide with
that of the Sugeno integral, certain properties of the Sugeno integral can be
applied as-is or in a slightly extended form to the w.l.p. functions. For instance,
Proposition 8 was already known for the Sugeno integral (see Marichal [7]).

5 A representation theorem

Combining Proposition 12 with the well-known representations of the Sugeno
integral, we easily deduce equivalent representations for the w.l.p. functions.

When L is a chain, for any permutation o on [n|, we define the subset
O, ={xeL"| To) S0 < :L‘U(n)}.

Theorem 15 Let p : L™ — L be any w.l.p. function. For any x € L™, we

have
px) =\ <ap(5) AN ;n> - A <0zp(N\S) av. :v)

SC[n] €S SCn] €S
Moreover, assuming that L is a chain, for any permutation o on [n] and any
x € O,, setting S, (i) :={0o(i),...,0(n)} for alli € [n], we have

0=V (05,0 ) = A (eulSoli 1) v )

= median(a:l, oy Ty 0p(95(1)), p(S5(2)), - . ., ap(So(n + 1))),

with the convention that T,y = 0, Topi1) = 1, and Se(n+1) = @.

Proof. The first part has been established in Lemma 7. The second part
follows from Proposition 12 and the following representations of the Sugeno
integral. For any L-valued fuzzy measure p on [n], we have (see for instance

[71)

8,60 =V/ (S0 Awoy) = A ((Sali + 1) V o)

=1 =1

= median(xl, oy Ty 1(S(2)), (S5 (3)), - - . ,,u(Sg(n))). O



Remark 16 It follows from Theorem 15 that, when the order of the coordi-
nates of x is known, then p(x) is entirely determined by (n + 1) parameters
(instead of 2™ ).

6 The median based decomposition formula

Given a function f : L™ — L and an index k € [n], we define the functions
f:L™— Land fl: L" — L as

fl(c)(x) :f(xlu s 7xk—1707xk:+17 s 71:71)7
fé(X) :f(xlu cees Th—1, 17[L'k+17 cee 71:71)'

Clearly, if f is a w.l.p. function, so are f and f.

Now consider the following system of n functional equations, which we will
refer to as the median based decomposition formula:

f(x) = median( f(x), 2, fL(x)) (k€ [n]) (1)

This functional system expresses that, for any index k, the variable x; can be
totally isolated in f(x) by means of a median calculated over the variable xy
and the two functions f{ and f!, which are independent of .

In this final section we establish that this system characterizes the n-ary w.l.p.
functions.

Theorem 17 The solutions of the median based decomposition formula (1)
are exactly the n-ary w.l.p. functions.

Proof. Recall that the ith variable (i € [n]) of a function f : L™ — L is
said to be effective if there are two n-vectors in L", differing only in the ith
component, on which f takes on different values.

The proof that every function f : L™ — L satisfying system (1) is a w.l.p.
function is done by induction on the number of effective variables of f. If
f has a single effective variable xj then, using the kth equation of (1), we
immediately see that f is a w.l.p. function. The inductive step in then based
on the straightforward fact that if f satisfies (1) then, for any ¢ € [n], the
functions f? and f} also satisfy (1).

Let us now show that any w.l.p. function p : L™ — L fulfills system (1). Let
P, be the set of nondecreasing functions f : L™ — L fulfilling (1). Clearly, P,



contains all the projection and constant functions from L™ to L. Moreover, we
can readily see that if f,g € P, then f Ag € P, and fV g € P,. It follows
that P, contains all the w.l.p. functions from L™ to L. O

Corollary 18 For any w.l.p. function p: L™ — L and any k € [n], we have

p('rla s ,xk_l,p(x),ka, s 7xn) = p(X)

Proof. Using Theorem 17 and the fact that p is nondecreasing, we immedi-
ately obtain

P11, D(X), Tty - ey Tp) = median(pg(x),p(x),p}c(x)) = p(x). O

7 Conclusion

We have introduced the concept of weighted lattice polynomial functions,
which generalize the lattice polynomial functions by allowing some variables
to be fixed as parameters. We have observed that these functions include
the class of discrete Sugeno integrals, which have been extensively used not
only in aggregation function theory but also in fuzzy set theory. Finally, we
have provided a median based system of functional equations that completely
characterizes the weighted lattice polynomial functions.

Just as special Sugeno integrals (such as the weighted minima, the weighted
maxima, and their ordered versions) have already been investigated and ax-
iomatized (see Dubois et al. [3]), certain subclasses of weighted lattice poly-
nomial functions deserve to be identified and investigated in detail. This is a
topic for future research.
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