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Abstract

In this article we report on extensive calculations concerning the Gorenstein defect for Hecke

algebras of spaces of modular forms of prime weightp at maximal ideals of residue character-

istic p such that the attached modp Galois representation is unramified atp and the Frobenius

at p acts by scalars. The results lead us to the ask the question whether the Gorenstein defect

and the multiplicity of the attached Galois representationare always equal to2. We review the

literature on the failure of the Gorenstein property and multiplicity one, discuss in some detail

a very important practical improvement of the modular symbols algorithm over finite fields and

include precise statements on the relationship between theGorenstein defect and the multiplicity

of Galois representations.

1 Introduction

In Wiles’ proof of Fermat’s Last Theorem (see [Wiles 1995]) an essential step was to show that certain

Hecke algebras are Gorenstein rings. Moreover, the Gorenstein property of Hecke algebras is equiv-

alent to the fact that Galois representations appear on certain Jacobiansof modular curves precisely

with multiplicity one. This article is concerned with the Gorenstein property and withthe multiplic-

ity one question. We report previous work and exhibit many new examples where multiplicity one

and the Gorenstein property fail. We compute the multiplicity in these cases. Moreover, we ask the

question suggested by our computations whether it is always equal to two if itfails.

We first have to introduce some notation. For integersN ≥ 1 andk ≥ 2 and a Dirichlet character

χ : (Z/NZ)× → C× we letSk(Γ1(N)) be theC-vector space of holomorphic cusp forms onΓ1(N)

of weightk andSk(N, χ) the subspace on which the diamond operators act through the characterχ.

We now introduce some extra notation for Hecke algebras over specified rings.

Notation 1.1 (Notation for Hecke algebras)WheneverS ⊆ R are rings andM is an R-module

on which the Hecke and diamond operators act, we letTS(M) be theS-subalgebra inside theR-

endomorphism ring ofM generated by the Hecke and the diamond operators. Ifφ : S → S′ is a ring

homomorphism, we letTφ(M) := TS(M)⊗S S′ or with φ understoodTS→S′(M).
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We will mostly be dealing with the Hecke algebrasTZ(Sk(Γ1(N))) andTZ[χ](Sk(N, χ)), their com-

pletionsTZ→Zp
(Sk(Γ1(N))) andT

O→ bO
(Sk(N, χ)), as well as their reductionsTZ→Fp

(Sk(Γ1(N)))

andTO→F(Sk(N, χ)). Here,p is a prime andO = Z[χ] is the smallest subring ofC containing all

values ofχ, Ô is the completion at a prime abovep andO ։ F is the reduction modulo that prime.

In Section 3 the reductions of the Hecke algebras are identified with Hecke algebras of modp mod-

ular forms, which are closely related to Hecke algebras of Katz modular forms over finite fields (see

Section 2).

We choose a holomorphic cuspidal Hecke eigenform as the starting point of our discussion and

treatment. So letf ∈ Sk(N, χ) ⊆ Sk(Γ1(N)) be an eigenform for all Hecke and diamond operators.

It (more precisely, its Galois conjugacy class) corresponds to minimal ideals, both denoted bypf ,

in each of the two Hecke algebrasTZ(Sk(Γ1(N))) andTZ[χ](Sk(N, χ)). We also choose maximal

idealsm = mf containingpf of residue characteristicp again in each of the two. Note that the residue

fields are the same in both cases.

By work of Shimura and Deligne, one can associate tof (more precisely, tom) a continuous odd

semi-simple Galois representation

ρf = ρmf
= ρm : Gal(Q/Q)→ GL2(TZ(Sk(N, χ))/m)

unramified outsideNp satisfyingTr(ρm(Frobl)) ≡ Tl mod m andDet(ρm(Frobl)) ≡ lk−1χ(l)

mod m for all primesl ∤ Np. In the case of weightk = 2 and levelN , the representationρm can

be naturally realised on thep-torsion points of the Jacobian of the modular curveX1(N)Q. The

algebraTZ→Fp
(S2(Γ1(N))) acts naturally onJ1(N)Q(Q)[p] and we can form the Galois module

J1(N)Q(Q)[m] = J1(N)Q(Q)[p][m̃] with m̃ the maximal ideal ofTZ→Fp
(S2(Γ1(N))) which is the

image ofm under the natural projection. Supposing thatρm is absolutely irreducible, the main result

of [Boston et al. 1991] shows that the Galois representationJ1(N)Q(Q)[m] is isomorphic to a direct

sum ofr copies ofρm for some integerr ≥ 1, which one calls themultiplicity ofρm onJ1(N)Q(Q)[m]

(cf. [Ribet and Stein 2001]). We shall for short only speak about themultiplicity of ρm. One says that

ρm is amultiplicity one representationor satisfies multiplicity one, if r = 1. See [Mazur 1977] for a

similar definition forJ0(N) and Prop. 2.6 for a comparison.

The notion of multiplicity can be naturally extended to Galois representations attached to eigen-

formsf of weights3 ≤ k ≤ p+1 for p ∤ N . This is accomplished by a result of Serre’s which implies

the existence of a maximal idealm2 ⊂ TZ(S2(Γ1(Np))) such thatρmf
∼= ρm2

(see Prop. 2.3). One

hence obtains the notion of multiplicity (onJ1(Np)) for the representationρmf
by defining it as the

multiplicity of ρm2
. Moreover, when allowing twists by the cyclotomic character, it is even possible

to treat arbitrary weights. The following theorem summarises results on whenthe multiplicity in the

above sense is known to be one.

Theorem 1.2 (Mazur, Edixhoven, Tilouine, Gross, Buzzard)Letρm be a representation associated

with a modular cuspidal eigenformf ∈ Sk(N, χ) and letp be the residue characteristic ofm. Suppose

thatρm is absolutely irreducible and thatp does not divideN . If either
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1. 2 ≤ k ≤ p− 1, or

2. k = p andρm is ramified atp, or

3. k = p andρm is unramified atp andρm(Frobp) is not scalar,

then the multiplicity ofρm is one.

This theorem is composed of [Mazur 1977], Lemma 15.1, [Tilouine 1987], Proposition 5.6, [Edixhoven 1992],

Theorem 9.2, as well as [Gross 1990], Proposition 12.10, and [Buzzard 1999], Theorem 6.1. The fol-

lowing theorem by the second author ([Wiese 2007a], Corollary 4.5) tells us when the multiplicity is

not one.

Theorem 1.3 Let ρm as in the previous theorem. Supposek = p and thatρm is unramified atp. If

p = 2, assume also that a Katz cusp form overF2 of weight1 onΓ1(N) exists which gives rise toρm.

If ρm(Frobp) is a scalar matrix, then the multiplicity ofρm is bigger than1.

In Section 2 we explain how the Galois representationJ1(Np)Q(Q)[m] is related to the different

Hecke algebras evoked above and see in many cases of interest a precise relationship between the

geometrically defined term ofmultiplicity and theGorenstein defectof these algebras. The latter

can be computed explicitly, which is the subject of the present article. We nowgive the relevant

definitions.

Definition 1.4 (The Gorenstein property) Let A be a local Noetherian ring with maximal idealm.

Suppose first that the Krull dimension ofA is zero, i.e. thatA is Artinian. We then define theGorenstein

defectof A to be the minimum number ofA-module generators of the annihilator ofm (i.e. A[m])

minus 1; equivalently, this is theA/m-dimension of the annihilator ofm minus 1. We say thatA is

Gorensteinif its Gorenstein defect is 0, andnon-Gorensteinotherwise. If the Krull dimension ofA is

positive, we inductively callA Gorenstein, if there exists a non-zero-divisorx ∈ m such thatA/(x)

is a Gorenstein ring of smaller Krull dimension (see [Eisenbud 1995], p.532; note that our definition

implies thatA is Cohen-Macaulay). A (not necessarily local) Noetherian ring is said to beGorenstein

if and only if all of its localisations at its maximal ideals are Gorenstein.

