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` abcdefghcieb
jkl mnopl

Sk(Γ1(N), C) qr kqsqtqunkvp tqwxsou pxmn rqut m qr ylvzk{
k ≥ 2

rqu {kl zuqxn Γ1(N) rqu mqtl v|{lzlu N ≥ 1
vm ulso{lw {q {kl nouo}qsvp zuqxnpqkqtqsqz~ qr Γ1(N)

}~ {kl mq�posslw � vpkslu��kvtxuo vmqtqunkvmt �mll l �z �
��� � jklqult �� �� ���
����� Sk(Γ1(N), C) ⊕ Sk(Γ1(N), C) ∼= H1

par(Γ1(N), C[X, Y ]k−2),

yklul C[X, Y ]k−2 wl|q{lm {kl
C��lp{qu mnopl qr kqtqzl|lqxm nqs~|qt vosm qr

wlzull k−2
v| {yq �ouvo}slm y v{k {kl m{o|wouw SL2(Z)�op{vq| � �qu {kl wl�|v{vq|

qr {kl nouo}qsvp zuqxn pqkqtqsqz~ mll �lp{vq| � � �| {kl tqwxsou rqut m � om ylssom q| {kl zuqxn pqkqtqsqz~ q|l wvmnqmlm qr |o{xuos �lp�l qnluo{qum � ykvpk oulpqtno{v}sl y v{k {kl � vpkslu��k vtxuo vmqtqunkvmt � �| vttlwvo{l q}mlu�o{vq|vm {ko{
H1

par(Γ1(N), C[X, Y ]k−2)
vm o rull tqwxsl qr uo|� 2 rqu {kl pqtnsl�

�lp�l oszl}uo TC

zl|luo{lw }~ {kl �lp�l qnluo{qum v| {kl l|wqtqunkvmt uv|z
qr Sk(Γ1(N), C)

� jkvm vtnsvlm � v| nou{vpx sou � {ko{ H1
par(Γ1(N), C[X, Y ]k−2)

vm o
rov{krxs TC�t qwxsl ��| zl|luos {klul vm |q o|osqzxl qr {kl � vpkslu��kvtxuo vmqtqunkvmt q�lu�|v{l �lswm � �qyl�lu � v| {kl nulml|{ ou{vpsl yl mkqy {ko{ {kl o}q�l q}mlu�o{vq|zl|luosvmlm {q pxmnvwos �o{� tqwxsou rqut m q�lu �| v{l �lswm v| plu{ov| pomlm �

�l{ |qy TFp
wl|q{l {kl

Fp��lp�l oszl}uo zl|luo{lw }~ {kl �lp�l qnluo{qumv|mvwl {kl l|wqtqunkvmt uv|z qr {kl pxmnvwos �o{� tqwxsou rqut m
Sk(Γ1(N), Fp)qr ylvzk{

k ≥ 2 rqu Γ1(N) q�lu {kl �lsw Fp
� �| �vly qr {kl q}mlu�o{vq|m ruqt{kl � vpk slu��kvtxuo vmqtqunkvmt {yq �xlm{vq|m ouvml |o{xuoss~�

�



�o� �m
H1

par(Γ1(N), Fp[X, Y ]k−2)
o rov{krxs TFp

�tqwxsl�
�} � �m

H1
par(Γ1(N), Fp[X, Y ]k−2) rull qr uo|� 2

om o
TFp

�t qwxsl�� nqmv{v�l o|mylu {q �xlm{vq| �} � pslous~ vtnsvlm o nqmv{v�l o|mylu {q �o� �� mv|z
p�owvp �qwzl {klqu~ �v| nou{vpxsou {kl ou{vpsl ����� � �wv�kq�l| mkqy m v|

jklqult � �� qr ��� {ko{ �xlm{vq| �o� kom o nqmv{v�l o|mylu v| {kl ylvzk{ uo|zl
2 ≤ k ≤ p − 1

� �t lu{q| � �qssop� o|w �lm{q| ylul o}sl {q wlwxpl ruqt {kl
rx|wot l|{os yqu� }~ � vslm q| �luto{ �m som{ {klqult {ko{ �xlm{vq| �} � vm {uxl
sq poss~ o{ nuvt lm qr {kl �lp�l oszl}uo ykvpk oul p�quwv|ou~ o|w p�wvm{v|zxvmklw
�mll � � � �uqnqmv{vq| ¡ �¡ ��� rqu Zp�pql¢ pvl|{m o|w {kl rxss pqkqtqsqz~ �v �l � |q{{kl nouo}qsvp mx}mnopl� � ruqt ykvpk {kl ulmxs{ rq ssqy m rqu Fp�pql¢ pvl|{m o|w{kl rxss pqkqtqsqz~� �l mkqxsw t l|{vq| {ko{ o nqmv{v�l o|mylu {q �xlm{vq| �o�
y v{k

Zp�pql¢ pvl|{m wqlm |q{ vtns~ o nqmv{v�l o|mylu q�lu Fp
�

jkl t ov| ulmxs{ qr {kl nulml|{ ou{vpsl vm {q o|mylu �xlm{vq| �o� nqmv{v�ls~
sq poss~ o{

p�quwv|ou~ nuvt lm qr TFp

v| {kl ylvzk{ uo|zl 2 ≤ k ≤ p + 1 �mll£quqssou~ ¤ � � � � mvt vsou ulmxs{ rqu pxmnvwos t qwxsou rqut m rqu Γ1(N) yv{k o
¥ vuvpk sl{ pkouop{lu rqssqy m x|wlu plu{ov| uo{klu ylo� ommxtn{vq|m �mll jklq�
ult ¦ �§� � jklml ulmxs{m oul q}{ov|lw xmv|z {lpk|v�xlm {ko{ ylul v| mnvulw }~ {kl
mnlpvos poml

p = 2 qr ��� � jklqult � �� ��l{ xm nqv|{ qx{ {kl rqssqy v|z pq|ml�xl|pl � ykvpk nulml|{lw {kl v|v{vos t q�{v�o{vq| rqu {kvm m{xw~� �r {kl o|mylu {q �xlm{vq| �o� vm ~lm � yl t o~ pqt�nx{l TFp
�vo {kl �lp�l qnluo{qum q| {kl �|v{l wvt l|mvq|os Fp��lp{qu mnopl

H1
par(Γ1(N), Fp[X, Y ]k−2)

� jkvm po| }l wq|l l�nsvpv{s~ q| o pqtnx{lu o|w q|s~
ul�xvulm sv|lou oszl}uo tl{kqwm � jkl �|qy slwzl qr {kl �lp�l oszl}uo vm �lu~v|{lulm{v|z � �|l po| � rqu l�otnsl � {u~ {q �luvr~ ykl{klu v{ vm o ¨qul|m{lv|
uv|z � jkvm nuqn lu{~ vm qr{l| vtnsvlw ykl| {kl �lp�l oszl}uo vm vmqtqunkvp {q o
wlrquto{vq| uv|z �om l �z � v| ��§�� �jlpk|v�xlm ruqt ��� � �lp{vq| § � mkqy kqy pxmnvwos �o{� tqwxsou rqut m qr
ylvzk{ q|l q�lu Fp

po| }l ulso{lw {q ylvzk{
p
� �l q}mlu�l v| �uqnqmv{vq| � �§

{ko{ {kl pquulmnq|wv|z sq pos rop{qum qr {kl �lp�l oszl}uo v| ylvzk{
p

oul p�
quwv|ou~� �l|pl � o pq|ml�xl|pl qr qxu ulmxs{ vm {ko{ t l{kqwm ruqt Fp�sv|louoszl}uo po| }l xmlw rqu {kl pqtnx{o{vq| qr ylvzk{ q|l �o{� pxmn rqut m �mlljklqult � ��� � jkl ox{kqu pouuvlw qx{ mqt l mxpk pospx so{vq|m o|w ulnqu{lw q|{klt v| �� �� ��{ mkqxsw }l t l|{vq|lw {ko{ vr q|l vm |q{ v|{lulm{lw v| {kl �lp�l oszl�}uo m{uxp{xul � }x{ q|s~ v| {kl m~m{lt m qr lvzl|�osxlm qr �lp�l lvzl|rqut m v|
Sk(Γ1(N), Fp)

� q|l po| zl{ {klt wvulp{s~ ruqt H1(Γ1(N), Fp[X, Y ]k−2) rqu oss
k ≥ 2 �mll l �z � ���� � �uqnqmv{vq| § �¡ ��� � �qyl�lu � {klul t o~ }l tqul m~m{lt m qrlvzl|�osxlm v| {kl zuqxn pqkqtqsqz~ {ko| v|

Sk(Γ1(N), Fp)
� }x{ {kl l�{uo q|lmpo| lomvs~ } l vwl|{v�lw �

jkvm ou{vpsl vm }omlw q| {kl xml qr zuqxn pqkqtqsqz~� jkl ox{kqu m{xwvlw v|
kvm {klmvm ���� o|w {kl ou{vpsl ��¡� ulso{vq|m {q tqwxsou m~t}qsm o|w o plu{ov|pqkqtqsqz~ zuqxn q| {kl pquulmnq|wv|z tqwxsou pxu�l � � ss {klml ozull rquv|m{o|pl rqu o|~ pq|zuxl|pl mx}zuqxn qr SL2(Z)

vr {kl pkouop{luvm{vp qr {kl }oml
�lsw vm

p ≥ 5 qu v| o|~ pkouop{luvm{vp rqu {kl zuqxn Γ1(N) yv{k
N ≥ 5

�

�



�l oww mqt l ult ou�m q| �o{� tqwxsou rqut m � �m o ulrlul|pl q|l po| xml�¤� � ��§� qu ��� � �qu R = C
� {kl �o{� pxmnvwos tqwxsou rqut m oul nulpvmls~ {kl

kqsqtqunkvp pxmn rqut m � �|wlu {kl ommxtn{vq|m N ≥ 5
o|w k ≥ 2 q|l kom

Sk(Γ1(N), Z[1/N ])⊗R ∼= Sk(Γ1(N), R) rqu o|~ uv|z R
v| ykvpk

N
vm v|�lu{v}sl ��| nou{vpxsou � {kvm t lo|m {ko{ o|~ �o{� pxmn rqut q�lu Fp

po| }l svr{lw {qpkouop{luvm{vp �luq v| {kl motl ylvzk{ o|w sl�ls � jkl nul�vqxm m{o{lt l|{ wqlm|q{ kqsw rqu ylvzk{
k = 1

v| zl|luos �
�o{� pxmn rqut m q�lu Fp rqu o nuvt l

p
nso~ o| vtnqu{o|{ u©sl v| o tqwv�lw

�lumvq| qr �luul �m pq|ª lp{xul q| tqwxsou rqut m �mll �¦�� � om {klvu xml � q| {kl
q|l ko|w � zl{m uvw qr mqt l pkouop{lu svr{v|z nuq}slt m � o|w q| {kl q{klu ko|w �
ossqy m q|l {q t v|vt vml {kl ylvzk{m qr {kl tqwxsou rqut m � �| nou{vpxsou � qww �
vuulwxpv}sl ¨osqvm ulnulml|{o{vq|m

Gal(Q|Q) → GL2(Fp) ykvpk oul x|uot v�lwo{
p

oul pq|ª lp{xulw {q pquulmnq|w {q �o{� lvzl|rqut m qr ylvzk{ q|l �� v|oss~� yl mkqxsw t l|{vq| {ko{ � vssvot �{lv| kom vtnslt l|{lw Fp�t qwxsoum~t}qsm o|w {kl �lp�l qnluo{qum q| {klt v| «ozt o o|w �~{kq| � �|l pqxswmo~ {ko{ {kvm ou{vpsl vm osmq o}qx{ yko{ {kl~ pqtnx{l �
¬®¯°± ²³´µ³¶³¯·¸
jkvm ou{vpsl kom zuqy| qx{ qr £kon{lu ��� qr t~ {klmvm � � yqxsw sv�l {q {ko|� t~
{klmvm ow�vmqu ¹om �wv�kq�l| rqu �lu~ klsnrxs mxzzlm{vq|m � o|w jklq �o| wl|
¹qzoou{ rqu mkouv|z kvm v|mvzk{m v| oszl}uovp zlqt l{u~�
º»º ¼°·½·¾°¯
�l wl|q{l }~

Mat2(Z)6=0
{kl mlt v�zuqxn qr v|{lzuos 2 × 2�t o{uvplm y v{k |q|��luq wl{lut v|o|{ � �| v{ q|l kom �kvtxuo �m t ov| v|�qsx{vq| (

a b
c d

)ι
=

(
d −b
−c a

) �
�qu o uv|z R

{kl |q{o{vq| R[X, Y ]n
m{o|wm rqu {kl kqtqzl|lqxm nqs~|qt vosm qr

wlzull n
v| {kl �ouvo}slm X, Y

� �l sl{

Vn(R) := Symn(R2) ∼= R[X, Y ]n

ykvpk yl l�xvn y v{k {kl |o{xuos slr{ Mat2(Z)6=0�mlt v�zuqxn op{vq| � �r V
vm o|

R�t qwxsl � sl{ V ∨ }l {kl wxos R�tqwxsl HomR(V, R)
�

� m xmxos � {kl xnnlu kosr nso|l vm wl|q{lw }~
H

� « qulq�lu � yl mkoss xml{kl m{o|wouw pq|zuxl|pl mx}zuqxnm Γ(N)
�
Γ1(N)

o|w Γ0(N) qr SL2(Z) rqu o|
v|{lzlu N ≥ 1

� ykvpk oul wl�|lw {q pq|mvm{ qr {kl t o{uvplm (
a b
c d

)
∈ SL2(Z)

ulwxpv|z tqwxsq N
{q ( 1 0

0 1 )
�
( 1 ∗

0 1 ) ulmn �
( ∗ ∗

0 ∗ )
�

¿ ÀÁdÁÂ eÃih ÄdegÅ heÆeÇ eÃeÄÈ
�| {k vm mlp{vq| yl ulposs {kl wl�|v{vq| qr nouo}qsvp zuqxn pqkqtqsqz~ o|w nulml|{mqt l nuqnlu{vlm {q }l xmlw v| {kl ml�xls � �l mkoss xml m{o|wouw rop{m q| zuqxnpqkqtqsqz~ y v{kqx{ mn lpvos ulrlul|pl � jkl ulowlu po| rqu l�otnsl pq|mxs{ �¡� �

¡



É°Ê°¶°²°µË °Ì
PSL2(Z)

jkl zuqxn PSL2(Z)
vm rulls~ zl|luo{lw }~ {kl t o{uv� psommlm qr σ :=

(
0 −1
1 0

)
o|w τ :=

(
1 −1
1 0

) � � pq|ml�xl|pl vm {kl rqssqy v|z mn lpvos poml qr {kl Í ÎÏÐÑÒ
ÓÔÐÕÖÑÔ× ×ÐØÙÐÚÛÐ �mll l �z � ��¡� � n � �� �� � �qu o|~ uv|z R

o|w o|~ slr{ R[PSL2(Z)]�
t qwxsl M

{kl ml�xl|pl

�� ��� 0 → MPSL2(Z) → M 〈σ〉 ⊕ M 〈τ〉 → M

→ H1(PSL2(Z), M) → H1(〈σ〉, M) ⊕ H1(〈τ〉, M) → 0

vm l�op{ o|w rqu oss i ≥ 2 q|l kom vmqtqunkvmt m
�� �¡� Hi(PSL2(Z), M) ∼= Hi(〈σ〉, M) ⊕ Hi(〈τ〉, M).

