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Abstract

In this article we report on extensive calculations conicgrthe Gorenstein defect for Hecke
algebras of spaces of modular forms of prime weiglat maximal ideals of residue character-
istic p such that the attached medGalois representation is unramifiedzaand the Frobenius
at p acts by scalars. The results lead us to the ask the questieth@rhithe Gorenstein defect
and the multiplicity of the attached Galois representatiom always equal tB. We review the
literature on the failure of the Gorenstein property andtipligity one, discuss in some detail
a very important practical improvement of the modular sylstadgorithm over finite fields and
include precise statements on the relationship betwee@dnenstein defect and the multiplicity
of Galois representations.

1 Introduction

In Wiles’ proof of Fermat’s Last Theorem (see [Wiles 1995]) an eisgksiep was to show that certain
Hecke algebras are Gorenstein rings. Moreover, the Gorensteiarpra Hecke algebras is equiv-
alent to the fact that Galois representations appear on certain Jacobransglular curves precisely
with multiplicity one. This article is concerned with the Gorenstein property andtivéhmultiplic-
ity one question. We report previous work and exhibit many new exampteseanmultiplicity one
and the Gorenstein property fail. We compute the multiplicity in these cases.oiMoreve ask the
guestion suggested by our computations whether it is always equal to twaiiit

We first have to introduce some notation. For integérs 1 andk > 2 and a Dirichlet character
X : (Z/NZ)* — C* we letS,(I'1(NN)) be theC-vector space of holomorphic cusp formsIon( V)
of weightk and Si (N, x) the subspace on which the diamond operators act through the character
We now introduce some extra notation for Hecke algebras over spedaifged r

Notation 1.1 (Notation for Hecke algebras)WheneverS C R are rings andM is an R-module
on which the Hecke and diamond operators act, wellet)/) be theS-subalgebra inside thé-
endomorphism ring af/ generated by the Hecke and the diamond operatoks.: If — S’ is a ring
homomorphism, we I8t,(M) := Ts(M) ®g S’ or with ¢ understoodl's_, g/ (M).



We will mostly be dealing with the Hecke algebrg(Sy(I'1(NV))) and Ty, (Sk (N, x)), their com-
pletionsTz .z, (Sk(I'1(N))) andT,,_ 5(Sk(NV, x)), as well as their reductiorz .r, (Sk(I'1(N)))
andTo_r(Sk(N, x)). Here,pis a prime andD = Z[x] is the smallest subring ¢ containing all
values ofy, O is the completion at a prime aboyeand® — F is the reduction modulo that prime.
In Section 3 the reductions of the Hecke algebras are identified with Hég#leras of mogp mod-
ular forms, which are closely related to Hecke algebras of Katz modulasforer finite fields (see
Section 2).

We choose a holomorphic cuspidal Hecke eigenform as the starting gadnt discussion and
treatment. So lef € Si(V, x) C Sk(I'1(IN)) be an eigenform for all Hecke and diamond operators.
It (more precisely, its Galois conjugacy class) corresponds to minimal jdeatls denoted by ¢,
in each of the two Hecke algebrds,(Sy(I'1(V))) and Tz, (Sk(V, x)). We also choose maximal
idealsm = m containingp s of residue characteristjcagain in each of the two. Note that the residue
fields are the same in both cases.

By work of Shimura and Deligne, one can associatg¢ {more precisely, ta) a continuous odd

semi-simple Galois representation

pr = pmf = Pm Gal(@/@) - GLQ(TZ(Sk(Na X))/m)

unramified outsideVp satisfying Tr(pm(Frob;)) = 7; mod m and Det(pm(Frob;)) = ¥ 1x(1)
mod m for all primesi { Np. In the case of weight = 2 and levelN, the representatiop,, can
be naturally realised on the-torsion points of the Jacobian of the modular cuXg(N)g. The
algebraTy g, (S2(I'1(N))) acts naturally on/; (N)q(Q)[p] and we can form the Galois module
J1(N)g(Q)[m] = Ji(N)g(Q)[p][m] with m the maximal ideal offz_.g, (S2(I'1(NV))) which is the
image ofm under the natural projection. Supposing thatis absolutely irreducible, the main result
of [Boston et al. 1991] shows that the Galois representafi¢V ) (Q)[m] is isomorphic to a direct
sum ofr copies ofp, for some integer > 1, which one calls thenultiplicity of p,, on J1 (N)g(Q)[m]
(cf. [Ribet and Stein 2001]). We shall for short only speak aboutrhkiplicity of p,,,. One says that
pm IS amultiplicity one representatioar satisfies multiplicity ongf » = 1. See [Mazur 1977] for a
similar definition for.Jy(N) and Prop. 2.6 for a comparison.

The notion of multiplicity can be naturally extended to Galois representationattac eigen-
forms f of weights3 < k < p+1forpt N. This is accomplished by a result of Serre’s which implies
the existence of a maximal ideah C Tz(S2(T'1(Np))) such thaipn, = pn, (see Prop. 2.3). One
hence obtains the notion of multiplicity (of (Np)) for the representatiop,,, by defining it as the
multiplicity of pn,. Moreover, when allowing twists by the cyclotomic character, it is evenilpless
to treat arbitrary weights. The following theorem summarises results on thieenultiplicity in the
above sense is known to be one.

Theorem 1.2 (Mazur, Edixhoven, Tilouine, Gross, Buzzard)Let p,, be a representation associated
with a modular cuspidal eigenforgh€ Sy (IV, x) and letp be the residue characteristic of. Suppose
that p,, is absolutely irreducible and thatdoes not divideV. If either



lL.2<k<p-—1,or
2. k = p andpy, is ramified atp, or

3. k = p andpy, is unramified ap and py,(Frob,) is not scalar,
then the multiplicity op, is one.

This theorem is composed of [Mazur 1977], Lemma 15.1, [Tilouine 198@hdsition 5.6, [Edixhoven 1992],
Theorem 9.2, as well as [Gross 1990], Proposition 12.10, and [BdiA2989], Theorem 6.1. The fol-
lowing theorem by the second author ([Wiese 2007a], Corollary 4.5) teNghen the multiplicity is
not one.

Theorem 1.3 Let p, as in the previous theorem. Suppdse- p and thatp,, is unramified atp. If
p = 2, assume also that a Katz cusp form o¥erof weightl onI'; (V) exists which gives rise {a,.
If pm(Frob,) is a scalar matrix, then the multiplicity @k, is bigger thanl.

In Section 2 we explain how the Galois representatipfiVp)q(Q)[m] is related to the different
Hecke algebras evoked above and see in many cases of interesise pedationship between the
geometrically defined term ahultiplicity and theGorenstein defecdf these algebras. The latter
can be computed explicitly, which is the subject of the present article. Wegn@vthe relevant
definitions.