We will for example be interested in the Gorenstein property ofTZ(Sk(Γ1(N)))m. Choosing

x = p in the definition withp the residue characteristic ofm, we see that this is equivalent to the

Gorenstein defect of the finite dimensionalFp-algebraTZ→Fp
(Sk(Γ1(N)))m being zero. Whenever

we refer to the Gorenstein defect of the former algebra (overZ), we mean the one of the latter. Our

computations will concern the Gorenstein defect ofTO→F(Sk(Γ1(N), χ))m. See Section 2 for a

comparison with the one not involving a character. It is important to remark that the Gorenstein defect

of a local Artin algebra over a field does not change after passing to a field extension and taking any

of the conjugate local factors.

We illustrate the definition by an example. The algebrak[x, y, z]/(x2, y2, z2, xy, xz, yz) for a

field k is Artinian and local with maximal idealm := (x, y, z) and the annihilator ofm is m itself,
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so the Gorenstein defect is3 − 1 = 2. We note that this particular case does occur in nature; a

localisationTZ→F2
(S2(Γ0(431)))m at one maximal ideal is isomorphic to this, withk = F2 (see

[Emerton 2002], the discussion just before Lemma 6.6). This example can also be verified with the

algorithm presented in this paper.

We now state a translation of Theorem 1.2 in terms of Gorenstein defects, which is immediate

from the propositions in Section 2.

Theorem 1.5 Assume the set-up of Theorem 1.2 and that one of 1., 2., or 3. is satisfied.We use

notations as in the discussion of multiplicities above.

If k = 2, thenTZ(S2(Γ1(N)))m is a Gorenstein ring.

If k ≥ 3, thenTZ(S2(Γ1(Np)))m2
is, too. Supposing in addition thatm is ordinary (i.e.Tp 6∈ m),

then alsoTZ(Sk(Γ1(N)))m is Gorenstein. If, moreover,p ≥ 5 or ρm is not induced fromQ(
√
−1) (if

p = 2) or Q(
√
−3) (if p = 3), thenTO→F(Sk(N, χ))m is Gorenstein as well. 2

We now turn our attention to computing the Gorenstein defect and the multiplicity in thecase

when it is known not to be one.

Corollary 1.6 Letρm be a representation associated with a cuspidal eigenformf ∈ Sp(N, χ) with p

the residue characteristic ofm. Assume thatρm is absolutely irreducible, unramified atp such that

ρm(Frobp) is a scalar matrix. Letr be the multiplicity ofρm andd the Gorenstein defect of any of

TO→F(Sk(N, χ))m, TZ→Fp
(Sk(Γ1(N)))m or TZ→Fp

(S2(Γ1(Np)))m2
.

Then the relationd = 2r − 2 holds.

Proof. The equality of the Gorenstein defects and the relation with the multiplicity are proved in

Section 2, noting thatm is ordinary, asap(f)2 = χ(p) 6= 0 (e.g. by [Gross 1990], p. 487). 2

1.1 Previous results on the failure of multiplicity one or the Gorenstein property

Prior to the present work and the article [Wiese 2007a], there have beensome investigations into

when Hecke algebras fail to be Gorenstein. In [Kilford 2002], the firstauthor showed, using MAGMA

[Bosma et al. 1997], that none of the three Hecke algebrasTZ(S2(431, χtriv)), TZ(S2(503, χtriv))

andTZ(S2(2089, χtriv)) is Gorenstein by explicit computation of the localisation of the Hecke algebra

at a suitable maximal ideal above 2, and in [Ribet and Stein 2001], it is shownthatTZ(S2(2071, χtriv))

is not Gorenstein in a similar fashion. These examples were discovered by considering elliptic

curvesE/Q such that in the ring of integers ofQ(E[2]) the prime ideal(2) splits completely, and

then doing computations with MAGMA .

There are also some results in the literature on the failure of multiplicity one within thetorsion of

certain Jacobians. In [Agashe et al. 2006], Proposition 5.1, the following theorem is proved:

Theorem 1.7 (Agashe, Ribet, Stein)Suppose thatE is an optimal elliptic curve overQ of conduc-

tor N , with congruence numberrE and modular degreemE and thatp is a prime such thatp|rE

butp ∤ mE . Letm be the annihilator inTZ(S2(N, χtriv)) of E[p]. Then multiplicity one fails form.
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They give a table of examples; for instance,TZ(S2(54, χtriv)) does not satisfy multiplicity one at

some maximal ideal above3. It is not clear whether this phenomenon occurs infinitely often.

The first examples of the failure of multiplicity one were given in [Mazur and Ribet 1991], where

it is proved in Theorem 2 that the modp multiplicity of a suitable representationρm of level prime

to N in the torsion of the JacobianJ0(p
3N) is greater than 1. The explicit example given there is of

a representation of level 11 having mod 11 multiplicity greater than one inJ0(113)[11].

In [Ribet 1990], it is shown that the modp multiplicity of a certain representation in the Jacobian

of the Shimura curve derived from the rational quaternion algebra of discriminant11 · 193 is 2; this

result inspired the calculations in [Kilford 2002].

Let us finally mention that forp = 2 the Galois representationsρ with image equal to the di-

hedral groupD3 come from an elliptic curve overQ. We observe thatD3 = GL2(F2). Any S3-

extensionK of the rationals can be obtained as the splitting field of an irreducible integral polynomial

f = X3 +aX + b. The2-torsion of the elliptic curveE : Y 2 = f consists precisely of the three roots

of f and the point at infinity. So, the field generated overQ by the2-torsion ofE is K.

1.2 New results

Using the modular symbols algorithm over finite fields with an improved stop criterion (see Section 3),

we performed computations in MAGMA concerning the Gorenstein defect of Hecke algebras of cus-

pidal modular forms of prime weightsp at maximal ideals of residue characteristicp in the case of

Theorem 1.3. All of our 384 examples have Gorenstein defect equal to2 and hence their multiplicity

is 2.

We formulate part of our computational findings as a theorem.

Theorem 1.8 For every primep < 100 there exists a primeN 6= p and a Dirichlet characterχ

such that the Hecke algebraTZ[χ]→F(Sp(N, χ)) has Gorenstein defect2 at some maximal idealm of

residue characteristicp. The corresponding Galois representationρm appears with multiplicity two

on them-torsion of the JacobianJ1(Np)Q(Q) if p is odd, respectivelyJ1(N)Q(Q) if p = 2.

Our computational results are discussed in more detail in Section 4.

1.3 A question

Question 1.9 Let p be a prime. Letf be a normalised cuspidal modular eigenform of weightp,

prime levelN 6= p for some Dirichlet characterχ. Letρf : GQ → GL2(Fp) be the modular Galois

representation attached tof . We assume thatρf is irreducible and unramified atp and thatρf (Frobp)

is a scalar matrix.

Write TF for TZ[χ]→F(Sp(N, χ)). Recall that this notation stands for the tensor product over

Z[χ] of a residue fieldF/Fp of Z[χ] by theZ[χ]-algebra generated inside the endomorphism algebra

of Sp(N, χ) by the Hecke operators and by the diamond operators. Letm be the maximal ideal ofTF

corresponding tof .
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Is the Gorenstein defect of the Hecke algebraTF localised atm, denoted byTm, always equal

to 2?

Equivalently, is the multiplicity of the Galois representation attached tof always equal to2?

This question was also raised both by Kevin Buzzard and James Parson in communications to the

authors.