ÜÝÞÝßßàÞá â ãä åÐÕ
R æÐ Î ÑÔÚç ÎÚè

Γ ≤ PSL2(Z) æÐ Î ×Ùæç ÑÖÙé Öê ë ÚÔÕÐ ÔÚèÐì
×ÙÛí Õí ÎÕ Îî î Õí Ð ÖÑèÐÑ× Öê Îî î ×ÕÎæÔîÔ×ÐÑ ç ÑÖÙé ×

Γx
ê ÖÑ

x ∈ H
ÎÑÐ ÔÚïÐÑÕÔæîÐÔÚ

R ð ñí ÐÚ ê ÖÑ Îî î
R[Γ]

Òò ÖèÙîÐ×
V

ÖÚÐ í Î×
H1(Γ, V ) = M/(M 〈σ〉 +M 〈τ〉) óÔÕí

M = Coind
PSL2(Z)
Γ (V )

ÎÚè
Hi(Γ, V ) = 0

ê ÖÑ Îî î
i ≥ 2 ð

ôÞÝÝõ ã �l �um{ ulposs {ko{ o|~ |q|�{uv� voss~ m{o}vsvmlw nqv|{ x qr H
vm

pq|ª xzo{l }~ o| lslt l|{ qr PSL2(Z)
{q lv{klu i qu ζ3 = e2πi/3

� ykl|pl oss |q|�{uv�vos m{o}vsvmlu zuqxnm oul qr {kl rqut g〈σ〉g−1 ∩ Γ qu g〈τ〉g−1 ∩ Γ rqu mqt l
g ∈ PSL2(Z)

� �uqt «op�l~ �m rqutxso �mll l �z � ��¡�� q|l q}{ov|m
Hi(〈σ〉, Coind

PSL2(Z)
Γ V ) ∼=

∏

g∈Γ\PSL2(Z)/〈σ〉

Hi(g〈σ〉g−1 ∩ Γ, V )

rqu oss i
o|w o mvt vsou ulmx s{ rqu τ

� ¥xl {q {kl v|�lu{v}vsv{~ ommxtn{vq| {kl ulmxs{
rqssqy m ruqt �konvuq �m sltto o|w ��xo{vq|m �� ��� o|w �� �¡� � 2jkl ommxtn{vq|m qr {kl nuqnqmv{vq| oul rqu v|m{o|pl osyo~m mo{vm�lw vr R

vm
o �lsw qr pkouop{luvm{vp |q{ 2 qu 3

� jkl~ osmq kqsw rqu Γ1(N) yv{k
N ≥ 4 q�luo|~ uv|z �

ö³÷¯¾·¾°¯ °Ì ø½ù½ú°²¾ µù°ûø °Ê°¶°²°µË
�l{

R
}l o uv|z � Γ ≤ PSL2(Z)

o mx}zuqxn qr �| v{l v|wl� o|w T = τσ = ( 1 1
0 1 )

�
�|l wl�|lm {kl é ÎÑÎæÖîÔÛ ç ÑÖÙé ÛÖí Öò ÖîÖçÏ ç ÑÖÙé ê ÖÑ Õí Ð

R[Γ]
Òò ÖèÙîÐ

V
om {kl

�lu|ls qr {kl ulm{uvp{vq| t on v|
�� �§ � 0 → H1

par(Γ, V ) → H1(Γ, V )
res
−−→

∏

g∈Γ\PSL2(Z)/〈T 〉

H1(Γ ∩ 〈gTg−1〉, V ).

jkl wl�|v{vq| qr nouo}qsvp pqkqtqsqz~ vm pqtno{v}sl y v{k �konvuq �m sltto � v �l �
��xo{vq| �� �§� vm vmqtqunkvp {q
�� ��� 0 → H1

par(PSL2(Z), M) → H1(PSL2(Z), M)
res
−−→ H1(〈T 〉, M)

yv{k
M = Coind

PSL2(Z)
Γ V = HomR[Γ](R[PSL2(Z)], V )

� om q|l mllm xmv|z l �z �
« op�l~ �m rqutxso om v| {kl nuqqr qr £quqssou~ � ���

§



ôÞÝü ÝýþÿþÝ� â ãâ åÐÕ
R æÐ Î ÑÔÚç ÎÚè

Γ ≤ PSL2(Z) æÐ Î ×Ùæç ÑÖÙé Öê ë ÚÔÕÐ
ÔÚèÐì ×ÙÛí Õí ÎÕ Îî î Õí Ð ÖÑèÐÑ× Öê Îî î ×ÕÎæÔîÔ×ÐÑ ç ÑÖÙé ×

Γx
ê ÖÑ

x ∈ H
ÎÑÐ ÔÚïÐÑÕÔæîÐÔÚ

R ð ñí ÐÚ ê ÖÑ Îî î
R[Γ]

Òò ÖèÙîÐ×
V

Õí Ð ×ÐØÙÐÚÛÐ

0 → H1
par(Γ, V ) → H1(Γ, V )

res
−−→

∏

g∈Γ\PSL2(Z)/〈T 〉

H1(Γ∩ 〈gTg−1〉, V ) → VΓ → 0

Ô× Ðì ÎÛÕð
ôÞÝÝõ ã ¥xl {q {kl ommxtn{vq|m yl t o~ onns~ £quqssou~ � ��� jkl ulm{uvp{vq|

t on v| ��xo{vq| �� ��� {kxm } lpqt lm

M/(M 〈σ〉 + M 〈τ〉)
m 7→(1−σ)m
−−−−−−−−→ M/(1 − T )M,

mv|pl
H1(〈T 〉, M) ∼= M/(1−T )M

� jkl vmqtqunkvmt M ∼= (R[PSL2(Z)]⊗R V )Γossqy m q|l {q pqtnx{l {ko{ {kl pq�lu|ls qr {kvm t on vm
VΓ

� {kl
Γ�pqv|�ouvo|{m �

2

�Ê³ ¶°´û²³
Vn(R)

�l{
R

}l o uv|z � �lposs ruqt �q{o{vq| ��� {ko{ yl nx{ Vn(R) = Symn(R2) ∼=

R[X, Y ]n
�

ôÞÝü ÝýþÿþÝ� â ã� �Ùéé Ö×Ð Õí ÎÕ
n!

Ô× ÔÚïÐÑÕÔæîÐ ÔÚ
R ð ñí ÐÚ Õí ÐÑÐ Ô× Î é ÐÑê ÐÛÕ

é ÎÔÑÔÚç
Vn(R) × Vn(R) → R

Öê
R

Òò ÖèÙîÐ×� óíÔÛí ÔÚèÙÛÐ× ÎÚ Ô×Öò ÖÑé í Ô×ò
Vn(R) → Vn(R)∨

Öê
R

Òò ÖèÙîÐ×
ÑÐ×é ÐÛÕÔÚç Õí Ð

Mat2(Z)6=0
ÒÎÛÕÔÖÚ óí ÔÛí Ô× ç ÔïÐÚ ÖÚ

Vn(R)∨ æÏ (M.φ)(w) =

φ(M ιw)
ê ÖÑ

M ∈ Mat2(Z)6=0
�
φ ∈ Vn(R)∨

ÎÚè
w ∈ Vn(R) ð

ôÞÝÝõ ã �|l wl�|lm {kl nlurlp{ novuv|z q| Vn(R)
}~ �um{ pq|m{uxp{v|z o

nlurlp{ novuv|z q| R2
� ykvpk yl pq|mvwlu om pqsxt| �lp{qum � �|l ml{m

R2 × R2 → R, 〈v, w〉 := det(v|w) = v1w2 − v2w1.

�r M
vm o to{uv� v|

Mat2(Z)6=0

� q|l pklp�m lomvs~ {ko{
〈Mv, w〉 = 〈v, M ιw〉

�
jkvm novuv|z l�{l|wm |o{xuoss~ {q o novuv|z q| {kl

n�{k {l|mqu nqylu qr R2 �¥xl {q {kl ommxtn{vq| q| {kl v|�lu{v}vsv{~ qr n!
� yl t o~ �vly Symn(R2)

om o
mx}tqwxsl v| {kl

n�{k {l|mqu nqylu � o|w kl|pl q}{ov| {kl wlmvulw novuv|z o|w{kl vmqtqunkvmt qr {kl m{o{lt l|{ �
2

��	 	 à â ã
 åÐÕ
n ≥ 1 æÐ ÎÚ ÔÚÕÐç ÐÑ�

t = ( 1 N
0 1 )

ÎÚè
t′ = ( 1 0

N 1 ) ð �ê n!N
Ô×

ÚÖÕ Î �ÐÑÖ èÔïÔ×ÖÑ ÔÚ
R

� Õí ÐÚ ê ÖÑ Õí Ð
t
ÒÔÚïÎÑÔÎÚÕ× ó Ð í ÎïÐ

Vn(R)〈t〉 = 〈Xn〉
ÎÚè

ê ÖÑ Õí Ð
t′
ÒÔÚïÎÑÔÎÚÕ×

Vn(R)〈t
′〉 = 〈Y n〉 ð �ê n!N

Ô× ÔÚïÐÑÕÔæîÐ ÔÚ
R

� Õí ÐÚ Õí Ð ÛÖÔÚÒ
ïÎÑÔÎÚÕ× ÎÑÐ ç ÔïÐÚ æÏ Vn(R)〈t〉 = Vn(R)/〈Y n, XY n−1, . . . , Xn−1Y 〉

ÑÐ×é ÐÛÕÔïÐîÏ
Vn(R)〈t′〉 = Vn(R)/〈Xn, Xn−1Y, . . . , XY n−1〉 ð

�



ôÞÝÝõ ã jkl op{vq| qr t
vm

t.(Xn−iY i) = Xn−i(NX + Y )i o|w pq|ml�xl|{s~
(t− 1).(Xn−iY i) =

∑i−1
j=0 ri,jX

n−jY j yv{k
ri,j = N i−j

(
i
j

) � ykvpk vm |q{ o �luq
wv�vmqu � ulmn lp{v�ls~ v|�lu{v}sl � }~ ommxtn{vq| � �qu x =

∑n
i=0 aiX

n−iY i yl
ko�l (t− 1).x =

∑n−1
j=0 Xn−jY j(

∑n
i=j+1 airi,j).

�r (t− 1).x = 0
� yl pq|psxwl rqu

j = n − 1
{ko{

an = 0
� �l�{ � rqu j = n − 2

v{ rqssqy m {ko{
an−1 = 0

� o|w mq
q| � x|{vs a1 = 0

� jkvm nuq�lm {kl m{o{lt l|{ q| {kl
t�v|�ouvo|{m � jkl q|l q| {kl

t′�v|�ouvo|{m rq ssqy m ruqt m~ttl{u~� jkl psovt m q| {kl pqv|�ouvo|{m oul nuq�lwv| o �lu~ mvt vsou o|w m{uovzk{rquyouw yo~�
2

ôÞÝü ÝýþÿþÝ� â ã åÐÕ
n ≥ 1 æÐ ÎÚ ÔÚÕÐç ÐÑð

�Î� �ê n!N
Ô× ÚÖÕ Î � ÐÑÖ èÔïÔ×ÖÑ ÔÚ

R
� Õí ÐÚ Õí Ð

R
Òò ÖèÙîÐ Öê

Γ(N)
ÒÔÚïÎÑÔÎÚÕ×

Vn(R)Γ(N) Ô× � ÐÑÖð
�æ� �ê n!N

Ô× ÔÚïÐÑÕÔæîÐ ÔÚ
R

� Õí ÐÚ Õí Ð
R

Òò ÖèÙîÐ Öê
Γ(N)

ÒÛÖÔÚïÎÑÔÎÚÕ×
Vn(R)Γ(N)Ô× � ÐÑÖð

�Û� �Ùéé Ö×Ð Õí ÎÕ
Γ

Ô× Î ×Ùæç ÑÖÙé Öê
SL2(Z)

×ÙÛí Õí ÎÕ ÑÐèÙÛÕÔÖÚ ò ÖèÙîÖ
p

èÐë ÚÐ×
Î ×ÙÑ� ÐÛÕÔÖÚ

Γ ³ SL2(Fp)
�Ððç ð Γ(N)

�
Γ1(N)

�
Γ0(N)

ê ÖÑ
p - N

� ð �Ùéé Ö×Ð
ò ÖÑÐÖïÐÑ Õí ÎÕ

1 ≤ n ≤ p
Ôê

p > 2
� ÎÚè

n = 1
Ôê

p = 2 ð ñí ÐÚ ÖÚÐ í Î×
Vn(Fp)

Γ = 0 = Vn(Fp)Γ.