Definition 1.4 (The Gorenstein property) Let A be a local Noetherian ring with maximal ideai.
Suppose first that the Krull dimensionfs zero, i.e. thatd is Artinian. We then define tli&orenstein
defectof A to be the minimum number gf-module generators of the annihilator of (i.e. A[m])
minus 1; equivalently, this is thé /m-dimension of the annihilator afi minus 1. We say that is
Gorensteirif its Gorenstein defect is 0, ambn-Gorensteitherwise. If the Krull dimension of is
positive, we inductively calll Gorensteinif there exists a non-zero-divisar € m such thatA/(x)
is a Gorenstein ring of smaller Krull dimension (see [Eisenbud 1995332, note that our definition
implies thatA is Cohen-Macaulay). A (not necessarily local) Noetherian ring is saici@drenstein
if and only if all of its localisations at its maximal ideals are Gorenstein.

We will for example be interested in the Gorenstein propertf'9fSi(I'1(NV)))m. Choosing
x = p in the definition withp the residue characteristic af, we see that this is equivalent to the
Gorenstein defect of the finite dimensiorial-algebralz .r, (Sk(I'1(IV)))m being zero. Whenever
we refer to the Gorenstein defect of the former algebra (@)yewe mean the one of the latter. Our
computations will concern the Gorenstein defectlef _x(Sx(I'1(N), x))m- See Section |2 for a
comparison with the one not involving a character. It is important to rematkitb&orenstein defect
of a local Artin algebra over a field does not change after passing ttdaefitension and taking any
of the conjugate local factors.

We illustrate the definition by an example. The algebfa, v, 2]/ (22,42, 22, vy, 22,yz) for a
field & is Artinian and local with maximal ideah := (x,y, z) and the annihilator ofn is m itself,



so the Gorenstein defect 5— 1 = 2. We note that this particular case does occur in nature; a
localisationTz_r, (S2(I'0(431)))m at one maximal ideal is isomorphic to this, with= F, (see
[Emerton 2002], the discussion just before Lemma 6.6). This example cabealgerified with the
algorithm presented in this paper.

We now state a translation of Theorém 1.2 in terms of Gorenstein defectd; ishimmediate
from the propositions in Section 2.

Theorem 1.5 Assume the set-up of Theorem|1.2 and that one of 1., 2., or 3. is satisfledise
notations as in the discussion of multiplicities above.

If & =2, thenTz(S2(I'1(N)))m is @ Gorenstein ring.

If & > 3, thenTz(S2(I'1 (Np)))m, IS, t00. Supposing in addition that is ordinary (i.e.7), ¢ m),
then alsdlz(Sk(T'1(N)))m is Gorenstein. If, moreoves, > 5 or py, is not induced fron@QQ(y/—1) (if
p = 2) or Q(v/=3) (if p = 3), thenTo_r(Sk(N, x))m is Gorenstein as well. O

We now turn our attention to computing the Gorenstein defect and the multiplicity inatbe
when it is known not to be one.

Corollary 1.6 Letpy, be a representation associated with a cuspidal eigenfbranS, (N, x) with p
the residue characteristic ofi. Assume thap,, is absolutely irreducible, unramified atsuch that
pm(Frob,) is a scalar matrix. Let- be the multiplicity ofo,, and d the Gorenstein defect of any of
To—r(Sk(N, X)) m Tz—r, (Sk(I'1(N)))m OF Tz, (S2(I'1(NP)))m,-

Then the relation! = 2r — 2 holds.

Proof. The equality of the Gorenstein defects and the relation with the multiplicity aregriov
Section 2, noting that is ordinary, asi,(f)? = x(p) # 0 (e.g. by [Gross 1990], p. 487). )

1.1 Previous results on the failure of multiplicity one or the Gorenstein property

Prior to the present work and the article [Wiese 2007a], there have dm®a investigations into
when Hecke algebras fail to be Gorenstein! In [Kilford 2002], the &itgshor showed, using MsMA
[Bosma et al. 1997], that none of the three Hecke algebra$s (431, Xtriv)), T7z(S2(503, Xtriv))
andTz(S52(2089, xriv)) is Gorenstein by explicit computation of the localisation of the Hecke algebra
at a suitable maximal ideal above 2, and in [Ribet and Stein 2001], it is sth@/f, (S2 (2071, Xtriv))
is not Gorenstein in a similar fashion. These examples were discoverednsydering elliptic
curvesE/Q such that in the ring of integers @(E[2]) the prime ideal2) splits completely, and
then doing computations with MsMA.

There are also some results in the literature on the failure of multiplicity one withitotkien of
certain Jacobians. In [Agashe et al. 2006], Proposition 5.1, the foltpthi@orem is proved:

Theorem 1.7 (Agashe, Ribet, SteinSuppose thak is an optimal elliptic curve ove® of conduc-
tor N, with congruence number; and modular degreeny and thatp is a prime such thap|rg
butp  mg. Letm be the annihilator ifl'z(S2(V, xwiv)) Of E[p]. Then multiplicity one fails fom.
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They give a table of examples; for instan@®;(S2(54, x+riv)) does not satisfy multiplicity one at
some maximal ideal abov& It is not clear whether this phenomenon occurs infinitely often.

The first examples of the failure of multiplicity one were given in [Mazur aitteR1991], where
it is proved in Theorem 2 that the magdmultiplicity of a suitable representatign, of level prime
to NV in the torsion of the Jacobiafy(p®N) is greater than 1. The explicit example given there is of
a representation of level 11 having mod 11 multiplicity greater than odg(ini®)[11].

In [Ribet 1990], it is shown that the mgdmultiplicity of a certain representation in the Jacobian
of the Shimura curve derived from the rational quaternion algebra ofidimant11 - 193 is 2; this
result inspired the calculations in [Kilford 2002].

Let us finally mention that fop = 2 the Galois representatiopswith image equal to the di-
hedral groupDs; come from an elliptic curve ove@. We observe thaD; = GLy(F3). Any Ss-
extensionk of the rationals can be obtained as the splitting field of an irreducible integjsaigmial
f = X34 aX +b. The2-torsion of the elliptic curve? : Y2 = f consists precisely of the three roots
of f and the point at infinity. So, the field generated oRdpy the2-torsion of E is K.

1.2 New results

Using the modular symbols algorithm over finite fields with an improved stop critésie Section 3),
we performed computations in A6MA concerning the Gorenstein defect of Hecke algebras of cus-
pidal modular forms of prime weighjs at maximal ideals of residue characterigiin the case of
Theorem 1.3. All of our 384 examples have Gorenstein defect eq@and hence their multiplicity
is 2.

We formulate part of our computational findings as a theorem.

Theorem 1.8 For every primep < 100 there exists a primeéV # p and a Dirichlet charactery
such that the Hecke algebfBy,,,_r(S,(V, x)) has Gorenstein defeetat some maximal ideah of
residue characteristip. The corresponding Galois representatipfn appears with multiplicity two

on them-torsion of the Jacobiad (Np)q(Q) if p is odd, respectively; (IV)g(Q) if p = 2.

Our computational results are discussed in more detail in Section 4.

1.3 A question

Question 1.9 Let p be a prime. Letf be a normalised cuspidal modular eigenform of weight
prime levelN # p for some Dirichlet charactex. Letp; : Gg — GLo(F,) be the modular Galois
representation attached th We assume that; is irreducible and unramified atand thatp ¢ (Frob,)
is a scalar matrix.