2 Relation between multiplicity and Gorenstein defect

In this section we collect results, some of which are well-known, on the multiplicityof Galois rep-

resentations, the Gorenstein defect and relations between the two. Whereas the modp modular

symbols algorithm naturally computes modp modular forms (see Section 3), this rather geometri-

cal section uses (mostly in the references) the theory of Katz modular formsover finite fields (see

e.g. [Edixhoven 1997]). IfN ≥ 5 andk ≥ 2, the Hecke algebraTZ→Fp
(Sk(Γ1(N))) is both the

Hecke algebra of modp cusp forms of weightk on Γ1(N) and the Hecke algebra of the correspond-

ing Katz cusp forms overFp. However, in the presence of a Dirichlet characterTZ[χ]→F(Sk(N, χ))

only has an interpretation as the Hecke algebra of the corresponding modp cusp forms and there may

be differences with the respective Hecke algebra for Katz forms (see Carayol’s Lemma, Prop. 1.10 of

[Edixhoven 1997]).

We start with the well-known result in weight2 (see e.g. [Mazur 1977], Lemma 15.1, or [Tilouine 1997])

that multiplicity one implies that the corresponding local Hecke factor is a Gorenstein ring.

Proposition 2.1 Letm be a maximal ideal ofT := TZ(S2(Γ1(N))) of residue characteristicp which

may divideN . Denote bỹm the image ofm in TFp
:= T⊗Z Fp = TZ→Fp

(S2(Γ1(N))). Suppose that

the Galois representationρm is irreducible and satisfies multiplicity one (see Section 1).

Then asTFp,em-modules one has

J1(N)Q(Q)[p]em
∼= TFp,em⊕ TFp,em

and the localisationsTm andTFp,em are Gorenstein rings. Similar results hold if one replacesΓ1(N)

andJ1(N) byΓ0(N) andJ0(N).

Proof. For the proof we have to pass toTZp
= TZ⊗Z Zp. We also denote bym the maximal ideal

in TZp
that corresponds tom. Let V be them-part of thep-Tate module ofJ1(N)Q. Multiplicity one

implies thatV/mV is a2-dimensionalT/m = TZp
/m = TFp,em/m̃-vector space, since

V/mV ∼= (V/pV )/m̃ ∼= (J1(N)Q(Q)[p])/m̃ ∼= (J1(N)Q(Q)[p])∨/m̃ ∼= (J1(N)Q(Q)[m])∨,

where the self-duality comes from the modified Weil pairing which respects theHecke action (see e.g.

[Tilouine 1987], Lemme 4.1, or [Gross 1990], p. 485). Nakayama’s Lemmahence implies thatV is

a TZp,m-module of rank2. As one knows thatV ⊗Zp
Qp is aTm⊗ Qp-module of rank2, it follows

thatV is a freeTZp,m-module of rank2, whenceJ1(N)Q(Q)[p]em is a freeTFp,em-module of rank2.
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Taking them̃-kernel givesJ1(N)Q(Q)[m] = (TFp,em[m̃])2, whence the Gorenstein defect is zero. In

theΓ0-situation, the same proof holds. 2

In the so-called ordinary case, we have the following precise relationshipbetween the multiplicity

and the Gorenstein defect, which was suggested to us by Kevin Buzzard.A proof can be found in

[Wiese 2007a], Corollaries 2.3 and 4.2.

Proposition 2.2 Supposep ∤ N and let M = N or M = Np. Let m be a maximal ideal of

TZ(S2(Γ1(M))) of residue characteristicp and assume thatm is ordinary, i.e. that thep-th Hecke

operator Tp is not in m. Assume also thatρm is irreducible. Denote bỹm the image ofm in

TFp
:= TZ→Fp

(S2(Γ1(M))). Then the following statements hold:

(a) There is the exact sequence

0→ TFp,em→ J1(M)(Q)[p]em→ T∨
Fp,em
→ 0

of TFp,em-modules, where the dual is theFp-linear dual.

(b) If d is the Gorenstein defect ofTFp,em andr is the multiplicity ofρm, then the relation

d = 2r − 2

holds.

We now establish a relation between modp Hecke algebras of weights3 ≤ k ≤ p+1 for levelsN

not divisible byp with Hecke algebras of weight2 and levelNp. It is needed in order to compare the

Hecke algebras in higher weight to those acting on thep-torsion of Jacobians and thus to make a link

to the multiplicity of the attached Galois representations.

Proposition 2.3 Let N ≥ 5, p ∤ N and 3 ≤ k ≤ p + 1. Let m be a maximal ideal of the modp

Hecke algebraTZ→Fp
(Sk(Γ1(N)). Then there exists a maximal idealm2 of TZ→Fp

(S2(Γ1(Np)) and

a natural surjection

TZ→Fp
(S2(Γ1(Np))m2

։ TZ→Fp
(Sk(Γ1(N))m.

If m is ordinary (Tp 6∈ m), this surjection is an isomorphism.

Proof. From Sections 5 and 6 of [Wiese 2007b], whose notation we adopt for thisproof, one

obtains without difficulty the commutative diagram of Hecke algebras:

TZ→Fp
(S2(Γ1(Np))m2

// // TFp
(J1(Np)Q(Q)[p])m2

// //

����

TFp
(H1(Γ1(N), Vk−2(Fp)))m

TZp→Fp
(L)m2

// // TFp
(L)m2

// // TZ→Fp
(Sk(Γ1(N))m.

OOOO

The claimed surjection can be read off. The idealm2 can be explicitly defined as the preimage ofm

(before localisation). Then it necessarily holds that〈a〉p − ak−2 is in m2 for all a ∈ (Z/pZ)×. In the
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ordinary situation, Proposition 2.2 shows that the upper left horizontal arrow is in fact an isomorphism.

That also the upper right horizontal arrow is an isomorphism is explained in[Wiese 2007b]. The result

follows. 2

As pointed out by one of the referees, the result in the ordinary case was first obtained in [Hida 1981].

In the next proposition we compare Hecke algebras for spaces of modular forms onΓ1(N) to those

of the same level and weight, but with a Dirichlet character.

Proposition 2.4 Let N ≥ 5, k ≥ 2 and letχ : (Z/NZ)× → C× be a Dirichlet character. Let

f ∈ Sk(N, χ) ⊂ Sk(Γ1(N)) be a normalised Hecke eigenform. Let furthermχ be the maximal ideal

in Tχ
F := TZ[χ]→F(Sk(N, χ)) and m the one inTZ→Fp

(Sk(Γ1(N))) of residue characteristicp for

p ∤ N belonging tof . If k = 2, suppose additionally thatρm is irreducible. Ifp = 2, suppose thatρm

is not induced fromQ(
√
−1), and ifp = 3, suppose thatρm is not induced fromQ(

√
−3).

Then the Gorenstein defects ofTZ[χ]→F(Sk(N, χ))mχ
andTZ→Fp

(Sk(Γ1(N)))m are equal.

Proof. Write ∆ := (Z/NZ)× and let∆p be itsp-Sylow subgroup. Letχ : ∆ → F× be the

reduction ofχ obtained by composingχ with Z[χ] → F. As the Gorenstein defect is invariant under

base extension, it is no loss to work withTF := TZ→F(Sk(Γ1(N))). We still writem for the maximal

ideal inTF belonging tof . Note that〈δ〉 − χ(δ) ∈ m for all δ ∈ ∆.

We let∆ act onTF via the diamond operators and we letFχ be a copy ofF with ∆-action through

the inverse ofχ. We have

(TF,m⊗F Fχ)∆ = (TF,m⊗F Fχ)/(1− δ|δ ∈ ∆) ∼= Tχ
F,mχ

,

which one obtains by considering the duals, identifying Katz cusp forms with mod p ones onΓ1(N)

and applying Carayol’s Lemma ([Edixhoven 1997], Prop. 1.10). For thecasek = 2, we should point

the reader to the correction at the end of the introduction to [Edixhoven 2006]. However, the statement

still holds after localisation at maximal ideals corresponding to irreducible representations. Moreover,

the equality(TF,m⊗F Fχ)∆ = TF,m[〈δ〉 − χ(δ)|δ ∈ ∆] holds by definition.