ôÞÝÝõ ã �m
Γ(N)

pq|{ov|m {kl t o{uvplm t
o|w t′

� �ltto � �§ osulow~ �|vmklm
�ou{m �o� o|w �}� � jkl q|s~ nou{ qr �p� {ko{ vm |q{ ~l{ pq�lulw vm ykl| {kl wlzullvm

n = p > 2
� �v|pl Vp(Fp)

vm |o{xuoss~ vmqtqunkvp {q U1

� � uqnqmv{vq| § �� zv�lm{kl l�op{ ml�xl|pl qr Γ�t qwxslm 0 → V1(Fp) → Vp(Fp) → Vp−2(Fp) → 0.
�{

mx¢ plm {q {o�l v|�ouvo|{m ulmnlp{v�ls~ pqv|�ouvo|{m {q q}{ov| {kl ulmx s{ � 2

�°ù¸¾°¯�Ìù³³¯³¸¸ ½¯´ ú½¸³ Ê½¯µ³ øù°ø³ù·¾³¸
�luult o|m kom pqtnx{lw o {qumvq|�rull|lmm ulmxs{ sv�l {kl rqssqy v|z nuqnqmv{vq|v| ���� � �uqnqmv{vq|   � �lul yl zv�l o mkqu{ o|w pq|pln{xos nuqqr qr o msvzk{s~
tqul zl|luos m{o{lt l|{ � jkl yo~ qr onnuqopk yom mxzzlm{lw }~ ¹om �wv�kq�l| �
ôÞÝü ÝýþÿþÝ� â ã� � ××Ùò Ð Õí ÎÕ

R
Ô× ÎÚ ÔÚÕÐç ÑÎî èÖò ÎÔÚ Öê Ûí ÎÑÎÛÕÐÑÔ×ÕÔÛ

0
×ÙÛí

Õí ÎÕ
R/pR ∼= Fp

ê ÖÑ Î é ÑÔò Ð
p ð åÐÕ

N ≥ 1
ÎÚè

k ≥ 2 æÐ ÔÚÕÐç ÐÑ× ÎÚè îÐÕ
Γ ≤ SL2(Z) æÐ Î ×Ùæç ÑÖÙé ÛÖÚÕÎÔÚÔÚç

Γ(N) æÙÕ ÚÖÕ
−1

×ÙÛí Õí ÎÕ Õí Ð ÖÑèÐÑ×
Öê Õí Ð ×ÕÎæÔîÔ×ÐÑ ×ÙæçÑÖÙé × Γx

ê ÖÑ
x ∈ H

í ÎïÐ ÖÑèÐÑ ÛÖé ÑÔò Ð ÕÖ
p ð ñí ÐÚ Õí Ð

ê Öî îÖó ÔÚç ×ÕÎÕÐò ÐÚÕ× í Öîè �
�Î�

H1(Γ, Vk−2(R)) ⊗R Fp
∼= H1(Γ, Vk−2(Fp)) ð�æ� �ê k = 2

� Õí ÐÚ
H1(Γ, Vk−2(R))[p] = 0 ð �ê k ≥ 3

� Õí ÐÚ
H1(Γ, Vk−2(R))[p] =

Vk−2(Fp)
Γ ð �Ú é ÎÑÕÔÛÙîÎÑ� Ôê

p - N
� Õí ÐÚ

H1(Γ, Vk−2(R))[p] = 0
ê ÖÑ Îî î

k ∈ {2, . . . , p + 2} ð
�Û� �ê k = 2

� ÖÑ Ôê
k ∈ {3, . . . , p + 2}

ÎÚè
p - N

� Õí ÐÚ
H1

par(Γ, Vk−2(R))⊗R Fp
∼=

H1
par(Γ, Vk−2(Fp)) ð

¤



ôÞÝÝõ ã �l{ xm �um{ |q{vpl {ko{ {kl ml�xl|pl

0 → Vk−2(R)
·p
−→ Vk−2(R) → Vk−2(Fp) → 0

qr R[Γ]�t qwxslm vm l�op{ � jkl ommq pvo{lw sq|z l�op{ ml�xl|pl zv�lm uvml {q {kl
mkqu{ l�op{ ml�xl|pl

0 → Hi(Γ, Vk−2(R)) ⊗ Fp → Hi(Γ, Vk−2(Fp)) → Hi+1(Γ, Vk−2(R))[p] → 0

rqu l�lu~ i ≥ 0
� ��nsqv{v|z {k vm ml�xl|pl rqu i = 1

vttlwvo{ls~ ~vlswm �ou{ �o� �mv|pl o|~
H2 qr Γ

vm �luq }~ £quqssou~ � ��� �ou{ �} � vm o wvulp{ pq|ml�xl|pl qr{kl poml
i = 0

o|w �uqnqmv{vq| � �� �
�l ko�l {kl l�op{ pqttx{o{v�l wvozuot

0 // H1(Γ, Vk−2(R))

²²

·p // H1(Γ, Vk−2(R))

²²

// H1(Γ, Vk−2(Fp))

²²

// 0

0 //
∏

g H1(Dg, Vk−2(R))

²²

·p //
∏

g H1(Dg, Vk−2(R))

²²

//
∏

g H1(Dg, Vk−2(Fp)) // 0

(Vk−2(R))Γ
·p //

²²
(Vk−2(R))Γ

²²
0 0

yklul {kl nuqwxp{m oul {o�l| q�lu g ∈ Γ\PSL2(Z)/〈T 〉
� o|w Dg = Γ∩ 〈gTg−1〉

�
jkl l�op{|lmm qr {kl �um{ uqy vm {kl pq|{l|{m qr �ou{m �o� o|w �}� � jko{ {kl
pqsxt|m oul l�op{ rqssqy m ruqt �uqnqmv{vq| � �� � jkl �luq q| {kl uvzk{ qr {kl
mlpq|w uqy vm wxl {q {kl rop{ {ko{

Dg
vm rull q| q|l zl|luo{qu � jko{ zl|luo{qu vm

qr {kl rqut g ( 1 r
0 1 ) g−1 yv{k

r | N
� mq {ko{

r
vm v|�lu{v}sl v|

Fp
� jkl �luq q| {kl

slr{ vm {uv� vos rqu k = 2
o|w rqu 3 ≤ k ≤ p + 2

v{ vm o pq|ml�xl|pl qr �ltto � �§ ��ou{ �p� |qy rqssqy m ruqt {kl m|o�l sltto o|w �uqnqmv{vq| � �� � ykvpk vtnsvlm{ko{ {kl }q{{qt ton vm o| v|ª lp{vq| �
2

� � �h�� Áhcieb

�lp�l qnluo{qum pq|pln{xoss~ pqt l ruqt �lp�l pquulmnq|wl|plm q| tqwxsoupxu�lm ulmnlp{v�ls~ tqwxsou m{op�m � jkl~ oul } lm{ wlmpuv} lw q| {kl tqwxsvv|{lunul{o{vq|m �mll l �z � ��� � ¡ �� o|w ¦ �¡� � � ss �lp�l qnluo{qum {ko{ yl y vss l|�pqx|{lu v| {kvm ou{vpsl ouvml sv�l {k vm � jkvm mlp{vq| nulml|{m �lp�l qnluo{qum q|zuqxn pqkqtqsqz~ o|w {kl nuv|pvnos ulmxs{ vm {kl }lko�vqxu qr {kl �lp�l qnlu�o{qum y v{k ulmnlp{ {q �konvuq �m sltto � jko{ ulmxs{ yom q}{ov|lw }~ � mk o|w
�{l�l|m ���� � �ltto � ��� � �lul � kqyl�lu � yl o�qvw {klvu uo{klu klo�~ so|zxozl
qr ylo�s~ pqtno{v}sl �lp�l novum � �|m{low � {kl wlmpuvn{vq| qr �lp�l qnluo{qum
q| zuqxn pqkqtqsqz~ vm xmlw ykvpk pqt lm wvulp{s~ ruqt {kl �lp�l pquulmnq|�
wl|plm �rqut oss~ q|l kom {q yqu� q| {kl tqwxsou m{op�m y v{k sq poss~ pq|m{o|{pql¢ pvl|{m � v| poml qr |q|�{uv� voss~ m{o}vsvmlw nqv|{m� � �qu {kl wlmpuvn{vq| yl
rqssqy ��� � �� �§ �

¦



� ³®³ °ø³ù½·°ù¸ °¯ µù°ûø °Ê°¶°²°µË
�l{

R
}l o uv|z � α ∈ Mat2(Z)6=0

o|w Γ ≤ PSL2(Z)
}l o mx}zuqxn pq|{ov|v|zmqt l

Γ(N)
� �l xml {kl |q{o{vq|m Γα := Γ∩α−1Γα

o|w Γα := Γ∩αΓα−1
� yklul

yl pq|mvwlu α−1 om o| lslt l|{ qr GL2(Q)
� ¹q{k zuqxnm oul pqttl|mxuo}sl

y v{k
Γ
�

�xnnqml {ko{
V

vm o|
R�t qwxsl y v{k o

Mat2(Z)6=0�mlt v�zuqxn op{vq| ykvpk
ulm{uvp{m {q o| op{vq| }~

Γ
� jkl � ÐÛ� Ð Öé ÐÑÎÕÖÑ

Tα
op{v|z q| zuqxn pqkqtqsqz~vm {kl pqtnqmv{l

H1(Γ, V )
res
−−→ H1(Γα, V )

conjα−−−→ H1(Γα, V )
cores
−−−→ H1(Γ, V ).

jkl �um{ t on vm {kl xmxos ÑÐ×ÕÑÔÛÕÔÖÚ� o|w {kl {kvuw q|l vm {kl mq�posslw ÛÖÑÐÒ
×ÕÑÔÛÕÔÖÚ� ykvpk q|l osmq �|wm v| {kl sv{luo{xul x|wlu {kl |otl ÕÑÎÚ×ê ÐÑ� �l
l�nsvpv{s~ wlmpuv} l {kl mlpq|w t on q| |q|�kqtqzl|lqxm pq p~pslm �pr � ��� � n � ��¤� �

conjα : H1(Γα, V ) → H1(Γα, V ), c 7→
(
gα 7→ αι.c(αgαα−1)

)
.

jklul vm o mvt vsou wlmpuvn{vq| q| {kl nouo}qsvp mx}mnopl o|w {kl {yq oul pqtno{�v}sl � jkl rqssqy v|z rqutxso po| osmq } l rqx|w v| ��� � n � ��¤ � o|w ���� � �lp{vq| � �¡ �
ôÞÝü ÝýþÿþÝ� � ãä �Ùéé Ö×Ð Õí ÎÕ

ΓαΓ =
⋃n

i=1 Γδi
Ô× Î èÔ×� ÖÔÚÕ ÙÚÔÖÚ ð ñí ÐÚ

Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ
Tα

ÎÛÕ× ÖÚ
H1(Γ, V )

ÎÚè
H1

par(Γ, V ) æÏ ×ÐÚèÔÚç Õí Ð ÚÖÚÒ
í Öò Öç ÐÚÐÖÙ× ÛÖÛÏîÐ

c
ÕÖ

Tαc
èÐë ÚÐè æÏ

(Tαc)(g) =

n∑

i=1

δι
ic(δigδ−1

j(i))

ê ÖÑ
g ∈ Γ ð � ÐÑÐ

j(i)
Ô× Õí Ð ÔÚèÐì ×ÙÛí Õí ÎÕ

δigδ−1
j(i) ∈ Γ ð

ôÞÝÝõ ã �l q|s~ ko�l {q wlmpuv} l {kl pqulm{uvp{vq| l�nsvpv{s~� �qu {ko{ yl
|q{vpl {ko{ q|l kom

Γ =
⋃n

i=1 Γαgi yv{k
αgi = δi

� �xu{klutqul {kl pqulm{uvp{vq|
qr o |q|�kqtqzl|lqxm pq p~psl u ∈ H1(Γα, V )

vm {kl pq p~psl cores(u) x|v�xls~zv�l| }~
cores(u)(g) =

n∑

i=1

g−1
i u(gigg−1

j(i))

rqu g ∈ Γ
� £qt}v| v|z y v{k {kl l�nsvpv{ wlmpuvn{vq| qr {kl t on

conjα
~vlswm {kl

ulmxs{ � 2

�xnnqml |qy {ko{
Γ = Γ1(N) �ulmn �

Γ = Γ0(N)� � �qu o nqmv{v�l v|{lzlu n
� {kl

� ÐÛ� Ð Öé ÐÑÎÕÖÑ
Tn

vm ∑
α Tα

� yklul {kl mxt ux|m {kuqxzk o m~m{lt qr ulnulml|{o�{v�lm qr {kl wqx}sl pqml{m Γ\∆n/Γ rqu {kl ml{
∆n qr t o{uvplm (

a b
c d

)
∈ Mat2(Z)6=0qr wl{lut v|o|{

n
mxpk {ko{ (

a b
c d

)
≡ ( 1 ∗

0 ∗ ) mod N �ulmn � (
a b
c d

)
≡ ( ∗ ∗

0 ∗ ) mod N � ��qu o nuvt l
p q|l kom

Tp = Tα yv{k
α =

(
1 0
0 p

) � �r Γ = Γ1(N)
o|w {kl v|{lzlu d

vm
pqnuvt l {q N

� {kl èÔÎò ÖÚè Öé ÐÑÎÕÖÑ
〈d〉

vm
Tα rqu o|~ t o{uv� α ∈ SL2(Z) ykqml

ulwxp{vq| tqwxsq N
vm (

d−1 0
0 d

) � jkl wvotq|w qnluo{qu zv�lm o zuqxn op{vq|}~
(Z/NZ)∗ �y v{k

−1
op{v|z {uv�voss~� � �r {kl sl�ls vm

NM yv{k
(N, M) = 1

�
{kl| yl po| mlnouo{l {kl wvotq|w qnluo{qu v|{q {yq nou{m 〈d〉 = 〈d〉M × 〈d〉N ,

�



pquulmnq|wv|z {q Z/NMZ ∼= Z/MZ×Z/NZ
� jkl �lp�l o|w wvotq|w qnluo{qummo{vmr~ {kl �xmxos� �xslu nuqwxp{ o|w q|l kom {kl rqutxsol TnTm = Tnm rqu o|~

novu qr pqnuvt l v|{lzlum n, m
o|w Tpr+1 = TprTp − pk−1〈p〉Tpr−1

vr p - N
� o|w

Tpr+1 = TprTp
vr p | N rqu {kl op{vq| q| H1(Γ1(N), Vk−2)

�
� ³®³ °ø³ù½·°ù¸ ½¯´ �Ê½ø¾ù°  ¸ ²³¶¶½
�l{

N, M
}l pqnuvtl nqmv{v�l v|{lzlum � �| quwlu {q {lm{ pqtno{v} vsv{~ qr {kl

�lp�l qnluo{qum y v{k �konvuq �m sltto yl |llw {q l�{l|w {kl
Γ1(N)�op{vq| q|

Coind
Γ1(N)
Γ1(NM)(V )

{q o
Mat2(Z)6=0�mlt v�zuqxn op{vq| � v| {kl uvzk{ yo~� � �qu {ko{

yl wl�|l {kl
R�t qwxsl W(M, V )

om

{f ∈ HomR(R[(Z/MZ)2], V ) | f((u, v)) = 0 ∀(u, v)
m �{ �

〈u, v〉 6= Z/MZ}.