Write Ty for Tz, —r(Sp(N, x)). Recall that this notation stands for the tensor product over
Z[x| of a residue field /F,, of Z[x]| by theZ[x]-algebra generated inside the endomorphism algebra
of S,,(IV, x) by the Hecke operators and by the diamond operatorsnile¢ the maximal ideal iy

corresponding tof.



Is the Gorenstein defect of the Hecke algefiralocalised atm, denoted byT,,, always equal
to 2?
Equivalently, is the multiplicity of the Galois representation attachefl &ways equal t@?

This question was also raised both by Kevin Buzzard and James Parsamnmunications to the
authors.

2 Relation between multiplicity and Gorenstein defect

In this section we collect results, some of which are well-known, on the multiplditgalois rep-
resentations, the Gorenstein defect and relations between the two. a&'hbee modp modular
symbols algorithm naturally computes mpdnodular forms (see Section 3), this rather geometri-
cal section uses (mostly in the references) the theory of Katz modular forerdfinite fields (see
e.g. [Edixhoven 1997]). ItV > 5 andk > 2, the Hecke algebrdz_.r,(S,(I'1(N))) is both the
Hecke algebra of mog cusp forms of weighkt onT'; (V) and the Hecke algebra of the correspond-
ing Katz cusp forms ovef,. However, in the presence of a Dirichlet charadfgy, _r(Sk(N, X))
only has an interpretation as the Hecke algebra of the corresponding ocusgh forms and there may
be differences with the respective Hecke algebra for Katz forms (aegy@l's Lemma, Prop. 1.10 of
[Edixhoven 1997]).

We start with the well-known result in weigh{see e.g. [Mazur 1977], Lemma 15.1, or [Tilouine 1997])
that multiplicity one implies that the corresponding local Hecke factor is a Gtggnring.

Proposition 2.1 Letm be a maximal ideal of' := Tz (S2(I'1(V))) of residue characteristip which
may divideN. Denote bym the image ofn in Ty, := T ®z F, = Tz, (S2(I'1(V))). Suppose that
the Galois representatiop,, is irreducible and satisfies multiplicity one (see Section 1).

Then asTy, 5-modules one has

J1(N)o(Q)[pls = Tr, & © Tr, &

and the localisation§', and T, 5 are Gorenstein rings. Similar results hold if one replatgs/NV)
andJ;(N) by'o(N) and Jo(N).

Proof. For the proof we have to passTy, = Tz ®z Z,. We also denote by the maximal ideal
in Tz, that corresponds tm. Let V' be them-part of thep-Tate module of/; (IV)q. Multiplicity one
implies thatV’/mV is a2-dimensionall /m = Tz, /m = T, 5/m-vector space, since

V/mV = (V/pV)/m = (Ji(N)o(@)[p])/m = (JL(N)e(@p])"/m = (J1(N)o(@)[m])",

where the self-duality comes from the modified Weil pairing which respectdeike action (see e.g.
[Tilouine 1987], Lemme 4.1, or [Gross 1990], p. 485). Nakayama’s Lereme implies that” is
aTz, m-module of rank2. As one knows that’ @z, Q, is aTy, ® Q,-module of rank, it follows
thatV is a freeTz, m-module of rank2, whenceJ; (N)g(Q)[p]s is a freeTy, z-module of rank.

6



Taking them-kernel gives/; (N)g(Q)[m] = (TFPﬁ[ﬁ])% whence the Gorenstein defect is zero. In
theI'y-situation, the same proof holds. O

In the so-called ordinary case, we have the following precise relatiobstigeen the multiplicity
and the Gorenstein defect, which was suggested to us by Kevin Buz&agstbof can be found in
[Wiese 2007a], Corollaries 2.3 and 4.2.

Proposition 2.2 Supposep 1 N and letM = N or M = Np. Letm be a maximal ideal of
Tz(S2(I'1(M))) of residue characteristip and assume that is ordinary, i.e. that thep-th Hecke
operator 7}, is not inm. Assume also that,, is irreducible. Denote bym the image ofm in
Tr, := Tz, (S2(I'1(M))). Then the following statements hold:

(a) There is the exact sequence
0— Tr, & — L(M)(@Qlpls — Ty 75— 0
of Tr, z-modules, where the dual is tifg-linear dual.
(b) If dis the Gorenstein defect @, 5 andr is the multiplicity ofo, then the relation
d=2r—2
holds.

We now establish a relation between moidecke algebras of weighss< k£ < p+1 for levels N
not divisible byp with Hecke algebras of weightand levelNp. It is needed in order to compare the
Hecke algebras in higher weight to those acting orpti@rsion of Jacobians and thus to make a link
to the multiplicity of the attached Galois representations.

Proposition 2.3 Let N > 5,pf N and3 < k < p+ 1. Letm be a maximal ideal of the mad
Hecke algebrdl'z_.r, (Sx(I'1(IV)). Then there exists a maximal idea} of Tz_r, (S2(I'1 (Np)) and
a natural surjection

T7—r, (S2(T1(NDP))my = Tz—r, (Sk(F1(N))m.

If mis ordinary (I, € m), this surjection is an isomorphism.

Proof. From Sections 5 and 6 of [Wiese 2007b], whose notation we adopt fopthif, one
obtains without difficulty the commutative diagram of Hecke algebras:

Tz, (S2(T1(Np))my — T, (J1(Np)o(Q)[p])my — Tk, (H (F1(N), Vie2(Fp)))m
TZP—JFI, (L)mz TFp (Z) m2

Tz, (Sk(T1(N))m.

The claimed surjection can be read off. The idealcan be explicitly defined as the preimagenof
(before localisation). Then it necessarily holds thay, — a*~2 is inm, for all a € (Z/pZ)*. In the

7



ordinary situation, Proposition 2.2 shows that the upper left horizontakas in fact an isomorphism.
That also the upper right horizontal arrow is an isomorphism is explain@die@se 2007b]. The result
follows. O

As pointed out by one of the referees, the result in the ordinary casénateobtained in [Hida 1981].
In the next proposition we compare Hecke algebras for spaces of mdduizs onl'; (N) to those
of the same level and weight, but with a Dirichlet character.

Proposition 2.4 Let N > 5, k > 2 and lety : (Z/N7Z)* — C* be a Dirichlet character. Let
f e SNV, x) C Sk(I't(N)) be a normalised Hecke eigenform. Let furtiey be the maximal ideal
in T := Tz q—r(Sk(N, x)) andm the one inTz_r, (Sk(I'1(NN))) of residue characteristig for
p1 N belonging tof. If £ = 2, suppose additionally that,, is irreducible. Ifp = 2, suppose thgb.,
is not induced fron@Q(+/—1), and ifp = 3, suppose that,, is not induced fronQ)(1/—3).

Then the Gorenstein defectsf, |z (Sk (N, X)) me andTz g, (Sk(I'1(N)))m are equal.

Proof. Write A := (Z/NZ)* and letA, be itsp-Sylow subgroup. Lef : A — F* be the
reduction ofy obtained by composing with Z[x] — F. As the Gorenstein defect is invariant under
base extension, it is no loss to work with := Tz_r(Sk(I'1(N))). We still writem for the maximal
ideal inTy belonging tof. Note that(é) — \(§) € mforall § € A.