Now Lemma 7.3 of [Wiese 2007b] tells us that the localisation atm of theF-vector space of Katz

cusp forms of weightk on Γ1(N) over F is a freeF[∆p]-module. Note that the standing hypoth-

esisk ≤ p + 1 of Section 7 of [Wiese 2007b] is not used in the proof of that lemma and see also

[Wiese 2007b], Remark 7.5. From an elementary calculation one now obtainsthat N∆ =
∑

δ∈∆ δ

induces an isomorphism

(TFm
⊗F Fχ)∆

N∆−−→ (TFm
⊗F Fχ)∆.

We now take themχ-kernel on both sides and obtain

Tχ
F,mχ

[mχ] ∼= (TF,m⊗F Fχ)∆[mχ] ∼= (TF,m⊗F Fχ)∆[m] ∼= (TF,m⊗F Fχ)∆[m] = TF,m[m].

This proves that the two Gorenstein defects are indeed equal. 2

The Gorenstein defect that we calculate on the computer is the numberd of the following corollary,

which relates it to the multiplicity of a Galois representation.
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Corollary 2.5 Letp be a prime,N ≥ 5 an integer such thatp ∤ N , k an integer satisfying2 ≤ k ≤ p

and χ : (Z/NZ)× → C× a character. Letf ∈ Sk(N, χ) be a normalised Hecke eigenform. Let

furtherm denote the maximal ideal inTZ[χ]→F(Sk(N, χ)) belonging tof . Suppose thatm is ordinary

and thatρm is irreducible and not induced fromQ(
√
−1) (if p = 2) and not induced fromQ(

√
−3)

(if p = 3). We defined to be the Gorenstein defect ofTZ[χ]→F(Sk(N, χ))m andr to be the multiplicity

of ρm.

Then the equalityd = 2r − 2 holds. 2

We include the following proposition because it establishes equality of the two different notions

of multiplicities of Galois representations in the case of the trivial character.

Proposition 2.6 Let N ≥ 1 andp ∤ N andf ∈ S2(Γ0(N)) ⊆ S2(Γ1(N)) be a normalised Hecke

eigenform belonging to maximal idealsm0 ⊆ TZ→Fp
(S2(Γ0(N))) andm1 ⊆ TZ→Fp

(S2(Γ1(N))) of

residue characteristicp. Suppose thatρm0

∼= ρm1
is irreducible.

Then the multiplicity ofρm1
onJ1(N)Q(Q)[p] is equal to the multiplicity ofρm0

onJ0(N)Q(Q)[p].

Thus, ifp > 2, this multiplicity is equal to one by Theorem 1.2.

Proof. Let ∆ := (Z/NZ)×. We first remark that one has the isomorphism

J0(N)Q(Q)[p]m0

∼=
(
(J1(N)Q(Q)[p])∆

)
m0

,

which one can for example obtain by comparing with the parabolic cohomology withFp-coefficients

of the modular curvesY0(N) andY1(N). Taking them0-kernel yields

J0(N)Q(Q)[m0] ∼= J1(N)Q(Q)[m1],

sincem1 contains〈δ〉 − 1 for all δ ∈ ∆. 2

3 Modular Symbols and Hecke Algebras

The aim of this section is to present the algorithm that we use for the computations of local factors

of Hecke algebras of modp modular forms. It is based on modp modular symbols which have been

implemented in MAGMA [Bosma et al. 1997] by William Stein.

The bulk of this section deals with proving the main advance, namely a stop criterion (Corol-

lary 3.8), which in practice greatly speeds up the computations in comparison with “standard” imple-

mentations, as it allows us to work with many fewer Hecke operators than indicated by the theoretical

Sturm bound (Proposition 3.10). We shall list results proving that the stop criterion is attained in

many cases. However, the stop criterion does not depend on them, in the sense that it being attained is

equivalent to a proof that the algebra it outputs is equal to a direct factorof a Hecke algebra of modp

modular forms.

Whereas for Section 2 the notion of Katz modular forms seems the right one, the present section

works entirely with modp modular forms, the definition of which is also recalled. This is very natural,

since all results in this section are based on a comparison with the characteristic zero theory.
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3.1 Mod p modular forms and modular symbols

Mod p modular forms

Let us for the time being fix integersN ≥ 1 andk ≥ 2, as well as a characterχ : (Z/NZ)× → C×

such thatχ(−1) = (−1)k. Let Mk(N, χ) be the space of holomorphic modular forms forΓ1(N),

Dirichlet characterχ, and weightk. It decomposes as a direct sum (orthogonal direct sum with

respect to the Petersson inner product) of its cuspidal subspaceSk(N, χ) and its Eisenstein subspace

Eisk(N, χ). As before, we letO = Z[χ]. Moreover, we letP be a maximal ideal ofO abovep with

residue fieldF and Ô be the completion ofO at P. Furthermore, letK = Qp(χ) be the field of

fractions ofÔ andχ̄ beχ followed by the natural projectionO ։ F.

Denote byMk(N, χ ; O) the sub-O-module generated by those modular forms whose (standard)

q-expansion has coefficients inO. It follows from theq-expansion principle that

Mk(N, χ ; O) ∼= HomO

(
TO(Mk(N, χ)),O

)

and that henceMk(N, χ ; O)⊗O C ∼= Mk(N, χ). We put

Mk(N, χ̄ ; F) := Mk(N, χ ; O)⊗O F ∼= HomF

(
TO(Mk(N, χ)), F

)

and call the elements of this spacemodp modular forms. The Hecke algebraTO(Mk(N, χ)) acts

naturally and it follows thatTO→F(Mk(N, χ)) ∼= TF(Mk(N, χ ; F)). Similar statements hold for the

cuspidal and the Eisenstein subspaces and we use similar notations.

We call a maximal idealm of TO→F(Mk(N, χ ; O) (respectively, the corresponding maximal

ideal ofT
O→ bO

(Mk(N, χ ; O))) non-Eisensteinif and only if

Sk(N, χ̄ ; F)m
∼= Mk(N, χ̄ ; F)m.

Otherwise, we callm Eisenstein.

We now include a short discussion of minimal and maximal primes, in view of Proposition 3.5.

Write T bO
for T

O→ bO
(Sk(N, χ)). Let m be a maximal ideal ofT bO

. It corresponds to aGal(Fp/F)-

conjugacy class of normalised eigenforms inSk(N, χ̄ ; F). That means for eachn ∈ N that the

minimal polynomial ofTn acting onSk(N, χ̄ ; F)m is equal to a power of the minimal polyno-

mial of the coefficientan of each member of the conjugacy class. Similarly, a minimal primep

of T
O→ bO

(Sk(N, χ)) corresponds to aGal(Qp/K)-conjugacy class of normalised eigenforms in

Sk(N, χ ; O)⊗O K.

Suppose thatm contains minimal primespi for i = 1, . . . , r. Then the normalised eigenforms

corresponding to thepi are congruent to one another modulo a prime abovep. Conversely, any

congruence arises in this way. Thus, a maximal idealm of T bO
is Eisenstein if and only if it contains

a minimal prime corresponding to a conjugacy class of Eisenstein series. As itis the reduction of

a reducible representation, the modp Galois representation corresponding to an Eisenstein prime is

reducible. It should be possible to show the converse, too.
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Modular symbols

We now recall the modular symbols formalism and prove two useful results onbase change and

torsion. The main references for the definitions are [Stein 2007] and [Wiese 2005].