�{ pouuvlm {kl slr{ Mat2(Z)6=0�mlt v�zuqxn op{vq| (g.f)((u, v)) = gf((u, v)g) rqu
f ∈ W(M, V )

�
g ∈ Mat2(Z)6=0

o|w (u, v) ∈ (Z/MZ)2
�

��	 	 à � ãâ ñí Ð í Öò Öò ÖÑé í Ô×ò

W(M, V ) → HomR[Γ1(NM)](R[Γ1(N)], V ), f 7→
(
g 7→ (g.f)((0, 1))

)

Ô× ÎÚ Ô×Öò ÖÑé í Ô×ò Öê îÐê Õ
Γ1(N)

Òò ÖèÙîÐ× �ê ÖÑ Õí Ð ÑÐ×ÕÑÔÛÕÐè ÎÛÕÔÖÚ ÖÚ
W(M, V )

� ð
�Ú é ÎÑÕÔÛÙîÎÑ�

W(M, V )
Ô× Ô×Öò ÖÑé í ÔÛ ÕÖ

Coind
Γ1(N)
Γ1(NM)(V )

Î× Î îÐê Õ
Γ1(N)

Ò
ò ÖèÙîÐð

ôÞÝÝõ ã �m
N

o|w M
oul pqnuvt l � ulwxp{vq| tqwxsq M wl�|lm o mxuª lp{vq|

ruqt Γ1(N) q|{q SL2(Z/MZ)
� jkvm vtnsvlm {ko{ {kl t on

Γ1(NM)\Γ1(N)
A 7→(0,1)A !"# M
−−−−−−−−−−−−→ (Z/MZ)2

vm v|ª lp{v�l � o|w v{m vt ozl vm {kl ml{ qr {kl
(u, v) yv{k

Z/MZ = 〈u, v〉
� � m

{kl
Γ1(NM)�op{vq| q| V

vm {kl ulm{uvp{vq| qr o
Γ1(N)�op{vq| � {kl pqv|wxplw

tqwxsl po| }l vwl|{v�lw y v{k
HomR(R[Γ1(NM)\Γ1(N)], V )

� �uqt {kvm {kl
psovt lw vmqtqunkvmt rqssqy m wvulp{s~� 2

��	 	 à � ã� åÐÕ
N, n æÐ é Ö×ÔÕÔïÐ ÔÚÕÐç ÐÑ× ð $Ð ×ÐÕ

∆1(N)n = {
(

a b
c d

)
∈ Mat2(Z)6=0| det

(
a b
c d

)
= n,

(
a b
c d

)
≡ ( 1 ∗

0 ∗ ) mod N}.

ñíÐÑÐ Ô× Õí Ð èÐÛÖòé Ö×ÔÕÔÖÚ

∆1(N)n =
⋃

a

⋃

b

Γ1(N)σa

(
a b
0 d

)

óí ÐÑÐ
a

ÑÙÚ× Õí ÑÖÙçí Õí Ð ÔÚÕÐç ÐÑ× ×ÙÛí Õí ÎÕ
a > 0

�
(a, N) = 1

�
ad = n

ÎÚè
b

Õí ÑÖÙçí Î ×Ï×ÕÐò Öê ÑÐé ÑÐ×ÐÚÕÎÕÔïÐ× Öê
Z/dZ ð � ÐÑÐ

σa ∈ SL2(Z)
Ô× Î ò ÎÕÑÔì

ÑÐèÙÛÔÚç ÕÖ (
a−1 0
0 a

) òÖèÙîÖ
N ð

 



ôÞÝÝõ ã jkvm vm ���� � �uqnqmv{vq| ¡ �¡¤ �
2jkl �konvuq t on vm {kl vmqtqunkvmt q| pqkqtqsqz~ zuqxnm

Sh : H1(Γ1(N),W(M, V )) → H1(Γ1(NM), V )

ykvpk vm v|wxplw }~ {kl kqtqtqunkvmt W(M, V ) → V
� ml|wv|z f

{q f((0, 1))
�

ôÞÝü ÝýþÿþÝ� � ã
 %ÖÑ Îî î ÔÚÕÐç ÐÑ×
n, d ≥ 1 óÔÕí

(d, N) = 1 óÐ í ÎïÐ
Tn ◦ Sh = Sh ◦ Tn

ÎÚè
〈d〉N ◦ Sh = Sh ◦ 〈d〉N .

ôÞÝÝõ ã �l �um{ nuq�l {kl m{o{ltl|{ rqu Tn
� �qu l�lu~ v|{lzlu a > 0

wv�vwv|z n
mxpk {ko{

(a, N) = 1 yl pkqqml o to{uv� σa
mxpk {ko{ v{ ulwxplm

{q (
a−1 0
0 a

) tqwxsq N
� �r (a, M) = 1

� {kl| yl osmq vtnqml {ko{
σa ulwxplm {q(

a−1 0
0 a

) tqwxsq M
� �r (a, M) 6= 1

� {kl| yl yo|{
σa ≡ ( 1 0

0 1 ) tqwxsq M
� �

mvtnsl pospxso{vq| mkqy m {ko{
(0, 1)

(
σa

(
a b
0 d

) )ι vm pq|zuxl|{ {q (0, 1) tqwxsq Mvr (a, M) = 1 ulmnlp{v�ls~ {q (0, a)
vr (a, M) 6= 1

�
� ml{ qr l�n svpv{ pqml{ ulnulml|{o{v�lm qr Γ1(NM)\∆1(NM)n vm zv�l| }~

�ltto ¡ �¡ om o mx}ml{ qr pqml{ ulnulml|{o{v�lm qr Γ1(N)\∆1(N)n
� |ot ls~ qr{kqml y v{k

(a, M) = 1
�

�l{ |qy c ∈ H1(Γ1(N),W(M, V ))
}l o pq p~psl � jkl| }~ �uqnqmv{vq| ¡ �� o|w{kl wl�|v{vq| qr {kl

Mat2(Z)6=0�op{vq| q| W(M, V ) yl ko�l rqu g ∈ Γ1(NM)

(Sh(Tnc))(g) =
∑

δ

δι
(
c(δgδ̃−1)((0, 1)δι)

)
,

yklul {kl mxt ux|m q�lu {kl o}q�l pqml{ ulnulml|{o{v�lm rqu Γ1(N)\∆1(N)n o|w
δ̃

vm pkqml| otq|z {klml ulnulml|{o{v�lm mxpk {ko{
δgδ̃−1 ∈ Γ1(NM)

� « qulq�lu �
yl ko�l

(Tn(Sh(c)))(g) =
∑

δ

δι(c(δgδ̃−1)((0, 1))),

yklul |qy {kl mxt q|s~ ux|m {kuqxzk {kl mx}ml{ wlmpuv}lw o}q�l � ¹~ yko{
yl ko�l ultou�lw uvzk{ o}q�l (0, 1)δι vm pq|zuxl|{ {q (0, 1) tqwxsq M

vr o|w
q|s~ vr (a, M) = 1

� �r (a, M) 6= 1
� {kl|

〈a〉 6= Z/MZ
� }x{ yl ko�l (0, 1)δι ≡

(0, a)mod N
� jkvm nuq�lm {kl pqtno{v}vsv{~ rqu Tn

�
�v|pl 〈d〉N q|s~ wlnl|wm q| d tqwxsq N

� yl t o~ mxnnqml {ko{
d

vm pq|zuxl|{{q 1 tqwxsq M
� �l pkqqml α = σd

mxpk {ko{ v{ ulwxplm {q (
d−1 0
0 d

) tqwxsq No|w {q ( 1 0
0 1 ) tqwxsq M

� �qu c ∈ H1(Γ1(N),W(M, V ))
o|w g ∈ Γ1(NM)

{kl
rqutxso

(Sh(〈d〉N c))(g) = αι
(
c(αgα−1)((0, 1)αι)

)
= (〈d〉N (Sh(c)))(g)

rqssqy m �
2

ôÞÝü ÝýþÿþÝ� � ã %ÖÑ
(n, M) = 1 óÐ èÐë ÚÐ Õí Ð

R[Mat2(Z)6=0]
ÒÔ×Öò ÖÑé í Ô×ò

multn : W(M, V ) → W(M, V ), f 7→ ((u, v) 7→ f
(
(nu, nv)

)
).

ñíÐÚ óÐ í ÎïÐ
〈n〉M ◦ Sh = Sh ◦ multn.

��



ôÞÝÝõ ã �l{
σ ∈ SL2(Z)

}l o t o{uv� ulwxpv|z {q (
n−1 0
0 n

) tqwxsq M
o|w {q

( 1 0
0 1 ) tqwxsq N

� jkvm t lo|m v| nou{vpx sou {ko{
σ ∈ Γ1(N)

� �l|pl � rqu o pqp~psl
c ∈ H1(Γ1(N),W(M, V )) yl ko�l

σ−1c(σgσ−1) = c(g) + (g − 1)c(σ−1),

mq {ko{ {kl l�xosv{~ c(σgσ−1) = σc(g)
kqswm v|

H1(Γ1(N),W(M, V ))
�

�l po| |qy pklp� {kl psovt � �vum{ yl ko�l
(〈n〉M ◦ Sh)(c)(g) = σι

(
(σ.c(g))((0, 1))

)
= c(g)((0, 1)σ).

jkvm ozullm y v{k
(Sh ◦ multn)(c)(g) = c(g)((0, n))

�
2

& ' �fghcieb ce (� iÄÆc
2 )ed ÅÁdÁÂ eÃih ÄdegÅ he*

ÆeÇ eÃeÄÈ
jkvm mlp{vq| wlosm y v{k {kl ulwxp{vq| {q ylvzk{

2 rqu nouo}qsvp zuqxn pqkqtqs�
qz~� }~ ykvpk yl tlo| {ko{ {kl nouo}qsvp zuqxn pqkqtqsqz~ q�lu Fp rqu Γ1(N)

yv{k
p - N

o|w ylvzk{
3 ≤ k ≤ p + 1

vm ulso{lw {q {kl ylvzk{ {yq nouo}qsvpzuqxn pqkqtqsqz~ qr Γ1(Np)
� �l|pl � {kl nouo}qsvp zuqxn pqkqtqsqz~ mkqy m

o }lko�vqxu mvt vsou {q {ko{ qr tqwxsou rqut m �pr � � uqnqmv{vq| � ��� � �qxzks~mnlo�v|z � {kl ulwxp{vq| {q ylvzk{
2 q| zuqxn pqkqtqsqz~ pqt lm ruqt {kl wl�pqtnqmv{vq| qr Coind

Γ1(N)
Γ1(Np)(Fp)

v|{q mvtnsl Fp[SL2(Fp)]�t qwxslm � jkqml oulnulpvmls~ {kl
Vd(Fp) rqu 0 ≤ d ≤ p − 1

�
jkl pq|{l|{m qr {kvm mlp{vq| vm osulow~ nou{s~ nulml|{ v| ��� � �qyl�lu � v| {ko{

nonlu {kl nouo}qsvp mx}mnopl vm |q{ {ulo{lw �
ö³°¶ø°¸¾·¾°¯ °Ì

W(p, Fp)
½¸

Fp[Mat2(Z) 6=0]
�¶°´û²³

�l |qy ulso{l {kl
Fp[Mat2(Z)6=0]�t qwxslm W(p, Fp)

o|w Vd(Fp) rqu 0 ≤ d ≤

p − 1
� �{ vm lom~ {q pklp� {ko{ l�osxo{vq| qr nqs~|qt vosm q| F2

p

v|wxplm o|
vmqtqunkvmt qr Fp[Mat2(Z)6=0]�tqwxslm

�§ �¤� Fp[X, Y ]/(Xp − X, Y p − Y ) ∼= F
F2

p

p .

�l po| {kxm vwl|{vr~ W(p, Fp) yv{k
{f ∈ Fp[X, Y ]/(Xp−X, Y p−Y ) | f((0, 0)) =

0}
� �l{

Ud(Fp)
}l {kl mx}mnopl pq|mvm{v|z qr nqs~|qt vos psommlm qr wlzull d

� v �l �
{kqml {ko{ mo{vmr~ f(lx, ly) = ldf(x, y) rqu oss l ∈ F∗

p

� �q{l {ko{ {kl wlzull vm
|o{xuoss~ wl�|lw tqwxsq p − 1

� �{ vm pslou {ko{ {kl |o{xuos Mat2(Z)6=0�op{vq|ulmnlp{m {kl wlzull � �l ultou� {ko{ {kl wvt l|mvq| qr o|~
Ud

vm
p + 1

� ¹~
pqsslp{v|z tq|qt vosm yl q}{ov|

�§ �¦� W(p, Fp) =

p−2⊕

d=0

Ud(Fp).

�xu{klutqul � yl wvmnqml qr {kl nlurlp{ }vsv|lou novuv|z
W(p, Fp) ×W(p, Fp) → Fp, 〈f, g〉 =

∑

(a,b)∈F2
p

f(a, b)g(a, b).

��



�{ vm lslt l|{ou~ {q pklp� {ko{
Ud(Fp)

novum {q �luq y v{k
Ue(Fp)

vr (p−1) - (d+e)
�

�l|pl � {kl ulm{uvp{lw novuv|z Ud(Fp) × Up−1−d(Fp) → Fp
vm n lurlp{ rqu 0 ≤ d ≤

p − 1
� om {kl wvt l|mvq|m qr Up−1−d(Fp)

o|w Ud(Fp)
oul l�xos � �xu{klutqul �

Fp[X, Y ]d
novum {q �luq y v{k

Fp[X, Y ]p−1−d
� £q|ml�xl|{s~ {kl v|wxplw novuv|z

Ud(Fp)/Vd(Fp) × Vp−1−d(Fp) → Fp
vm n lurlp{ � £qtnqmv|z y v{k {kl t on ruqt�uqnqmv{vq| � �¡ � yl q}{ov| o| vmqtqunkvmt Ud(Fp)/Vd(Fp) → Vp−1−d(Fp)

�
ôÞÝü ÝýþÿþÝ� 
 ãä åÐÕ

p æÐ Î é ÑÔò Ð ÎÚè
d

ÎÚè ÔÚÕÐç ÐÑ ó ÔÕí
0 ≤ d ≤ p − 1 ð ñí Ð

é ÑÐÛÐèÔÚç ÛÖÚ×ÕÑÙÛÕÔÖÚ ç ÔïÐ× Õí Ð Ðì ÎÛÕ ×ÐØÙÐÚÛÐ

0 → Vd(Fp) → Ud(Fp) → Vp−1−d(Fp) → 0.