We letA act onTy via the diamond operators and wellat be a copy off with A-action through
the inverse ofy. We have

(Tr,m ®F FX)a = (Tom @p FX)/(1 - 8]0 € A) =T,

which one obtains by considering the duals, identifying Katz cusp forms withymames o'y (V)
and applying Carayol's Lemma ([Edixhoven 1997], Prop. 1.10). Focések = 2, we should point
the reader to the correction at the end of the introduction to [Edixhove]2B@wever, the statement
still holds after localisation at maximal ideals corresponding to irreducibleseptations. Moreover,
the equality( Ty  ®@F FX)® = Tg [(6) — X(6)|d € A] holds by definition.

Now Lemma 7.3 of [Wiese 2007Db] tells us that the localisatiom af theF-vector space of Katz
cusp forms of weighk onI'; (V) overF is a freeF|[A,]-module. Note that the standing hypoth-
esisk < p + 1 of Section 7 of [Wiese 2007b] is not used in the proof of that lemma andlsee a
[Wiese 2007b], Remark 7.5. From an elementary calculation one now obh@n& s = > ;. 0
induces an isomorphism

(Tr.. @8 FX) A 225 (Tp, @ FX)A.

We now take theny-kernel on both sides and obtain
T . (5] 2 (T @5 FX) almg] 22 (Tp,m @5 FX)a[m] 2 (Tim @5 FX) 2 [m] = Trm[m].

This proves that the two Gorenstein defects are indeed equal. O
The Gorenstein defect that we calculate on the computer is the nutobtre following corollary,
which relates it to the multiplicity of a Galois representation.
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Corollary 2.5 Letp be a prime, N > 5 an integer such that { N, k an integer satisfying@ < k£ <p
andy : (Z/NZ)* — C* a character. Letf € Si(N,x) be a normalised Hecke eigenform. Let
furtherm denote the maximal ideal Ifiz,) _r(Sk(IV, x)) belonging tof. Suppose that is ordinary
and thatp,, is irreducible and not induced frof®(y/—1) (if p = 2) and not induced from(y/—3)
(if p = 3). We definel to be the Gorenstein defect®f;;,; _r(Sk (N, x))m andr to be the multiplicity
of pu.

Then the equalityl = 2r — 2 holds. O

We include the following proposition because it establishes equality of theiffeoetht notions
of multiplicities of Galois representations in the case of the trivial character.

Proposition 2.6 Let N > 1 andp f N and f € Sa2(I'o(N)) C S2(I'1(V)) be a normalised Hecke
eigenform belonging to maximal ideatg) C Tz _.r,(S2(T'o(NV))) andm; C Tz_p,(S2(I'1(V))) of
residue characteristip. Suppose thgiy,, = pn, is irreducible.

Then the multiplicity 0w, onJ1(N)g(Q)[p] is equal to the multiplicity 0w, on Jo(N)o(Q)[p].
Thus, ifp > 2, this multiplicity is equal to one by Theorem [1.2.

Proof. Let A := (Z/NZ)*. We first remark that one has the isomorphism

Jo(N)e@[plm, = (H1(N)o@]p)?)

which one can for example obtain by comparing with the parabolic cohomologyfytioefficients
of the modular curve¥j(N) andY; (V). Taking themg-kernel yields

Jo(N)o(Q)[mo] = J1(N)g(Q)[mi],

sincem; contains(d) — 1 forall 6 € A. O

mo?

3 Modular Symbols and Hecke Algebras

The aim of this section is to present the algorithm that we use for the compustatidocal factors
of Hecke algebras of mgad modular forms. It is based on m@dmodular symbols which have been
implemented in MM\GMA [Bosma et al. 1997] by William Stein.

The bulk of this section deals with proving the main advance, namely a stopari{&orol-
lary[3.8), which in practice greatly speeds up the computations in comparifofstandard” imple-
mentations, as it allows us to work with many fewer Hecke operators than iedibg the theoretical
Sturm bound (Proposition 3.10). We shall list results proving that the sitgrion is attained in
many cases. However, the stop criterion does not depend on them, im#ieetBat it being attained is
equivalent to a proof that the algebra it outputs is equal to a direct fattoHecke algebra of mogd
modular forms.

Whereas for Section 2 the notion of Katz modular forms seems the right @ptekent section
works entirely with mog modular forms, the definition of which is also recalled. This is very natural,
since all results in this section are based on a comparison with the chatacenis theory.
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3.1 Modp modular forms and modular symbols
Mod p modular forms

Let us for the time being fix intege > 1 andk > 2, as well as a character: (Z/NZ)* — C*
such thaty(—1) = (—1)%. Let My(N, x) be the space of holomorphic modular forms far N),
Dirichlet charactery, and weightk. It decomposes as a direct sum (orthogonal direct sum with
respect to the Petersson inner product) of its cuspidal subsa@oé ) and its Eisenstein subspace
Eis, (N, x). As before, we leD = Z[x|. Moreover, we lef3 be a maximal ideal of? abovep with
residue fieldF and O be the completion o at . Furthermore, letx = Qp(x) be the field of
fractions ofO andy be y followed by the natural projectio® — F.

Denote byM. (N, x ; O) the sub©-module generated by those modular forms whose (standard)
g-expansion has coefficients . It follows from theg-expansion principle that

My (N, x; O) = Homo (To(My(N, x)),O)
and that hencé/, (N, x ; O) ®o C = My(N, x). We put
My(N,x; F) := My(N,x; O) ®0 F = Homg (To(My(N, x)),F)

and call the elements of this spae®d p modular forms The Hecke algebr&» (M. (N, x)) acts
naturally and it follows thall o _r (M (N, x)) = Tr(My(N, x ; F)). Similar statements hold for the
cuspidal and the Eisenstein subspaces and we use similar notations.

We call a maximal ideain of Ty_r(My(N, x; O) (respectively, the corresponding maximal
ideal of T, 5(My(N, x; O))) non-Eisensteiif and only if

Otherwise, we calin Eisenstein

We now include a short discussion of minimal and maximal primes, in view ofd3itipn| 3.5.
Write T 5 for Ty, 5(Sk(IV, x)). Letm be a maximal ideal of' 5. It corresponds to &al(F, /FF)-
conjugacy class of normalised eigenformsSp( N, x; F). That means for each € N that the
minimal polynomial ofT,, acting onSk(N, x; F). is equal to a power of the minimal polyno-
mial of the coefficienta,, of each member of the conjugacy class. Similarly, a minimal ppme
of Ty, 5(Sk(N,x)) corresponds to &al(Q,/K)-conjugacy class of normalised eigenforms in
Se(N,x; 0) ®o K.

Suppose that contains minimal primeg; for i = 1,...,r. Then the normalised eigenforms
corresponding to the, are congruent to one another modulo a prime abaveConversely, any
congruence arises in this way. Thus, a maximal ideaf T 5 is Eisenstein if and only if it contains
a minimal prime corresponding to a conjugacy class of Eisenstein series. isAthé reduction of
a reducible representation, the mpd@alois representation corresponding to an Eisenstein prime is
reducible. It should be possible to show the converse, too.
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Modular symbols

We now recall the modular symbols formalism and prove two useful resultsasa change and
torsion. The main references for the definitions are [Stein 2007] ancspNEE05].