LetR be a ring,Γ ≤ SL2(Z) a subgroup andV a leftR[Γ]-module. Recall thatP1(Q) = Q∪{∞}
is the set of cusps ofSL2(Z), which carries a naturalSL2(Z)-action via fractional linear transforma-

tions. We define theR-modules

MR := R[{α, β}|α, β ∈ P1(Q)]/〈{α, α}, {α, β}+ {β, γ}+ {γ, α}|α, β, γ ∈ P1(Q)〉

andBR := R[P1(Q)]. They are connected via theboundary mapδ : MR → BR which is given by

{α, β} 7→ β − α. Both are equipped with the natural leftΓ-actions. Also letMR(V ) :=MR ⊗R V

andBR(V ) := BR ⊗R V with the left diagonalΓ-action. We call theΓ-coinvariants

MR(Γ, V ) :=MR(V )Γ =MR(V )/〈(x− gx)|g ∈ Γ, x ∈MR(V )〉

the space of(Γ, V )-modular symbols.Furthermore,the space of(Γ, V )-boundary symbolsis defined

as theΓ-coinvariants

BR(Γ, V ) := BR(V )Γ = BR(V )/〈(x− gx)|g ∈ Γ, x ∈ BR(V )〉.

The boundary mapδ induces theboundary mapMR(Γ, V ) → BR(Γ, V ). Its kernel is denoted by

CMR(Γ, V ) and is calledthe space of cuspidal(Γ, V )-modular symbols.

Let now N ≥ 1 andk ≥ 2 be integers andχ : (Z/NZ)× → R× be a character, i.e. a group

homomorphism, such thatχ(−1) = (−1)k in R. Write Vk−2(R) for the homogeneous polynomials

of degreek−2 overR in two variables, equipped with the naturalΓ0(N)-action. Denote byV χ
k−2(R)

the tensor productVk−2(R) ⊗R Rχ for the diagonalΓ0(N)-action which onRχ comes from the

isomorphismΓ0(N)/Γ1(N) ∼= (Z/NZ)× given by sending
(

a b
c d

)
to d followed byχ−1.

We use the notationMk(N, χ ; R) forM(Γ0(N), V χ
k−2(R)), as well as similarly for the boundary

and the cuspidal spaces. The natural action of the matrixη =
(
−1 0
0 1

)
gives an involution on all of

these spaces. We will denote by the superscript+ the subspace invariant under this involution, and by

the superscript− the anti-invariant one. On all modules discussed so far one has Hecke operatorsTn

for all n ∈ N and diamond operators. For a definition see [Stein 2007].

Lemma 3.1 LetR, Γ andV as above and letR→ S be a ring homomorphism. Then

M(Γ, V )⊗R S ∼=M(Γ, V ⊗R S).

Proof. This follows immediately from the fact that tensoring and taking coinvariants are both

right exact. 2

Proposition 3.2 Let R be a local integral domain of characteristic zero with principal maximal

ideal m = (π) and residue fieldF of characteristicp. Also letN ≥ 1, k ≥ 2 be integers and
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χ : (Z/NZ)× → R× a character such thatχ(−1) = (−1)k. Suppose (i) thatp ≥ 5 or (ii) that p = 2

andN is divisible by a prime which is3 modulo4 or by 4 or (iii) that p = 3 andN is divisible by a

prime which is2 modulo3 or by9. Then the following statements hold:

(a) If k ≥ 3, thenMk(N, χ ; R)[π] =
(
V χ

k−2(F)
)Γ0(N)

.

(b) If k = 2 or if 3 ≤ k ≤ p + 2 andp ∤ N , thenMk(N, χ ; R)[π] = 0.

Proof. The conditions assure that the groupΓ0(N) does not have any stabiliser of order2p for

its action on the upper half plane. Hence, by [Wiese 2005], Theorem 6.1,the modular symbols space

Mk(N, χ ; R) is isomorphic toH1(Γ0(N), V χ
k−2(R)). The arguments are now precisely those of the

beginning of the proof of [Wiese 2007b], Proposition 2.6. 2

Hecke algebras of modular symbols and the Eichler-Shimura isomorphism

From Lemma 3.1 one deduces a natural surjection

TO→F(Mk(N, χ ; O)) ։ TF(Mk(N, χ̄ ; F)). (3.1)

In the same way, one also obtains

TO(Mk(N, χ ; O)) ։ TO(Mk(N, χ ; O)/torsion) ∼= TO(Mk(N, χ ; C)), (3.2)

where one uses for the isomorphism that the Hecke operators are already defined overO. Similar

statements hold for the cuspidal subspace.

We call a maximal primem of T
O→ bO

(Mk(N, χ ; O)) (respectively the corresponding prime of

TO→F(Mk(N, χ ; O))) non-torsionif

Mk(N, χ ; Ô)m
∼= (Mk(N, χ ; Ô)/torsion)m.

This is equivalent to the height ofm being1. Proposition 3.2 tells us some cases in which all primes

are non-torsion.

Theorem 3.3 (Eichler-Shimura) There are isomorphisms respecting the Hecke operators

(a) Mk(N, χ)⊕ Sk(N, χ)∨ ∼=Mk(N, χ ; C),

(b) Sk(N, χ)⊕ Sk(N, χ)∨ ∼= CMk(N, χ ; C),

(c) Sk(N, χ) ∼= CMk(N, χ ; C)+.

Proof. Parts (a) and (b) are [Diamond and Im 1995], Theorem 12.2.2, togetherwith the compar-

ison of [Wiese 2005], Theorem 6.1. We use that the space of anti-holomorphic cusp forms is dual to

the space of holomorphic cusp forms. Part (c) is a direct consequenceof (b). 2

Corollary 3.4 There are isomorphisms

TO(Sk(N, χ)) ∼= TO(CMk(N, χ ; C)) ∼= TO(CMk(N, χ ; C)+),

given by sendingTn to Tn for all positiven. 2
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3.2 The stop criterion

Although it is impossible to determine a priori the dimension of the local factor of the Hecke algebra

associated with a given modular form modp, Corollary 3.8 implies that the computation of Hecke

operators can be stopped when the algebra generated has reached a certain dimension that is computed

along the way. This criterion has turned out to be extremely useful and hasmade possible some of our

computations which would not have been feasible using the Hecke bound naively. See Section 4 for a

short discussion of this issue.

Some commutative algebra

We collect some useful statements from commutative algebra, which will be applied to Hecke algebras

in the sequel.

Proposition 3.5 Let R be an integral domain of characteristic zero which is a finitely generatedZ-

module. WriteR̂ for the completion ofR at a maximal ideal ofR and denote byF the residue field

and byK the fraction field ofR̂. Let furthermoreA be a commutativeR-algebra which is finitely

generated as anR-module. For any ring homomorphismR → S write AS for A ⊗R S. Then the

following statements hold.

(a) The Krull dimension ofA bR
is less than or equal to1. The maximal ideals ofA bR

correspond

bijectively under taking pre-images to the maximal ideals ofAF. Primesp of height0 which are

contained in a prime of height1 of A bR
are in bijection with primes ofAK under extension (i.e.

pAK), for which the notationpe will be used.

Under these correspondences, one hasAF,m
∼= A bR,m

⊗ bR
F andAK,pe ∼= A bR,p

.

(b) The algebraA bR
decomposes as

A bR
∼=

∏

m

A bR,m
,

where the product runs over the maximal idealsm of A bR
.

(c) The algebraAF decomposes as

AF
∼=

∏

m

AF,m,

where the product runs over the maximal idealsm of AF.

(d) The algebraAK decomposes as

AK
∼=

∏

p

AK,pe ∼=
∏

p

A bR,p
,

where the products run over the minimal prime idealsp of A bR
which are contained in a prime

ideal of height1.
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Proof. As A bR
is a finitely generated̂R-module,A bR

/p with a primep is an integral domain which

is a finitely generated̂R-module. Hence, it is either a finite field or a finite extension ofR̂. This proves

that the height ofp is less than or equal to1. The correspondences and the isomorphisms of Part (a)

are easily verified. The decompositions in Parts (b) and (c) hold, sinceR̂ is Henselian and hence any

finite algebra is the product of its localisations. Part (d) follows by tensoring (b) overR̂ with K. 2

Similar decompositions forA-modules are derived by applying the idempotents of the decompo-

sitions of Part (b).