Í ÖÑÐÖïÐÑ� Õí Ð èÔÎç ÑÎò

0 // Vd(Fp)

M. ²²

// Ud(Fp)

M.²²

// Vp−1−d(Fp)

det(M)dM.²²

// 0

0 // Vd(Fp) // Ud(Fp) // Vp−1−d(Fp) // 0

ÛÖòòÙÕÐ× ê ÖÑ Îî î
M ∈ Mat2(Z)6=0 óíÖ×Ð ÑÐèÙÛÕÔÖÚ ò ÖèÙîÖ

p
Ô× ÔÚïÐÑÕÔæîÐð �ê

d > 0
� Õí ÐÚ Õí Ð èÔÎç ÑÎò Ô× Îî×Ö ÛÖòòÙÕÎÕÔïÐ ê ÖÑ

M =
(

1 0
0 p

)ι
=

(
p 0
0 1

)� óí ÔÛí
ò ÐÎÚ× ÔÚ é ÎÑÕÔÛÙîÎÑ Õí ÎÕ Õí Ð ÑÔçí Õ í ÎÚè ×ÔèÐ ïÐÑÕÔÛÎî ÎÑÑÖó Ô× � ÐÑÖð

ôÞÝÝõ ã �|s~ {kl pqttx{o{v�v{~ |llw }l pklp�lw � �r M
vm v|�lu{v}sl tqw�

xsq p
� q|l vttlwvo{ls~ mllm {ko{ {kl novuv|z q| W(p, Fp)

vm v|�ouvo|{ x|wlu M
�

v �l �
〈Mf, Mg〉 = 〈f, g〉 rqu oss f, g ∈ W(p, Fp)

� jkl pqttx{o{v�v{~ vm {kl| pslou
ruqt �uqnqmv{vq| � �¡ � �| quwlu {q {ulo{ M =

(
p 0
0 1

) q|l pq|mvwlum {kl }omvm qr
Ud(Fp)

zv�l| }~ {kl tq|qt vosm qr wlzull d
� ykvpk pquulmnq|w {q {kl lt}lwwv|z

qr Vd(Fp)
� {qzl{klu y v{k {kl tq|qt vosm X iY p−1+d−i rqu d ≤ i ≤ p − 1

� � m {kl
so{{lu tq|qt vosm oss pq|{ov| o{ slom{ q|l rop{qu qr X

}~ ommxtn{vq| � {kl~ oul�vsslw }~ onns~v|z {kl t o{uv� �
2

+ ³´û·¾°¯ ·° ±³¾µÊ·
2

�l v|{uqwxpl {kl rq ssqy v|z |q{o{vq| � �l{
M

}l o|~
Fp��lp{qu mnopl q| ykvpk {kl

�lp�l qnluo{qum Tl
o|w {kl

p�nou{ qr {kl wvotq|w qnluo{qum 〈·〉p op{ � �xnnqml
d > 0

� ¹~
M [d] yl tlo|

M yv{k {kl op{vq| qr {kl �lp�l qnluo{qu Tl
�{y vm{lw�{q } l

ldTl �v| nou{vpxsou Tp
op{m om �luq� � �xu{klutqul � }~ M(d) yl wl|q{l {kl

mx}mnopl q| ykvpk
〈l〉p

op{m om
ld

�
jkl |q|�nouo}qsvp nou{ qr {kl rqssqy v|z nuqnqmv{vq| vm osmq ��� � jklqult ¡ �§ �

ôÞÝü ÝýþÿþÝ� 
 ãâ åÐÕ
p æÐ Î é ÑÔò Ð�

N ≥ 4
ÎÚè

0 < d ≤ p−1
ÔÚÕÐç ÐÑ× ×ÙÛí Õí ÎÕ

p - N ð $Ð í ÎïÐ Ô×Öò ÖÑé í Ô×ò × ÑÐ×é ÐÛÕÔÚç Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ×

H1(Γ1(Np), Fp)(d) ∼= H1(Γ1(N), Ud(Fp))
ÎÚè

H1
par(Γ1(Np), Fp)(d) ∼= H1

par(Γ1(N), Ud(Fp)).

��



Í ÖÑÐÖïÐÑ� Õí Ð ×ÐØÙÐÚÛÐ×
0 → H1(Γ1(N), Vd(Fp)) → H1(Γ1(N), Ud(Fp))

→ H1(Γ1(N), Vp−1−d(Fp))[d] → 0ÎÚè
0 → H1

par(Γ1(N), Vd(Fp)) → H1
par(Γ1(N), Ud(Fp))

→ H1
par(Γ1(N), Vp−1−d(Fp))[d] → 0ÎÑÐ Ðì ÎÛÕ ÎÚè ÑÐ×é ÐÛÕ Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ× ð

ôÞÝÝõ ã jkl �um{ m{o{ltl|{ rq ssqy m ruqt �uqnqmv{vq|m ¡ �§ o|w ¡ �� {qzl{klu
y v{k {kl wl�|v{vq| qr Ud(Fp)

� jkl �um{ l�op{ ml�xl|pl vm nou{ qr {kl sq|zl�op{ ml�xl|pl ommq pvo{lw {q {kl mkqu{ l�op{ ml�xl|pl qr �uqnqmv{vq| § ��� jkl
pqttx{o{v�l wvozuot v| {ko{ nuqnqmv{vq| zv�lm {kl {y vm{v|z qr {kl �lp�l op{vq|v| {kl l�op{ ml�xl|plm � jkvm rq ssqy m wvulp{s~ ruqt {kl wlmpuvn{vq| qr {kl �lp�l
qnluo{qu q| zuqxn pqkqtqsqz~��qu d = p − 1 yl ko�l Up−1(Fp) = V0(Fp) ⊕ Vp−1(Fp)

� ruqt ykvpk {kl
m{o{lt l|{m rqssqy � �q yl |qy ommxt l

d < p−1
� v| nou{vpx sou p 6= 2

� �qu {kl {qnml�xl|pl yl q|s~ |llw {q pklp� {ko{ v{ vm l�op{ q| {kl slr{ o|w q| {kl uvzk{ � ¹~
�uqnqmv{vq| � �� yl ko�l H0(Γ1(N), Vp−1−d(Fp)) = 0

� jkl
H2�{lut m oul {uv�vos}~ £quqssou~ � ���jkl l�op{|lmm qr {kl mlpq|w ml�xl|pl rqssqy m ruqt {kl m|o�l sltto � q|pl

yl ko�l lm{o}svmklw {kl l�op{|lmm qr
0 →

∏

c ,-./. H
1(Dc, Vd(Fp)) →

∏

c ,-./. H
1(Dc, Ud(Fp))

→
∏

c ,-./. H
1(Dc, Vp−1−d(Fp)) → 0,

yklul Dc
vm {kl m{o}vsvmlu zuqxn qr {kl pxmn c = g∞ yv{k

g ∈ PSL2(Z)
� � l|pl �

Dc = g〈T 〉g−1 ∩ Γ1(N)
� jkvm zuqxn vm v|�|v{l p~psvp zl|luo{lw }~

g ( 1 r
0 1 ) g−1

rqu mqt l
r ∈ Z wv�vwv|z N �mll osmq {kl nuqqr qr �uqnqmv{vq| � �¤� � �l|pl � yl

ko�l H2(Dc, Vd(Fp)) = 0
� �l psovt {ko{ {kl ml�xl|pl

0 →
∏

c ,-./. H
0(Dc, Vd(Fp)) →

∏

c ,-./. H
0(Dc, Ud(Fp))

→
∏

c ,-./. H
0(Dc, Vp−1−d(Fp)) → 0

vm l�op{ � �ltto � �§ vtnsvlm {ko{
H0(Dc, Vd(Fp))

o|w H0(Dc, Vp−1−d(Fp))
oul

q|l�wvt l|mvq|os � �| quwlu {q �|vmk {kl nuqqr � v{ {kxm mx¢ plm {q nuq�l {ko{
H0(Dc, Ud(Fp))

vm �o{ slom{ � qr wvt l|mvq| 2
� jkl lslt l|{m

Xd ∈ Ud(Fp)
o|w

Y d(1 − Xp−1) ∈ Ud(Fp)
oul v|�ouvo|{ x|wlu T

� �|wllw �
T.Y d(1 − Xp−1) = (X + Y )d(1 − Xp−1)

= Y d(1 − Xp−1) +

d∑

i=1

( d
i )Y d−iX i(1 − Xp−1) = Y d(1 − Xp−1),

�¡



om v|
Ud(Fp) yl ko�l X i(1 − Xp−1) = X i−1(X − Xp) = 0 rqu i > 0

�
2

0 1 efgÃÁd )edÇ 2 e ) (� iÄÆc
2

Ábf Ã�3� Ã
Np

jkvm mlp{vq| ulpossm {kl ulwxp{vq| {q ylvzk{
2 rqu tqwxsou rqut m o|w lm{o}svmklmo sv|� }l{yll| nouo}qsvp zuqxn pqkqtqsqz~ o|w tqwxsou rqut m �vo 4opq}vo|m

qr t qwxsou pxu�lm �
+ ³´û·¾°¯ ·° ±³¾µÊ·

2
Ì°ù ¶°´û²½ù Ì°ù¶ ¸

�l ulposs mqt l yqu� qr �luul om l�nsov|lw v| ���� � �lp{vq|m ¦ o|w � � pr � osmq �¦� �
�lp{vq| ¤ �

�l{ xm |qy v|{uqwxpl |q{o{vq| {ko{ vm xmlw {kuqxzkqx{ {kl ml�xls qr {k vm
ou{vpsl � �l pq|mvwlu {kl tqwxsou pxu�l X1(Np) q�lu Qp(ζp) rqu o nuvt l

p > 2|q{ wv�vwv|z N ≥ 5
� �{ kom o ulzxsou m{o}sl tqwls X q�lu {kl uv|z Zp[ζp]

� mll
l �z � ��¤� � �l{

J wl|q{l {kl �5uq| tqwls q�lu Zp[ζp] qr J1(Np)
� {kl 4opq}vo| qr

X1(Np) q�lu Qp(ζp)
� �l sl{ � rq ssqy v|z ���� � �lp{vq| � �

L = H0(X, ΩX/Zp[ζp]),

yklul ΩX/Zp[ζp]

vm {kl èÙÎîÔ×ÔÚç ×í ÐÎê Öê
X qr �§� � �lp{vq| � �� � ¹~ ���� � ��xo�{vq| � �� � yl ko�l rqu {kl mnlpvos �}ul XFp

{ko{

L := H0(XFp
, ΩXFp/Fp

) = L ⊗Zp[ζp] Fp.

�|
L

o|w L
{kl

p�nou{ 〈·〉p qr {kl wvotq|w qnluo{qu op{m � jkl nuv|pvnos
ulmxs{ q| L

{ko{ yl y vss |llw vm {kl rq ssqy v|z �mll �uqnqmv{vq|m � ��¡ o|w � ��� qr����� � jkl |q{o{vq| vm om v| �uqnqmv{vq| § �� �
ôÞÝü ÝýþÿþÝ�  ãä 67�ÞÞ�8 � ××Ùò Ð

3 ≤ k ≤ p
�
N ≥ 5

ÎÚè
p - N ð ñí ÐÚ Õí ÐÑÐ Ô×

ÎÚ Ô×Öò ÖÑé í Ô×ò Öê
Fp

ÒïÐÛÕÖÑ ×é ÎÛÐ×

L(k − 2) ∼= Sk(Γ1(N), Fp) ⊕ Sp+3−k(Γ1(N), Fp)[k − 2]

ÑÐ×é ÐÛÕÔÚç Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ× ð Í ÖÑÐÖïÐÑ� Õí Ð ×ÐØÙÐÚÛÐ Öê � ÐÛ� Ð ò ÖèÙîÐ×

0 → S2(Γ1(N), Fp)[p − 1] → L(p − 1) → Sp+1(Γ1(N), Fp) → 0

Ô× Ðì ÎÛÕð
9½ù½ú°²¾ °Ê°¶°²°µË ½¯´ ·Ê³

p
�·°ù¸¾°¯ °Ì ·Ê³ :½°ú¾½¯

�| quwlu {q pqtnoul �lp�l oszl}uom qr pxmn rqut m y v{k {kqml qr nouo}qsvp zuqxnpqkqtqsqz~ v| pkouop{luvm{vp p
� yl zl|luosvml {kl m{uo{lz~ qr {kl mlpq|w nou{

qr {kl nuqqr qr ��� � jklqult � �� � �l|pl � yl y vmk {q }uv|z {kl 4opq}vo| v|{q{kl n so~� mv|pl v{ y vss l|o}sl xm {q nomm ruqt pkouop{luvm{vp �luq zlqt l{u~ {qpkouop{luvm{vp p
�

�§



��	 	 à  ãâ ñí ÐÑÐ ÎÑÐ Ô×Öò ÖÑé í Ô×ò ×

L ∼= Cot0(J
0
Fp

) ∼= Cot0(J
0
Fp

[p])

ÑÐ×é ÐÛÕÔÚç Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ× ð
ôÞÝÝõ ã jkl �um{ vmqtqunkvmt vm l �z � �¦� � ��xo{vq| ¤ �¦ �� � jkl mlpq|w q|l

rqssqy m ruqt {kl rop{ {ko{ txs{vnsvpo{vq| }~
p q| J0

Fp

v|wxplm txs{vnsvpo{vq| }~
p

q| {kl {o|zl|{ mnopl o{
0
� ykvpk vm {kl �luq t on � �l|pl � {kl {o|zl|{ mnopl o{

0

qr J0
Fp

[p]
vm l�xos {q {kl q|l qr J0

Fp

�
2jq lm{o} svmk o| l�nsvpv{ sv|� }l{yll| nouo}qsvp pqkqtqsqz~ o|w tqwxsou

rqut m � yl vwl|{vr~ {kl nouo}qsvp pqkqtqsqz~ zuqxn rqu Γ1(N) yv{k
Fp�pql¢ pvl|{m

om {kl
p�{qumvq| qr {kl 4opq}vo| qr {kl pquulmnq|wv|z tqwxsou pxu�l � �lul yl

t o~ �vly {kl 4opq}vo| om o pqtnsl� o}lsvo| �ouvl{~� � m v| {kl q{klu pomlm � {kl
�lp�l pquulmnq|wl|plm q| {kl tqwxsou pxu�lm zv�l uvml {q �lp�l qnluo{qum q|{kl 4opq} vo| �
ôÞÝü ÝýþÿþÝ�  ã� åÐÕ

N ≥ 3 æÐ ÎÚ ÔÚÕÐç ÐÑ� ÎÚè
p

Î é ÑÔò Ðð ñí ÐÚ Õí ÐÑÐ ÎÑÐ
Ô×Öò ÖÑé í Ô×ò× Öê

Fp
ÒïÐÛÕÖÑ ×é ÎÛÐ×

H1
par(Γ1(Np), Fp) ∼= J(C)[p] = J(Qp)[p]

ÑÐ×é ÐÛÕÔÚç Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ× ð
ôÞÝÝõ ã jkl mlpq|w l�xosv{~ rqssqy m ruqt {kl rop{ {ko{ {qumvq| nqv|{m ouloszl}uovp � �l m{ou{ y v{k {kl l�op{ ; ÙòòÐÑ ×ÐØÙÐÚÛÐ qr o|os~{vp mklo�lm q|

X1(Np)

0 → µp → Gm
p
−→ Gm → 0.

�{m sq|z l�op{ ml�xl|pl v| o|os~{vp pqkqtqsqz~ ~vlswm

0 → H1(X1(Np), µp) → H1(X1(Np), Gm)
p
−→ H1(X1(Np), Gm).