Let Rbe aringl’ < SLy(Z) a subgroup an¥l” a left R[I']-module. Recall thak' (Q) = QU{c}
is the set of cusps &fL»(Z), which carries a natur&lLs(Z)-action via fractional linear transforma-
tions. We define th&-modules

Mg = Rl{a, B}|a, B € PQ)/({a, 0}, {a, B} + (8,7} + {3, a}la, 6.7 € P (@)

andBr := R[P'(Q)]. They are connected via ttundary map : Mz — Bgr which is given by
{a, B} — [ — «a. Both are equipped with the natural |&ftactions. Also letMz(V) := Mr@rV
andBr(V) := Br @ V with the left diagonal’-action. We call thé -coinvariants

MR, V) = Mr(V)r = Mr(V)/{(z — gz)lg € T,z € Mg(V))

the space ofl", V')-modular symbolskFurthermorethe space ofl", V')-boundary symbolis defined
as thel'-coinvariants

BR(F, V) = BR(V)F = BR(V)/<(1' — gm)]g el,z e BR(V)>

The boundary map induces theboundary mapMz(I", V') — Br(I', V). Its kernel is denoted by
CMpr(I',V) and is calledhe space of cuspiddl’, V')-modular symbols.

Let now N > 1 andk > 2 be integers ang : (Z/NZ)* — R* be a character, i.e. a group
homomorphism, such that(—1) = (—1)* in R. Write V}_»(R) for the homogeneous polynomials
of degreek — 2 over R in two variables, equipped with the natufa)(V)-action. Denote by,* ,(R)
the tensor producVy_»(R) ®pr RX for the diagonally(V)-action which onRX comes from the
isomorphismly(N)/T'1(N) = (Z/NZ)* given by sending ¢ %) to d followed by x .

We use the notatioM (N, x ; R) for M(To(N), V,X ,(R)), as well as similarly for the boundary
and the cuspidal spaces. The natural action of the mateix (' {) gives an involution on all of
these spaces. We will denote by the superscrighte subspace invariant under this involution, and by
the superscript the anti-invariant one. On all modules discussed so far one has Heekstans?,,
for all n € N and diamond operators. For a definition see [Stein 2007].

Lemma 3.1 Let R, I' andV as above and leR — S be a ring homomorphism. Then
MI,V)@r S =M,V ®grS).

Proof. This follows immediately from the fact that tensoring and taking coinvariargsath
right exact. O

Proposition 3.2 Let R be a local integral domain of characteristic zero with principal maximal
ideal m = (7) and residue fieldf of characteristicp. Also letN > 1, k > 2 be integers and
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x : (Z/NZ)* — R* acharacter such thay(—1) = (—1)*. Suppose (i) that > 5 or (i) that p = 2
and N is divisible by a prime which i8 modulo4 or by 4 or (iii) that p = 3 and N is divisible by a
prime which is2 modulo3 or by 9. Then the following statements hold:

@) Ifk > 3, thenM(N, x; R)[x] = (VX (1)),
(b) Ifk=2o0rif3<k<p+2andp{ N, thenMy(N,x; R)[r] =0.

Proof. The conditions assure that the grobig(N) does not have any stabiliser of ordar for
its action on the upper half plane. Hence, by [Wiese 2005], Theorenth@ hyodular symbols space
My (N, x; R) isisomorphic taH ' (I'o(N), VX ,(R)). The arguments are now precisely those of the
beginning of the proof of [Wiese 2007b], Proposition 2.6. O

Hecke algebras of modular symbols and the Eichler-Shimura isomorphim
From Lemma 3.1 one deduces a natural surjection
To—r(Mi(N,x; O)) > Tp(Mp(N, X; F)). (3.1)
In the same way, one also obtains
To(Mk(N,x; 0)) = To(Mk(N,x; O)/torsion) = To(M(N, x; C)), (3.2)

where one uses for the isomorphism that the Hecke operators areyattefiited over®. Similar
statements hold for the cuspidal subspace.

We call a maximal primen of T, 5(M (N, x; O)) (respectively the corresponding prime of
To_r(Mg(N,x; O))) non-torsionif

Mi(N,x: O)m 2 (My(N, x; O)/torsion) .

This is equivalent to the height af being1. Proposition 3.2 tells us some cases in which all primes
are non-torsion.

Theorem 3.3 (Eichler-Shimura) There are isomorphisms respecting the Hecke operators
(@) Mi(N,x)® Sk(N,x)" = Mg(N,x; C),

(b) Sk(N,x) ® Sk(N, x)" = CMi(N,x; C),

(€) Sk(N,x) = CMi(N,x; C)*.

Proof. Parts (a) and (b) are [Diamond and Im 1995], Theorem 12.2.2, togettiethe compar-
ison of [Wiese 2005], Theorem 6.1. We use that the space of anti-hgbdmcazusp forms is dual to
the space of holomorphic cusp forms. Part (c) is a direct conseqoé(ice O

Corollary 3.4 There are isomorphisms
To(Sk(N, X)) = To(CM(N, x; C)) = To(CMi(N, x; C)F),

given by sending;, to T, for all positiven. O
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3.2 The stop criterion

Although it is impossible to determine a priori the dimension of the local factoreoHgcke algebra
associated with a given modular form mpdCorollary 3.8 implies that the computation of Hecke
operators can be stopped when the algebra generated has reaehathalanension that is computed
along the way. This criterion has turned out to be extremely useful anath&ds possible some of our
computations which would not have been feasible using the Hecke boiwelyn&ee Section'4 for a
short discussion of this issue.

Some commutative algebra

We collect some useful statements from commutative algebra, which will biedppHecke algebras
in the sequel.

Proposition 3.5 Let R be an integral domain of characteristic zero which is a finitely generadted
module. WriteR for the completion of? at a maximal ideal of? and denote b¥ the residue field
and by K the fraction field ofR. Let furthermoreA be a commutative?-algebra which is finitely
generated as am-module. For any ring homomorphis® — S write Ag for A ®z S. Then the
following statements hold.

(@) The Krull dimension ofi; is less than or equal ta. The maximal ideals ofi; correspond
bijectively under taking pre-images to the maximal idealg\pf Primesp of height0 which are
contained in a prime of height of A are in bijection with primes ofix under extension (i.e.
pAg), for which the notatiop® will be used.

Under these correspondences, one Hag, = A ®zFand Ak ye = A

R Ry’

(b) The algebrad; decomposes as

where the product runs over the maximal idealsf A .

(c) The algebrady decomposes as
Ap = [ Ap,m,
m

where the product runs over the maximal idealsf Ay.

(d) The algebrad x decomposes as
A= [T Axy =] 45,
p p

where the products run over the minimal prime ideglsf Az which are contained in a prime
ideal of heightl.
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Proof. As A is a finitely generate@—module,Aﬁ/p with a primep is an integral domain which
is a finitely generate®-module. Hence, it is either a finite field or a finite extensiofof his proves
that the height op is less than or equal tb. The correspondences and the isomorphisms of Part (a)
are easily verified. The decompositions in Parts (b) and (c) hold, diriseHenselian and hence any
finite algebra is the product of its localisations. Part (d) follows by tengc(b'moverﬁ with K. O
Similar decompositions faA-modules are derived by applying the idempotents of the decompo-
sitions of Part (b).