Proposition 3.6 Assume the set-up of Proposition3.5 and letM, N be A-modules which asR-

modules are free of finite rank. Suppose that

(a) M ⊗R C ∼= N ⊗R C asA⊗R C-modules, or

(b) M ⊗R K̄ ∼= N ⊗R K̄ asA⊗R K̄-modules.

Then for all prime idealsm of AF corresponding to height1 primes ofA bR
the equality

dimF(M ⊗R F)m = dimF(N ⊗R F)m

holds.

Proof. As for A, we also writeMK for M ⊗R K and similarly forN andR̂, F, etc. By choosing

an isomorphismC ∼= K̄, it suffices to prove Part (b). Using Proposition 3.5, Part (d), the isomorphism

M ⊗R K̄ ∼= N ⊗R K̄ can be rewritten as

⊕

p

(MK,pe ⊗K K̄) ∼=
⊕

p

(NK,pe ⊗K K̄),

where the sums run over the minimal primesp of A bR
which are properly contained in a maximal

prime. Hence, an isomorphismMK,pe ⊗K K̄ ∼= NK,pe ⊗K K̄ exists for eachp. Since for each

maximal idealm of A bR
of height1 we have by Proposition 3.5

M bR,m
⊗ bR

K ∼=
⊕

p⊆m min.

MK,pe

and similarly forN , we get

dimF MF,m =rk bR
M bR,m

=
∑

p⊆m min.

dimK MK,pe

=
∑

p⊆m min.

dimK NK,pe = rk bR
N bR,m

= dimF NF,m.

This proves the proposition. 2
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The stop criterion

Proposition 3.7 Let m be a maximal ideal ofTO→F(Mk(N, χ ; O)) which is non-torsion and non-

Eisenstein. Then the following statements hold:

(a) CMk(N, χ̄ ; F)m
∼=Mk(N, χ̄ ; F)m.

(b) 2 · dimF Sk(N, χ̄ ; F)m = dimF CMk(N, χ̄ ; F)m.

(c) If p 6= 2, thendimF Sk(N, χ̄ ; F)m = dimF CMk(N, χ̄ ; F)+m.

Proof. Part (c) follows directly from Part (b) by decomposingCMk(N, χ̄ ; F) into a direct sum

of its plus- and its minus-part. Statements (a) and (b) will be concluded from Proposition 3.6. More

precisely, it allows us to derive from Theorem 3.3 that

dimF

(
(Mk(N, χ ; O)/torsion)⊗O F

)
m

= dimF

(
Eisk(N, χ̄ ; F)⊕ Sk(N, χ̄ ; F)⊕ Sk(N, χ̄ ; F)∨

)
m

and

dimF

(
(CMk(N, χ ; O)/torsion)⊗O F

)
m

= 2 · dimF

(
Sk(N, χ̄ ; F)

)
m
.

The latter proves Part (b), sincem is non-torsion. As by the definition of a non-Eisenstein prime

Eisk(N, χ̄ ; F)m = 0 and again sincem is non-torsion, it follows that

dimF CMk(N, χ̄ ; F)m = dimFMk(N, χ̄ ; F)m,

which implies Part (a). 2

We will henceforth often regard non-Eisenstein non-torsion primes as in the proposition as maxi-

mal primes ofTF(Sk(N, χ̄ ; F)) = TO→F(Sk(N, χ)).

Corollary 3.8 (Stop Criterion) Let m be a maximal ideal ofTF(Sk(N, χ̄ ; F)) which is non-Eisen-

stein and non-torsion.

(a) One hasdimFMk(N, χ̄ ; F)m = 2 · dimF TF

(
Mk(N, χ̄ ; F)

)
m

if and only if

TF

(
Sk(N, χ̄ ; F)

)
m
∼= TF

(
CMk(N, χ̄ ; F)

)
m
.

(b) One hasdimF CMk(N, χ̄ ; F)m = 2 · dimF TF

(
CMk(N, χ̄ ; F)

)
m

if and only if

TF

(
Sk(N, χ̄ ; F)

)
m
∼= TF

(
CMk(N, χ̄ ; F)

)
m
.

(c) Assumep 6= 2. One hasdimF CMk(N, χ̄ ; F)+m = dimF TF

(
CMk(N, χ̄ ; F)

)
m

if and only if

TF

(
Sk(N, χ̄ ; F)

)
m
∼= TF

(
CMk(N, χ̄ ; F)+

)
m
.
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Proof. We only prove (a), as (b) and (c) are similar. From Part (b) of Proposition 3.7 and the fact

that theF-dimension of the algebraTF

(
Sk(N, χ̄ ; F)

)
m

is equal to the one ofSk(N, χ̄ ; F), as they

are dual to each other, it follows that

2 · dimF TF

(
Sk(N, χ̄ ; F)

)
m

= dimF

(
CMk(N, χ̄ ; F)

)
m
.

The result is now a direct consequence of Equations 3.1 and 3.2 and Corollary 3.4. 2

Note that the first line of each statement only uses modular symbols and not modular forms, but it

allows us to make statements involving modular forms. This is the aforementioned stopcriterion; the

computation of Hecke operators can be stopped if this equality is reached.

We now list some results concerning the validity of the equivalent statements ofCorollary 3.8.

Proposition 3.9 Let p ≥ 5 be a prime,k ≥ 2 andN ≥ 5 with p ∤ N integers,F a finite extension

of Fp, χ̄ : (Z/NZ)× → F× a character andm a maximal ideal ofTF(Sk(N, χ̄ ; F)) which is non-

Eisenstein and non-torsion. Suppose (i) that2 ≤ k ≤ p − 1 or (ii) that k ∈ {p, p + 1} and m is

ordinary. Then

TF

(
Sk(N, χ̄ ; F)

)
m
∼= TF

(
CMk(N, χ̄ ; F)

)
m
∼= TF

(
CMk(N, χ̄ ; F)+

)
m
.

Proof. Using the comparison with group cohomology of [Wiese 2005], Theorem 6.1, the result

follows under Assumption (i) from [Edixhoven 2006], Theorem 5.2, andis proved under Assump-

tion (ii) in [Wiese 2007b], Corollary 6.9, for the case of the groupΓ1(N) and no Dirichlet character.

The passage to a character is established by [Wiese 2007b], Theorem 7.4 and the remark following

it. One identifies the modp modular forms appearing with corresponding Katz forms using Carayol’s

Lemma ([Edixhoven 1997], Prop. 1.10). 2

We end this section by stating the so-called Sturm bound (also called the Heckebound), which

gives the best a priori upper bound for how many Hecke operators are needed to generate all the Hecke

algebra. We only need it in our algorithm in cases in which it is theoretically notknown that the stop

criterion will be reached. This will enable the algorithm to detect if the Hecke algebra on modular

symbols is not isomorphic to the corresponding one on cuspidal modular forms.

Proposition 3.10 (Sturm bound) The Hecke algebraTZ[χ]→F(Sk(N, χ)) can be generated as an

algebra by the Hecke operatorsTl for all primesl smaller than or equal tokN
12

∏
q|N,q prime(1 + 1

q ).

Proof. This follows from [Stein 2007], Theorem 9.18. 2

3.3 Algorithm

In this section we present a sketch of the algorithm that we used for our computations. The MAGMA

code, an example and a manual are published as supplemental material to this article and can be

downloaded as

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/HeckeAlgebra.mg,
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http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Example.mg,

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Manual.pdf ,

respectively.

Input: IntegersN ≥ 1, k ≥ 2, a finite fieldF, a characterχ : (Z/NZ)× → F× and for each primel

less than or equal to the Sturm bound an irreducible polynomialfl ∈ F[X].

Output: An F-algebra.

• M ← CMk(N, χ ; F), l← 1, L← empty list.