�mv|z
H1(X1(Np), Gm) ∼= PicX1(Np)(C) q|l q}{ov|m {ko{

H1(X1(Np), µp)
vm

vmqtqunkvp {q J(C)[p]
� � m

C
pq|{ov|m {kl

p�{k uqq{m qr x| v{~� yl t o~ ulnsopl{kl mklor µp
}~ {kl pq|m{o|{ mklor Fp

� « qulq�lu � {kl zuqxn H1(X1(Np), Fp)pqv|pvwlm y v{k
H1

par(Γ1(Np), Fp)
� jkvm rqssqy m rqu l�otnsl ruqt {kl �luo~ mn lp�{uos ml�xl|pl rqu {kl qnl| vttlumvq| Y1(Np) ↪→ X1(Np) �mll l �z � ��¡�� � �v|pl{kl �lp�l qnluo{qum pqt l ruqt pquulmnq|wl|plm q| tqwxsou pxu�lm � {kl vmqtqu�nkvmt m oul pqtno{v} sl rqu {kl �lp�l op{vq| �

2

< � �h�� ÁÃÄ�ÂdÁ2
�| {kvm mlp{vq| yl pqtnoul {kl �lp�l oszl}uo qr pxmnvwos t qwxsou rqut m {q {ko{
qr nouo}qsvp zuqxn pqkqtqsqz~ o|w lm{o}svmk vmqtqunkvmt m v| plu{ov| pomlm �
jkl nuv|pvnos ulmxs{ vm jklqult ¤ �¦ � ruqt ykvpk {kl onnsvpo{vq| {q quwv|ou~pxmn rqut m �£quqssou~ ¤ � � t l|{vq|lw v| {kl v|{uqwxp{vq| rqssqy m �

��



�kl|l�lu rqu o uv|z R yl ko�l o|
R�t qwxsl M

� q| ykvpk �lp�l qnluo{qum Tnop{ rqu oss n
� yl sl{

TR(M) := R[Tn | n ∈ N] ⊆ EndR(M),

v �l � {kl
R�mx}oszl}uo qr {kl l|wqtqunkvmt oszl}uo zl|luo{lw }~ {kl �lp�l qn�luo{qum �

�l psovt {ko{ v| {kl mv{xo{vq| qr �lp�l qnluo{qum q| tqwxsou rqut m qu zuqxnpqkqtqsqz~ rqu Γ1(N) qr ylvzk{
k

{kl wvotq|w qnluo{qum oul v|
TR(M)

� �qu apqnuvt l {q N
� sl{ l1, l2

}l wvm{v|p{ nuvt lm ykvpk oul pq|zuxl|{ {q a tqwxsq N
�

jkl|
lk−1
i 〈a〉 = T 2

li
− Tl2

i

� mq {ko{ y v{k
1 = rlk−1

1 + slk−1
2

{kl psovt rqssqy m �
�Ê³ � ³®³ ½²µ³úù½ °Ì ¶°´û²½ù Ì°ù¶ ¸ ½¯´ = ¾Ê²³ù��Ê¾¶ûù½
�l m{ou{ }~ m{o{v|z {kl � vpk slu��kvtxuo {klqult �mll ��� � jklqult �� �� �� o|w�uqnqmv{vq| �� �§ ���� �
>?�ÝÞ�	 � ãä 6@ þA? ß�ÞB7? þ	CÞà8 %ÖÑ

k ≥ 2
ÎÚè

Γ ≤ SL2(Z)
Î ÛÖÚç ÑÙÐÚÛÐ

×ÙæçÑÖÙé Õí ÐÑÐ Ô× ÎÚ Ô×Öò ÖÑé í Ô×ò Öê
TZ(Sk(Γ, C))

Òò ÖèÙîÐ×� Õí Ð � vpkslu��kvtxuovmqtqunkvmt �
H1

par(Γ, Vk−2(C)) ∼= Sk(Γ, C) ⊕ Sk(Γ, C).

ÜÝÞÝßßàÞá � ãâ %ÖÑ
k ≥ 2

ÎÚè
N ≥ 3 óÐ í ÎïÐ ÚÎÕÙÑÎî ÑÔÚç Ô×Öò ÖÑé í Ô×ò×

TZ

(
Sk(Γ1(N), C)

)
∼= TZ

(
H1

par(Γ1(N), Vk−2(Z))/torsion
)
.

ôÞÝÝõ ã jkl rull Z�t qwxsl H1
par(Γ1(N), Vk−2(Z))/torsion

vm o
Z�m{uxp{xulv| {kl

C��lp{qu mnopl
H1

par(Γ1(N), Vk−2(C))
� �|~

Z�m{uxp{xul zv�lm o| vmq�
t qunkvp �lp�l oszl}uo � � v|oss~� jklqult ¤ �� vtnsvlm {ko{ {kl �lp�l oszl}uo
qr H1

par(Γ1(N), Vk−2(C))
vm vmqtqunkvp {q {kl �lp�l oszl}uo qr Sk(Γ1(N), C)

�
2jkl rqutxso v| {kvm pquqssou~ vm {kl ulomq| yk~ t o|~ nlqnsl nulrlu {q rop{qu

qx{ {kl {qumvq| qr t qwxsou m~t}qsm �
ôÞÝü ÝýþÿþÝ� � ã� åÐÕ

N ≥ 5
�
k ≥ 2

ÔÚÕÐç ÐÑ× ÎÚè
p - N

Î é ÑÔò Ðð ñí ÐÚ óÐ í ÎïÐ

TZ

(
Sk(Γ1(N), C)

)
⊗Z Fp

∼= TFp

(
Sk(Γ1(N), Fp)

)
.

ôÞÝÝõ ã ¹~ ��� � jklqult �� �¡ �� � {klul vm |q wvDlul|pl } l{yll| �o{� pxmn
rqut m q�lu Fp

o|w {kqml {ko{ oul ulwxp{vq|m qr psommvpos pxmn rqut m ykqml q�l�no|mvq| vm v|
Z[1/N ]

� v �l �

Sk(Γ1(N), Z[1/N ]) ⊗Z[1/N ] Fp
∼= Sk(Γ1(N), Fp).

�l|pl � {kl
q�l�no|mvq| nuv|pvnsl zv�lm {kl {yq nlurlp{ novuv|zm

TZ

(
Sk(Γ1(N), C)

)
⊗Z Z[1/N ]×Sk(Γ1(N), Z[1/N ]) → Z[1/N ], (T, f) 7→ a1(Tf)

�¤



o|w
TFp

(
Sk(Γ1(N), Fp)

)
× Sk(Γ1(N), Fp) → Fp, (T, f) 7→ a1(Tf).

jl|mquv|z {kl �um{ q|l y v{k
Fp

ossqy m xm {q pqtnoul v{ {q {kl mlpq|w q|l � ruqt
ykvpk {kl nuqnqmv{vq| rqssqy m �

2

ÜÝÞÝßßàÞá � ã
 åÐÕ
p æÐ Î é ÑÔò Ð ÎÚè

N ≥ 5
�
2 ≤ k ≤ p + 2

ÔÚ ÕÐç ÐÑ× × ðÕð p - N ð
ñí ÐÚ ×ÐÚèÔÚç Õí Ð Öé ÐÑÎÕÖÑ

Tl
ÕÖ

Tl
ê ÖÑ Îî î é ÑÔò Ð×

l
èÐë ÚÐ× Î ×ÙÑ� ÐÛÕÔïÐ

Fp
ÒÎîç ÐæÑÎí Öò ÖòÖÑé í Ô×ò

TFp

(
Sk(Γ1(N), Fp)

)
³ TFp

(
H1

par(Γ1(N), Vk−2(Fp))
)
.

ôÞÝÝõ ã �uqt £quqssou~ ¤ �� yl q}{ov| } lpoxml qr p�{qumvq|�rull|lmm ��uqnq�mv{ vq| � �¤� o| vmqtqunkvmt qr Fp�oszl}uom

TZ

(
Sk(Γ1(N), C)

)
⊗ Fp

∼= TZ

(
H1

par(Γ1(N), Vk−2(Z))
)
⊗Z Fp.

¹~ �uqnqmv{vq| ¤ �¡ {kl {lut q| {kl slr{ ko|w mvwl vm l�xos {q TFp

(
Sk(Γ1(N), Fp)

)
mq {ko{ v{ mx¢ plm {q ko�l o mxuª lp{vq|

TZ

(
H1

par(Γ1(N), Vk−2(Z))
)
⊗ Fp ³ TFp

(
H1

par(Γ1(N), Vk−2(Fp))
)
,

ykvpk rqssqy m ruqt �uqnqmv{vq| � �¤ � �|wllw � {kl vmqtqunkvmt
H1

par(Γ1(N), Vk−2(Z)) ⊗ Fp
∼= H1

par(Γ1(N), Vk−2(Fp))

vm pqtno{v}sl y v{k �lp�l qnluo{qum � o|w ossqy m q|l {q wl�|l o kqtqtqunkvmt
ruqt {kl �lp�l oszl}uo q| {kl slr{ ko|w {lut {q {kl q|l q| {kl uvzk{ ko|w {lut �
ykvpk vm ox{qto{vposs~ mxuª lp{v�l }~ {kl wl�|v{vq| qr {kl �lp�l oszl}uo � 2

ôÞÝü ÝýþÿþÝ� � ã åÐÕ
N ≥ 1

�
k ≥ 2 æÐ ÔÚÕÐç ÐÑ× ÎÚè

K
Î ë Ðîèð �ê Õí Ð Ûí ÎÑÎÛÕÐÑÒ

Ô×ÕÔÛ Öê
K

Ô×
p > 0

� Õí ÐÚ ó Ð Î××Ùò Ð
p - N ð %ÙÑÕí ÐÑò ÖÑÐ� îÐÕ

ε : Γ0(N)
proj
³

Γ0(N)/Γ1(N) → K∗ æÐ Î Ûí ÎÑÎÛÕÐÑ ×ÙÛí Õí ÎÕ
ε(−1) = (−1)k ð E ÐÚÖÕÐ æÏ

T
Õí Ð

K
Ò� ÐÛ� Ð Îîç ÐæÑÎ Öê

Sk(Γ1(N), K)
ÎÚè æÏ Tε

Õí Ð
K

Ò� ÐÛ� Ð Îîç ÐæÑÎ Öê
Sk(Γ1(N), ε, K) ð %ÙÑÕí ÐÑò ÖÑÐ� îÐÕ

I = (〈δ〉 − ε(δ) | δ ∈ Γ0(N)/Γ1(N)) ¢ T.

ñíÐÚ
T/I

ÎÚè
Tε

ÎÑÐ Ô×Öò ÖÑé í ÔÛ
K

ÒÎîç ÐæÑÎ× ð
ôÞÝÝõ ã �m yl yqu� y v{k �o{� tqwxsou pxmn rqut m �rqu {ko{ yl |llw {kl

pq|wv{vq| p - N � � yl wvmnqml qr {kl q�l�no|mvq| nuv|pvnsl � �l|pl yl ko�l vmqtqu�nkvmt m ulmnlp{v|z {kl �lp�l op{vq| (Tε)
∨ ∼= Sk(Γ1(N), ε, K) ∼= T∨[I] ∼= (T/I)∨,

ykl|pl {kl nuqnqmv{vq| rqssqy m �
2

�¦



É°¶ø½ù¾¯µ � ³®³ ½²µ³úù½¸ °F³ù
FpôÞÝü ÝýþÿþÝ� � ã� åÐÕ

N ≥ 5 æÐ ÎÚ ÔÚÕÐç ÐÑ�
p - N

Î é ÑÔò Ð ÎÚè
0 ≤ d ≤ p− 1

ÎÚ
ÔÚÕÐç ÐÑð ñí ÐÑÐ Ðì Ô×Õ× Î ×ÙÑ� ÐÛÕÔÖÚ

TFp

(
H1

par(Γ1(Np), Fp)(d)
)

³ TFp
(L(d))

×ÙÛí
Õí ÎÕ Õí Ð èÔÎç ÑÎò Öê

Fp
ÒÎîç ÐæÑÎ×

TFp
(L(d))

TZ

(
S2(Γ1(Np), C)(d)

)
⊗ Fp

22 22fffffffffffff

,, ,,YYYYYYYYY

TFp

(
H1

par(Γ1(Np), Fp)(d)
)

OOOO

ÛÖòòÙÕÐ×ð � î î ò Îé × ÎÑÐ ÙÚÔØÙÐîÏ èÐÕÐÑò ÔÚÐè æÏ ×ÐÚèÔÚç Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ
TlÕÖ

Tl
ê ÖÑ Îî î é ÑÔò Ð× îð

ôÞÝÝõ ã �l{ xm �um{ ult ou� kqy {kl wvozq|os ouuqy m oul t owl � jkl sqylu
q|l pqt lm ruqt {kl vmqtqunkvmt �mll �uqnqmv{vq| � �¤�

H1
par(Γ1(Np), Z) ⊗ Fp

∼= H1
par(Γ1(Np), Fp).

jkl xnnlu q|l vm wxl {q {kl rop{ {ko{
L

vm o so{{vpl v|
S2(Γ1(Np), Qp(ζp)) �mll���� � n � §¦�� o|w xmv|z ouzxt l|{m om v| £quqssou~ ¤ �� � � m {kl quwlu qr F∗

p

vm
v|�lu{v}sl v|

Fp

� yl po| l�lu~yklul nomm {q {kl lvzl|pqtnq|l|{m qr {kl op{vq|
qr {kl

p�nou{ qr {kl wvotq|w qnluo{qu 〈·〉p �
�l q}{ov| {kl �lu{vpos ouuqy }~ mkqy v|z {ko{ {kl �lu|ls qr {kl sqylu wvozq|os

t on vm pq|{ov|lw v| {kl �lu|ls qr {kl xnnlu wvozq|os t on � �| q{klu yquwm � yl
y vss mkqy {ko{ vr o �lp�l qnluo{qu T

v|
TZ

(
S2(Γ1(Np), C)(d)

)
⊗ Fp

op{m om �luq
q| H1

par(Γ1(Np), Fp)(d)
� {kl| v{ op{m om �luq q| L(d)

�
�q ommxt l {ko{

T
op{m om �luq q| H1

par(Γ1(Np), Fp)(d)
� ¹~ �uqnqmv{vq| � �¡ �

v{ op{m om �luq q| JQp
(Qp)[p](d)

� kl|pl q| JQp
[p](d)

� om
JQp

[p]
vm ulwxplw � ¹x{{kl| v{ osmq op{m om �luq q| JZp[ζp][p](d)

� om v{ op{m om �luq q| {kl zl|luvp �}ul
xmv|z {ko{

J [p]
vm Go{ q�lu Zp[ζp] ���� � �ltto ¦ �¡ �� � om J

vm mlt v�o} lsvo| � � ¹x{pq|ml�xl|{s~� v{ osmq op{m om �luq q| {kl mn lpvos �}ul JFp
[p](d)

� ykl|pl osmq q|{kl pq{o|zl|{ mnopl
Cot0(J

0
Fp

[p])(d)
� �qy �ltto � �� �|vmklm {kl nuqqr � 2

>?�ÝÞ�	 � ãH åÐÕ
p æÐ Î é ÑÔò Ð ÎÚè

2 < k ≤ p + 1
�
N ≥ 5

ÔÚ ÕÐç ÐÑ× ×ÙÛí Õí ÎÕ
p - N ð $Ð óÑÔÕÐ ê ÖÑ ×í ÖÑÕ

Tpar,N,k := TFp

(
H1

par(Γ1(N), Vk−2(Fp))
) �

Tmod,N,k :=

TFp

(
Sk(Γ1(N), Fp)

) ÎÚè ×Ôò ÔîÎÑîÏ ê ÖÑ Õí Ð Õó Ô×ÕÐè ÖÚÐ×ð ñí ÐÚ Õí ÐÑÐ Ô× Õí Ð ÛÖò Ò
òÙÕÎÕÔïÐ èÔÎç ÑÎò Öê

Fp
ÒÎîç ÐæÑÎ×

TFp

(
L(k − 2)

)
//

OO Tmod,N,k

²²

× Tmod,N,p+3−k,[k−2]

²²
Tpar,Np,2 // Tpar,N,k × Tpar,N,p+3−k,[k−2].