Proposition 3.6 Assume the set-up of Propositi@b5 and letM, N be A-modules which asz-
modules are free of finite rank. Suppose that

(@ MrC= N ®grCasA g C-modules, or

(b) M @r K =2 N @ K asA ®r K-modules.

Then for all prime idealsn of A corresponding to height primes ofA ; the equality
dimp(M ®g F)m = dimp(N ®p F)n

holds.

Proof. As for A, we also writeM g for M @ p K and similarly forlvV andR, T, etc. By choosing

an isomorphisnt = K, it suffices to prove Part (b). Using Proposition|3.5, Part (d), the isphiem
M ®r K = N ®@p K can be rewritten as

P (M pe @k K) = P(Nk pe @1 K),
p p

where the sums run over the minimal primesf Az which are properly contained in a maximal
prime. Hence, an isomorphistik ye ®x K = Ng . @k K exists for eactp. Since for each
maximal ideakm of Az of height1 we have by Proposition 3.5

M@ K= @ My
pCm min.
and similarly forV, we get

dimp M =tkgMp = > dimg M pe

pCm min.

= Y dimg Ngpe = tkpNg = dimg N .

pCmmin.

This proves the proposition. O
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The stop criterion

Proposition 3.7 Letm be a maximal ideal ofp_.r(M (N, x; O)) which is non-torsion and non-
Eisenstein. Then the following statements hold:

(b) 2 - dimg Sk(N, ¥ ; F)m = dimp CMg(N, X ; F)m.
(©) Ifp # 2, thendimp S (N, ¥ ; F)m = dimg CMy(N, 1 ; ).

Proof. Part (c) follows directly from Part (b) by decomposi@g (N, x ; F) into a direct sum
of its plus- and its minus-part. Statements (a) and (b) will be concluded fropoBition 3.6. More
precisely, it allows us to derive from Theorem 3.3 that

dimg ((Mx(N, x; O)/torsion) ®o F)
= dimy (Eisg(N, x; F) ® Sk(N, x; F) ® Sp(N, x; F)Y)

m

and
dimp ((CMk(N, X O)/tOI’SiOﬂ) R0 F)m = 2 - dimp (Sk(N, X5 F))m

The latter proves Part (b), sinee is hon-torsion. As by the definition of a non-Eisenstein prime
Eisg (N, x ; F)m = 0 and again sincen is non-torsion, it follows that

dlmIF CMk(Nv X F)m = dlm]F Mk<N7 X F)ma

which implies Part (a). O
We will henceforth often regard non-Eisenstein non-torsion primes ag iprposition as maxi-
mal primes ofT'r (Sk(N, x; F)) = To—r(Sk(N, X))-

Corollary 3.8 (Stop Criterion) Letm be a maximal ideal off'r(Sx (N, x ; F)) which is non-Eisen-
stein and non-torsion.

(a) One haslimg My (N, X ; F)m = 2 - dimg Tr (Mi(N, x; F))_ if and only if
Tr (Sk(N, X; ), = Tr(CMR(N, x; F)) -

(b) One haslimp CMy (N, x; F)m = 2 - dimy Tr (CM(N, x; F))_ if and only if
Tr(Sk(N,x; F)),, = Tre(CMi(N,x; F)) .-

(c) Assume # 2. One haslimp CM (N, x; F) = dimp ']I‘]F(CMk(N, X; F))m if and only if

TF(Sk(N7>_<a ]F))m = TF(CMIC(N7>_<) F)+)

m'
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Proof. We only prove (a), as (b) and (c) are similar. From Part (b) of Pritipas3.7 and the fact
that theF-dimension of the algebr’ﬁ]F(Sk(N, X; F))m is equal to the one af (N, x; F), as they
are dual to each other, it follows that

2 - dimp T (Sp(N, ¥; F)) = dimg (CMy(N, ¢; F)) .

The result is now a direct consequence of Equations 3.1 and 3.2 anta®pB.4. O
Note that the first line of each statement only uses modular symbols and notanfetms, but it
allows us to make statements involving modular forms. This is the aforementionedriséoion; the
computation of Hecke operators can be stopped if this equality is reached.
We now list some results concerning the validity of the equivalent stateme@roflary 3.8.

Proposition 3.9 Letp > 5 be a primek > 2and N > 5 with p t N integers,F a finite extension
of Fp, x : (Z/NZ)* — F* a character andn a maximal ideal ofl'r (S, (N, x ; F)) which is non-
Eisenstein and non-torsion. Suppose (i) thak £ < p — 1 or (i) that k € {p,p + 1} andm is
ordinary. Then

TF(Sk(N7>_(; F))m = TIF(CMk(N7>_<; F))m = TF(CMIC(N’X; F)+)m'

Proof. Using the comparison with group cohomology of [Wiese 2005], Theoremtigelresult
follows under Assumption (i) from [Edixhoven 2006], Theorem 5.2, androved under Assump-
tion (ii) in [Wiese 2007b], Corollary 6.9, for the case of the grdugV) and no Dirichlet character.
The passage to a character is established by [Wiese 2007b], Theagteamndrthe remark following
it. One identifies the mogd modular forms appearing with corresponding Katz forms using Carayol’'s
Lemma ([Edixhoven 1997], Prop. 1.10). O

We end this section by stating the so-called Sturm bound (also called the BHegkd), which
gives the best a priori upper bound for how many Hecke operaterseaaded to generate all the Hecke
algebra. We only need it in our algorithm in cases in which it is theoreticallkmotvn that the stop
criterion will be reached. This will enable the algorithm to detect if the Hedfgelsa on modular
symbols is not isomorphic to the corresponding one on cuspidal modutas for

Proposition 3.10 (Sturm bound) The Hecke algebrd',,r(Sk(NV,x)) can be generated as an
algebra by the Hecke operatofs for all primes? smaller than or equal té4 [T, q prime(1 + %).

Proof. This follows from [Stein 2007], Theorem 9.18. |

3.3 Algorithm

In this section we present a sketch of the algorithm that we used for oysugations. The MGMA
code, an example and a manual are published as supplemental material tdidldsaad can be
downloaded as
http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/HeckeAlgebra.mg,
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http:/mww.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Example.mg
http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Manual.pdf,
respectively.

Input: IntegersN > 1, k > 2, afinite fieldFF, a characte : (Z/NZ)* — F* and for each primeé
less than or equal to the Sturm bound an irreducible polynofpialF[X]|.

Output: An F-algebra.

o M «— CMy(N,x;F),l—1, L empty list.

e repeat

— [ « next prime after.

— Computel; on M and append it to the list.

— M <« the restriction ofM to the f;-primary subspace fdf, i.e. to the biggest subspace
of M on which the minimal polynomial df; is a power off;.

— A < theF-algebra generated by the restrictions\foof 15, 75, . .., 1;.

e until 2 - dim(A) = dim(M) [the stop criterion]or [ > Sturm bound.

e returnA.