• repeat

– l← next prime afterl.

– ComputeTl onM and append it to the listL.

– M ← the restriction ofM to thefl-primary subspace forTl, i.e. to the biggest subspace

of M on which the minimal polynomial ofTl is a power offl.

– A← theF-algebra generated by the restrictions toM of T2, T3, . . . , Tl.

• until 2 · dim(A) = dim(M) [the stop criterion]or l > Sturm bound.

• returnA.

Thefl should, of course, be chosen as the minimal polynomials of the coefficientsal(f) of the

normalised eigenformf ∈ Sk(N, χ ; F̄) whose local Hecke algebra one wants to compute. Suppose

the algorithm stops at the primeq. If q is bigger than the Sturm bound, the equivalent conditions of

Corollary 3.8 do not hold. In that case the output should be disregarded. Otherwise,A is isomorphic

to a direct product of the form
∏

m
T(Sk(N, χ ; F))m where them are those maximal ideals such that

the minimal polynomials ofT2, T3, . . . , Tq onT(Sk(N, χ ; F))m are equal to powers off2, f3, . . . , fq.

It can happen thatA consists of more than one factor. Hence, one should still decomposeA into its

local factors. Alternatively, one can also replace the last line but one in the algorithm by

• until
(
(2 · dim(A) = dim(M)) andA is local

)
or l > Sturm bound,

which ensures that the output is a local algebra. In practice, one modifiesthe algorithm such that

not for every primel a polynomialfl need be given, but that the algorithm takes each irreducible

factor of the minimal polynomial ofTl if no fl is known. It is also useful to choose the order how

l runs through the primes. For example, one might want to takel = p at an early stage withp the

characteristic ofF, if one knows that this operator is needed, which is the case in all computations

concerning Question 1.9.

4 Computational results

In view of Question 1.9, we produced 384 examples of odd irreducible continuous Galois representa-

tionsGal(Q/Q)→ GL2(Fp) that are completely split atp. The results are documented in tables that
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are published as supplemental material to this article:

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Tables.pdf.

The complete data, which can be processed by the MAGMA package

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/HeckeAlgebra.mg,

can be downloaded at:

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/data.tar.gz.

The Galois representations were created either by class field theory or from an irreducible inte-

ger polynomial whose Galois group embeds intoGL2(Fp). All examples but one are dihedral; the

remaining one is icosahedral. For each of these an eigenform was computedgiving rise to it. The

Gorenstein defect of the corresponding local Hecke algebra factor turned out always to be2, support-

ing Question 1.9.

The authors preferred to proceed like this, instead of computing all Heckealgebras modp in

weight p for all “small” primesp and all “small” levels, since non-dihedral examples in which the

assumptions of Question 1.9 are satisfied are very rare.

4.1 Table entries

For every computed local Hecke algebra enough data are stored to recreate it as an abstract algebra

and important characteristics are listed in the tables at

http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Tables.pdf.

A sample table entry is the following.

Level Wt ResD Dim EmbDim NilO GorDef #Ops #(p<HB) Gp

5939 5 3 12 3 5 2 5 366 D7

Each entry corresponds to the Galois conjugacy class of an eigenformf modp with associated

local Hecke algebraA. The first and the second column indicate the level and the weight off . The

latter is in all examples equal to the characteristic of the base fieldk (a finite extension ofFp) of the

algebra. LetmA denote the maximal ideal ofA. Then ResD stands for the degree ofK = A/mA

overFp. Let us considerA⊗k K. It decomposes into a direct product of a localK-algebraB and its

Gal(K/k)-conjugates. TheK-dimension ofB (which is equal to thek-dimension ofA) is recorded

in the fourth column.

Let mB be the maximal ideal ofB. Theembedding dimensionEmbDim is theK-dimension of

mB/m2
B. By Nakayama’s Lemma this is the minimal number ofB-generators formB. Thenilpotency

order NilO is the maximal integern such thatmn
B is not the zero ideal. The column GorDef contains

the Gorenstein defect ofB (which is the same as the Gorenstein defect ofA).

By #Ops it is indicated how many Hecke operators were used to generate thealgebraA, applying

the stop criterion (Corollary 3.8). This is contrasted with the number of primes smaller than the Sturm

bound (Proposition 3.10, it is also called the Hecke bound), denoted by #(p<HB). One immediately

observes that the stop criterion is very efficient. Whereas the Sturm bound is roughly linear in the
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level, in 365 of the 384 calculated examples, less than 10 Hecke operators sufficed, in 252 examples

even 5 were enough.

The final column contains the image of the modp Galois representation attached tof as an abstract

group.

4.2 Dihedral examples

All Hecke algebras except one in our tables correspond to eigenforms whose Galois representations

are dihedral, since these are by far the easiest to obtain explicitly as one can use class field theory.

This is explained now.

Let p be a prime andd a square-free integer which is1 mod4 and not divisible byp. We denote

by K the quadratic fieldQ(
√

d). Further we consider an unramified characterχ : Gal(Q/K)→ Fp
×

of ordern ≥ 3. We assume that its inverseχ−1 is equal toχ conjugated byσ, denotedχσ, for σ (a

lift of) the non-trivial element ofGal(K/Q). The induced representation

ρχ := Ind
Gal(Q/Q)

Gal(Q/K)
(χ) : Gal(Q/Q)→ GL2(Fp)

is irreducible and its image is the dihedral groupDn of order2n. If l is a prime not dividing2d,

we haveρχ(Frobl) = ( 0 1
1 0 ) if

(
d
l

)
= −1, andρχ(Frobl) =

(
χ(FrobΛ) 0

0 χσ(FrobΛ)

)
if

(
d
l

)
= 1 and

lOK = Λσ(Λ). This explicit description makes it obvious that the determinant ofρχ is the Legendre

symboll 7→
(

d
l

)
.

Since the kernel ofχ corresponds to a subfield of the Hilbert class field ofK, simple computations

in the class group ofK allow one to determine which primes split completely. These give examples

satisfying the assumptions of Question 1.9 (the Frobenius atp is the identity) ifρχ is odd, i.e. ifp = 2

or d < 0.

We remark that for charactersχ of odd ordern the assumptionχ−1 = χσ is not a big restriction,

since any character can be written asχ = χ1χ2 with χσ
1 = χ−1

1 andχσ
2 = χ2, hence the latter

descends to a character ofGal(Q/Q) and the representationρχ is isomorphic toρχ1
⊗ χ2.

All dihedral representations are known to come from eigenforms in the minimalpossible weight

with level equal to the (outside ofp) conductor of the representation (see [Wiese 2004], Theorem 1).

In the tables we computed the Hecke algebras of odd dihedral representations as above in the

following ranges. For each primep less than100 and each primel less than or equal to the largest

level occurring in the table forp, we chosed as plus or minusl such thatd is 1 mod4 and we letH run

through all non-trivial cyclic quotients of the class group ofQ(
√

d) of order coprime top. For each

H we chose (unramified) charactersχ of the absolute Galois group ofQ(
√

d) corresponding toH, up

to Galois conjugacy and up to replacingχ by its inverse. Thenχ is not the restriction of a character

of Gal(Q/Q). By genus theory the order ofχ is odd, as the class number is, so we necessarily have

χ−1 = χσ. We computed the local factor ofTFp
(Sp(d,

(
d
·

)
; Fp)) corresponding toρχ if ρχ is odd

andp is completely split. For the primep = 2 we also allowed square-free integersd which are1

mod4 and whose absolute value is less than5000.
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4.3 Icosahedral example

With the help of a list of polynomials provided by Gunter Malle ([Malle 2006]) a Galois representation

of Gal(Q/Q) with values inGL2(F2) which is of prime conductor, completely split at2 and thus

satisfies the assumptions of Question 1.9 and whose image is isomorphic to the icosahedral groupA5

could be described explicitly. The modular forms in weight2 predicted by Serre’s conjecture were

found and the corresponding Hecke algebra turned out to have Gorenstein defect equal to2.