ñíÐ ïÐÑÕÔÛÎî ÎÑÑÖó× ÎÑÐ ÖæÕÎÔÚÐè ê ÑÖò I ÑÖé Ö×ÔÕÔÖÚ JðJ ÑÐ×é ð KÖÑÖî îÎÑÏ JðL � ÎÚè
Õí Ð í ÖÑÔ�ÖÚÕÎî ÖÚÐ× ê ÑÖò I ÑÖé Ö×ÔÕÔÖÚ M ðN ÎÚè I ÑÖé Ö×ÔÕÔÖÚ L ðO ð ñí Ð ïÐÑÕÔÛÎî ÎÑÒ
ÑÖó× ÎÑÐ ×ÙÑ� ÐÛÕÔïÐð �ê 2 < k ≤ p

� Õí ÐÚ Õí Ð Ùéé ÐÑ í ÖÑÔ�ÖÚÕÎî ÎÑÑÖó Ô× ÔÚ� ÐÛÕÔïÐð
��



ôÞÝÝõ ã jkl pqttx{o{v�v{~ vm pslou � om
Tl

vm ml|{ {q Tl × Tl
osq|z {kl kqu�v�q|{os ouuqy m � o|w Tl

vm ml|{ {q Tl
osq|z {kl �lu{vpos ouuqy m rqu oss nuvt lm

l
�

jkl mxuª lp{v� v{~ qr {kl �lu{vpos ouuqy m kom } ll| nuq�lw o{ {kl nsoplm pv{lw o}q�l �jkl v|ª lp{v�v{~ qr {kl xnnlu kqtqtqunkvmt vm {kl rop{ {ko{
L(k−2)

vm {kl wvulp{mxt qr Sk(Γ1(N), Fp)
o|w Sp+3−k(Γ1(N), Fp)[k − 2]

� vr 2 < k ≤ p
�

2

ÜÝÞÝßßàÞá � ãP åÐÕ
2 < k ≤ p + 1

�
N ≥ 5

×ÙÛí Õí ÎÕ
p - N ð åÐÕ

P æÐ Î ò Îì Ôò Îî
ÔèÐÎî Öê Õí Ð � ÐÛ� Ð Îîç ÐæÑÎ TZ

(
S2(Γ1(Np), C)(d)

)
⊗Fp óíÔÛí Ô× ÚÖÕ ÔÚ Õí Ð ×Ùéé ÖÑÕ

Öê
Sp+3−k(Γ1(N), Fp) ð ñí ÐÚ óÐ í ÎïÐ ÎÚ Ô×Öò ÖÑé í Ô×ò

TFp

(
Sk(Γ1(N), Fp)P

)
∼= TFp

(
H1

par(Γ1(N), Vk−2(Fp))P

)
.

ôÞÝÝõ ã jkl ommxtn{vq| t lo|m {ko{
(Sp+3−k(Γ1(N), Fp)[k − 2])P = 0

� ¹~
£quqssou~ ¤ �§ {kl vwlos P vm |q{ v| {kl mxnnqu{ qr H1

par(Γ1(N), Vp+1−k(Fp))[k−2]lv{klu � ykl|pl
(H1

par(Γ1(N), Vp+1−k(Fp))[k − 2])P = 0
� �l|pl � {kl ml�xl|plm

qr �uqnqmv{vq| m § �� o|w � �� sq posvmlw o{
P

zv�l vmqtqunkvmt m
TFp

(
L(k − 2)

)
P
∼=

Tmod,N,k
P

o|w Tpar,Np,2
P

∼= Tpar,N,k
P

� �l|pl � osmq {kl �lu{vpos t onm v| {kl sqposv�mo{vq| o{
P qr {kl wvozuot qr jklqult ¤ �¦ oul vmqtqunkvmt m �

2

ÜÝÞÝßßàÞá � ãQ åÐÕ
2 < k ≤ p + 1

�
N ≥ 5

×ÙÛí Õí ÎÕ
p - N ð åÐÕ

P æÐ Î
ò Îì Ôò Îî ÔèÐÎî Öê

TFp

(
Sk(Γ1(N), Fp)

) ÛÖÑÑÐ×é ÖÚèÔÚç ÕÖ Î ÚÖÑò ÎîÔ×Ðè ÐÔç ÐÚê ÖÑò
f ∈ Sk(Γ1(N), Fp) óíÔÛí Ô× quwv|ou~ � ÔðÐð ap(f) 6= 0 ð ñí ÐÚ óÐ í ÎïÐ ÎÚ Ô×Öò ÖÑÒ
é í Ô×ò

TFp

(
Sk(Γ1(N), Fp)P

)
∼= TFp

(
H1

par(Γ1(N), Vk−2(Fp))P

)
.

ôÞÝÝõ ã �m {kl qnluo{qu Tp
osyo~m op{m om �luq q| Sp+3−k(Γ1(N), Fp)[k − 2]{kl t o�vt os vwlos P

po||q{ } l v| {kl mxnnqu{ qr Sp+3−k(Γ1(N), Fp)[k − 2]
�

ykl|pl yl oul v| {kl mv{xo{vq| qr £quqssou~ ¤ �� �
2

R S ÅÅÃihÁcieb ce
Γ0(N)

Ábf hÆÁdÁhc�d2
jkl {lpk|v�xlm ruqt {kl nulplwv|z mlp{vq|m wq |q{ onns~ {q {kl zuqxn Γ0(N)

�
�| {kvm mlp{vq| yl mkqy {ko{ q|l po| � |l�lu{klslmm � wluv�l mvt vsou ulmxs{m rqu {ko{
zuqxn {qzl{klu y v{k o pkouop{lu qr {kl �xq{vl|{ zuqxn Γ0(N)/Γ1(N) ∼= (Z/NZ)∗

�
�l{ xm rqu {kl ml�xls qr {kvm mlp{vq| t o�l {kl rqssqy v|z ommxtn{vq| �

T ýýC	üÿþÝ� H ãä åÐÕ
p ≥ 5 æÐ Î é ÑÔò Ð ÎÚè

K
Î ë ÚÔÕÐ ë Ðîè Öê Ûí ÎÑÎÛÕÐÑÔ×ÕÔÛ

pÖÑ
K = Fp ð �Ùéé Ö×Ð� òÖÑÐÖïÐÑ� Õí ÎÕ ó Ð ÎÑÐ ç ÔïÐÚ ÔÚÕÐç ÐÑ×

N ≥ 5
ÎÚè

k óÔÕí
3 ≤ k ≤ p + 1

ÎÚè
p - N ð åÐÕ

∆ = Γ0(N)/Γ1(N) ð � Õ ÎÛÕ× ÖÚ
H1(Γ1(N), ·)

�
Õí Ð é ÎÑÎæÖîÔÛ ×Ùæ×é ÎÛÐ ÎÚè ÖÚ

Sk(Γ1(N), K)
Õí ÑÖÙçí Õí Ð èÔÎò ÖÚè Öé ÐÑÎÕÖÑ× ð%ÙÑÕí ÐÑò ÖÑÐ� îÐÕ

ε æÐ Î Ûí ÎÑÎÛÕÐÑ Öê Õí Ð ê ÖÑò
ε : Γ0(N)

proj
³ Γ0(N)/Γ1(N) → K∗ ð

E ÐÚÖÕÐ æÏ Kε Õí Ð
K[Γ0(N)]

Òò ÖèÙîÐ óí ÔÛí Ô× Î ÛÖé Ï Öê
K óÔÕí ÎÛÕÔÖÚ Õí ÑÖÙçí

ε−1 ð $Ð óÑÔÕÐ
V ε

k−2

ê ÖÑ Õí Ð
K[Γ0(N)]

Òò ÖèÙîÐ
Vk−2(K) ⊗K Kε ð % ÔÚÎî îÏ� îÐÕ

G

æÐ Õí Ð ç ÑÖÙé óÔÕí
Γ1(N) ≤ G ≤ Γ0(N)

×ÙÛí Õí ÎÕ
G/Γ1(N) = ∆p

� Õí Ð
p
Ò�ÏîÖó×ÙæçÑÖÙé Öê

∆ ð U ÖÕÐ Õí ÎÕ
G

ÎÛÕ× ê ÑÐÐîÏ ÖÚ
H ð

� 



��	 	 à H ãâ åÐÕ Ù× Î××Ùò Ð VðN ð ñí ÐÚ
H1(Γ1(N), Vk−2(K))

ÎÚè ÔÕ× é ÎÑÎæÖîÔÛ×Ùæ×é ÎÛÐ ÎÑÐ ÛÖÔÚèÙÛÐè
K[∆p]

Òò ÖèÙîÐ× ð
ôÞÝÝõ ã �l yuv{l V = Vk−2(K)

o|w Γ := Γ1(N)
� jkl �qpkmpkvsw��luulmnlp{uos ml�xl|pl �v| {kl |q{o{vq| ruqt ��¦� � �nnl|wv� ¹ � yl xml {kl l�op{

ml�xl|pl
E2

1 → E1,1
2 → E3,0

2 � zv�lm {kl l�op{ ml�xl|pl

ker
(
H2(G, V ) → H0(∆p, H

2(Γ, V ))
)

→ H1(∆p, H
1(Γ, V )) → H3(∆p, H

0(Γ, V )),

ykl|pl
H1(∆p, H

1(Γ, V ))
vm �luq }~ £quqssou~ � �� o|w �uqnqmv{vq| � �� � �uqt�uqnqmv{vq| � �� v{ rqssqy m {o�v|z

∆p�pqkqtqsqz~ {ko{ {kl ml�xl|pl

0 → H1
par(Γ, V )∆p → H1(Γ, V )∆p

res
−−→

( ∏

g∈Γ\PSL2(Z)/〈T 〉

H1(Γ ∩ 〈gTg−1〉, V )
)∆p

→ H1(∆p, H
1
par(Γ, V )) → 0

vm l�op{ � �{ po| }l pklp�lw �xmv|z {ko{
−1 6∈ G

o|w {ko{
p wqlm |q{ wv�vwl {kl

uot v� po{vq| v|wvplm qr {kl pxmnm� {ko{ {kl �um{ {kull {lut m oul

0 → H1
par(G, V ) → H1(G, V )

res
−−→

∏

g∈G\PSL2(Z)/〈T 〉

H1(G ∩ 〈gTg−1〉, V ) → 0,

yklul {kl �luq q| {kl uvzk{ vm ozov| o pq|ml�xl|pl qr �uqnqmv{vq| � �� � �l|pl �
H1(∆p, H

1
par(Γ, V ))

vm �luq � � v|oss~� �� � � �uqnqmv{vq| ��¦ �¡ �vv� � vt nsvlm {ko{
H1(Γ, V )

o|w v{m nouo}qsvp mx}mnopl oul pqv|wxplw ∆p�t qwxslm � 2

��	 	 à H ã� åÐÕ Ù× Î××Ùò Ð VðN ð ñí ÐÚ
Sk(Γ1(N), K)

Ô× Î ê ÑÐÐ
K[∆p]

Òò ÖèÙîÐð
ôÞÝÝõ ã �qu {kl |q{o{vq| v| {kvm nuqqr yl rqssqy �¤� � nn � �� ���� o|w {kl

nuqqr qr �ltto ��  � �l sl{ Γ := Γ1(N)
�

jkl nuqª lp{vq| π : XΓ ³ XG
vm o ¨osqvm pq�lu y v{k zuqxn ∆p qr nuqª lp{v�l K �mpklt lm � �|wllw � rqu {kl qnl| nou{ {kvm vm �§� � W � �� �¦ � «qulq�lu � {kl uot v�po{vq|v|wl� qr {kl pxmnm wv�vwlm N

� ykl|pl {kl pxmnm oul x|uot v�lw v| o
p�l�{l|mvq| �

�mv|z �luul wxosv{~ o|w {kl �qwovuo��n l|plu vmqtqunkvmt �mll �§� � W � �§ �� ���
yl q}{ov|

H1(XG, ω⊗k(−cusps))

XYZ
∼= H0(XG, Ω1 ⊗ (ω⊗k(−cusps))∨)∨[YX
∼= H0(XG, ω⊗2−k)∨

ykvpk vm �luq � mv|pl {kl wlzull qr ω⊗2−k vm |lzo{v�l �om k ≥ 3� � jkl t on
π

vm
5{osl o|w yl ko�l H0(XΓ, π∗ω⊗k(−cusps)) ∼= Sk(Γ, K)

� �l pq|psxwl ruqt ���� �jklqult � � {ko{ {kvm vm o rull K[∆p]�t qwxsl � 2

>?�ÝÞ�	 H ã
 åÐÕ Ù× Î××Ùò Ð VðN ÎÚè Õí ÎÕ
H1

par(Γ1(N), Vk−2(K))
Ô× Î ê ÎÔÕíê Ù î

TK(Sk(Γ1(N), K))
Òò ÖèÙîÐð ñí ÐÚ

H1
par(Γ0(N), V ε

k−2)
Ô× Î ê ÎÔÕíê Ù î ò ÖèÙîÐ ê ÖÑ

TK(Sk(Γ1(N), ε, K)) ð

��



ôÞÝÝõ ã �l{
Γ := Γ1(N)

� �l psovt {ko{
N∆ :=

∑
δ∈∆ δ ∈ K[∆]

v|wxplmvmqtqunkvmt m

�¦ ��� (Sk(Γ, K) ⊗K Kε)∆ → (Sk(Γ, K) ⊗K Kε)∆

o|w
�¦ � � H1

par(Γ, V ε
k−2)∆ → H1

par(Γ, V ε
k−2)

∆.