The f; should, of course, be chosen as the minimal polynomials of the coefficigiftsof the
normalised eigenfornf € Si(N, x ; F) whose local Hecke algebra one wants to compute. Suppose
the algorithm stops at the prime If ¢ is bigger than the Sturm bound, the equivalent conditions of
Corollary 3.8 do not hold. In that case the output should be disregat@berwise A is isomorphic
to a direct product of the fori[ ., T(Sk(V, x ; F))m Where them are those maximal ideals such that
the minimal polynomials of, 75, ..., T, onT (S, (N, x ; F))m are equal to powers ¢b, f3, .. ., f;.

It can happen thatl consists of more than one factor. Hence, one should still decompast® its
local factors. Alternatively, one can also replace the last line but oneialtforithm by

e until ((2-dim(A4) = dim(M)) andA is local) or { > Sturm bound,

which ensures that the output is a local algebra. In practice, one motiesigorithm such that
not for every primel a polynomial f; need be given, but that the algorithm takes each irreducible
factor of the minimal polynomial of; if no f; is known. It is also useful to choose the order how
[ runs through the primes. For example, one might want to takep at an early stage witp the
characteristic off, if one knows that this operator is needed, which is the case in all compwation
concerning Question 1.9.

4 Computational results

In view of Question 1.9, we produced 384 examples of odd irreducibléntmus Galois representa-
tionsGal(Q/Q) — GL»(F,) that are completely split at The results are documented in tables that

17



are published as supplemental material to this article:
http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Tables.pdf.

The complete data, which can be processed by the ik package
http://mww.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/HeckeAlgebra.mg,
can be downloaded at:
http://www.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/data.tar.gz.

The Galois representations were created either by class field theomynomft irreducible inte-
ger polynomial whose Galois group embeds ifithy(F,). All examples but one are dihedral; the
remaining one is icosahedral. For each of these an eigenform was congputegrise to it. The
Gorenstein defect of the corresponding local Hecke algebra fact@dwut always to b2, support-
ing Question 1.9.

The authors preferred to proceed like this, instead of computing all Haeldebras moag in
weightp for all “small” primesp and all “small” levels, since non-dihedral examples in which the
assumptions of Question 1.9 are satisfied are very rare.

4.1 Table entries

For every computed local Hecke algebra enough data are stored éateedras an abstract algebra
and important characteristics are listed in the tables at
http://mww.expmath.org/expmath/volumes/VOL/VOL.ISS/AUTHOR/Tables.pdf.

A sample table entry is the following.

Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #0Ops| #(p<HB) | Gp
5939 | 5 3 12 3 5 2 5 366 Dy

Each entry corresponds to the Galois conjugacy class of an eigerffonad p with associated
local Hecke algebral. The first and the second column indicate the level and the weight ®he
latter is in all examples equal to the characteristic of the baseXigdfinite extension oF,) of the
algebra. Letm, denote the maximal ideal o. Then ResD stands for the degreefof= A/my
overlF,. Let us consided ®; K. It decomposes into a direct product of a loéaalgebraB and its
Gal(K/k)-conjugates. Thé(-dimension ofB (which is equal to thé-dimension ofA) is recorded
in the fourth column.

Let mp be the maximal ideal oB. Theembedding dimensioBmbDim is theK -dimension of
mp/m%. By Nakayama’'s Lemma this is the minimal numbefbfenerators fom . Thenilpotency
order NilO is the maximal integen such thatn’; is not the zero ideal. The column GorDef contains
the Gorenstein defect @ (which is the same as the Gorenstein defect pf

By #0ps it is indicated how many Hecke operators were used to generatigéiiead, applying
the stop criterion (Corollary 3.8). This is contrasted with the number of primedler than the Sturm
bound (Proposition 3.10, it is also called the Hecke bound), denotedokyHE). One immediately
observes that the stop criterion is very efficient. Whereas the Sturnmdlsuoughly linear in the

18



level, in 365 of the 384 calculated examples, less than 10 Hecke openatitzed; in 252 examples
even 5 were enough.
The final column contains the image of the mo@alois representation attachedftas an abstract

group.

4.2 Dihedral examples

All Hecke algebras except one in our tables correspond to eigenfohosenGalois representations
are dihedral, since these are by far the easiest to obtain explicitly as onesealass field theory.
This is explained now.

Let p be a prime and a square-free integer which ismod 4 and not divisible by. We denote
by K the quadratic field)(v/d). Further we consider an unramified charagterGal(Q/K) — pr
of ordern > 3. We assume that its inverse ! is equal toy conjugated byr, denotedy?, for o (a
lift of) the non-trivial element ofsal(K/Q). The induced representation

— TnqGal@/Q) . o) i
Py = IndGal(@/K) (x) : Gal(Q/Q) — GLa(Fp)

is irreducible and its image is the dihedral groiip of order2n. If [ is a prime not dividing2d,

we havep, (Frob;) = (9 1) if (¢) = —1, andp, (Frob;) = (X(Hgb") XU(F?ObA)) if () =1and

IOk = Aa(A). This explicit description makes it obvious that the determinamt db the Legendre
symboll — ().

Since the kernel of corresponds to a subfield of the Hilbert class field&qfsimple computations
in the class group of allow one to determine which primes split completely. These give examples
satisfying the assumptions of Question 1.9 (the Frobenipssathe identity) ifp, is odd, i.e. ifp = 2
ord < 0.

We remark that for charactegsof odd ordem the assumptioy ! = x“ is not a big restriction,
since any character can be writtenyas= xix2 with x§ = Xl‘l andxg = x2, hence the latter
descends to a character@hl(Q/Q) and the representation, is isomorphic tg,, ® x2.

All dihedral representations are known to come from eigenforms in the mimossible weight
with level equal to the (outside @) conductor of the representation (see [Wiese 2004], Theorem 1).
In the tables we computed the Hecke algebras of odd dihedral reprissesntas above in the

following ranges. For each primeless thanl00 and each primé less than or equal to the largest
level occurring in the table fgs, we chosel as plus or minugsuch that/ is 1 mod4 and we letd run
through all non-trivial cyclic quotients of the class group@fv/d) of order coprime tg. For each

H we chose (unramified) characterf the absolute Galois group f(+/d) corresponding tdf, up

to Galois conjugacy and up to replaciggdoy its inverse. Thery is not the restriction of a character

of Gal(Q/Q). By genus theory the order gfis odd, as the class number is, so we necessarily have
x~' = x?. We computed the local factor @, (S,(d, (%) ; F,)) corresponding te, if p, is odd
andp is completely split. For the primg = 2 we also allowed square-free integersvhich arel
mod4 and whose absolute value is less tBano.
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4.3 Icosahedral example

With the help of a list of polynomials provided by Gunter Malle ([Malle 2006])adds representation
of Gal(Q/Q) with values inGLy(F2) which is of prime conductor, completely split atand thus
satisfies the assumptions of Question 1.9 and whose image is isomorphic to Hiethed groupd s
could be described explicitly. The modular forms in weighgredicted by Serre’s conjecture were
found and the corresponding Hecke algebra turned out to have Sieredefect equal t2.

Let f € Z[X] be an irreducible polynomial of degréavhose Galois group, i.e. the Galois group
of the normal closurd. of K = Q[X]/(f), is isomorphic tad;. We assume thak is unramified at
2, 3 and5. We have the Galois representation

pr : Cal(@/Q) — Cal(L/Q) = A5 2 SLy(Fs).