Let f ∈ Z[X] be an irreducible polynomial of degree5 whose Galois group, i.e. the Galois group

of the normal closureL of K = Q[X]/(f), is isomorphic toA5. We assume thatK is unramified at

2, 3 and5. We have the Galois representation

ρf : Gal(Q/Q) ։ Gal(L/Q) ∼= A5
∼= SL2(F4).

We now determine its conductor and its traces. Letp be a ramified prime. As the ramification is tame,

the image of the inertia groupρf (Ip) at p is cyclic of order2, 3 or 5. In the first case, the image of a

decomposition groupρf (Dp) atp is either equal toρf (Ip) or equal toZ/2Z× ρf (Ip). If the order of

ρf (Ip) is odd andρf (Ip) = ρf (Dp), then any completion ofL at the unique prime abovep is totally

ramified and cyclic of degree#ρf (Ip), hence contained inQp(ζp) for ζp a primitivep-th root of unity.

It follows thatp is congruent to1 mod#ρf (Ip). If the order ofρf (Ip) is odd, butρf (Ip) is not equal

to ρf (Dp), thenρf (Dp) is a dihedral group and the completion ofL at a prime abovep has a unique

unramified quadratic subfieldS. Thus, we have the exact sequence

0→ ρf (Ip)→ ρf (Dp)→ Gal(S/Qp)→ 0.

On the one hand, it is well-known that the conjugation by a lift of the Frobenius element ofGal(S/Qp)

acts onρf (Ip) by raising to thep-th power. On the other hand, as the action is non-trivial it also

corresponds to inversion onρf (Ip), since the only elements of order2 in (Z/3Z)× and (Z/5Z)×

are−1. As a consequence,p is congruent to−1 mod#ρf (Ip) in this case.

We hence have the following cases.

(1) SupposepOK = P5. Thenp ≡ ±1 mod 5.

(a) If p ≡ 1 mod 5, thenρf |Ip ∼
(

χ 0
0 χ−1

)
with χ a totally ramified character ofGal(Qp/Qp)

of order5.

(b) If p ≡ −1 mod 5, thenρf (Dp) is the dihedral group with10 elements.

(2) SupposepOK = P3QR or pOK = P3Q.

(a) If p ≡ 1 mod 3, thenρf |Ip ∼
(

χ 0
0 χ−1

)
with χ a totally ramified character ofGal(Qp/Qp)

of order3.

(b) If p ≡ −1 mod 3, thenρf (Dp) is the dihedral group with6 elements.

(3) Suppose thatp is ramified, but that we are neither in Case (1) nor in Case (2). Thenρf |Ip ∼ ( 1 1
0 1 ).
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By the definition of the conductor atp it is clear that it isp2 in Cases (1) and (2) andp in Case (3).

However, in Cases (1)(a) and (2)(a) one can choose a characterǫ of Gal(Q/Q) of the same order asχ

whose restriction toDp gives the characterχ. If one twists the representationρf by ǫ one finds also

in these cases that the conductor atp is p.

An inspection of the conjugacy classes of the groupSL2(F4) shows that the traces ofρf twisted

by some characterǫ of Gal(Q/Q) are as follows. Letl be an unramified prime.

• If the order ofFrobl is5, then the trace atFrobl is ǫ(Frobl)w wherew is a root of the polynomial

X2 + X + 1 in F2[X].

• If the order ofFrobl is 3, then the trace atFrobl is ǫ(Frobl).

• If the order ofFrobl is 1 or 2, then the trace atFrobl is 0.

These statements allow the easy identification of the modular form belonging to anicosahedral

representation.

We end this section with some remarks on our icosahedral example. It was obtained using the

polynomialx5 − x4 − 79x3 + 225x2 + 998x− 3272. The corresponding table entry is:

Level Wt ResD Dim EmbDim NilO GorDef #Ops #(p<HB) Gp

89491 2 2 12 4 3 2 4 1746 A5

Hence, in level89491 and weight2 there is a single eigenformg mod2 up to Galois conjugacy

whose first couple ofq-coefficients agree with the traces of a twist of the given icosahedral Galois

representation. From this one can deduce that the Galois representationρg of g has an icosahedral

image and is only ramified at89491. As weight lowering is not known in our case, we cannot prove

thatρg coincides with a twist of the given one. It might, however, be possible to exclude the existence

of two distinct icosahedral extensions of the rationals insideC that ramify only at89491 by consulting

tables. According to Malle, the icosahedral extension used has smallest discriminant among all totally

realA5-extensions of the rationals in which2 splits completely.

5 Further results and questions

In this section we present some more computational observations for Heckealgebras under the as-

sumptions of Question 1.9, which lead us to ask some more questions.

On the dimension of the Hecke algebra

From the data, we see that many even integers appear as dimensions of theTm. We know that the

dimension must be at least 4, as this is the dimension of the smallest non-Gorenstein algebra which

can appear in our case. This extends the results of [Kilford 2002], where the dimensions of the Hecke
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algebrasTZ→F2
(S2(Γ0(431))) andTZ→F2

(S2(Γ0(503))) localised at the non-Gorenstein maximal

ideals are shown to be 4.

In this table we see exactly how many times each dimension appears in our data. We observe that

every even integer between 4 and 32 appears, and that the largest dimension is 60. The most common

dimension is 4, which appears about half of the time. However, as the dimensionof the Hecke algebra

attached toSk(Γ1(N)) increases withN and withk, this may be an artifact of the data being collected

for “small” levelsN and primesp.
Dimension 4 6 8 10 12 14 16 18 20 22

Number of algebras 206 58 25 3 24 6 20 3 12 3

Dimension 24 26 28 30 32 36 40 46 56 60

Number of algebras 5 4 2 1 2 2 4 1 2 1
It seems reasonable that there should be infinitely many cases with dimension 4, and plausible

that every even integer greater than or equal to 4 should appear as a dimension infinitely many times.

From the tables, we see that dimension 4 algebras appear at very high levels, so they do not appear to

be becoming rare as the dimension increases, but this may, of course, be an artifact of our data.

We note that not every example that arises from an elliptic curve in characteristic p = 2 has

Hecke algebra with dimension4; for example the algebraTZ→F2
(S2(Γ0(2089))) localised at its non-

Gorenstein maximal ideal has dimension 18. In level18097 there is a dimension36 example arising

from an elliptic curve.

On the residue degree

We will now solve an easy aspect of the question of the possible structuresof non-Gorenstein local al-

gebras occurring as local Hecke algebras. We assume for the couple of lines to follow the Generalised

Riemann Hypothesis (GRH).

We claim that then the residue degrees ofTm (in the notation of Question 1.9) are unbounded, if

we letp andN run through the primes such thatp 6= N andN is congruent to3 modulo4.

For, class groups of imaginary quadratic fieldsQ(
√
−N) have arbitrarily large cyclic factors of

odd order, as the exponent of these class groups is known to go to infinityasN does, by the main

result of [Boyd and Kisilevsky 1972], which assumes GRH. So the discussion on dihedral forms in

Section 4 immediately implies the claim.

On the embedding dimension

One can ask whether the embedding dimension of the local Hecke algebras inthe situation of Ques-

tion 1.9 is bounded, if we allowp andN to vary. This, however, seems to be a difficult problem. The

embedding dimensions occurring in our tables are3 (299 times),4 (78 times) and5 (7 times).

The embedding dimensiond is related to the number of Hecke operators needed to generate the

local Hecke algebra, in the sense that at leastd Hecke operators are needed. Probably,d Hecke

operators can be found that do generate, but they need not be the first d prime Hecke operators,
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of course. However, as our tables suggest, in most cases the actual computations were done using

very few operators, and there are 99 of the 384 cases when the computation already finished afterd

operators.
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