�l |q{l {ko{
H1(Γ, Vk−2(K)) ⊗K Kε = H1(Γ, V ε

k−2)
� mv|pl {kl pkouop{lu ε

ulm{uvp{lw {q Γ
vm {uv� vos � � mv|z �lttom ¦ �� o|w ¦ �¡ � o| lslt l|{ou~ pospxso{vq|zv�lm {kl psovt �

¥xosvmv|z ��xo{vq| �¦ ��� zv�lm o| vmqtqunkvmt
(
T(Sk(Γ, K)) ⊗ Kε

)
∆

N∆−−→
(
T(Sk(Γ, K)) ⊗ Kε

)∆
,

ykvpk v| nou{vpx sou ~vlswm {kl vtnsvpo{vq|

�¦ ���� T (
∑

δ∈∆

ε(δ)−1〈δ〉) = 0 ⇒ T ∈ I,

yklul I
vm {kl vwlos wl�|lw v| �uqnqmv{vq| ¤ �� � �| �vly qr {ko{ nuqnqmv{vq| � yl

q|s~ |llw {q mkqy {ko{ vr T
op{m om �luq q| H1(G, V ε

k−2)
� {kl|

T
vm v|

I
�

jkl �qpkmpk vsw��luul mn lp{uos ml�xl|pl ~vlswm H1(Γ, V ε
k−2)

∆ ∼= H1(G, V ε
k−2)

�
mv|pl

(V ε
k−2)

Γ vm �luq }~ �uqnqmv{vq| � �� � �l{ |qy T
}l o �lp�l qnluo{qu � jkl|

yl ko�l

T · H1(G, V ε
k−2) = T · H1(Γ, V ε

k−2)
∆

= TN∆ · H1(Γ, V ε
k−2)∆ = T (

∑

δ∈∆

ε(δ)−1〈δ〉) · H1(Γ, Vk−2(K))

�xnnqml {ko{ {k vm vm �luq � �l|pl � }~ {kl ommxt lw rov{krxs|lmm yl ko�l {ko{
T (

∑
δ∈∆ ε(δ)−1〈δ〉) = 0

� ykvpk }~ ��xo{vq| �¦ ���� vtnsvlm T ∈ I
� om ul�x vulw �

2

\�	 àÞ] H ã �ê k = 2
� Õí ÐÚ Õí Ð ×ÕÎÕÐò ÐÚÕ× Öê ñí ÐÖÑÐò VðL Îî×Ö í Öîè ^ÖÙÕ×ÔèÐ

Õí Ð _ Ô×ÐÚ×ÕÐÔÚ é ÎÑÕ `ð ñí Ð _ Ô×ÐÚ×ÕÐÔÚ é ÎÑÕ Ô× Õí Ð ×Ùæ×é ÎÛÐ ÖÚ óí ÔÛí Õí Ð � ÐÛ� Ð ÎîÒ
ç ÐæÑÎ ÎÛÕ× ïÔÎ Î ×Ï×ÕÐò Öê ÐÔç ÐÚïÎîÙÐ× Õí ÎÕ èÖÐ× ÚÖÕ æÐîÖÚç ÕÖ ÎÚ ÔÑÑÐèÙÛÔæîÐaÎîÖÔ× ÑÐé ÑÐ×ÐÚÕÎÕÔÖÚ ð %ÖÑ� Î ×ÙÔÕÎæîÐ ÎÚÎîÖçÙÐ Öê åÐòò Î Vðb í Öîè×� ×ÔÚÛÐ
H1(XG, ω⊗k(−cusps)) ∼= H0(XG,O)∨

ÛÎÚÚÖÕ ç ÔïÐ ÑÔ×Ð ÕÖ Î ÚÖÚÒ_ Ô×ÐÚ×ÕÐÔÚ ×Ï×Ò
ÕÐò Öê ÐÔç ÐÚïÎîÙÐ× ð Í ÖÑÐÖïÐÑ� ÙÚèÐÑ Õí Ð Ðì ÕÑÎ Î××Ùòé ÕÔÖÚ Îî×Ö åÐòò Î VðOÑÐò ÎÔÚ× ïÎîÔè� Î× ÎÚ ÐÎ×Ï ÛÎîÛÙîÎÕÔÖÚ ×í Öó× ð
c S ÅÅÃihÁcieb ce (� iÄÆc eb� Ç efgÃÁd )edÇ 2
�wv�kq�l| l�nsov|m v| ��� � �lp{vq| § � kqy ylvzk{ q|l pxmnvwos �o{� tqwxsou
rqut m q�lu �| v{l �lswm qr pkouop{luvm{vp p

po| }l pqtnx{lw ruqt {kl �|qy slwzl
qr {kl �lp�l oszl}uo qr ylvzk{

p
pxmn rqut m q�lu {kl mot l �lsw � �| {kvm mlp{vq|

� �



yl mkoss �um{ ulposs {kvm o|w {kl| wluv�l {kl pq|psxmvq| tl|{vq|lw v| {kl v|{uq�
wxp{vq| {ko{ ylvzk{ q|l tqwxsou pxmn rqut m q�lu Fp

po| }l pqtnx{lw }~ {kl
�lp�l qnluo{qum q| ylvzk{

p
nouo}qsvp zuqxn pqkqtqsqz~ q�lu Fp

�
�l{

F
}l o �|v{l �lsw qr nuvt l pkouop{luvm{vp p qu Fp

o|w �� o sl�ls N ≥ 1

yv{k
p - N

o|w o pkouop{lu ε : (Z/NZ)∗ → F∗ yv{k
ε(−1) = (−1)k � �l ko�l{yq v|ª lp{vq|m qr F��lp{qu mnoplm

F, A : S1(Γ1(N), ε, F) → Sp(Γ1(N), ε, F),

zv�l| q| q�l�no|mvq|m }~
an(Ag) = an(g)

o|w an(Fg) = an/p(g) �y v{k
an(Fg) =

0
vr p - n� � ykvpk oul pqtno{v}sl y v{k oss �lp�l qnluo{qum Tl rqu nuvt lm

l 6= p
�

jkl rqut lu pqt lm ruqt {kl %ÑÖæÐÚÔÙ× o|w {kl so{{lu vm txs{vnsvpo{vq| }~ {kl
� Î××Ð ÔÚïÎÑÔÎÚÕ� �|l kom

T
(p)
p F = A

o|w AT
(1)
p = T

(p)
p A + ε(p)F

� yklul yl
ko�l v|wvpo{lw {kl ylvzk{ om o mxnlumpuvn{ �mll l �z � ��� � ��xo{vq| �§ ������ ��l{

T(k) }l {kl �lp�l oszl}uo q�lu F qr ylvzk{
k rqu o ��lw sl�ls N

o|wo ��lw pkouop{lu ε
� �l y vss osmq v|wvpo{l {kl ylvzk{ qr �lp�l qnluo{qum }~

mxnlumpuvn{m � �l wl|q{l }~
A(p) {kl

Fp�mx}oszl}uo qr T(p) zl|luo{lw }~ oss
�lp�l qnluo{qum T

(p)
n rqu p - n

�
ôÞÝü ÝýþÿþÝ� P ãä �Î� ñí ÐÑÐ Ô× Î í Öò Öò ÖÑé í Ô×ò

Θ
� ÛÎî îÐè Î wluv�o{vq| � óí ÔÛí

ÖÚ
q
ÒÐìé ÎÚ×ÔÖÚ× Ô× ç ÔïÐÚ æÏ an(Θf) = nan(f)

×ÙÛí Õí ÎÕ Õí Ð ×ÐØÙÐÚÛÐ
0 → S1(Γ1(N), ε, F)

F
−→ Sp(Γ1(N), ε, F)

Θ
−→ Sp+2(Γ1(N), ε, F)

Ô× Ðì ÎÛÕð�æ� �Ùéé Ö×Ð
f ∈ S1(Γ1(N), ε, F)

×ÙÛí Õí ÎÕ
an(f) = 0

ê ÖÑ Îî î
n óÔÕí

p - n ð ñí ÐÚ
f = 0 ð �Ú é ÎÑÕÔÛÙîÎÑ

AS1(Γ1(N), ε, F) ∩ FS1(Γ1(N), ε, F) = 0 ð�Û� ñí Ð � ÐÛ� Ð Îîç ÐæÑÎ T(1) ÔÚ ó ÐÔçí Õ ÖÚÐ ÛÎÚ æÐ ç ÐÚÐÑÎÕÐè æÏ Îî î
T

(1)
l

� óí ÐÑÐ
lÑÙÚ× Õí ÑÖÙçí Õí Ð é ÑÔò Ð× èÔd ÐÑÐÚÕ ê ÑÖò

p ð�è� ñí Ð óÐÔçí Õ ÖÚÐ � ÐÛ� Ð Îîç ÐæÑÎ T(1) Ô× Õí Ð Îîç ÐæÑÎ ç ÐÚÐÑÎÕÐè æÏ Õí Ð
A(p) ÒÎÛÕÔÖÚÖÚ Õí Ð ò ÖèÙîÐ

T(p)/A(p) ð
ôÞÝÝõ ã �o� jkl t ov| {klqult qr ���� z v�lm {kl l�op{ ml�xl|pl

0 → S1(Γ1(N), ε, F)
F
−→ Sp(Γ1(N), ε, F)

AΘ
−−→ S2p+1(Γ1(N), ε, F)

}~ {o�v|z ¨osqvm v|�ouvo|{m � �qyl�lu � om l�n sov|lw v| ��� � �lp{vq| § � {kl vt ozl
AΘSp(Γ1(N), ε, F)

v| ylvzk{
2p+1

po| }l wv�vwlw }~ {kl �omml v|�ouvo|{ � ykl|pl
{kl ylvzk{ vm om psovt lw �

�} � jkl pq|wv{vq| vtnsvlm }~ sqq�v|z o{
q�l�no|mvq|m {ko{

AΘf = 0
� ykl|pl

}~ �ou{ �¡� qr �o{� � {klqult pv{lw o}q�l f
pqt lm ruqt o sqylu ylvzk{ {ko|

1
�

}x{ } lsqy {klul vm ª xm{ {kl
0�rqut �mll osmq ��� � � uqnqmv{vq| § �§� �

�p� �{ vm l|qxzk {q mkqy {ko{
T

(1)
p

vm sv|lous~ wln l|wl|{ q| {kl mno| qr oss T
(1)
n

rqu p - n
� �r v{ ylul |q{ � {kl| {klul yqxsw }l o tqwxsou pxmn rqut qr ylvzk{

1mo{vmr~v|z an(f) = 0 rqu p - n
� }x{ ap(f) 6= 0

� pq|{uowvp{v|z �} � �
�w � ¥xosvmv|z {kl l�op{ ml�xl|pl v| �o� ~vlswm {ko{

T(p)/A(p) o|w T(1) oulvmqtqunkvp om
A(p)�tqwxslm � ykvpk vtnsvlm {kl psovt �

2

��



ôÞÝü ÝýþÿþÝ� P ãâ åÐÕ
N ≥ 1

ÎÚè
k ≥ 2 æÐ ÔÚÕÐç ÐÑ× ×ÙÛí Õí ÎÕ

p - N
�

F|Fp
Î

ë ÚÔÕÐ Ðì ÕÐÚ×ÔÖÚ ÎÚè îÐÕ
ε : (Z/NZ)∗ → F∗ æÐ Î Ûí ÎÑÎÛÕÐÑ ó ÔÕí

ε(−1) = (−1)k ð� ÐÕ
B =

N

12

∏

l|N,l e fgh i(1 +
1

l
).

�Î� ñí ÐÚ Õí Ð � ÐÛ� Ð Öé ÐÑÎÕÖÑ×
T

(k)
1

�
T

(k)
2

�
. . .

�
T

(k)
kB

ç ÐÚÐÑÎÕÐ
T(k) Î× ÎÚ

F
ÒïÐÛÕÖÑ

×é ÎÛÐð
�æ� ñí Ð

F
ÒÎîç ÐæÑÎ A(p) ÛÎÚ ÎîÑÐÎèÏ æÐ ç ÐÚÐÑÎÕÐè Î× ÎÚ

F
ÒïÐÛÕÖÑ ×é ÎÛÐ æÏ Õí Ð ×ÐÕ

{ T (p)
n | p - n, n ≤ (p + 2)B }.

ôÞÝÝõ ã �o� jkvm rqssqy m ruqt {kl nuqqr qr ��� � �uqnqmv{vq| § �� �
�} � �mmxt l {ko{ mqt l

T
(p)
m rqu m > (p+2)B

o|w p - m
vm sv|lous~ v|wlnl|wl|{

qr {kl qnluo{qum v| {kl ml{ qr {kl ommlu{vq| � jkvm t lo|m {ko{ {klul vm o pxmn rqut
f ∈ Sp(Γ1(N), ε, F)

mo{vmr~ v|z an(f) = 0 rqu oss n ≤ (p + 2)B yv{k
p - n

� }x{
am(f) 6= 0

� �|l zl{m
an(Θf) = 0 rqu oss n ≤ (p + 2)B

� }x{ am(Θf) 6= 0
� jkvm

pq|{uowvp{m �o� � 2

\�	 àÞ] P ã� �ê ó Ð óÖÑ� óÔÕí
Γ1(N)

ÎÚè ÚÖ Ûí ÎÑÎÛÕÐÑ� Õí Ð ÚÙò æÐÑ B
ÎæÖïÐ í Î×

ÕÖ æÐ ÑÐé îÎÛÐè æÏ
B′ =

N2

24

∏

l|N,l e fgh i(1 −
1

l2
).

�ou{ qr {kl rqssqy v|z nuqnqmv{vq| vm ��� � �uqnqmv{vq| ¤ �� �
ôÞÝü ÝýþÿþÝ� P ã
 åÐÕ

V ⊂ Sp(Γ1(N), ε, F) æÐ Õí Ð ÐÔç ÐÚ×é ÎÛÐ Öê Î ×Ï×ÕÐò Öê
ÐÔç ÐÚïÎîÙÐ× ê ÖÑ Õí Ð Öé ÐÑÎÕÖÑ×

T
(p)
l

ê ÖÑ Îî î é ÑÔò Ð×
l 6= p

�ê Õí Ð ×Ï×ÕÐò Öê ÐÔç ÐÚïÎîÙÐ× èÖÐ× ÚÖÕ ÛÖò Ð ê ÑÖò Î óÐÔçí Õ ÖÚÐ ê ÖÑò � Õí ÐÚ
VÔ× ÎÕ ò Ö×Õ Öê èÔò ÐÚ×ÔÖÚ ÖÚÐð KÖÚïÐÑ×ÐîÏ� Ôê Õí ÐÑÐ Ô× Î ÚÖÑò ÎîÔ×Ðè ó ÐÔçí Õ ÖÚÐ

ÐÔç ÐÚê ÖÑò
g óÔÕí Õí ÎÕ ×Ï×ÕÐò Öê ÐÔç ÐÚïÎîÙÐ× ê ÖÑ

T
(1)
l

ê ÖÑ Îî î é ÑÔò Ð×
l 6= p

� Õí ÐÚ
V = 〈Ag, Fg〉

ÎÚè Õí ÎÕ ×é ÎÛÐ Ô×
2
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