We now determine its conductor and its traces. Lbé a ramified prime. As the ramification is tame,
the image of the inertia group (1) atp is cyclic of order2, 3 or 5. In the first case, the image of a
decomposition groups(D,) atp is either equal t;(1,,) or equal taZ/2Z x ps(I,). If the order of
p¢(Ip) is odd andos (1) = pr(D,), then any completion of at the unique prime aboyeis totally
ramified and cyclic of degregp(I,,), hence contained i@,((,) for ¢, a primitivep-th root of unity.

It follows thatp is congruent td mod+#p;(I,). If the order ofp((1,,) is odd, butp;(1,) is not equal
to ps(D,), thenps(D,) is a dihedral group and the completionfoft a prime above has a unique
unramified quadratic subfielfl. Thus, we have the exact sequence

0— pf(Ilp) — pr(Dp) — Gal(S/Qp) —

On the one hand, it is well-known that the conjugation by a lift of the Frotssglement oal(S/Q))
acts onpy(1,,) by raising to thep-th power. On the other hand, as the action is non-trivial it also
corresponds to inversion gsy(7,,), since the only elements of orderin (Z/37)* and(Z/57Z)*
are—1. As a consequencg,is congruent to-1 mod+#p(I,) in this case.

We hence have the following cases.

(1) SupposeOf = P°. Thenp = £1 mod 5.

(@ Ifp=1 mod 5, thenpy|;, ~ (’5 X91) with x a totally ramified character @tal(Q,/Q,)
of orderb5.

(b) If p=—1 mod 5, thenps(D,) is the dihedral group with0 elements.
(2) Suppos@Or = P3QR or pOx = P3Q.

(@ Ifp =1 mod 3, thenps|;, ~ (0 ,1) with y a totally ramified character dﬂal(Qp/Qp)
of order3.

(b) If p=—1 mod 3, thenps(D,) is the dihedral group with elements.

(3) Suppose thatis ramified, but that we are neither in Case (1) nor in Case (2). hhgn~ (§1).
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By the definition of the conductor atit is clear that it isp? in Cases (1) and (2) angdin Case (3).
However, in Cases (1)(a) and (2)(a) one can choose a charaxftéral(Q/Q) of the same order ag
whose restriction td),, gives the charactey. If one twists the representatign by e one finds also
in these cases that the conductop & p.

An inspection of the conjugacy classes of the gr6iip(IF4) shows that the traces pf; twisted
by some characterof Gal(Q/Q) are as follows. Let be an unramified prime.

o Ifthe order offrob; is 5, then the trace &trob; is e(Frob; )w wherew is a root of the polynomial
X2 + X +1inTFy[X].

e If the order ofFroby is 3, then the trace dfroby is e(Froby).
o If the order ofFrob; is 1 or 2, then the trace dtrob; is 0.

These statements allow the easy identification of the modular form belongingitosahedral
representation.

We end this section with some remarks on our icosahedral example. It waisasbusing the
polynomialz® — z* — 7923 + 22522 + 9982 — 3272. The corresponding table entry is:

Level | Wt | ResD| Dim | EmbDim | NilO | GorDef | #Ops| #(p<HB) | Gp
89491 | 2 2 12 4 3 2 4 1746 | As

Hence, in leveB9491 and weight2 there is a single eigenforgmmod 2 up to Galois conjugacy
whose first couple ofi-coefficients agree with the traces of a twist of the given icosahediaisGa
representation. From this one can deduce that the Galois represepiatbrg has an icosahedral
image and is only ramified 89491. As weight lowering is not known in our case, we cannot prove
thatp, coincides with a twist of the given one. It might, however, be possible tiuégdhe existence
of two distinct icosahedral extensions of the rationals in€idleat ramify only a89491 by consulting
tables. According to Malle, the icosahedral extension used has small#hniiisnt among all totally
real As-extensions of the rationals in whi@wsplits completely.

5 Further results and questions

In this section we present some more computational observations for ldigderas under the as-
sumptions of Questian 1.9, which lead us to ask some more questions.
On the dimension of the Hecke algebra

From the data, we see that many even integers appear as dimensionsl'gf thide know that the
dimension must be at least 4, as this is the dimension of the smallest non-@oretgebra which
can appear in our case. This extends the results of [Kilford [2002];enthe dimensions of the Hecke
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algebrasTz_r, (S2(I'9(431))) and Tz, (S2(I'0(503))) localised at the non-Gorenstein maximal
ideals are shown to be 4.

In this table we see exactly how many times each dimension appears in our @adseévve that
every even integer between 4 and 32 appears, and that the largessidimier60. The most common
dimension is 4, which appears about half of the time. However, as the dimerisfenHecke algebra
attached tb, (T'1 (IV)) increases withlV and withk, this may be an artifact of the data being collected
for “small” levels NV and prime.

Dimension 4 6 |8 [10|12]|14|16|18| 20| 22
Number of algebras 206 | 58| 253 [ 246 [20|3 |12|3
Dimension 24 | 26|28|30|32|36|40|46| 56| 60
Number of algebras 5 4 |2 |1 (2 |2 |4 |1 |2 |1

It seems reasonable that there should be infinitely many cases with dimensiod glausible
that every even integer greater than or equal to 4 should appear asrstimimfinitely many times.
From the tables, we see that dimension 4 algebras appear at very hilgh $emhey do not appear to
be becoming rare as the dimension increases, but this may, of courseatidagt of our data.

We note that not every example that arises from an elliptic curve in chasdicte = 2 has
Hecke algebra with dimensiah for example the algebr;_.x, (S2(I'0(2089))) localised at its non-
Gorenstein maximal ideal has dimension 18. In |e\8§197 there is a dimensioB6 example arising
from an elliptic curve.

On the residue degree

We will now solve an easy aspect of the question of the possible structumes-Gorenstein local al-
gebras occurring as local Hecke algebras. We assume for the cdlipksdo follow the Generalised
Riemann Hypothesis (GRH).

We claim that then the residue degree&l'gf (in the notation of Questian 1.9) are unbounded,
we letp and N run through the primes such that# N and N is congruent t& modulo4.

For, class groups of imaginary quadratic fief@dé/—N) have arbitrarily large cyclic factors of
odd order, as the exponent of these class groups is known to go to ir&iydoes, by the main
result of [Boyd and Kisilevsky 1972], which assumes GRH. So the désoaon dihedral forms in
Section 4 immediately implies the claim.

f

On the embedding dimension

One can ask whether the embedding dimension of the local Hecke algeltihassituation of Ques-
tion[1.9 is bounded, if we allow and .V to vary. This, however, seems to be a difficult problem. The
embedding dimensions occurring in our tables3a(299 times)4 (78 times) and (7 times).

The embedding dimensiahis related to the number of Hecke operators needed to generate the
local Hecke algebra, in the sense that at leastecke operators are needed. Probabilyecke
operators can be found that do generate, but they need not be the fiirsne Hecke operators,
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of course. However, as our tables suggest, in most cases the aagnaltations were done using
very few operators, and there are 99 of the 384 cases when the coimpaieeady finished aftet
operators.
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